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Abstract

We prove analoguedfor sub-posetsof the Dowling lattices of the results of Calder-
bank, Hanlon, and Robinsonon homology of sub-posetsof the partition lattices. The
technical tool usedis the wreath product analogueof the tensor speciesof Joyal.

In tro duction

For any positive integern and nite group G, the Dowling lattice Q,(G) is a posetwith an
action of the wreath product group G 0S,,. If G is trivial, Q,(f 1g) can be identied with
the partition lattice ,+; (onwhich S, actsasasubgroupof S, +1). If G isthe cyclic group
of orderr forr 2, Q,(G) canbeidentied with the lattice of intersectionsof re ecting
hyperplanesin the re ection represemation of G 0S,. For generalG, the underlying set
of Q,(G) can be thought of asthe setof all pairs (I; ) wherel f1, ;ngand is
a setpartition of G (f1; ;ngnl) whoseparts G permutes freely; seeDe nition 1.1
below for the partial order.

In Section1 we will de ne various sub-posetsP of Q,(G), cortaining the minimum
elemen 0 and the maximum elemen 4, which are stable under the action of G 0S,,. For
completenesssalke we include the casesof Q,(G) itself and two other sub-posetswhich
have been studied before, but the main interest lies in two new families of sub-posets,
de ned using a xed integerd  2: Q}™dd(G), given by the congruenceconditions
jli O0moddandjKj 1modd for all parts K of , and Q%™44(G), given by the
condition jKj 0 mod d for all parts K of . Thesede nitions are modelled on those
of the sub-posets &% and  ©9 of the partition lattice studied by Calderbank, Hanlon,
and Robinsonin [4]. We will prove that all our sub-posetsP are pure (i.e. graded) and
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Cohen-Macaulg, sothe only non-vanishing reducedhomologygroup of P nf 0; 4g is the
top homology 8,y 2(P nfd;4g; Q). We take rational coe cien ts sothat we can regard
this homologyas a represetation of G 0S, over Q.

The main aim of this paperisto nd in ead casea formula for the character of this
represetation, analogousto the formulae provedin [4]. The last paragraphof that paper
hoped speci cally for a Dowling lattice analogueof [4, Theorem 6.5], but our Theorem
2.7 castsdoubt onits existence.(In the caseof the previously-studiedposets,we recover
Hanlon's formula from [7] and other results which were more or lessknown.)

In [14], Rainsapplied [4, Theorem4.7]to computethe character of S, on the cohomol-
ogy of the manifold Mg, (R) (the real points of the moduli spaceof stable gerus 0 curves
with n marked points). In subsequenwork he hasgeneralizedhis, giving a description of
the cohomologyof any real De Concini-Procesimodel in terms of the Whitney homology
of an assaiated poset;the posetswhich arisein typesB and D are closelyrelated to our
Qimed2(f 1g). This application to algebraictopology, which wasthe original motivation
for studying sud sub-posetsof Dowling lattices, will be explainedin a forthcoming joint
paper; for a sample,see(5.11) below.

In Section2 we recall the conbinatorial framework usedby Macdonaldto write down
charactersof represetations of wreath products, and state our main results. In Section
3 we introduce the functorial conceptof a (G 0S)-module, a generalization of Joyal's
notion of tensor species;this conceptcomesfrom [8], and we recall the connectionproved
there with generalizationsof plethysm. In Section 4 we use this technology, and the
"Whitney homologymethod' of Sundaram,to prove our results. In Section5 we extendthe
resultsto the setting of Whitney homology thus computing the “equivariant characteristic
polynomials' of our posets.

1 Some Cohen-Macaula y sub-p osets of Dowling lat-
tices

In this sectionwe de ne the Dowling lattices and the sub-posetsof interest to us, and
prove that they are Cohen-Macaulg. A conveniert referencefor the basicde nitions and
techniques of Cohen-Macaulg posetsis [16]; the key result for us is the Bjorner-Wads
criterion, [16, Theorem4.2.2](proved in [2]), that a pure boundedposetwith a recursive
atom orderingis Cohen-Macaulg. For any nonnegatiwe integern, write [n] for f1; ;ng
(so[0] is the empty set), and S, for the symmetric group of permutations of [n].

For any nite setl, let ( I) denotethe poset of partitions of the set |, where a
partition of | is a set of nonempty disjoint subsetsof | whoseunion is I. These
subsetsK 2  are referred to as the parts of . The partial order on ( I) is by
re nement; ( 1) is a geometriclattice, isomorphicto , = ([ n]) wheren = jlj. (We
usethe cornvertion that the empty sethasa singlepartition, which asa setis itself empty.
Therefore ( ;) = o is aone-elemenposet,like ;.)

Fix a nite group G, and view the wreath product G oS,, asthe group of permutations
of G [n] which commnute with the action of G (by left multiplication onthe rst factor).
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Our de nition of the correspnding Dowling lattice is asfollows.

Denition 1.1. Forn 1, let Q,(G) be the posetof pairs (J; ) wherelJ is a G-stable
subsetof G [nJand 2 (( G [n]) nJ) is sud that G permutes its parts freely, i.e.
forall 16 g2 GandK 2 ,K 6 gK 2 . The partial order on thesepairs is de ned
sothat (J; ) (3% 9 isequivalert to the following two conditions:

1.J J%and
2. for all parts K 2 , either K J%or K is cortained in a singlepart of ©

We have an obvious action of G 0S, on the posetQ,(G). Of course,J must be of the
form G | for somesubsetl [n], sowe could just aswell have usedl in the de nition,
asin the introduction; onceone hastaken into accourt this and other sud variations, it
should be clearthat Q,(G) isisomorphic,asa (G 0S,)-poset,to Dowling's original lattice
in [5] and to the various alternative de nitions givenin [7], [6], and [9]. (The justi cation
for adding yet another de nition to the list will comewhen we adopt a functorial point
of view.) The minimum elemen 0 is the pair (;;ff (g;m)gjg 2 G;m 2 [n]g), and the
maximum elemen % is the pair (G [n];;). Dowling proved in [5] that Q,(G) is a
geometriclattice, and henceit is Cohen-Macaulg; its rank function is

k(J: Y=n L1 (1.1)
€]
sothe length of the lattice asa wholeis n.

Special caseof this lattice are more familiar. Clearly Q,(f1g) = ( f0;1; ;ng) via
the map which sends(J; )tofJ[ fOgg[ ;andQ,(f 19g) isthe signedpartition lattice,
alsoknown asthe posetof (conjugate) parabolic subsystemsof a root systemof type B,.
More generally when G is cyclic of orderr 2, Q,(G) canbe identied with the lattice
of intersectionsof re ecting hyperplanesin the re ection represetation of G 0S,, i.e. the
lattice denotedL (A, (r)) in [13,x6.4].

Before we de ne the sub-posetswe are mainly interestedin, let us also considertwo
sub-posetsgiven by a condition on J:

De nition 1.2. Forn 1, let R,(G) bethe sub-posetof Q,(G) consistingof pairs (J; )
whereeitherd = ; orJ = G [n]. Forn 2 andassumingthat G 6 f1g, let Q, (G) be

the sub-posetof Q,(G) consistingof pairs (J; ) Wherej%jj 6 1.

Clearly the minimum and maximum elemens of Q,(G) are in R,(G) (indeed, we allow
J = G [n] merelyin order to include 1); likewisefor Q, (G), giventhat n 2. It is
easyto seethat both R,(G) and Q, (G) are pure of length n, with rank function again
given by (1.1). It is also easyto seethat R,(G) nf4g is a geometric semilattice in the
senseof Wads and Walker (see[16, De nition 4.2.6]),soR,(G) is Cohen-Macaulg by
[16, Theorem4.2.7]. An alternative proof of this is provided by [9, Corollary 3.12], where
R.(G) nfd;4g is called _S. Note that R,(fig) nfig = ., soR,(f1g) is , with an
extra maximum elemen adjoined. One can also interpret R,(f 1g) nf1g asthe poset
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of (conjugate) parabolic subsystemf a root systemof type B,, all of whosecomponerts
are of type A. As for Q, (G), note that it is closedunder the join operation of Q,(G),
and two elemers of Q, (G) have a meetin Q, (G) which is  their meetin Q,(G). The
assumptionthat G 6 f1g ensuresthat ewvery elemen of Q, (G) is a join of atoms, so
Q, (G) is another geometriclattice, and henceit is Cohen-Macaulg. When G is cyclic
oforderr 2,Q, (G) canbeidentied with the lattice denotedL (AS(r)) in [13, Section
6.4]; for instance, Q, (f 1g) is the poset of (conjugate) parabolic subsystemsof a root
systemof type D,,.

Now we turn to the analoguesof the sub-posetsof the partition lattices consideredby
Calderbank, Hanlon, and Robinson.

De nition 1.3. Forn landd 2,let Q1m99(G) bethe sub-posetof Q,(G) consisting
of pairs (J; ) satisfying the following conditions:

1. forallK 2 ,jKj 1modd; and

2. either I Omoddord =G [n].
Note that whenn 0 mod d, there is no needto explicitly allow J = G [n]; otherwise,
allowing this hasthe e ect of ensuringthat the maximum elemen % is included. Clearly

the minimum elemen § of Q,(G) alsobelongsto Q:m44(G). To explain the congruence
condition in (2), note that under the isomorphismQ,(f1g) = ( f0;1, ;ng) = .41,

Qimedd(f 1g) correspndsto the "1 mod d partition lattice’ f]lfi) consideredin [4]. Also,

one can interpret Q:m4d(f 1g) nf4g asthe posetof proper (conjugate) parabolic sub-

systemsof a root systemof type B, all of whosecomponerts have rank divisible by d;

the following result was proved by Rainsin that case.

Prop osition 1.4. QiM°49(G) is a totally semimalular pure posetwith rank function

(
k(3 ) = dge ifIJ=G n,
’ ﬁ otherwise.

als

Its lengthis de.
Proof. If (3% 9 covers(J; ) in QiMedd(G), then there are two possibilities:

1. J%= J, in which case °must be obtained from by merging (d + 1) G-orbits of
parts into a single G-orbit of parts, or

2.J% J,in which caseJ®must be the union of J together with d G-orbits of parts
of (orn dbgc G-orbits, if J°= G [n]andn 6 0 mod d).

In either caseone seesmmediately that the purported rank of (3% 9 is one more than
that of (J; ), sothis is indeedthe rank function, and Q}™°49(G) is pure. To shawv that
QLmedd(G) is totally semimalular (see[16, 4.2]), it su ces to ched the condition at §,
sincefor every (J; ) 2 Qim49(G), the principal upper orderideal [(J; ); 1] is isomorphic
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to le’}“zj?gjd(G). That is, we needonly prove the following: if a and b are distinct atoms of
Qimedd(G) a_ bis their join in the lattice Q,(G), and c2 Q™49(G) satisesc a_b
and is minimal with this property in Qtm°49(G), then rk(c) = 2 for the rank function we
have just found. Sincethere are two types of atoms correspnding to the two kinds of
covering relation, we have se\eral casego consider.

Case 1: a= (;; a)andb= (;; ). Let A bethe union of the non-singletonparts of §,
which all have sized+ 1 and form a single G-orbit. De ne B similarly for . Let 5
denotethe join in ( G [n]).

Subcase la: 52 = 0or 1. Thena_b= (;; a_ b) isitself in Qi™?%(G), soc=a_b
and rk(c) = 2.

Subcase 1b: 5Pl 2,anda_b= (;; a_ b). (This meansthat the mergingsof A and
of B are ‘compatible'on the overlap.) Then ,_ , hasaunigue G-orbit of non-singleton
parts, whoseunionis A[ B. SinceA 6 B, wehaved+2 “LP1=2d+2 B2 2

Then eitherc = (J;O« c npn)) Whered  A[ B hassizeminf 2djGj; njGjg,orc= (;; ¢)

where . has a unique G-orbit of non-singleton parts, all of size2d + 1, whoseunion
contains A[ B. In either caserk(c) = 2.

Subcase 1c: 52 2,anda_b= (A[ B;O¢ e mynarey). (This meansthat the
mergingsof A and of B are "'not compatible' on the overlap, as can happen when G is
non-trivial). We haved+ 1 L8 = 2d+ 2 2L 2d, soc must be of the form
(J;O(( c mpnay) Whered  A[ B hassizeminf 2djGj; njGjg. Thusrk(c) = 2.

Case 2: the atoms a and b are of di erent types. Without loss of generality, assume
a= (A 0« G mpna)) WherejAj = djGj, and b= (;; 1) for B asabove.

Subcase2a: A\ B = ;. Thena_b= (A; pi npma) isitselfin Q1™49(G), soc=a_b
and rk(c) = 2.

Subcase 2b: A\ B 6 ;. Then a_ b= (A[ B;O(( G [n)n(A[ B))), andd+ 1 ALB]

_ _ iGj
2d+ 1 ‘Ajng‘ 2d, soc must be asin Subcaselc.
Case 3. a = (A;O(( G [n])nA))a b= (B;O(( G [n])nB)) WherejAj :.
a_ b= (A[ B;O(( G [nDn(A B)))- SinceA 6 B, we haved+ 1 JAJ.E;FJ
soc must be asin Subcaselc.

We deducevia [16, Theorem 4.2.3]that Q}™°49(G) is Cohen-Macaulg.
Finally, we considerthe analogueof the “d-divisible partition lattice'.

De nition 1.5. Forn landd 2,let Q2m44(G) bethe sub-posetof Q,(G) consisting
of pairs (J; ) sud that either

iBj = diGj. Then

— jA\ Bj
=2d A8 o
0

1. (J; ) is the minimum elemen of Q,(G), i.e. J =; andjKj= 1forall K 2 , or
2. jKj Omodd forall K 2

Note that the maximum elemen of Q,(G) vacuously satis es condition (2), so this
posetis certainly bounded. If n 1 mod d, then under the isomorphismQ,(f 1g) =
(fO;1;  :ng) = e, QO™Y9(f1g) correspndsto the poset %% consideredin [4].

If n6 1 mod d, then Q2™md4d(f 1g) doesnot correspnd to anything in [4].
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Prop osition 1.6. Q2™44(G) is a pure lattice with a recursive atom ordering. Its rank
function is (
if (3; )=0,

0;
bSc+ 1 % otherwise.

rk(J; )=

Its lengthis bic+ 1.

Proof. It is obvious that Q3™°4¢(G) nf fg is an upper order ideal of Q,(G), S0Q2™¢4(G)

is a lattice. The atoms of Q2M°d4d(G) are those (J; ) wherejKj = dfor all K 2 and
j%’j = bjc; theseall have rank (n  bgc) as elemens of Q,(G), so QUMedd(G) is pure
and hasthe claimedrank function. To nd a recursivwe atom ordering (see[16, De nition

4.2.1]), note that for any non-mimimum elemen (J; ) of Q2M°49(G), the principal upper
order ideal [(J; );1] is totally semimalular, being isomorphic to Qj j5cj(G). Thus we
needonly ched that the atoms of Q2™°94(G) can be ordereda; ; & Sothat:

a,a <y;i<j) 9z vy,zcoversa anday;9k < j: 1.2

Sud an ordering (inspired by [16, Exercise4.3.6(a)]) can be de ned asfollows. For eath
d-elemen subsetl [n], let ( 1) be the set of partitions of G | on whoseparts G
acts freely and transitively (there are jGj¢ * elemets in this set). An atom (J; ) of
QPMedd(G) is uniquely determinedby the following data:

1. a(n dbjc)-elemen subsetl, of [n], suh that J = G 1o; and

2. a partition of [n] nlg into d-elememssubsetsll; bne, eath |5 equipped with a
partition 2 ( lg), sudthat = s

S

From these data, construct a word by concatenatingthe elemens of 14 (in increasing
order) followed by the elemens of I, (in increasingorder), I, (in increasingorder), and
soon up to Ipne, wherethe ordering of | 4; lpoc themsehesis determinedby the order
of their smallestelemens. Then order the atoms by lexicographicorder of thesewords;
within atomswith the sameword, usethe order given by somearbitrarily chosenorderings
of the sets ( |) for all d-elemen subsetsl (applied lexicographically sothe ordering of
( 1,) is applied rst, then in caseof equality of ; the orderingof ( 1,) is applied, etc.).

We now prove that this ordering satis es the condition (1.2). Let & = (J; ) have
asseiated s and < asabove, lety = (J% 9 2 Q2M°d94(G) be sud that (3% 9 > (J; ),
and supposethat (J% 9 is not greaterthan any commoncover of a; and an earlier atom.
We must deducefrom this that (J; ) is the earliest atog which is < (J% 9. Firstly, let
K beany part of % andlets;< < s besuhthat  ,,gK =G (Is,[ [ Is)
Supposethat for somei, a = max(ls) > min(ls,, ) = b. Let gs;0 2 G be sud that
(0a:); (g:b) 2 K. Thereis an elemen w 2 G 0S, de ned by

8
< (99, 'onb); ifc=a,

wi(g;c) = . (99, 'gx@); ifc=h
' (g;0); if c6 a:h
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It is clearthat w:(J; ) is an earlier atom than (J; ), and their join is a commoncover
whichis (3% 9, cortrary to assumption. Hencewe must have max(ls,) < min(ls,, ) for
all i. Thusthe parts of cortained in K are simply thosewhich one obtains by ordering
the elemens of K by their secondcomponert, and chopping that list into d-elemen
sublists. By similar argumeris (details omitted), one can shawv that | must consist of
the (N db%c) smallestnumbers occurring in the secondcomponerts of elemerts of JO
and that the parts of cortained in J° are those obtained by listing the remaining sud
numbersin increasingorder, chopping that list into d-elemen sublists, and choosing for
ead resulting | s the smallestelemen of ( |) (for the xed orderon this set). It is clear
from this construction of (J; ) that it is the earliestatom which is < (J¢ 9. O

We deducevia [16, Theorem 4.2.2]that Q%™°49(G) is Cohen-Macaulg.

2 Statement of the main results

In this section, after introducing some necessarynotation, we state our results on the
character of G 0S, on 9, »(P; Q) for eat of the sub-posetsP of Q,(G) de ned in
the previous section; here P denotesthe “proper part' P nf0;1g. Sincethe posetsare
Cohen-Macaulg, this is the only reduced homology group of P which can be nonzero.
Hencedim B,y 2(P;Q) = ( 1)® (P). (Wefollow the usualconvertion that 1§ ;(;; Q)
is one-dimensional.)

Let G denotethe set of conjugacyclassesof G. Following [12, Chapter |, Appendix
B], we introduce the polynomial ring ¢ := Q[pi(¢)] in indeterminates p;(c), one for
eat positive integer i and conjugacyclassc 2 G . This ring is N-graded by setting
degpi(c)) = i. The character of a represetation M of G 0S, over Q is encapsulatedin
its Frob enius characteristic

1 X

JGJnn' x2Gdn

ChG(Sn (M ) =

tr(x; M) ( x); (2.1)

which isQa homogeneouglemen of ¢ of degreen. The de nition of the cycle index
(X)is | 1wc RI(O? © if x liesin the conjugacyclassof elemers with a;(c) cyclesof
length i and type c (see[loc. cit.]). Forany f 2 &, we write f' for its “non-equiariant
specialization’, the elemen of Q[x] obtained from f by setting p,(f 1g) to x and all other
pi(c) to 0. Clearly ]
ches, (M) = (dim M)J_G);nn!: 2.2)
When G = f1g we write p; for pi(f 1g), asusualin the theory of symmetric groups and
symmetric functions.
Now it is well known that ¢4 has an assaiative operation called pleth ysm, for
which p; is an idertity. Lesswell known is that ¢ hasa pair of "plethystic actions' of
t1g, Oneon the left and oneon the right; in the terminology of [3], ¢4 is a plethory, and
cisa tig{ r1gfbiring. The left plethystic action is an operation : ¢4 c! G
which is uniquely de ned by:
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l.forallg2 g,themap 9! :f 71 f gisahomomorphismof Q-algebras;
2. foranyi 1,themap ! c:97'p gisahomomorphismof Q-algebras;
3.p p(o)=p(9)

This action implicitly appearsin [11]. The more interesting right plethystic action, made
explicit for the rst time in [8, Section5], is an operation : g f1g ! e, Which is
uniquely de ned by:

1. forallg2 ¢, themap ¢! ¢:f 7' f gisahomomorphismof Q-algebras;

2. foranyi 1,c2 G,themap 13! :97! p(c) gisahomomorphismof
Q-algebras;

3. p(0 p = pj(c), whered denotesthe conjugacyclassof jth powers of elemerts
of c.

If G = f 1g both theseactionsbecomethe usualoperation of plethysm. Wehave (f g) h =
f (g h) wheneerf;g;h livein the right combination of ¢4 and/or ¢ for both sides
to be de ned; moreover,p, f =f p,="f forallf 2 . Note that under the non-
equivariant specialization, all casesof becomesimply the substitution of one polynomial
in Q[x] into another. For the "'meaning’ of theseplethystic actions, see[8, Section5].
Since our formulae use generating functions which combine (G 0Sy)-modulesfor in-
nitely many n, we needto enlarge ¢ to the formal power seriesring Ag := Q[pi (0],
which we give its usual topology (coming from the N- ltration). We extend the non-
equivariant specialization in the obvious way (that is, by cortinuity): for f 2 Ag, f'is
an elemen of the formal power seriesring Q[x]. Just as one cannot substitute a formal
power serieswith nonzeroconstart term into another formal power series,the extensions
of to this cortext require a slight restriction. Let Ag.. be the ideal of Ag consisting
of elemens whosedegree-Oterm vanishes. Then the left plethystic action extendsto an
operation :Afig Ac+ ! Ag, andthe right plethystic action extendsto an operation
:Ac A+ ! Ac. The asseiativity and identity properties cortinue to hold.
An important elemen of Ag is the sum of the characteristics of the trivial represen-
tations:
X X jdpi(o)
Expg = chees, (1) = exp( iGii

n 0 i1
c2G

):

P
Clearly Exp\G = exp(jxa.). We write Expgyq = exp( ; , ) simply as Exp. It is well
known that the plethystic inverseof Exp  1in Afig+ IS

X
L= @ log(1 + pqg): (2.3)
d 1 d
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In otherwords,L (Exp 1)= (Exp 1) L = p;. With this notation, the famousresult
of Stanleythat B, 3( ,;Q) =" Indsg( ), where is afaithful character of the cyclic

group , generatedby an n-cycle, can be rephrasedas
X _
pt (1) fchs, (8 3( Q) = L (2.4)

n 2

(The proof of this fact will be recalledin Section4.) We can rephrase[7, Corollary 2.2]
in a similar way:

Theorem 2.1. (Hanlon) In Ag we havethe equation
X
1+ ( 1) "ches, (B 2(Qn(G); Q) = (Expg L) ™

n 1

We will give a new proof of Theorem 2.1 in Section4. To seethat this is equivalent to
Hanlon's statemen, note that

X idp X
_ jcjpi(c) (d)
(EXpG L) t= exm - JGJI ) (d . T |Og(1+ pd))
c2G
x ..
_ jg (d) o
= exp( jGiid log(1 + pa(c)))
CdZGl

1+ p(e) ",

I 1
c2G

where

F(l;0) = (difg2 Gjg” 2 ogj; (2.5)

1
IGll djl
which is easilyequatedwith Hanlon'sF (I; ¢;1). Applying ' to Theorem2.1, we derive the
non-equiariant version:

X X

n A; . — 15Gj.
1+ n l( 1)" dim i, Z(Qn(G)'Q)jGjnn! (1+x) , (2.6)
which is equivalert to the well-known fact that
dim®, 2(Qn(G); Q) = (iGj+ 1)(2Gj+ 1) ((n  1)iGj+ 1) (2.7)

Note that the G = f 1g special caseof Theorem2.1is
X
1+ (1) chs, (Bn 2(Qn(f19);Q)) = (1+ pr) %

n 1

which can alsobe obtained by applying @@1 to both sidesof (2.4).
For the sub-posetR,(G), we have the following result, to be proved in Section4.
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Theorem 2.2. In Ag we havethe equation

X -
( 1)nCthSn(|qn 2(Rn(G);Q)) =1 Expg L:

n 1
The non-equiariant versionis

Xn

X
( 1)"dimi, Z(Rn(G);Q)jGjnn!

n 1

=1 (1+x)¥c; (2.8)

which is equivalert to the result of Hultman ([9, Corollary 3.12]):
dimi, 2(Ra(G);Q) = (iG] 1)AG] 1) ((n 1)iG] 1) (2.9)

Note alsothat the G = f 1g caseof Theorem2.2is

( 1)"chs, (Bn 2(Ra(f19);Q)) = pu:

n 1

This re ects the fact that forn 2, R,(f1g) nf0;3g= . nf0g is cortractible. A more
interesting consequences:

Corollary 2.3. Forn 1, &, »(Q,(G); Q) is isomorphicto
M

INdES ) ny) (B 2R (G); Q) B 2(Ran (G); Q)

m 1
niy; Nm 1
ni+ +nNm=n

as a representationof G 0S,,.

Proof. From Theorems2.1 and 2.2 we deducethat

T 1, (% 2@ )
(1 Xl( 1)"chees, (8n 2(Ra(G); Q) *
§ ( 1)"ches, (Bn 2(Ra(G); Q)™

1
)

Yn __
( )™ " dhees,, (B 2(Rn (G); Q)):

m 0 i=1
ni; Nm 1

Sincemultiplication of Frobeniuscharacteristicscorrespndsto induction product of rep-
resemations ([12, Chapter I, Appendix B, (6.3)]), this givesthe result. O
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Corollary 2.3 can also be proved by applying a poset bre theorem of Bjorner, Wads,
and Welker to the “forgetful' posetmap Q,(G) ! ( f0;1;, ;ng); see[16,(5.3.5)].
For Q, (G), assumingthat G 6 f 1g, we will prove the following result in Section4:

Theorem 2.4. In Ag we havethe equation

X ) o X g .
1+ ( D'chos, (Bn 2Qu(GQ) = 1+ ZPO)EXPG L) *

n 2 c2G

The non-equinariant versionis

x rl
1+ ( 1) dim ﬁn Z(Qn (G) Q)]Gjnnl

n

= (1+ J%j)a +x) G (2.10)

equivalent to the result which is well known at leastfor cyclic G (see[13, Corollary 6.86]):
dimB, 2(Q,(G);Q) = (n (G| 1)(Gj+ 12Gj+ 1) ((n 2)Gj+ 1) (2.11)

A further consequencef Theorem2.4is:

Corollary 2.5. Forn 2, &, »(Q,(G); Q) is isomorphicto

2

M
Indg™ (1) INdg® cs (1 Mn « 2Q, «(G): Q)
k=0

as a representationof G 0S,,.

Proof. From Theorems2.1 and 2.4 we deducethat

X
1+ ( 1)nCthSn(|qn Z(Qn(G);Q))
n 1
X g e X e
=1+ i@ @+ (1) hees, (m 2(Qm(G); Q)
)€2G J J m g(
=1+ ( 1)"ches,(1)" + (1) "chees, (1) chee, , (B k 2(Q, «(G); Q)):;
"t 0 Ir(] r% 2
which implies the claim. O

Perhapsthis Corollary too follows from a suitable poset bre theorem.

To state the results for the Calderbank-Hanlon-Robinson-stle sub-posetswe needa
bit more notation. Forany d 2, Exp2 dmodd genotesthe sum of all terms of Expg whose
degreeis 0 mod d, and Exp’ modd jenotesthe sum of the other terms: we use similar
notations with 0 mod d replacedby 1 mod d, and with subscriptsomitted whenG = f1g.
SinceExp! ™49 is an eleme of A; 1g+ Whosedegree-lterm is py, it hasa uniquetwo-sided
plethystic inversein Ay g, which we write as (Exp!™d%)l 11,

In Section4 we will prove the following.
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Theorem 2.6. In Ag we havethe equation
X n
1+ ( )% c%hes, (Bane 2(Qim9(G); Q)

n 1
— [(l Expgo mOdd)(EXDOGmOdd) 1] (Explmodd)[ 1]:
In the d = 2 case,the right-hand side could be written more suggestiely as (Setg
Tanhg) Arcsinh. The non-equinariant version of this special caseis:

X - xn
dle 4; s
1+ ( 2)edim e (QFUHG) Q)i

ni L L (2.12)
= set(—arcsinh(x tanh(—-arcsinh(x)):
(rgaresini) - tanh(:arcsinh(x)

The G = f 1g special caseof this is equivalent to:

( (2n)!

dim €40 Imod2(f 1q): Q) = FIGEE |
tpe 2AQHT 19:Q) oo whenn is odd.
2 /N2

whenn is even,

(2.13)

Note that the G = f 1g special caseof Theorem 2.6 can also be obtained by applying @@1
to both sidesof [4, Theorem4.7], which in our notation is

X . —
Pt (DT hs, (B e o( £75Q) = (L+pr Exp® ™) (Exp'™l U (2.14)
n 2

Finally, we have the result for the "d-divisible' sub-poset of the Dowling lattice, also
to be proved in Section4.

Theorem 2.7. In Ag we havethe equation

(1)’ choes, (Boge 1(QI™9(G); Q) = 1 Exps (Exps L (Exp”™? 1)) %

n 1
The non-equiariant versionof the d = 2 caseis:
Xﬂ

G - L (@ tanh()E - (2.15)

( 1Pz dim By 1(Q3™9%(G); Q)

n 1

Note that in the G = f 1g caseof Theorem2.7, the expressionExp L collapseso 1+ pq,
sowe have

X bl c+1 O0modd(f 1a) Exp
(1) ChSn(Iqb%C 1(Qamedd(f19);Q)) = 1 W:

n 1

Taking only the terms of degree 1 mod d in this formula, we get

1modd

(1%

nd1
n 1modd

Exp .
EXpO modd *

chs, (Bna ,(QR™¢Y(f10); Q)) =
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This canalsobe obtained by applying @@1 to both sidesof [4, Corollary 4.7], which in our
notation is

( Dichs, (B3 o PPQ)= L (Exp°™ 1) (2.16)

n d
n Omodd

The fact that Theorem 2.7 for nontrivial G doesnot simplify to the sameextert perhaps
implies that no Dowling lattice analogueof [4, Theorem 6.5] can be found.

3 (G oS)-modules

The technical tool we will useto prove the Theoremsstated in the previoussectionis an
extensionof Joyal's theory of tensor species(for which see[1( or the textb ook [1]) to the
caseof wreath products G 0S,,. This wasintroducedin [8, Section5] (as obsened at the
end of that section,the assumptionthat G is cyclic is unnecessary).We recall the main
points here. All vector spacesand represetations are over Q.

De ne the category Bg whoseobjects are nite sets equipped with a free action
of G, and whosemorphismsare G-equivariant bijections . Thus ewvery object in Bg is
isomorphicto G [n] for a unique n 2 N. The automorphismgroupof G [n]in Bg is
the wreath product G 0S,,. A tensor species, alsoknown asan S-module, is a functor
from B¢,4 to vector spacesthe natural generalizationis as follows.

De nition 3.1. A (G 0S)-module (over Q) is a functor U from B to the category of
nite-dimensional vector spacesover Q. That is, to eat nite setl with a free G-action
it assaiatesa nite-dimensional vector spaceU(l ), and to eat G-equivariant bijection
f .11 J betweensud setsit assa@iatesan isomorphismU(f) : U(l)! U(J).

(In [8], where G was cyclic of orderr, | calledthis a B,-module.)

Clearly any (Gd5)-module U givesriseto a sequencéU(G [n]))n o of represetations
of the various wreath products G 0S,,; morewver, U is determinedup to isomorphism(in
the usual senseof isomorphismfor functors) by this sequenceof represetations. This
meansthat U is determinedup to isomorphismby its character

X
ch(U) = chee, (U(G  [N]) 2 Ac: (3.1)

n 0

The convenienceof de ning U asa functor rather than just a sequencef represetations
will becomeclear shortly.

An important exampleis the trivial (G 0S)-module 1g, which isde ned by 1g(I) = Q
for all objects | of Bg, and 1g(f ) = id for all morphismsf of Bg. Clearly 15(G [n])
is the trivial represemation of G 0S,, soch(1s) = EXpg.

For any (G 0S)-module U we can de ne various sub-(G 0S)-modules by imposing a
restriction on degree,which we will write as a superscript. For instance, Ut™?d is the
(G 0S)-module de ned by Ut™dd(]) = U(l) when ,“EJJ 1 mod d, and Utmedd(]) = 0
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when ,“EJJ 6 1 mod d; the de nition of Ut™49 on morphismsof B¢ is the sameas that

of U when the morphismsare of the form f 1 1 J for [ = I3 1 mod d, and zero
otherwise. Clearly ch(U'™99) is the sum of all terms of ch(U) whosedegreeis 1 mod
d. Similarly we de ne Uomodd &l modd j80 modd ‘gangy 1,

Now the main point of Joyal's theory is that certain natural operations of tensor
species,called sum, product, and substitution (or partitional composition), correspnd
to the analogousoperationson their characters;the analogueof substitution is plethysm.
These operations can be extendedto our cortext as follows. We de ne the sum and

product of two (G 0S)-modulesU and V by

U+ V)= Ul\(/ll) V(1)

(U v)()= u@d) V(I nd); (3.2)
G-Jstalble
for any object | of Bg; the de nition on morphismsis the obvious one. (It is clear that
if J is a G-stable subsetof an object of B¢, then both J and | nJ are objects of Bg.)

If U is an S'module and V is a (G 0S)-module sudc that V(;) = 0, we de ne the

substitution UV, a (G 0S)-module, by
M O |
(U V)= u() V(@) (3.3)

2(1) J2
partwise G-stable

for any object | of Bg. Here 2 ( |) is "partwise G-stable'if g:J = J for all g2 G and
all parts J 2 . The de nition on morphismsis the obvious one.
If U is a (G o0S)-module and V is an Smodule suc that V(;) = 0, we de ne the

substitution UV, a (G 0S)-module, by
!
M O '
(U V)= u() V(O) (3.4)
2(1) 02Gn
2Bg
for any object | of Bg. Herethe condition 2 Bg meansjust that G acts freely on
the set of parts of the partition, i.e.forall 16 g2 GandJ 2 ,J6gJ2 .IfO
is a G-orbit on the set of parts, V(O) should be thought of asV(J) for someJ 2 O,
the choice making no di erence up to isomorphism;but in order to be ableto repeat the
mantra that \the de nition on morphismsis the obvious one", we must make the more
canonicalde nition that

Y
V(O) == f(v;) 2 V(J3)jVgs = V(91)(vs); 8] 2 0;92 Gg:
J20

By functoriality and freenessthe choiceof onev; uniquely determinesthe whole O-tuple.
We have the following generalizationof Joyal's result (which is the caseG = f1g).
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Theorem 3.2. 1. If U andV are (G 0S)-modules,

ch(U + V) = ch(U) + ch(V); ch(U V) = ch(U)ch(V):

2. If Uis an Smoduleand V a (G 0S)-module suchthat V(;) = 0,

ch(U V)= ch(U) ch(V):

3. If Uis a(GoS)-moduleandV an S-module suchthat V(;) = 0,
ch(U V)= ch(U) ch(V):

Proof. See[8, Proposition 5.1, Theorems5.6 and 5.9] for a proof using analytic functors
(the assumptionthere that G was cyclic was newer actually used, exceptin the trivial
sensethat conjugacyclassesvere replacedby elemetts in the notation). O

Sincethe represetations we want to apply this to are homologygroupsof posets,we
will needto have a “super' version of the above. Sowe de ne a super-(G 0S)-mo dule
to be a functor from B to the categoryof nite-dimensional Z=2Z-gradedvector spaces
over Q. If U is a super-(G 0S)-module, de ne its super-character

X
sh(U) ;= ches, (U(G  [n])o)  chees, (U(G  [N])y): (3.5)

n 0

Any (G 0S)-module U may be viewed as a super-(G 0S)-module which is purely even,
sothat sh(U) = ch(U). The above de nitions of sum, product, and substitution can
be carried over to the super cortext, usingthe usual sign-comnutativit y corvertion for
tensor products.

Theorem 3.3. 1. If U andV are suger-(G 0S)-modules,
sh(U + V) = sth(U) + sdh(V); sh(U V) = sh(U)sch(V):
2. If U is a suger-Smoduleand V a super-(G 0S)-module suchthat V(;) = 0,
sh(U V) =sh(U) sh(V):
3. If U is asuper-(G o0S)-moduleand V a super-S-module suchthat V(;) = 0,
sh(U V) =sh(U) sh(V):

Proof. A morecomplicatedversionof this theoremwasprovedin [8, Section7]. To deduce
the presen version,setq! 1in [8, Corollaries 7.3 and 7.6] to obtain (1) and (3); the
analogueof (2) was not stated there but follows by the samemethod. O
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4 Pro of of the main results

In this sectionwe prove Theorems2.1,2.2,2.4,2.6and 2.7. To make our argumers more
legible, we needa notational corvertion: for any Cohen-Macaulg posetP and elemeits
x <y, we write 19p (x;y) for the top-degreereducedhomology B-(x,) 2((X; y); Q) of the
openinterval (x;y) P. We view this as a super vector spaceof parity equalto that
of “(x;y). Sincethe top degreeis the only onein which the reducedhomology could be
nonzero,we have

sdimB@p(x;y) = ( 1) ) dimBp(x;y) = p(X;Y): (4.1)

We also de ne B (x; x) to be a one-dimensionaleven super vector space,so that (4.1)
holds when x = y. The key fact we use, an application of the Euler-Poincare principle
obsened by Sundaram(see[15, Sectionl] and [16, Theorem 4.4.1]), is as follows:

Theorem 4.1. If P is a CohEn-Macaulay pure boundel posetwhee 0 6 4 (i.e. P has
more than one elemen), then 18- (0; x) is balanad; that is, its odd and evenparts
are isomorphic, gs vector spacesand as representationsof any group that actson P. The
sameis true for — ,, Bp(x; 1).

Of coursethe secondstatemert is just the rst appliedto the dual poset. (Taking sdim,
we recover the familiar recursiwe properties of the Mebius function.)

In order to apply the theory of the previous section, we needto de ne our posets
functorially. We illustrate by rewriting Sundaram’sproof of Stanley's theorem (2.4) on
the partition lattices (see[16, Theorem4.4.7]). We have alreadyde ned ( 1) asthe lattice
of set partitions of the set|; with an obvious de nition on morphisms, this constitutes
afunctor  from B¢4 to the category of posets. We then de ne three related super-S-

modules, 4 , WH , and WH . The de nitions on objects of B4 are:

? ()= IQM”(O;ﬁ);
WH (1) = 180 ); and
T
WH (1) = Iq(l)( ;-AL);

2(1)

and the de nitions on morphisms are the obvious ones. (By our corvertion that ( ;)
hasoneelemen, 19 (;), WH (;), and WH (;) are one-dimensionaland of even parity.)
Sundaram'sargumen rests on the recursive property of partition lattices, namely that
forany 2 ., the principal upper order ideal [ ;1] is isomorphicto i j- With func-
torial languagewe can state this more precisely:forany 2 ( 1), [ ;4] is canonically

isomorphicto ( ). Recallingthe de nition of substitution from the previoussection,we
seethat we have an isomorphismof super-S-modules:

WH =#/ 1. (4.2)
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Taking sdh and applying the G = f 1g caseof Theorem 3.3, we get
sh(WH )=sh(i® ) (Exp 1):

Now by Theorem 4.1, sh(WH ) = 1+ p; (only the one-elemen posets cortribute).
We deducethat sh(® ) = 1+ L, which is exactly (2.4). A slightly more complicated
@Vgumen useslower order ideals: for any 2 (1), [0; ] is canonically isomorphic to

x> ( K). Applying the Kunneth formula [16, secondstatemert of Theorem5.1.5], we
seethat we have an isomorphismof super-S-modules:

WH =15, B8 % (4.3)

and the result follows as before. Notice how the sign corvertion in the de nition of
substitution of super-S-modulestakesinto accour the sign-comnutativit y of the Kenneth
formula.

With theseargumens as models, we turn to our sub-posetsof the Dowling lattices.
First we have to reinterpret them as functors Q, R, Q , Q'™dd QOmodd from B¢ to
the category of posets,sothat Q(G [n]) = Qn(G), R(G [n]) = Ry(G), and soon.
The de nitions in Section1 were deliberately written sothat this is simply a matter of
replacingG [n] with a generalobject | of Bg. (Following usual corvertions, this will
resultin Q(;), R(;), Q (;), Qt™dd(:), and Q°™°dd(:) all being one-elemeh posets;we
also stipulate that when J%‘J = 1, Q (J) is a one-elemen poset.) We then de ne three

super-(G 0S)-modules attached to ead functor, aswith : g, WHq, WH,, Br, WHE,
and WH, and soforth.

Proof. (Theorem 2.1) Forany (J;: )2 Q(l), [(J; ); 1] is isomorphicto Q( ), so
M M
WH(I) = Bo( ):
J 1 2(1nd)

G-stable 2B

Clearly this amourts to an isomorphismof super-(G 0S)-modules:
WHq = 1c (Bq 1;y): (4.4)

Taking sd and applying parts (1) and (3) of Theorem 3.3, we get

sh(WHy) = Expg (sch(lg) (Exp 1)):

Now by Theorem 4.1, sh(WHy) = 1 (only the one-elemen poset Q(;) cortributes).
Hence

sd(i¥q) = Expst L = (Expg L) % (4.5)
which is exactly the statemen. For reference,we also give tl’@ alternative proof using
WHg. Forany (J; )2 Q(1), [0;(J; )]isisomorphicto Q(J) ~ 5,e, ( Ko) whereKo
denotesa represetativ e of the orbit O, soby the sameKeunneth formula as above,

M M O
WHo(l) = Bo(d) ( ¥ (Ko)):

J | 2(1nJ)026Gn
G-stable 2Bg
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Clearly this amourts to an isomorphismof super-(G 0S)-modules:
WHo = 8o (1c 18 1): (4.6)

Using shh(WHg) = 1 and sch(14 1 = L, we reac the result again. O

Proof. (Theorem 2.2) Forany (;; )2 R(l), [(;; );1]isisomorphicto R( ). Hencewe
have an isomorphismof super-(G 0S)-modules:

WHg = 1"+ Br 153 (4.7)

wherethe rst term comesfrom the IQR(l)(i; 1) terms. Taking sch and applying parts (1)
and (3) of Theorem 3.3, we get

sh(WHR) = Expg 1+ sch(r) (Exp 1):

Now by Theorem 4.1, sh(WHg) = 1 (only the one-elemet poset R(;) cortributes).
Hence
sh(l8r) = (2 Expg) L=2 Exps L; (4.8)

which (subtracting 1 from both sides)is exactly the statemer. The alternative proof
would usethe isomorphism
WHg = 8.1+ 1 8 ° (4.9)

of super-(G 0S)-modules. O

Proof. (Theorem 2.4) Her%?the proof via WHq is more corvenient. For any (J; ) 2
Q (), )N=Q () "o, ( Ko) sothe analogueof (4.6) is

WHo =183 (1e B ') (4.10)
Taking sch and applying parts (1) and (3) of Theorem 3.3, we get
sh(WHq ) = sth(g )® (Expg L):

P .
Now by Theorem 4.1, sh(WHq ) = 1+ 4 %pl(c) (only the one-elemen posets
Q (;)andQ (G [1]) cortribute). Hence

61 _ X i 1.
sth(i¥q )* = (1+ ﬁpl(c))(EXpe L) (4.11)

c2G

which is exactly the statemert. O
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Proof. (Theorem 2.6) Forany (J; )2 Q*™dd(1), [(J; );1]isisomorphicto Q™modd( ).
Sowe have an isomorphismof super-(G 0S)-modules:

WHleodd - 1(630 modd+ lonOdd (ﬁleodd 11modd); (4.12)

wherethe two terms cover the casesof Ik 6 0 mod d (forcing J = 1) and }2 0 mod d
respectively. Taking sd asusual, we get

SO(WH 1moaa) = Expg ™07 + ExpQ™?%(sch(Bqimaa) Exp'™d9):

Now by Theorem4.1, sch(WH leodd) = 1. Hence
sth(Bgimaa) = [(1  Expd M (Expd™dd) 1] (Exprmeddl U; (4.13)
which is exactly the statemert. The alternative proof would usethe isomorphism
WHleodd = ﬁggg%%d"' Iq(%lmn?odddd (1G Iqllr.nn?oddcji y (414)

and the Calderbank-Hanlon-Robinsorresult (2.14), which implies that s(191mdd) =
(Exp*medd)l U (Here modd denotesthe functor from B4 to the category of posets

suc that  1modd([n]) is the poset 'Y studied in [4].) O

Proof. (Theorem 2.7) For any (J; ) 2 Q°™dd(|) exceptd, [(J; );%]is isomorphicto
Q( ). Sowe have an isomorphismof super-(G 0S)-modules:

WH gomoss = Boomoas + 1c (g 10m9% 9); (4.15)

QOmodd

where the two terms cover respectively the caseswhere (J; ) = 0,1 6 ;, and where
jKj Omodd forall K 2 . Taking sdh and using Theorem 2.1, we get

SA(WH qomoas) = Sth(Bgomesa) 1+ Expg ((Expg L) ' (Exp®™d? 1))

Now by Theorem4.1, sch(WH Qo,m,dd) = 1. Hence

sth(Bgomas) = 2 Expg (Expg L (Exp®™d? 1)) % (4.16)

which (subtracting 1 from both sides)is exactly the statemert. The alternative proof
via WHqomoas requires a bit of care, sincefor 0 6 (J; ) 2 Q°™dd(]), it is not the
closedinterval [0; (J; )] but rather the semi-closednterval (0;(J; )] which is naturally
a product of smaller posets. Henceone must usethe "once-suspnded’' Kanneth formula
[16, rst statemen of Theorem5.1.5]. The upshot s the following isomorphismof super-
(G 0S)-modules,where U[1] denotesU with parities interchanged:

WHgomosa[1] = 1a[1]+ 15" (B 0md “[1) + Boomasll] (1o MB0mes “[LD: (4.17)
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Herethe rst term correspndsto the minimum elemen 9, the secondo the non-minimum
elemetts of the form (;; ), and the third to the elemens of the form (J; ) with J 6 ;;

Omodd denotesthe functor from B4 to the category of posetssuc that  °™dd([n]) is
the poset ©9 studied in [4]. Now the Calderbank-Hanlon-Robinsomresult (2.16) implies

sch(l8omedd drq)= L (Exp®™9? 1), sowe obtain
1= Expg+(Expg 1) L (Exp®™?? 1)+(1 sd(gomaa))(Expg L (Exp®™?? 1));

which simpli es to (4.16) again. O

5 Whitney homology

The nameWH for the super-(G 0S)-modulesusedin the previoussectionof coursestands
for "Whitney homology'; but properly speaking, the Whitney homology of a poset has
a Z-grading, not a (Z=2Z)-grading. Recall that if P is a Cohen-Macaulg poset with
minimum elemen 0, its (rational) Whitney homologygroupsare de ned by

M
WH;(P) := 185 (0:x); foralli2 Z.

x2P
rk(x)=i

If a group acts on the poset P, it also acts on eahr WH;(P), and the characters

of these Whitney homology represetations encapsulatethe “equivariant characteristic

polynomials':
X X

tr( ;WH;(P)) ( t)' = p (O x)t™ ™) forall 2 . (5.1)

i2Z x2P

It is an easymatter to nd formulae analogousto thosein x2 for thesecharactersin the
caseof of our posets,sincewe have e ectiv ely alreadyworked out the relationship between
the Whitney homologyand its highest-degreepart.

We needto introduce the conceptof a graded (G 0S)-module, which is merely a
functor from B¢ to the categoryof nite-dimensional Z-gradedvector spacesover Q. Any
(G 0S)-module may be regardedas a graded (G 0S)-module concefttrated in degreeO. If
U is a graded (G 0S)-module, we de ne its gradedcharacter to be

X X .
chy (V) := ches, (U(G  [nD)i) ( 1)

n 0i2z

an elemen of Ag o Q[t;t ]. Note that settingt ! 1 recoversthe super-character of
U regardedas a super-(G 0S)-module. The de nitions of sum, product, and substitution
carry over to this gradedcortext in the usualway, incorporating the sign-comnutativit y
in tensor products. We can also extend the de nitions of our plethystic actionsto Ag ¢
Q[t;t ] by adding the rulesthat p; t=1t', p(c) t=t".
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Theorem 5.1. 1. If U andV are gradad (G 0S)-modules,

chi(U + V) = ch(U) + ch(V); chy(U V) = chy(U)ch(V):

2. If U is a graded S module and V a gradad (G 0S)-module suchthat V(;) = 0,

chy(U V)= ch(U) ch(V):

3. If U is a gradad (G 0S)-module and V a graded S-module suchthat V(;) = 0,
chi(U V) = chy(U) chy(V):

Proof. Again, a more complicatedversionwas proved in [8, Section7]. For (1), setq! 1
in [8, Proposition 7.2]; for (3), setq! 1in [8, Theorem7.5]; part (2) follows by the same
method. O

To apply this, we must reinterpret B, WH, and WH asgraded(Gd)-modulesfor eat
of our posetfunctors, by viewing eadh B (x;y) asa gradedvector spaceconcettrated in
degree (x;y). (Recallthat the actual homologicaldegreewhenx < vy, is "(x;y) 2;the
“doublesuspension'is required by the Kenneth formula [16, secondstatemert of Theorem
5.15].) It is easyto ched that ewvery isomorphismof super-(G 0S)-modules stated in the
previous sectionremainstrue verbatim as an isomorphismof graded (G 0S)-modules, to
which we can apply ch; and usethe appropriate parts of Theorem5.1. (The notation [1]
in (4.17) now denotesa shift of grading, sud that U[1] = Ui .)

The ow of information is reversedfrom that in the previous section: initially we
knew sth(WH) by Theorem 4.1 and deducedsdh(18); now we can easily obtain ch,(I9)
from this, and deducech{(WH). To illustrate the procedureon the partition lattice once
more, the rst stepisto completethe secondequation of the following analogy:

X
sh(® )=1+ ( 1" Ychs, (8 ,(B:D) = 1+ L;

1

X
ch(8 )=1+ chg (18 ,(B:2)( D" = 277

n 1

Sincethe only di erence from rst equationto secondis that the degreen term for ead
n 1lis multiplied by t" 1, the answer is clearly that

che(i8 )=1+t 'L tpy (5.2)
Hence(4.2) and (4.3), viewed asisomorphismsof graded S-modules, imply that

ch(WH )=Exp t L tpy;
chy(WH )=1+t 'L t(Exp 1)
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Unravelling the de nitions to rewrite the left-hand sides,thesebecomethe known facts

X X )

1+ chs, (WHi( o)) ( 1) =Exp t 'L tpy;
& &

1+ chs, WHi( ) ( ) =1+t 'L tExp 1)
n 1i2z

which are equivariant versionsof the familiar generatingfunctions for the characteristic
polynomials of the partition lattices and their duals.

In the remainder of the sectionwe give the results of applying this sameprocedureto
our wreath product posets. (We omit the dual forms, which seemlessinteresting.)
Theorem 5.2. (Hanlon) In Ag o Q[t; t 1] we havethe equation

X X .
1+ chees, (WHi(Qn(G) ( 1)' = Expg (t ' 1)L tpu:
n 1i2z
Proof. From Theorem2.1we deducethat chy(Bq) = (Expg L tp;) 1. Substituting this
fact and (5.2) into (4.6) gives

chi(WHq) = (Expg L tp1) (Expg t 'L tpy);
which is the statemen. O

Note that this Theorem s just a rephrasing of [7, Corollary 2.3]. Its non-equiariant
versionis X X

1+ dim WH; (Qn(G)) ( 1)
n 1i2z
Wh;gh is equivalert to the well-known formula
dimWH (Qn(G) ( 1)’ = (1 @ @(Gj+Y (@ (n DG+ 1t): (5.4)

i2z

Xﬂ
jGj"n!

= @+ t)E Y, (5.3)

A similar proof using (4.9) gives:

Theorem 5.3. In Ag o Q[t;t '] we havethe equation
X X .
ches, (WHi(Rn(G))) ( 1) = Expg t 'L tps Expg L tpy

n 1i2z

The non-equiariant versionis

X X i . Xn it 1 #
dimWH;(R,(G)) ( t)'—— = (1 + tx)IcI (1+ tx)ieT; (5.5)
: 1Gj"n!
n 1i2z
which is equivalert to
X .
dimWH;(R.(G)) ( t)' = (1 jGjt)1 2Gjt) (1 (n 1)iGjt)
27 (5.6)

+ (G DEG 1) ((n 1G] 1)( ™
Another similar proof using (4.10) gives(assumingG 6 f 1g):
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Theorem 5.4. In Ag o Q[t;t '] we havethe equation
X X i X ici .
1+ chees, (WHi(Q, (G))) ( t)' = (1 + jatpl(c))(EXpG (t = 1L tpy):

n 2i2z c2G

The non-equiariant versionis

X X f Xn 1 1 t 11
1+ dimWH;(Q, (G)) ( t)'—— = (1+ —tx)(1 + tx)=r = D (5.7)
. 1Gj"n! 1Gj
n 2i2z
equivalent to the formula
X :
dimWH;(Q,(G)) ( t)'= (1 1)1 (Gj+ 1))
i2Z

1 ((n 2jGj+ 1)L (n (G 1),
(5.8)

which for cyclic G is a consequencef [13, Corollary 6.86].

To state the analogousresults for Q1™m°4d and Q°™dd we needto abusenotation
slightly. For instance,to apply ch; to (4.14) we needthe graded version of the equation
sch(i911e5%) = (Exp™ )l Y, namely

d‘t(ﬁlgnn(])odd%) =t l:d(EXplmodd)[ 1] tl:dpl: (59)

The right-hand side makes sensebecauseewery term of (Exp'™99[ 1l has degree 1
mod d, sothe exponerts of t all comeout as integers. (Explicitly, the degreen term is
multiplied by t"a, as required sincel( El;d)) = ”Tl whenn 1 mod d). Similar remarks
apply to the right-hand side of the following result, deducedfrom (4.14).

Theorem 5.5. In Ag o Q[t;t ] we havethe equation

X X :
1+ chees, (WHi (Qa™(G))) ( 1)

n 1i2z
1
- t%(EijGmodd(EXpOGmodd 1) (Explmodd)[ 1] ,[1=o|pl
j=1
+ (EXpOGmodd (Explmodd)[ 1] tldel) l(EXpG t l:d(EXplmodd)[ 1] tl:dpl):

The non-equinariant versionof the d = 2 special caseis:
X X oox" - 1 _
1+ dimWH; (Q}™9%(G)) ( t)' =——— = t*tanh(-=arcsin(t**x))
. 1Gj"n! 1G]
n 1i2z
t 1=2

iG]

(5.10)
arcsinh(t™2x)):

+ sedn(jéjarcsinr(tlzzx)) exp(
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In a forthcoming joint paper with Rains, (5.10) will be shovn to imply the following
formula for the Betti numbers of the real De Concini-Procesimodels of type B:

x X X o 2
1+ §+ dimH'(M Bn(R);Q)( t)Iznnl
n 2i2z . (5-11)

1 t =
= sedn(éarcsmr(tl‘zx)) exp( 5 arcsinh(t™2x)):

We will alsogive an equivariant version of this formula along the lines of Theorem5.5.
Finally, the following result can be deducedfrom (4.17).

Theorem 5.6. In Ag o Q[t;t '] we havethe equation

X X
1+ ches, (WH; (Qa™4(G))) ( 1)’
n 1i2Z
1 _
= Expg+t ( tTExpi™ t¥p)(Expg (t 1 DL (Exp®™dd 1) t2=dp,):
j=0

The non-equinariant versionof the d = 2 caseis:

X X o
1+ dim WH; (Q2™92(G)) ( t)l'G'n '
n 1i2z JGj™n! o1
= exp( )+t (toosHX) + £ sinh(E X)) coshgx) i * 9 |
IG] iG] iG] -
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