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Abstract

We investigatethe existenceof edge-magiclabellings of countably in�nite graphs
by abelian groups. We show for that for a largeclassof abelian groups, including the
integersZ, there is such a labelling whenever the graph hasan in�nite set of disjoint
edges.A graph without an in�nite set of disjoint edgesmust be somesubgraph of
H + I , where H is some�nite graph and I is a countable set of isolated vertices.
Using power seriesof rational functions, we show that any edge-magicZ-labelling
of H + I has almost all vertex labels making up pairs of half-modulus classes.We
alsoclassifyall possibleedge-magicZ-labellings of H + I under the assumptionthat
the vertices of the �nite graph are labelled consecutively.

1 In tro duction.

By countablewemeancountablyin�nite. Our graphshave no loopsand no multiple edges.
The vertex set is non-empty and is denotedV. The edgesetE is a (possiblyempty) setof
unorderedpairs of vertices. An edgef x; yg is usually denotedxy (or yx). The set V [ E
is the set of graph elements. When we say a graph is countable we mean that the set of
graph elements is countable, and hencethat the vertex set is countable and the edgeset
is �nite or countable.
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In this paper the group A is always a countable abelian group. Sincewe are often
considering the integers, Z, it is convenient to consider our groups additively. For a
countable graph G, an A-labelling of G, or a labelling of G over A, is a bijection from
V [ E to A. For any group, and any graph (�nite or in�nite) an injective labelling is an
injection from the set of graph elements to the group.

Let � be a labelling of G over a group A. Then � de�nes a weight! = ! � on the edges.
For xy 2 E, the weight is the sum of the label of xy and the labelsof x and y. That is,

! (xy) = � (x) + � (xy) + � (y):

The labelling � is an edge-magicA-labelling of G if there is an element k of A such that
for every xy 2 E, ! (xy) = k. The element k is the edgeconstant.

There are many di�erent types of graph labellings which have been consideredin
recent years. Someare labelling the vertices,somethe edges,and some,like thosewe are
considering,are total labellingsof all the graph elements. A detailedsurvey of many types
of graph labellingscan be found in the dynamic survey by Gallian [4]. The set of labelsis
commonly a subsetof the integers,and a labelling can be usedto de�ne a weight on the
edges(or the vertices). A magic labelling of a �nite graph with v verticesand e edgesis a
total labelling of the graph by the integers1; 2; 3; : : : ; v + e with constant edge(or vertex)
weights. There is an extensive list of referencesabout magic labellings of �nite graphsin
the book on Magic Graphs by Wallis [7]. Combe, Nelsonand Palmer [2] generalisedthis
to magic labellingsof �nite graphs,wherethe labelsare the elements of an abelian group.
This wasextendedto labellingsof countably in�nite graphsby countably in�nite abelian
groupsby Beardon[1] and Combe and Nelson[3].

We are interestedin this paper in edge-magiclabellingsof countable graphsby count-
able groups, and our emphasisis mainly on Z-labellings. We are concernedwith deter-
mining which graphshave labellingsover which groups,what arethe possiblevaluesof the
magic constant, and also,sincea total labelling of a graph partitions the group elements
into vertex-labels and edge-labels, we are interestedin properties of thesepartitions.

We denoteby I the countable empty graph (a countable set of isolated vertices), by
K n the completegraph with n vertices,by Pn the �nite path of length n and by Tn the
star with n rays. If H and K are graphs,we denoteby H + K the join which is the graph
which can be constructed by taking a copy of H and a copy of K (with no vertices in
common)and adding all edgesf hk : h 2 H; k 2 K g.

When a countable graph hasan in�nite set of independent edges,or hasonly �nitely
many edges,we show that there exists an edge-magiclabelling over any countable sub-
group of the additive real numbers (for example,the integers). A countable graph which
does not contain an in�nite set of independent edgesis equal to a subgraph of H + I
where H is some�nite graph (seeLemma 6). We call the graph H + I an H -burr and
examinesomeexamplesfor small H in Section3. In Section4 we show that any an edge-
magic Z-labelling of an H -burr hasalmost all vertex labels lying in half-modulus classes
(increasingor decreasingarithmetic progressions).In Section5 we �nd exact necessary
and su�cien t conditions for an edge-magicZ-labelling of an H -burr to exist for which the
verticesof H are labelled with consecutive integers.
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2 Edge-magic lab ellings over Z and other groups.

For a widevariety of countable graphstherearemany edge-magicZ-labellings,for example
when there is an in�nite set of mutually disjoint edges.

Theorem 1. Let G be countable graph with an in�nite set of mutually disjoint edges.
Then, for any k 2 Z, there is an edge-magicZ-labelling of G with edgeconstant k.

Proof. Let G be countable graph which hasan in�nite set of mutually disjoint edgesand
let k 2 Z. Fix a listing of the integers, Z = f z1; z2; : : : g. Fix a listing of the vertices,
V = f v1; v2; : : : g. Let e1; e2; : : : be an in�nite sequenceof mutually disjoint edges.Then
for each i , ei = v� i v� i , where� i < � i , and we de�ne de�ne Gi to be the (�nite) subgraph
of G induced by the verticesf v1; v2; : : : ; v� i g.

Step 1: Take the �rst edge,e1 = v� 1 ; v� 1 .
We de�ne an injective map from the integersto the graph elements of G1 which hasa

constant edgeweight of k. Choosea 2 Z, a 6= 0; � k. Map e1 7! k, v� 1 7! a and v� 1 7! � a.
If � 1 > 2 then there are � 1 � 2 verticesin G1 which are yet to be labelled. (Our plan is to
label them with positive integers which are very much larger than any integer which has
previouslybeen used as a label. We choose labels for the vertices which are successively
much larger than each other, so that they are distinct and so that the labels forced on any
edgesbetween them are all distinct.) Set m = 2 + jkj + jaj + j � aj. Label the v� 1 � 2
verticesby the �rst v� 1 � 2 terms of the sequence2m ; 22m

; 222m

: : : . All verticesof G1 are
now labelled. If there is any edgein G1 which is asyet unlabelled, label it with the unique
integer which givesa constant edgeweight of k. Observe that any integerswhich ariseas
edgelabels are distinct from any labels already used,and that no two edgescan require
the samelabel.

Step 2: Let L denotethe set of integerswhich have beenusedas labelsso far. Take
the �rst unlabellededgein the sequenceof mutually disjoint edges,ej , say. Then we have
ej = v� j ; v� j . We extend the injective Z-labelling of G1 to an injective Z-labelling of Gj

which de�nes a constant edgeweight of k. Let bj 2 Z, bj =2 L, be the �rst integer in the
list which has not beenusedas a label. Map ej 7! bj . Set mj = 2 + jbj j +

P
l2 L jl j. Map

v� j 7! 2m j and v� j 7! k � bj � 2m j . Now if v� j > 2 + v� 1 then there are v� j � v� 1 � 2
verticesin Gj which are yet to be labelled. Label theseby the �rst v� j � v� 1 � 2 terms of

the sequence22m j ; 222
m j

; : : : :
All verticesof Gj are now labelled. Label any edgesin Gj which were not in G1 with

the unique integer which givesa constant edgeweight of k.
How can we be sure that this is an injective labelling of Gj ? To seethis, set M =

f 2m j ; 22m j ; 222
m j

; : : : g. Verticesarelabelledwith distinct elements of L [ f k� bj � 2m j g[ M ,
wheremj >> jl j for any l 2 L (including k 2 L). The labels on the additional edgesin
Gj are all of the form of oneof the following:

k � x � y; x 2 L; y 2 M ;

k � y � z; y; z 2 M ; y 6= z;
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2m j + bj � x; x 2 L ;

2m j + bj � y; y 2 M ; y 6= 2m j :

Note that for distinct x 2 L and y; z 2 M , these integersare distinct and are distinct
from any of the vertex labels. Thereforethis is an injective Z-labelling of Gj which de�nes
a constant edgeweight of k.

Step n+1 : Let L denote the set of integerswhich have beenusedas labels so far.
Take the next as-yet-unlabelled edgein the sequenceof mutually disjoint edges. In the
samemanner asabove extend the injective Z-labelling.

Note that by step n the vertices v1; v2; : : : vn have been labelled and the integers
z1; z2; : : : zn have beenused as labels. Therefore, this recursively de�nes an edge-magic
Z-labelling of G which hasconstant edgeweight of k.

In the proof above we could have had labels over the rational numbers, Q, or any
countable subgroup of the real numbers which included the number 2. Only a small
modi�cation of the proof is required for any countable subgroupof real numbers which
does not include 2. For let g be an element of the group such that g � 2. In the
de�nition of m and mj , replace2 with g, and replacethe various expressionsof the form

2m ; 22m
; 222m

; : : : 2m j ; 22m j ; 222
m j

; : : : with gm ; ggm
; gggm

; : : : gm j ; ggm j ; ggg
m j

; : : : Therefore
it follows that:

Theorem 2. Let G be countablegraphwhichhasan in�nite set of mutually disjoint edges
and let A be isomorphic to a countablesubgroup of the additive real numbers. Let k 2 A.
Then there is an edge-magicA-labelling of G which hasedgeconstant k.

Note this includesany A which is a direct sum of a �nite or countably many copiesof
Z or Q, and more generallyany countable torsion-freeabelian group.

It is not the casethat every countable graph which hasan in�nite set of mutually dis-
joint edgeswill necessarilyhave edge-magiclabellings over an arbitrary countable group.
For examplethe graph which consistspreciselyof an in�nite setof mutually disjoint edges
doesnot have any isolated vertices and the following result shows that it doesnot have
edge-magiclabellings over all countable groups.

Theorem 3. Let G be a countablegraphwith no isolated verticesand let A be a countable
group with 2A = f 0g, then there are no edge-magicA-labellings of G.

Proof. Supposethere is an edge-magicA-labelling of G which has edgeconstant k. For
each edge,we obtain an equationa+ b+ c = k, wherea, b and c are (necessarilydistinct)
labelson the edgeand its two end vertices. For at least oneedge,oneof theselabels (say
c) must equal k, so that a + b+ k = k. But, for this group, this meansa = b, which is a
contradiction. Hencethere are no edge-magicA-labellings of G.
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3 Edge-magic Z-lab ellings of H -burrs.

De�nition 4. A countable graph G is called a burr if it doesnot have an in�nite set of
mutually disjoint edges.

For example,if G hasonly �nitely many edges,then G is a burr.

Theorem 5. If a countablegraph G has only �nitely many edges,and A is isomorphic
to a countablesubgroup of the additive real numbers, then, for any k 2 A, there is an
edge-magicA-labelling of G which hasedgeconstant k.

Proof. In this casethe edgesinvolve only a �nite set of the vertices, v1; v2; : : : ; vN , say,
and there are in�nitely many isolated vertices. Here we can use a similar argument to
that in Theorem 1. Label v1; v2; : : : ; vN with successively larger group elments, so that
the labels forced on any edgesare all distinct. Finally, label isolated vertices with the
remaining group elements.

More generally, burrs can be characterisedas follows:

Lemma 6. Supposethat G is a burr. Then there is �nite subgraphH (possiblynot unique)
of G suchthat all the edgesof the graph haveat least one vertex in H . That is, for some
�nite graph H , G is (isomorphic to) a subgraph of H + I .

Proof. Take a maximal set of disjoint edgesof G. Let V be the set of verticesincident to
theseedgesand let H be the subgraphinduced by V.

De�nition 7. Suppose that G is a burr with a �nite subgraph, H say, such that all
vertices outside H have edgesto all vertices inside H and there are no edgesbetween
any verticesoutside H . Then we say G is an H -burr. Clearly a countable graph G is an
H -burr if (and only if ) it hasa �nite subgraphH such that G �= H + I .

For the remainderof the paper weareparticularly interestedin edge-magicZ-labellings
of H -burrs. We often usethe following lemma from [3]:

Lemma 8. Let G be a countablegraph with an edge-magicZ-labelling, then

(i ) There is an edge-magicZ-labelling of G with edgeconstant k = 0 or 1.

(ii ) If G has an edge-magicZ-labelling with edgeconstant k = 0, then G has an edge-
magic Z-labelling with constant k for all k � 0 mod 3.

(iii ) If G has an edge-magicZ-labelling with constant k = 1, then G has an edge-magic
Z-labelling with edgeconstant k for any k 6� 0 mod 3.
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3.1 Some examples: Pn-burrs and K n-burrs.

Example 9. A P0-burr is just a countable star. From [3], when G is a P0-burr, then

(i ) G hasan edge-magicZ-labelling with constant k if and only if k � 0 mod 3.

(ii ) G hasno edge-magiclabellings over a group containing an element of order 2.

Example 10. Let G be a P1-burr. Then for each k 2 Z then there is an edge-magicZ-
labelling of G with edgeconstant k. We can assumethat V = f u; v; v1; v2; : : : g and E =
f uv; uv1; vv1; uv2; vv2; : : : g. It is su�cien t to �nd edge-magiclabellings with constants 0
and 1. In each casewe chooseintegersto label the elements of P1 and extend this to a
labelling of the P1-burr.

(i) k = 0. De�ne � (u) = 1; � (v) = � 1; � (uv) = 0. This canbeextendedin only oneway
to an edge-magicZ-labelling of G with constant k = 0. For each i � 1, � (v2i � 1) =
� 3i , � (v2i � 1u) = 3i � 1, � (v2i � 1v) = 3i + 1, � (v2i ) = 3i , � (v2i � 1u) = � 3i � 1 and
� (v2i v) = � 3i + 1. Note that for i = 1; 2; : : : , the set of labels on the vertices
f u; v; vi ; : : : v2i g and all edgesconnectingthem in G is the set f 0; � 1; � 2; : : : ; � 3ig.
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Figure 1: The P1-burr

The labels of the verticesare

f� 1g [ f z j z < 0; z � 0 mod 3g [ f z j z > 0; z � 0 mod 3g:

This is a union of a �nite set and two \half-mo dulus classesmod 3".
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Another solution is to de�ne � (u) = 0; � (v) = � 1; � (uv) = 1. Then there is exactly
of oneway of extendingthis to an edge-magicZ-labelling of G with constant k = 0.
In this casethe vertex labelsare

f 0; 1g [ f z j z 6= � 1; z � 2 mod 3g:

(ii) k = 1. De�ne � (u) = � 1; � (v) = 2; � (uv) = 0. There is only oneway to extend this
to an edge-magicZ-labelling with k = 1: for i = 0; 1; 2; : : :

� (v6i+1 ) = � 2 � 9i; � (v6i+1 u) = 9i + 4; � (v6i+1 v) = 9i + 1;

� (v6i+2 ) = � 4 � 9i; � (v6i+2 u) = 9i + 6; � (v6i+2 v) = 9i + 3;

� (v6i+3 ) = 5 + 9i; � (v6i+3 u) = � 9i � 3; � (v6i+3 v) = � 9i � 6

� (v6i+4 ) = 7 + 9i; � (v6i+4 u) = � 9i � 5; � (v6i+4 v) = � 9i � 8;

� (v6i+5 ) = 9 + 9i; � (v6i+5 u) = � 9i � 7; � (v6i+5 v) = � 9i � 10;

� (v6i+6 ) = � 9 � 9i � (v6i+6 u) = 9i + 11; � (v6i+6 v) = 9i + 8:

It is straightforward to verify that � is injective. For i = 1; 2; : : : , the setof labelson
the verticesf u; v; v1; : : : v6i g and all edgesconnectingthem in the graph G is the set
f� (9i + 1); 9i + 2g [ f 0; � 1 � 2; � 3; : : : ; � 9ig. So � is a surjection. It is immediate
that � de�nes a constant edgeweight of 1. Note that the integerswhich are labels
of the verticesare

f� 1; 2g [ f z j z � 7 mod 9g [ f z j z � 5 mod 9g [ f z j z 6= 0; z � 0 mod 9g:

Another solution is to de�ne � (u) = 0; � (v) = 2; � (uv) = � 1. Then there is exactly
oneway to extend this to an an edge-magicZ-labelling of G. In this casethe vertex
labelsare

f 0; 2g [ f z j z � 4 mod 6g [ f z j z 6= � 1; z � 5 mod 6g:

Note the choiceof initial injective labelling of P1 with constant edgeweight is crucial.
Supposewe begin begin by de�ning � (u) = 0; � (v) = � 1; � (uv) = 2. Then there is no
way to extend this to an edge-magicZ-labelling of G, for the label 1 can not be used.

Example 11. Let G be P2-burr. Then, for any k 2 Z, there is an edge-magicZ-labelling
of G which has edgeconstant k.

Proof. Let G be a P2-burr, then we can assumethat V = f u; v; w; v1; v2; v3; : : : g and
E = f uv; vw; uv1; vv1; wv1; uv2; vv2; wv2; : : : g. It is su�cien t to �nd edge-magiclabellings
with constants 0 and 1. It is straightforward to show that the following de�ne appropriate
edge-magiclabellings.
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(i) k = 0.
De�ne � (u) = 2, � (v) = 0, � (w) = 1, � (uv) = � 2, � (vw) = � 1.
For i = 0; 1; 2; : : : , de�ne � (v2i � 1) = 3 + 4i and � (v2i ) = � 6 � 4i .
Label the edgesto give a constant edgeweight of k = 0.

(ii) k = 1.
De�ne � (u) = 1, � (v) = 2, � (w) = � 1, � (uv) = � 2, � (vw) = 0.
For i = 1; 2; : : : , de�ne � (v2i � 1) = � 4i and � (v2i ) = 1 + 4i .
Label the edgesto give a constant edgeweight of k = 1.

An edge-magicZ-labelling of P5 + I is given later in Example 48. In general, the
problem of determining an edge-magicZ-labelling of Pn + I and K n + I for arbitrary n
appearsdi�cult. Even the caseK 3 + I remainsopen.

4 Edge-magic in teger lab ellings of H -burrs and half-
modulus classes of vertex lab els.

Throughout this sectionwe assumethat G is an H -burr. That is, G = H + I for a �nite
graph H with m vertices. If m = 1 then G is a countable star. However, stars weredealt
with in [3]. So we are interested here in the casem > 1. We assumethat there is an
edge-magicZ-labelling of G. We introducethe following notation:

� HV denotesthe set of labels of the Verticesof H .

� HE denotesthe set of labelsof the Edgesof H .

� BE denotesthe set of labels of the EdgesBetweenH and I .

� I V denotesthe set of labelsof the Verticesof I .

Thus HV , HE , BE and I V partition Z, and HE is the only oneof the setswhich may be
empty. Note that HV determinesHE , that HV and I V together determineBE .

Let d be a positive integer. A positive half-modulus classmodulo d is the set of terms
of an arithmetic progressionwith commondi�erence d. Similarly, a negativehalf-modulus
classmodulo d is the set of terms of an arithmetic progressionwith commondi�erence
� d.

We are motivated in this section by considering the vertex labels which occur in
an edge-magicZ-labelling of G. In Example 10, G = P1 + I , m = 2 and k = 1.
The set of vertex labels is f� 1; 2g [ f z > 0 j z � 7 mod 9g [ f z < 0 j z � 7
mod 9g [ f z > 0 j z � 5 mod 9g [ f z < 0 j z � 5 mod 9g [ f z > 0 j z � 0
mod 9g [ f z < 0 j z � 0 mod 9g. Note that if we set � = 3, then this is a union of a
�nite set and 2� half-modulus classesmod � � (m + 1).

We usethe following result which can be found in P�olya and Szeg•o [6]:
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Theorem 12. The set of coe�cients of a power seriesexpansion of a rational function
is �nite if and only if the sequence of coe�cients is eventually periodic.

We make the following observation:

Observ ation 13. If a power series
P

f nzn hasits seriesof coe�cients periodic of period
M for n � K , i.e. f K ; f K +1 ; : : : is periodic of period M , then

1X

n=0

f nzn = f 0 + f 1z + � � � + f K � 1zK � 1 +
zk(f K + f K +1 z + : : : f K + M � 1zM � 1)

(1 � zM )
:

Our main result in this sectionis:

Theorem 14. Let G = H + I be an H -burr which is not simply a star. That is m, the
number of verticesin H , is greater than 1. Supposethat there is an edge-magicZ-labelling
of G. Then, for somenumber � , the vertexlabelsof G consist of a �nite setand a disjoint
union of � positive half-modulus classesand � negative half-modulus classesall modulo
� (m + 1).

Proof. Our calculationstake placein the quotient �eld Q((z)) of the ring Q[[z]] of formal
power seriesin z with rational coe�cien ts. For f (z); g(z) 2 Q((z)), de�ne f (z) � g(z) if
f (z) and g(z) di�er by a �nite number of terms, that is if f (z) � g(z) 2 Q[z; z� 1], where
Q[z; z� 1] denotesthe subring of Q((z)) consistingof polynomials over Q in z and z� 1.

Suppose that there is an edge-magicZ-labelling of G with edge-magicconstant k.
Considerthe two power seriesin Q[[z]] de�ned using the labelson the verticesof I :

p(z) =
X

x� 0; x2 I V

zx

and
q(z) =

X

x� 0; x2 I V

z� x :

De�ne an element of Q[z; z� 1] using the labelson the verticesof H :

a(z) =
X

a2 H V

za:

In general,for f (z) 2 Q[z; z� 1]), de�ne f̂ (z) = f (1=z). In particular

â(z) =
X

a2 H V

z� a:

Edgeswhich are not in H are edgesfrom H to I . Their labels are the integersof the
form k � a � x, with a 2 HV and x 2 I V : Now, k � a � x > 0 for all su�cien tly large and
negative x. Therefore,

zk â(z)q(z) �
X

y� 0; y2 B E

zy :
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Now every su�cien tly largepositive integer labelseither an edgenot in H or a vertex not
in H , and hence:

zk â(z)q(z) + p(z) �
1X

n=0

zn =
1

1 � z
: (15)

Similarly, k � a � x is negative for all su�cien tly large positive x, hence

z� ka(z)p(z) �
X

y� 0; y2 B E

z� y ;

and

z� ka(z)p(z) + q(z) �
1

1 � z
: (16)

From theseequivalenceswe have that

zk â(z)q(z) + p(z) =
1

1 � z
+ r (z) (17)

and

z� ka(z)p(z) + q(z) =
1

1 � z
+ s(z); (18)

wheres(z); r (z) 2 Q[z; z� 1].
This system of equations is linear in q and p, with coe�cien ts and right-hand-side

expressionsrational functions of z. When the determinant of the system

zk â(z) 1
1 z� ka(z)

= a(z)â(z) � 1

is non-zerowe can solve this systemfor p(z) and q(z). Now a(z)â(z) = 1 if and only if
a(z) = za for somea 2 Z, which will not be the casefor m > 1. We deducethat, since
the graph H is not a countable star, p(z) and q(z) are rational functions of z.

Sinceall the coe�cien ts of p(z) and q(z) are either 0 or 1, we can apply Theorem 12
to both series.Therefore, for somepositive integersK and M the power seriesp(z) and
q(z) have their sequenceof coe�cien ts periodic of period M for n � K . (Note that we
can choosethe sameK in both sequences,becauseif we had di�erent K 0s then the larger
value of K would be appropriate for each sequence,and if we had di�erent M 0s then the
product of them would be an M appropriate for each sequence.)

We now apply Observation 13 to p(z), bearing in mind that the coe�cien ts are each
0 or 1, to deducethat there exist integers

0 � b1 < b2 < b3 < � � � < b� < M
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such that

p(z) = p0 + p1z + � � � + pK � 1zK � 1 + zK

�
zb1 + � � � + zb�

1 � zM

�
: (19)

The term

zK

�
zb1 + � � � + zb�

1 � zM

�
=

�X

i =1

 
1X

j =0

zK + bi + M j

!

: (20)

ThusEquation 19tells usthat an integerx � K labelsa vertex of I if and only if x belongs
to the union of arithmetic progressionswith �rst term oneof b1+ K , b2+ K ; : : : ; b� + K and
commondi�erence M . Note that this is a disjoint union of half-modulus classesbecause
the integersb1; : : : b� are distinct modulo M .

Similarly there exist integers

0 � c1 < c2 < c3 < � � � < c� < M

such that

q(z) = q0 + q1z + � � � + qK � 1zK � 1 + zK

�
zc1 + � � � + zc�

1 � zM

�
; (21)

which implies that the integerslessthan or equal to � K which are labelsof verticesof I
consistof the negativesof the terms arithmetic progressionswith �rst terms K + c1; K +
c2; � � � ; K + c� and commondi�erence M .

To completethe proof of the theorem it remainsto show � = � and M = � (m + 1).

From (17) and
1

1 � z
=

1 + z + � � � + zM � 1

1 � zM
we deduce

zk â(z)q(z) + p(z) = r (z) +
1 + z + � � � + zM � 1

1 � zM
: (22)

Set
b(z) = zb1 + � � � + zb� and c(z) = zc1 + � � � + zc� :

From (19) and (21) wededuce(1� zM )p(z) and(1� zM )q(z) arepolynomialsin z congruent
to zK b(z) and zK c(z) respectively. So if we multiply (22) through by 1 � zM we get an
equation in Q[z; z� 1] which we can divide by zK and reducemodulo 1 � zM to deduce

zk â(z)c(z) + b(z) � 1 + z + � � � + zM � 1 mod (1 � zM ):

Similarly from (18) follows

z� ka(z)b(z) + c(z) � 1 + z + � � � + zM � 1 mod (1 � zM ):

Note that a(1) = â(1) = m, b(1) = � , c(1) = � and (1 � zM )z=1 = 0. So putting z = 1
into the two congruencesimmediately above gives

m� + � = M ;

m� + � = M :

Subtracting theseequationsgives (m � 1)(� � � ) = 0. Sincem 6= 1 by assumptionwe
deduce� = � and M = � (m + 1) as required.
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5 Extending lab ellings of H to H -burrs

In this section H is a �nite graph with m vertices, m > 1. We supposethat H has an
injective edge-magicZ-labelling, and we derive necessaryand su�cien t conditions for this
to be extendible to an edge-magicZ-labelling of G = H + I .

For integersa � b let [a;b] be the set f a;a + 1; � � � ; bg consisting of the b � a + 1
integerslying betweena and b inclusive. We call such a set an interval of integers. If we
assumeHV = [a;b] then m = b� a + 1. Sincem > 1, it follows that b> a.

Theorem 23. Suppose we havean injective edge-magicZ-labelling of a �nite graph H
with edge-magicconstant k suchthat HV = [a;b] with b> a, i.e m = jHV j > 1.

We can extendthis to an edge-magicZ-labelling of G = H + I if and only if one of
the following holds.

(1) k < 3a � 2 and HE = f k � a � bg.

(2) k > 3b+ 2 and HE = f k � a � bg.

(3) 3a � k � 2a+ b, jHE j = 2a+ b� k and if 2a+ b� k > 0 then HE = [k � a � b;a � 1].

(4) a+ 2b � k � 3b, jHE j = k � a � 2b and if k � a � 2b> 0 then HE = [b+ 1; k � a � b].

In each casethe extensionto an edge-magicZ-labelling of G is uniqueup to permuta-
tion of the labels of I .

In cases(1) and (2) the extensionis given by taking

I V = f k � a � b+ t(m + 1) j t = � 1; � 2; � � � g:

In case(3) the extensionis given by taking

I V = f (a � 1) + t(m + 1) j t = 1; 2; � � � g [ f k � a � b+ t(m + 1) j t = � 1; � 2; � � � g:

In case(4) the extensionis given by taking

I V = f (k � a � b+ t(m + 1) j t = 1; 2; � � � g [ f b+ 1 + t(m + 1) j t = � 1; � 2; � � � g:

Before proving this theorem, �rst let us establishsomepreliminary results assuming
we have an edge-magicZ-labelling of H + I with edgeconstant k and HV = [a;b].

Lemma 24. The set BE is the disjoint union of the intervals [k � � � b;k � � � a], � 2 I V .

Proof. Considerthe labels of the m edgesfrom the vertex of I labelled � .

Lemma 25. If � 0 > � and � ; � 0 2 I V then � 0 � � > b� a.

Proof. If � 0 > � and � ; � 0 2 I V then [k� � � b;k� � � a] � BE and [k� � 0� b;k� � 0� a] � BE

are disjoint intervals with k � � � b < k � � 0 � b. Hencek � � � a < k � � 0 � b i.e.
� 0 � � > b� a.
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De�nition 26. Set

� � = k � a � b: (27)

This integer, which occurs already in the statement of Theorem 23 is signi�cant be-
cause

HV = [a;b] = [k � � � � b;k � � � � a]: (28)

Note that � � is the midpoint of [k � 2b;k � 2a].

Lemma 29. The intersection of [k � 2b;k � 2a] and I V is empty.

Proof. Let � 2 I V . Then the interval [k � � � b;k � � � a] � BE , must be disjoint from
HV = [k � � � � b;k � � � � a]. Henceas in Lemma 25 if � > � � , then � � � � > b� a or
equivalently � > k � 2a and similarly if � < � � , we have � < k � 2b.

Lemma 30. The integer � � 2 HV [ HE .

Proof. Since� � 2 [k � 2b;k � 2a], it follows from Lemma 29 that � � 62I V .
It remainsto show that � � 62BE . To have � � 2 BE there would have to be a � 2 I V

such that � � 2 [k � � � b;k � � � a]. However k � � � b � k � a � b = � � if and only � � a
and � � = k � a � b � k � � � a if and only if � � b and so � � 2 [k � � � b;k � � � a] if
and only if � 2 [a;b] = HV , which is disjoint from I V . So � � 62BE .

Lemma 31. The set of integersHE � [k � 2b+ 1; k � 2a � 1].

Proof. The extreme values for elements of HE are given by the label on an edgewith
vertices labelled by b and b � 1 or by a and a + 1. Thus any element of HE must lie
betweenk � b� (b� 1) = 2b+ 1 and k � a � (a + 1) = k � 2a � 1.

Lemma 32. (1) The labels k � 2b;k � 2a 2 HV [ BE .

(2) At least one of k � 2b and k � 2a is an elementof BE .

(3) The integer k � 2b2 BE if and only if k � 2b2 [k � � b � b;k � � b � a] � BE for some
� b 2 I V satisfying

b+ 1 � � b � b+ (b� a): (33)

(4) The integer k � 2a 2 BE if and only if k � 2a 2 [k � � a � b;k � � a � a] � BE for some
� a 2 I V satisfying

a � (b� a) � � a � a � 1: (34)
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Proof. From Lemmas29 and 31 neither k � 2b nor k � 2a is an element of I V [ HE . The
�rst assertionfollows.

Since(k � 2a) � (k � 2b) = 2(b � a) > b� a at most one of k � 2b and k � 2a can
lie in the interval [a;b]. Thus they cannot both be elements of HV . The secondassertion
follows.

The integerk � 2b2 BE if and only if k � 2b2 [k � � b � b;k � � b � a] for some� b 2 I V ,
i.e. k � � b � b � k � 2b � k � � � a, i.e.

b � � � 2b� a = b+ (b� a):

But � b 62HV implies that � b 6= b. Hencek � 2b 2 BE if and only if there exists � b 2 I V

with

b+ 1 � vb � b+ (b� a): (35)

Hencethe third assertion.
A similar argument provesthe fourth assertion.

Supposewe have a set of disjoint intervals. Then they comenaturally ordered: [c;d] <
[e;f ] if and only if d < e. Call two intervals of integers[c;d], [e;f ] adjacent if there is no
gap betweenthem, that is e = d + 1 or c = f + 1.

Lemma 36. (1) The set BE [ HV is the union of disjoint intervals

f [k � b� � ; k � a � � ] j � 2 I V [ f � � g:

Each consistsof m = (b� a) + 1 consecutive integers.

(2) The integersnot in suchan interval are elementsof HE [ I V .

(3) Two consecutive intervals of BE [ HV are adjacent (not separated by an elementof
HE [ I V ) if and only if theyare of the form [k� � � b;k� � � a] and [k� � 0� b;k� � 0� a]
for a pair of integers � > � 0 2 I V [ f � � g with � � � 0 = b� a + 1. In this casethe
b� a � 1 integersstrictly between � and � 0 are elementsof HE .

Proof. The �rst statement follows from Lemma 24 and equation (28). For the second
assertionassume[k � � � b;k � � � a] and [k � � 0� b;k � � 0� a] are adjacent. This is the
caseif and only if j� � � 0j = (b� a) + 1. By Lemma25 there is no room for any elements
of I V between� and � 0. Also j� � � 0j = (b� a) + 1 implies there are only b� a integers
strictly between� and � 0 and no elements of BE [ HV can lie betweenthem assuch labels
comein intervals of (b� a) + 1 integers.

We are now ready to completethe proof of Theorem23.

Pro of of Theorem 23. Case 1: Supposethat k � 2b;k � 2a 2 BE . By Lemma 32,
neither k � 2b nor k � 2a lies in [a;b]. By Lemma 24, k � 2b 2 [k � � b � b;k � � b � a]
for some� b 2 I V satisfying (33) and k � 2a 2 [k � � a � b;k � � a � a] for some� a 2 I V
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satisfying (34). Moreover, oneof (k � 2a < a), (k � 2b < a and k � 2a > b) or (k � 2b > b)
must hold, i.e.we have the following subcases:k < 3a (Case 1A ) or a + 2b< k < 2b+ a
(Case 1B ) or k > 3b (Case 1C).

We �rst eliminate Case 1B : a + 2b< k < 2b+ a.
In this casethe interval J = [k � � b � b;k � � b � a] � BE containing k � 2b< a must

be to the left of the interval [a;b]. This interval J doesnot contain � a 2 I V . Any integer
� < k � � b � b will satisfy � < a� (b� a). For (34) of Lemma32 to hold we must therefore
have k � � b � a < � a. This implies

k � a < � a + � b: (37)

Similarly the interval [k � � a � b;k � � a � a] containing k � 2a must be to the right of the
interval [a;b] and it follows similarly that k � � a � b> � b which implies

k � b> � a + � b: (38)

But (37) and (38) together imply a > b, a contradiction to our assumptionb> a.
Henceif both k � 2a and k � 2b are elements of BE we must have either k � 2a < a,

i.e k < 3a or k � 2b> b, i.e. k > 3b.
Considernow Case 1A : k < 3a.
In this casek � 2a � 1 < a � 1. Soby Lemma31 there are no elements of H E greater

than or equal to a � 1. In particular a � 1 62HE . If a � 1 2 BE , then from Lemma 36,
k � � � b = a � 1 for some� 2 K with j� � � � j = b� a + 1. But then � = k � a � b+ 1
and � � = k � a � b contradict the fact that b� a + 1 � 2. Thus we must have � a = a � 1
and � b = b+ 1 by Lemma 32.

Let Jb = [k � 2b� 1; k � a � 1] and Ja = [k � a � b+ 1; k � 2a + 1] be the intervals in
BE associated to � b = b+ 1 and � a = a � 1 respectively. They are are both to the left of
[a;b] sincek � 2a < a lies in the right most Ja, which is disjoint from [a;b]. The intervals
Ja and Jb are separatedby the single integer k � a � b = � � . Bearing in mind Lemma
31, we have that HE = f � � g. Lemma 36 implies now that all other pairs adjacent blocks
are separatedby a single integer from I V . We must also have k � 2a + 2 2 I V . Hence
k � 2a + 2 � � a = a � 1, i.e k � 3a � 3.

Then the labels making up I V [ f � � g are separatedby intervals of m = (b � a) + 1
integers.Hencetheselabelsarecongruent modulo m+ 1 and somakeup the setof integers
congruent to � � = k � a � b modulo m + 1. Thus the set of labels of the vertices in I ,
I V = f k � a � b+ t(m + 1) j t 6= 0g.

A similar argument holds for Case 1C: k > 3b, and gives again HE = f � � g and
I V = f k � a � b+ t(m + 1) j t 6= 0g.

It remainsnow to considerCase 2, in which oneof k � 2a and k � 2b is an element of
HV . By Lemma32 the other lies in BE . Note k � 2a 2 HV if and only if 3a � k � 2a+ b
and k � 2b2 HV if and only if a + 2b � k � 3b.
Case 2A : Supposethat 3a � k � 2a+ b. Then k � 2b2 BE . SoLemma32 implies there
exists � b 2 I V satisfying (33). We show that � b = b+ 1.

By the �rst part of Lemma 36 if � b > b+ 1 there must be an element of HE greater
than b. From k � 2a � b we deducek � 2a� 1 < b which together with Lemma31 implies
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there areno elements of HE greaterthan b. We must thereforehave � b = b+ 1 asrequired.
Also as HE \ [a;b] = ; , any � 2 HE must satisfy � < a (neededbelow).

We now show
HE = f � j k � a � b� 1 < � < ag: (39)

The interval [k � � b � b;k � � b � a] = [k � 2b� 1; k � a � b� 1] � BE and it lies to the
left of [a;b]. Sincek � 2b� 1 < k � 2b+ 1 from Lemma 31 we deducethat any � 2 EH

has � > k � a � b� 1. Thus any elements of HE lie strictly betweenk � a � b� 1 and
a. To establish(39) it remainsto show that every integer strictly betweenk � a � b� 1
and a lies in HE . Sincek � 3a, k � a � b � 2a � b = a � (b� a). So by Lemma 32, as
k � 2a 62BE , there are no elements of I V strictly betweenk � a � b� 1 and a. Henceall
such integersare elements of HE by Lemma 36.

Note if k = 2a + b then k � a � b = a and EH = ; , this implies H has no edges,
whereasif 3a � k < 2a + b, jEH j = 2a + b� k and EH = [k � a � b;a � 1] = [� � ; a � 1], is
an interval and so is the completeset of labelsof the graph elements of H ,

HV [ HE = [k � a � b;b]: (40)

Having established(39), we have that the interval of BE containing k � b lies to the
left of [a;b] and the intervening integersform the set EH . HenceLemma 36 implies all
consecutive pairs of intervals in BE [ HV except that containing k � 2b and [a;b] are
separatedby a singleelement of I V .

If we order the elements of I V greaterthan � � then consecutive labelsare separatedby
a block of m = (b� a)+ 1 integers.Theseelements arecongruent modulo (b� a)+ 2 = m+ 1
and form the half-modulus class

f (b+ 1) + t(m + 1) j t � 0g = f (a � 1) + t(m + 1) j t > 0g:

Similarly the elements of I V lessthan � � form the half-modulus class

f k � a � b+ t(m + 1) j t < 0g:

Case 2B : Supposelastly 2b+ a � k � 3b.
A similar argument to the above shows

HE = f � j k � a � b� 1 < � < ag: (41)

so that for k = a + 2b, HE = ; , a + 2b � k � 3b and 2b+ a � k > 0, HE = [b+ 1; � � ].
Hencein the case2b+ a � k � 3b, the labels of the graph elements of H ,

HV [ HE = [a;k � a � b]: (42)

Further the elements of I V greater than � � form the half-modulus class

f k � a � b+ t(m + 1) j t > 0g;
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and elements of I V lessthan � � form the half-modulus class

f a � 1 + t(m + 1) j t � 0g = f b+ 1 + t(m + 1) j t < 0g:

The necessaryconditions of the theoremhave now beenestablished.When thesehold we
can extend the injective labelling on H to an edge-magiclabelling of G, by labelling the
verticesI by the given half-modulus classes.

Corollary 43. If H hasexactlyone edgethen H + I has an edge-magicZ-labelling.

Proof. Immediate.

Recall [7] that a �nite graph H with m edgesand ` verticesis callededgemagic,with
edgeconstant k if there a bijective labelling of the graph elements of H by the integers
[1; m + `] which giveseach edgeweight k. This labelling is called strong if the labels on
the verticesform the interval of integers[1; m].

Corollary 44. SupposeH has more than one edge. Then H + I has an edge-magicZ-
labelling (in which the vertices of H are labelled by consecutive integers) if and only H
hasa strong edge-magiclabelling, with edgeconstant k satisfying

2m + 3 � k � 3m:

Proof. SupposeH hasmore than oneedgeand H + I hasan edge-magicZ-labelling with
constant k for which HV = [a;b]. Then either (3) or (4) of Theorem 23 holds. But if (3)
holds, then replacingevery label n by (a+ b) � n givesan edge-magicZ-labelling of H with
edgeconstant 3(a + b) � k for which (4) holds. So without lossof generality there exists
an edge-magicZ-labelling with constant k, satisfyinga+ 2b+ 2 � k � 3b. Note we cannot
have k = a+ 2b, or k = a = 2b+ 1 becausethesegive ` = jHE j � 1. By (4), recalling (42),
we have a total labelling of the graph elements of H by [a;k � a� b], in which the vertices
of H are labelled by [a;b]. Subtracting a � 1 from each label givesa strong edge-magic
labelling of H with edge-constant k0 = k � 3a + 3, with 2(b� a) + 5 � k0 � 3(b� a) + 3.
But m = (b� a) + 1. HenceH hasa strong edge-magiclabelling wherethe edge-constant
k0 satis�es 2m + 3 � k0 � 3m. Reversingthe above shows the converse.

Corollary 45. SupposeH + I has an edge-magicZ-labelling in which the vertices of H
are labelled by consecutive integers. Then H has fewer edgesthan vertices.

Proof. SupposeH + I hassuch labelling with edge-constant k.
If H hasm � 2 verticesthe number of edgesis lessthan the number of vertices. The

result is trivially true.
If H hasm � 3 verticesapply the theorem. In case(1) or (2) above then H hasonly

one edgeand the result is trivially true. In case(3) note that 3a � k is equivalent to
2a+ b� k � b� a = m� 1. Thusin case(3) the number of edgesof H , jHE j = 2a+ b� k < m.

Similarly in case(4) the number of edgesof H , jHE j < m.
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Example 46. Let H = Tm� 1 be a star on m vertices. Then there is an edge-magic
Z-labelling of the H + I with edgeconstant 0.

Proof. Let HV = f 0; 1; 2; : : : ; m � 1g (with the centre of the star labelled with 0) so that
HE = f� 1; � 2; : : : ; � (m � 1)g. Then we have Case3 of Theorem 23 with a = k = 0,
b= m � 1. Thus

I V = f� 1 + t(m + 1) j t = 1; 2; : : : g [ f� m + 1 + t(m + 1) j t = � 1; � 2; : : : g;

with BE = Z n (I V [ HV [ HE ).

If we relax the assumption that HV is a set of consecutive integers, the problem
consideredin this sectionbecomesmuch morecomplicated. However, the following lemma
shows a special case.

Lemma 47. Let H be a �nite graph with 2M � 2 verticesand 2L � 0 edgesand suppose
there is an injective Z-labelling of H in which the vertices are labelled with the set f� i j
1 � i � M g and the edgeswith the set f� i j M + 1 � i � M + Lg [ f 0g, so that the edge
constant is 0. Then we can alwaysextendthe labelling of H to an edge-magicZ-labelling
of H + I with edgeconstant 0.

Proof. Label the vertices of I with f i (2M + 2L + 1) j i 6= 0g. This forces the edges
betweenH and I to useall remaining Z-labels.

Example 48. Using the previouslemma with M = 3, L = 2 and H = P5 labelled as in
Figure 2, there existsan edge-magicZ-labelling of the P5-burr.
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Figure 2: P5

We concludewith the following open problem:

Doesthere exist an edge-magicZ-labelling of K 3 + I ?

Note that by Corollary 45 there is no such labelling in which the vertices of K 3 are
labelled with consecutive integers.
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