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By countablewe meancountablyin nite. Our graphshave noloopsand no multiple edges.
The vertex setis non-empty and is denotedV. The edgesetE is a (possiblyempty) setof
unorderedpairs of vertices. An edgef x; yg is usually denotedxy (or yx). ThesetV [ E

is the set of graph elements When we say a graph is courtable we meanthat the set of
graph elemets is courtable, and hencethat the vertex setis courtable and the edgeset

Edge-magigrouplabellingsof courtable graphs

Nicholas Cavenaghand Diana Combe

Sdool of Mathematics and Statistics
The University of New South Wales
Sydney NSW 2052 Australia

nickc@maths.unsw.edu.audiana@maths.unsw.edu.au

Adrian M. Nelson

Sdool of Mathematics and Statistics
University of Sydney
NSW 2006 Australia

adriann@maths.usyd.edu.au

Submitted: May 18, 2006; Accepted: Sep22, 2006; Published: Oct 27, 2006
Mathematics Subject Classi cation: 05C78

Abstract

We investigate the existenceof edge-magidabellings of courtably in nite graphs
by abelian groups. We show for that for a large classof abelian groups, including the
integersZ, there is such a labelling wheneer the graph hasanin nite set of disjoint
edges. A graph without an in nite set of disjoint edgesmust be somesubgraph of
H + |, whereH is some nite graph and | is a countable set of isolated vertices.
Using power seriesof rational functions, we show that any edge-magicZ-labelling
of H + | hasalmost all vertex labels making up pairs of half-modulus classes.We
alsoclassify all possibleedge-magicZ-labellings of H + | under the assumptionthat
the vertices of the nite graph are labelled consecutiely.

In tro duction.

is nite or courtable.
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In this paper the group A is always a courtable abelian group. Sincewe are often
consideringthe integers, Z, it is corveniert to considerour groups additively. For a
courtable graph G, an A-lakelling of G, or a lakelling of G over A, is a bijection from
V[ E to A. For any group, and any graph ( nite or in nite) an injective lakelling is an
injection from the set of graph elemens to the group.

Let bealabelling of G overagroupA. Then de nesaweight! = ! onthe edges.
For xy 2 E, the weight is the sum of the label of xy and the labelsof x and y. That is,

Pxy)= )+ (xy)+ (y):

The labelling is an edge-magicA-lakelling of G if there is an elemen k of A sud that
for every xy 2 E, ! (xy) = k. The elemen k is the edgeconstant

There are many di erent types of graph labellings which have been consideredin
recen years. Someare labelling the vertices,somethe edges,and some,like thosewe are
considering,aretotal labellingsof all the graph elemeits. A detailed survey of many types
of graph labellings can be found in the dynamic survey by Gallian [4]. The setof labelsis
commonly a subsetof the integers,and a labelling can be usedto de ne a weight on the
edgeqor the vertices). A magiclakelling of a nite graphwith v verticesand e edgess a
total labelling of the graph by the integers1;2; 3;:::;v+ ewith constart edge(or vertex)
weights. There is an extensie list of referencesabout magic labellings of nite graphsin
the book on Magic Graphs by Wallis [7]. Combe, Nelsonand Palmer [2] generalisedthis
to magiclabellingsof nite graphs,wherethe labelsare the elemens of an abelian group.
This was extendedto labellings of courtably in nite graphsby courtably in nite abelian
groupsby Beardon[1] and Combe and Nelson|[3].

We areinterestedin this paper in edge-magidabellings of courtable graphsby court-
able groups, and our emphasisis mainly on Z-labellings. We are concernedwith deter-
mining which graphshave labellings over which groups,what are the possiblevaluesof the
magic constant, and also, sincea total labelling of a graph partitions the group elemens
into vertex-labels and edge-lalels, we are interestedin properties of these partitions.

We denoteby | the courtable empty graph (a courtable set of isolated vertices), by
K, the completegraph with n vertices, by P, the nite path of length n and by T, the
star with n rays. If H and K are graphs,we denoteby H + K the join which is the graph
which can be constructed by taking a copy of H and a copy of K (with no verticesin
common)and adding all edgesfhk :h2 H;k 2 Kg.

When a courtable graph hasan in nite set of independert edges,or hasonly nitely
marny edges,we shawv that there exists an edge-magidabelling over any courtable sub-
group of the additive real numbers (for example,the integers). A courtable graph which
does not cortain an in nite set of independen edgesis equal to a subgraphof H + |
whereH is some nite graph (seeLemma6). We call the graph H + | an H-burr and
examinesomeexamplesfor smallH in Section3. In Section4 we show that any an edge-
magic Z-labelling of an H -burr hasalmost all vertex labelslying in half-modulus classes
(increasingor decreasingarithmetic progressions).In Section5 we nd exact necessary
and su cien t conditionsfor an edge-magicZ-labelling of an H -burr to exist for which the
verticesof H are labelled with consecutie integers.
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2 Edge-magic labellings over Z and other groups.

For awide variety of courtable graphsthere are many edge-magi&-labellings, for example
whenthereis an in nite set of mutually disjoint edges.

Theorem 1. Let G be countable graph with an in nite set of mutually disjoint edges.
Then, for any k 2 Z, there is an edge-magicZ-labkelling of G with edge constant k.

Proof. Let G be courtable graph which hasan in nite setof mutually disjoint edgesand
let k 2 Z. Fix a listing of the integers,Z = fz;;2,;:::9. Fix a listing of the vertices,
V = fvy;vp;ii:g. Let e;e;::: beaninnite sequenceof mutually disjoint edges.Then
foreah i, e = v ,v ,where ; < ;, andwe de ne de ne G; to bethe ( nite) subgraph

Step 1: Takethe rst edge,e; = v ,;Vv ;.

We de ne an injective map from the integersto the graph elemers of G; which hasa
constart edgeweiglht of k. Choosea2 Z,a6 0; k. Mape, 7! k,v , 7! aandv , 7! a.
If 1> 2thenthereare ; 2 verticesin G; which areyet to be labelled. (Our planis to
label them with positive integers which are very much larger than any integer which has
previously been usal as a labkel. We chase lalels for the vertices which are suaessively
much larger than each other, so that they are distinct and so that the lakels forced on any
edgeshetwesn them are all distinct.) Setm = 2+ jkj+ jaj+ | aj. Labelthev, 2

verticesby the rst v, 2terms of the sequencézm;zzm;z22rn 1. All verticesof G; are
now labelled. If thereis any edgein G; which is asyet unlabelled, label it with the unique
integer which givesa constart edgeweight of k. Obsene that any integerswhich ariseas
edgelabels are distinct from any labels already used, and that no two edgescan require
the samelabel.

Step 2: Let L denotethe set of integerswhich have beenusedaslabelssofar. Take
the rst unlabelled edgein the sequenceof mutually disjoint edgesge , sa. Then we have
g = Vv ;;Vv,. We extend the injective Z-labelling of G; to an injective Z-labelling of G;
which de nes a constart edgeweight of k. Leth 2 Z, § Z L, bethe rst integerin the
list which hasnot beenusedasa label. Map g 7! . Setm; = 2+ jhj+ |, jlj. Map
v, 7"2% andv, 7'k b 2. Nowifv,6 > 2+ v thentherearev, v, 6 2
verticesin G; which areyet to be labelled. Label theseby the rst v, v, 2terms of

All verticesof G; are now labelled. Label any edgesin G; which were not in G; with
the unique integer which givesa constart edgeweigh of k.
How can we be sure that this is an injective labelling of G;? To seethis, setM =

f 2mi ; 22" ;222mj ;:::0. Verticesarelabelledwith distinct elemets of L[ fk B 2Mig[ M,
wherem; >> jlj for any | 2 L (including k 2 L). The labels on the additional edgesin
G; areall of the form of one of the following:

k x v, x2L;, y2M;

Kk 'y z Vy,z2M; y6z
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2" +h X x2L;
2" +h vy, y2M; y6 2M:

Note that for distinct x 2 L andy;z 2 M, theseintegersare distinct and are distinct
from any of the vertex labels. Thereforethis is an injective Z-labelling of G; which de nes
a constart edgeweight of k.

Step n+1: Let L denotethe set of integerswhich have beenusedas labels so far.
Take the next as-yet-unlabelled edgein the sequenceof mutually disjoint edges.In the
samemanner as above extend the injective Z-labelling.

Note that by step n the vertices vyi;V;;:::v, have been labelled and the integers
Z1;2; ..z, have beenusedas labels. Therefore, this recursiwely de nes an edge-magic
Z-labelling of G which hasconstart edgeweigh of k.

U

In the proof above we could have had labels over the rational numbers, Q, or any
courtable subgroup of the real numbers which included the number 2. Only a small
modi cation of the proof is required for any courtable subgroup of real numbers which
does not include 2. For let g be an elemen of the group sud that g 2. In the
de nition of m and m;, replace2 with g, and replacethe various expressionf the form
om: g2 92" omy L 2™ 02 ith g g g s gMiigd™ ¥ r:: Therefore
it follows that:

Theorem 2. Let G be countablegraphwhichhasan in nite setof mutually disjoint edges
and let A be isomorphicto a countablesulgroup of the additive real numkers. Let k 2 A.
Then there is an edge-magicA-lakelling of G which has edge constant k.

Note this includesany A which is a direct sumof a nite or courtably many copiesof
Z or Q, and more generallyany courtable torsion-freeabelian group.

It is not the casethat every courtable graph which hasan in nite setof mutually dis-
joint edgeswill necessarilyhave edge-magidabellings over an arbitrary courtable group.
For examplethe graph which consistspreciselyof anin nite setof mutually disjoint edges
doesnot have any isolated vertices and the following result shows that it doesnot have
edge-magidabellings over all courtable groups.

Theorem 3. Let G be a countablegraphwith no isolated verticesand let A be a countable
group with 2A = f0g, then there are no edge-magicA-lakellings of G.

Proof. Supposethere is an edge-magicA-labelling of G which has edgeconstart k. For
eat edge,we obtain an equationa+ b+ c = k, wherea, band c are (necessarilydistinct)
labels on the edgeand its two end vertices. For at least one edge,one of theselabels (say
c) must equalk, sothat a+ b+ k = k. But, for this group, this meansa = b, which is a
cortradiction. Hencethere are no edge-magicA-labellings of G.

]
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3 Edge-magic Z-lab ellings of H-burrs.

De nition 4. A courtable graph G is called a burr if it doesnot have an in nite set of
mutually disjoint edges.

For example,if G hasonly nitely many edgesthen G is a burr.

Theorem 5. If a countablegraph G hasonly nitely many edges,and A is isomorphic
to a countable sulgroup of the additive real numkers, then, for any k 2 A, there is an
edge-magicA-lakelling of G which has edge constant k.

the labels forced on any edgesare all distinct. Finally, label isolated vertices with the
remaining group elemeirts. O

More generally burrs can be characterisedas follows:

Lemma 6. Supmsethat G is aburr. Thenthereis nite sulgraphH (possiblynot unique)
of G suchthat all the edgesof the graph haveat least one vertexin H. That is, for some
nite graphH, G is (isomorphic to) a sulgraphof H + | .

Proof. Take a maximal set of disjoint edgesof G. Let V be the set of verticesinciden to
theseedgesand let H be the subgraphinducedby V. O

De nition 7. Supposethat G is a burr with a nite subgraph,H sa, sud that all
vertices outside H have edgesto all vertices inside H and there are no edgesbetween
any verticesoutside H. Then we say G is an H-burr. Clearly a courtable graph G is an
H-burr if (and only if) it hasa nite subgraphH sud that G=H + |.

For the remainderof the paper we areparticularly interestedin edge-magi-labellings
of H-burrs. We often usethe following lemmafrom [3]:

Lemma 8. Let G be a countablegraph with an edge-magicZ-lakelling, then
(i) Thereis an edge-magicZ-lakelling of G with edgeconstantk = 0 or 1.

(i) If G hasan edge-magicZ-lakelling with edge constantk = 0, then G has an edge-
magic Z-lakelling with constantk for all k 0 mod 3.

(iii ) If G hasan edge-magicZ-lakelling with constantk = 1, then G has an edge-magic
Z-lakelling with edge constantk for any k 6 0 mod 3.
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3.1 Some examples: P,-burrs and K,-burrs.

Example 9. A Py-burr is just a courtable star. From [3], when G is a Po-burr, then
(1) G hasan edge-magiZ-labelling with constart k if andonly if k 0 mod 3.
(il) G hasno edge-magidabellings over a group cortaining an elemen of order 2.

Example 10. Let G be a P;-burr. Then for ead k 2 Z then there is an edge-magicZ-
labelling of G with edgeconstart k. We canassumethat V = fu;v;vy;vo;:::gandE =
fuv;uvy; v uvy; vy iiig. It issucient to nd edge-magidabellings with constaris 0
and 1. In eah casewe chooseintegersto label the elemerts of P; and extend this to a
labelling of the Py-burr.

() k=0.Dene (u=1 (vy= 1, (uv) = 0. This canbeextendedin only oneway
to an edge-magicZ-labelling of G with constart k = 0. Foreathhi 1, (vy 1) =
3i, (vo 1u) =3 1, (vy v)=3i+1, (vy)=3i, (v5 ;uy= 3i land

(v;iv) = 3i+ 1. Note that for i = 1;2;:::, the set of labels on the vertices
fu;v;vi;:::vyg and all edgesconnectingthem in G is the setf0; 1, 2;:::; 3ig.
v -3
! 2
4
u Vo 1 4 3
2
0
-6
v V3 -1
v, 6
v, Vi

Figure 1: The P;-burr

The labels of the verticesare
f 1g[ fzjz< 0,z O mod3g[ fzjz>0;,z 0 mod3g:

This is a union of a nite setand two \half-mo dulus classesnod 3".
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Another solutionisto dene (u)=0; (v) = 1; (uv) = 1. Then thereis exactly
of oneway of extendingthis to an edge-magicZ-labelling of G with constart k = 0.
In this casethe vertex labels are

fO;1g[ fzjz6 1,z 2 mod3g:

(i) k=1.Dene (u)= 1; (v) =2, (uv)= 0. Thereis only oneway to extend this
to an edge-magicZ-labelling with k = 1: fori = 0;1;2;:::

(Vei+r1) = 2 9i; (Vi+r U) = 9i + 4, (Vi+1V) = 91 + 1;

(Veiv2) = 4 9i; (Vei+2U) = 9i + 6; (Vis2V) = 91 + 3;
(Vei+z) = 5+ 9i; (Veisga) = 91 3; (Vei+aV) = 9 6
(Vei+a) = 7+ 9i; (VeisaW) = 91 5 (VgisaV)= 9 8§
(Vei+s) = 9+ 9i; (VeissW) = 91 7;  (VgissV) = 9 10
(Veivs) = 9 91 (VgisgU) = 91 + 11; (Vei+g V) = 91 + 8:

It is straightforward to verify that isinjective. Fori = 1;2;:::, the setof labelson
the verticesf u; v;vq;::: Vg g and all edgesconnectingthem in the graph G is the set
f (9i+1)9+2g[ fO;, 1 2 3;:::; 9ig. So isasurjection. It is immediate
that de nes a constart edgeweight of 1. Note that the integerswhich are labels
of the verticesare

f 1,29[ fzjz 7 mod9g[ fzjz 5 mod9g[ fzjz6 0, z O mod 9g:

Another solutionisto dene (u) = 0; (v) = 2; (uv) = 1. Then thereis exactly
oneway to extendthis to an an edge-magicZ-labelling of G. In this casethe vertex
labels are

f0;29[ fzj z 4 modé6g[ fzjz6 1,z 5 mod6g:

Note the choiceof initial injective labelling of P; with constart edgeweight is crucial.
Supposewe begin beginby dening (u) = 0; (v) = 1, (uv) = 2. Then there is no
way to extend this to an edge-magicZ-labelling of G, for the label 1 can not be used.

Example 11. Let G be P,-burr. Then, for any k 2 Z, there is an edge-magicZ-lakelling
of G which has edge constant k.

Proof. Let G be a P,-burr, then we canassumethat V = fu;v;w;vy;Vv,;vs;:::gand

E = fuv;vw; uvy; VWi, WV UVo; Wo, WVo; i i g. It issucient to nd edge-magidabellings
with constarts 0 and 1. It is straightforward to shaw that the following de ne appropriate
edge-magidabellings.
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(i) k=0.
Dene (=2, (v=0, (w=1, (uv)= 2, (vw)= 1.
Fori=0;1,2:::,dene (vy 1)=3+4diand (vy)= 6 4.
Label the edgesto give a constart edgeweight of k = 0.

(i) k= 1.
Dene (=1, (vv=2, (wy= 1, (uv)= 2, (vw)=0.
Fori=1,2;:::,dene (vy5 1)= 4diand (vy)= 1+ 4.
Label the edgesto give a constart edgeweight of k = 1.

O

An edge-magicZ-labelling of Ps + | is given later in Example 48. In general, the
problem of determining an edge-magicZ-labelling of P, + | and K, + | for arbitrary n
appearsdi cult. Eventhe caseK3;+ | remainsopen.

4 Edge-magic integer labellings of H-burrs and half-
modulus classes of vertex labels.

Throughout this sectionwe assumethat G is an H-burr. That is, G= H + | for a nite
graph H with m vertices. If m = 1 then G is a courtable star. Howe\er, stars were dealt
with in [3]. Sowe are interested herein the casem > 1. We assumethat there is an
edge-magicZ-labelling of G. We introduce the following notation:

H, denotesthe set of labels of the Verticesof H.

He denotesthe set of labels of the Edgesof H .

Be denotesthe set of labels of the EdgesBetweenH and | .
|y denotesthe set of labels of the Verticesof | .

ThusHy, Heg, Bg and Iy partition Z, and Hg is the only one of the setswhich may be
empty. Note that H, determinesHg, that Hy,, and |, together determineBg.

Let d be a positive integer. A positive half-madulus classmadulo d is the set of terms
of an arithmetic progressionwith commondi erence d. Similarly, a negative half-madulus
classmaodulo d is the set of terms of an arithmetic progressionwith commondi erence

d.

We are motivated in this section by consideringthe vertex labels which occur in
an edge-magicZ-labelling of G. In Example 10, G = P;+ 1, m = 2 and k = 1.
The set of vertex labelsis f 1;2g[ fz > 0 z 7 mod9g[ fz< 0 z 7
mod9g[ fz>0j z 5 mod9[ fz< 0j z 5 mod9[ fz>0j z O
mod 9g[ fz< 0j z 0 mod 9g. Note that if we set = 3, then this is a union of a
nite setand 2 half-modulus classesnod (m+ 1).

We usethe following result which can be found in Polya and Szegr[6]:
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Theorem 12. The set of coe cients of a power seriesexmnsion of a rational function
is nite if and only if the sequene of coe cients is eventualy periodic.

We make the following obsenation:

P
Observation 13. If a powerseries f,z" hasits seriesof coe cients periodic of period
M forn K, ie. fyx;fx+1;::: is periodic of period M, then

R M + fragz+ iifam 12V 1
fozh = fot faz+  +f 126 14 20K nft e ).

n=0
Our main result in this sectionis:

Theorem 14. Let G= H + | be an H-burr whichis not simply a star. That is m, the

numker of verticesin H, is greater than 1. Supmsethat there is an edge-magicZ-lakelling

of G. Then, for somenumker , the vertexlabelsof G consistof a nite setand a disjoint

union of  positive half-madulus classesand  negative half-madulus classesall modulo
(m+ 1).

Proof. Our calculationstake placein the quotient eld Q((z)) of the ring Q[[z]] of formal
power seriesin z with rational coe cients. For f (2);9(z) 2 Q((z)), dene f(z) 9(z) if
f (z) and g(z) dier by a nite number of terms, that isif f (z) g(z) 2 Q[z;z ], where
Q[z; z 1] denotesthe subring of Q((z)) consistingof polynomialsover Q in z and z 1.
Supposethat there is an edge-magicZ-labelling of G with edge-magicconstart k.
Considerthe two power seriesin Q[[z]] de ned using the labelson the verticesof | :

X
p(z) = z*
X 0;x21ly
and X
q(z) = z %
X 0;x21ly

De ne an elemen of Q[z;z !] usingthe labelson the verticesof H :
X
a(z) = z2:
a2HV

In general,for f (z) 2 Q[z;z 1]), de ne f(2) = f (1=2). In particular
X
a(z) = z

a2Hy

Edgeswhich are not in H are edgesfrom H to | . Their labels are the integersof the
foomk a x,witha2Hy andx2Iy:Now,k a x> Oforall suciently largeand
negative x. Therefore, X
Z“a(2)q(2) yak
y 0y2Be
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Now ewery su cien tly large positive integerlabelseither an edgenot in H or a vertex not
in H, and hence:

2“a(z)(2) + p(2) 2" = — (15)

Similarly, k a x is negative for all su ciently large positive x, hence
X

z “a(2)p(z) z;
y 0,y2Be
and
2 ¥a@)p() + q2) 1 (16)
From theseequivalenceswe have that
28(2)d2) + p2) = 1+ 1(2) an
and
2 ¥a(2)p(2) + q(2) = 1 + S(2) (19

wheres(z);r(z) 2 Q[z;z 1].
This system of equationsis linear in g and p, with coe cien ts and right-hand-side
expressiongational functions of z. When the determinart of the system

k
7D e |7 @@ 1
is non-zerowe can solwe this systemfor p(z) and gq(z). Now a(z)a(z) = 1 if and only if
a(z) = z® for somea 2 Z, which will not be the casefor m > 1. We deducethat, since
the graph H is not a courtable star, p(z) and g(z) are rational functions of z.

Sinceall the coe cien ts of p(z) and ((z) are either O or 1, we can apply Theorem 12
to both series. Therefore, for somepositive integersK and M the power seriesp(z) and
g(z) have their sequenceof coe cien ts periodic of period M forn K. (Note that we
can choosethe sameK in both sequenceshecausdf we had di erent K % then the larger
value of K would be appropriate for eah sequenceand if we had di erent M % then the
product of them would be an M appropriate for eat sequence.)

We now apply Obsenation 13to p(z), bearingin mind that the coe cien ts are eah
0 or 1, to deducethat there exist integers

0 bhb<b<hkh< <bhb <M
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sud that
2 4+ + ZP

p(2) = pot pz+  +pc 12¢ P+ 25 1 v (19)
The term |
bt 4 4 b X .
>t 2ol (20)
i=1  j=0

ThusEquation 19tells usthat anintegerx K labelsavertexofl if andonly if x belongs

commondi erence M. Note that this is a disjoint union of half-modulus classedecause
the integershy;:::b aredistinct modulo M.
Similarly there exist integers

0 ¢g<cgp<cg< <c <M
sud that
ch + + ZC .
1 zM ’
which implies that the integerslessthan or equalto K which are labels of verticesof |
consistof the negativesof the terms arithmetic progressionswith rst termsK + ¢;; K +

Cc; ;K + ¢ and commondierence M.
To completethe proof of the theoremit remainsto shov = andM = (m+ 1).

1 1+z+ +ZM 1
From (17) and1 > = 1

q2) =+ gz+ g 12¢ P+ 2 (21)

we deduce

+z+ +zZM 1
1 zM

a2)d2) + p2) = 1(2) + - (22)

Set
bz)=z"+ +2z° and o) =z%+ +2z°:

From (19) and (21) wededuce(1 zM)p(z) and(1 zM)g(z) arepolynomialsin z congruert
to z¥(z) and zK ¢(z) respectively. Soif we multiply (22) through by 1 z™ we get an
equationin Q[z;z ] which we candivide by z* and reducemodulo 1 zM to deduce

*a(2)c(z) + b(z) 1+z+ +ZM ! mod(@1 ZM):
Similarly from (18) follows

z Ya(2)(z) + o(z) 1+z+ +ZM ' mod( ZM):

Note that a(1) = &(1) = m, b(1) = ,c1)= and(l zM),-; = 0. Soputting z= 1
into the two congruencesmmediately above gives

m + = M;

m + = M:
Subtracting these equationsgives(m  1)( ) = 0. Sincem 6 1 by assumptionwe
deduce = andM = (m+ 1) asrequired. O
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5 Extending labellings of H to H-burrs

In this sectionH is a nite graph with m vertices,m > 1. We supposethat H hasan
injective edge-magicZ-labelling, and we derive necessaryand su cien t conditions for this
to be extendibleto an edge-magicZ-labellingof G= H + | .

For integersa b let [a;b] be the setfa;a+ 1; ;bg consistingoftheb a+ 1
integerslying betweena and b inclusive. We call sud a setan interval of integers. If we
assumeHy = [a;b]thenm = b a+ 1. Sincem > 1, it followsthat b> a.

Theorem 23. Supmwse we have an injective edge-magicZ-lakelling of a nite graph H
with edge-magicconstant k suchthat Hy = [a;b] with b> a, i.e m = jHyj > 1.

We can extendthis to an edge-magicZ-lakelling of G = H + | if and only if one of
the following holds.

(1) k<3a 2andHg=fk a kg
(2) k> 3b+2andHg = fk a ho.
(3) 3a k 2a+bjHgj=2a+b kandif2za+b k> OthenHg=[k a bja 1]
4 a+2b k 3bjHej=k a 2bandifk a 2b>OthenHg =[b+ 1,k a b].

In each casethe extensionto an edge-magicZ-lakelling of G is unique up to permuta-
tion of the lakelsof | .
In cases(1l) and (2) the extensionis given by taking

lv=fk a b+tim+1)jt= 1, 2, g
In case(3) the extensionis given by taking
lyv=f(a 1)+tm+1)jt=12 g[fk a b+tim+1)jt= 1, 2, g
In case(4) the extensionis given by taking
ly=f(k a b+tim+1)jt=12 g[ fb+1+t(m+1)jt= 1, 2, g

Before proving this theorem, rst let us establish somepreliminary results assuming
we have an edge-magicZ-labelling of H + | with edgeconstart k and Hy = [a;b].

Lemma 24. The setBg is the disjoint union of the intervals [k b;k a, 2ly.
Proof. Considerthe labels of the m edgesfrom the vertex of | labelled . O
Lemma 25.If °> and ; °21, then © >b a

Proof. If °> and ; °2 1y then[k bk a Bgandlk ° bk ©° a Bg
are disjoint intervals with k b< k % b Hencek a<k ° bie.
© >b a O
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De nition 26. Set
=k a b 27)

This integer, which occursalready in the statemert of Theorem 23 is signi cant be-
cause

Hy = [a;b] = [k b;k al: (28)
Note that  is the midpoint of [k  2b;k  2a].

Lemma 29. The intersection of [k  2b;k 2a] and I is empty.

Proof. Let 2 Iy. Then the interval [k b;k a] Bg, must be disjoint from
Hy = [k b;k al. Henceasin Lemma?25if > | then >b aor
equivalertly > k 2aandsimilarly if < ,wehave <k 2h O

Lemma 30. The integer 2 Hy [ He.

Proof. Since 2 [k 2bk 2a], it followsfrom Lemma29that 62y.
It remainsto showv that 62Bc. Tohave 2 Bg therewould haveto bea 2 Iy

sud that 2 [k b;k al. Howewer k b k a b= ifandonly a
and =k a b k a if and only if bandso 2 [k b;k a if
andonly if 2 [a;b] = Hy, which is disjoint from I,. So 62Bg. O

Lemma 31. The setof integersHg [k 2b+ 1;k 2a 1]

Proof. The extreme values for elemens of Hg are given by the label on an edgewith
vertices labelled by band b 1 or by aand a+ 1. Thus any elemen of He must lie
betweenk b (b 1)=2b+1andk a (a+1)=k 2a 1. O

Lemma 32. (1) The lakelsk 2bk 2a2 Hy [ Bg.
(2) At leastoneof k 2bandk 2ais an elementof Bg.

(3) Theintegerk 2b2 Bg if andonlyifk 2b2[k bk | a Bg for some
b2 |y satisfying

b+1 , b+ (b a): (33)

(4) Theintegerk 2a2 Bg if andonlyifk 2a2k 5, bk 5 a] Bg for some
a 2 |y satisfying

a (b a ., a L (34)
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Proof. From Lemmas29 and 31 neitherk 2bnork 2aisanelemen ofly, [ He. The
rst assertionfollows.

Since(k 2a) (k 2b=2(b a>b aatmostoneofk 2bandk 2acan
lie in the interval [a;b]. Thusthey cannot both be elemetts of H\,. The secondassertion
follows.

The integerk 2b2 Be ifandonlyifk 2b2[k , bk  a]forsome 2 Iy,
i.e. k b b k 2b Kk a, i.e.

b 2b a=b+ (b a):

But , 62Hy impliesthat , 6 b. Hencek 2b2 Bg if and only if there exists , 2 Iy
with

b+1 v, b+ (b a) (35)

Hencethe third assertion.
A similar argumern provesthe fourth assertion. O

Supposewe have a set of disjoint intervals. Then they comenaturally ordered: [c;d] <
[e;f]if and only if d < e. Call two intervals of integers][c;d], [e;f ] adjacent if there is no
gap betweenthem, that ise= d+ l1orc=1f + 1.

Lemma 36. (1) The setBg [ Hy is the union of disjoint intervals
flk b ;k a ]j 2Iy[f g:
Each consistsof m = (b a) + 1 conseutive integers.
(2) The integersnot in suchan interval are elementsof Hg [ 1y .

(3) Two conseutive intervals of Bg [ Hy are adjacent (not semrated by an elementof
He[ Iv) if andonly if theyare of the form [k b;k alandlk % bk © a
for a pair of integers > °2 I, [ f g with °= b a+ 1. In this casethe
b a 1integersstrictly between and ©are elementsof He.

Proof. The rst statemert follows from Lemma 24 and equation (28). For the second
assertionassumek b;k alandk ° bk 9 a]areadjacen. This isthe
caseif and only if | Y= (b a)+ 1. By Lemma25thereis noroom for any elemens
of Iy between and © Alsoj 9= (b a)+ 1impliesthere areonly b a integers
strictly between and °andno elemens of Bg [ Hy canlie betweenthem assud labels
comein intervals of (b a) + 1 integers. O

We are now ready to completethe proof of Theorem 23.

Pro of of Theorem 23. Case 1: Supposethat k 2bk 2a 2 Bg. By Lemma 32,
neitherk 2bnor k 2aliesin [a;b]. By LemmaZ24,k 2b2 [k b bk b @]
for some , 2 |y satisfying (33) andk 2a2 [k a bk a @] forsome ;2 Iy
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satisfying (34). Moreover, oneof (k 2a< a), (k 2b<aandk 2a> b or(k 2b> b
must hold, i.e.we have the following subcases:k < 3a (Case 1A) ora+ 2b< k< 2b+ a
(Case 1B) or k > 3b(Case 1C).
We rst eliminate Case 1B: a+ 2b< k< 2b+ a.
In this casethe interval J = [k b bk b a] Bg cortaining k 2b< amust
be to the left of the interval [a;b]. This interval J doesnot cortain , 2 Iy. Any integer
<k  bwill satisfy <a (b a). For(34) of Lemma32to hold we must therefore
havek | a< 4. This implies

k a< .+ g (37)

Similarly the interval [k 5 b;k 5 @] cortaining k 2a must be to the right of the
interval [a;b] and it follows similarly that k 5 b> | which implies

kK b> .+ (38)

But (37) and (38) togetherimply a > b, a cortradiction to our assumptionb> a.

Henceif both k 2aandk 2bareelemens of Be we must have eitherk 2a< a,
iek<3aork 2b>Dbie. k> 3b

Considernow Case 1A: k < 3a.

In thiscasek 2a 1< a 1. Soby Lemmag3lthere arenoelemens of Hg greater
than or equalto a 1. In particular a 162Hg. If a 12 Bg, then from Lemma 36,
k b=a 1forsome 2 K with j j=b a+ 1. Butthen =k a b+1
and =k a bcortradict thefactthatb a+1 2. Thuswemusthave ;= a 1
and ,= b+ 1by Lemma32.

LetJ,=[k 2b 1,k a 1llandJy=[k a b+ 1,k 2a+ 1]bethe intervalsin
Be asswiatedto ,= b+ 1and ,=a 1respectively. They are are both to the left of
[a;b] sincek 2a < aliesin the right most J,, which is disjoint from [a;b]. The intervals
Ja and J,, are separatedby the singleintegerk a b= . Bearingin mind Lemma
31,we havethat Hg = f g. Lemma36 implies now that all other pairs adjacen blocks
are separatedby a single integer from I,. We must alsohave k 2a+ 22 |,. Hence
k 2a+ 2 a=a 1liek 3a 3.

Then the labels makingup Iy [ f g are separatedby intervalsofm = (b a)+ 1
integers. Hencetheselabelsare congruen modulo m+ 1 and somake up the setof integers
congruetto =k a bmodulo m+ 1. Thusthe set of labels of the verticesin |,
lyv=fk a b+tim+1)jté Og.

A similar argumen holds for Case 1C: k > 3b, and givesagainHg = f g and
lyv=fk a b+tim+1)jté Og.

It remainsnow to considerCase 2, in which oneofk 2aandk 2bisanelemen of
Hy. By Lemma32the other liesin Be. Notek 2a2 Hy ifandonlyif3a k 2a+b
andk 2b2 Hy ifandonlyifa+2b k 3b
Case 2A: Supposethat 3a k 2a+ b Thenk 2b2 Bg. SoLemma32impliesthere
exists , 2 |y satisfying (33). We show that , = b+ 1.

By the rst part of Lemma36if , > b+ 1 there must be an elemen of Hg greater
than b. Fromk 2a bwededucek 2a 1< bwhich togetherwith Lemma3limplies
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there areno elemers of Hg greaterthan b. We must thereforehave , = b+ 1 asrequired.
AlsoasHg \ [a;b] = ;,any 2 Hg must satisfy < a (neededbelow).
We now show
He=f jk a b 1< <ag (39)

Theinterval[k , bk , a=[k 2b 1,k a b 1] Bg andit liesto the
left of [a;b]. Sincek 2b 1< k 2b+ 1fromLemma3lwe deducethat any 2 Ey
has >k a b 1. Thusany elemens of Hg lie strictly betweenk a b 1and
a. To establish(39) it remainsto shaw that ewery integer strictly betweenk a b 1
and aliesin Hg. Sincek 3a,k a b 2a b=a (b a). Soby Lemma32,as
k 2a62Bg, there are no elemens of I strictly betweenk a b 1anda. Henceall
sud integersare elemens of He by Lemma 36.

Note if Kk = 2a+ bthenk a b= aandEy = ;, this implies H has no edges,
whereasif 3a k< 2a+ b jEyjj=2a+b kandEyj=]k a bja 1]=[ ;a 1],is
an interval and sois the completeset of labels of the graph elemeits of H,

Hy[ HE=[k a b;b]: (40)

Having established(39), we have that the interval of Bg containing k b liesto the
left of [a;b] and the intervening integersform the set Ey. HenceLemma 36 implies all
consecutie pairs of intervals in Bg [ Hy exceptthat cortaining k  2b and [a;b] are
separatedby a singleelemen of |, .

If we orderthe elements of |, greaterthan  then consecutie labelsare separatedby
ablock of m = (b a)+ 1integers. Theseelemens arecongruen modulo(b a)+2= m+1
and form the half-modulus class

f(b+ 1)+t(m+1)jt Og=f(a 1)+t(im+1)jt> Og:
Similarly the elemers of |, lessthan  form the half-modulus class
fk a b+tim+1)jt< 0g:

Case 2B: Supposelastly 2b+a k 3b
A similar argumern to the above showvs

He=f jk a b 1< <ag (42)

sothat fork = a+ 2b He = ;,a+2b k 3band2b+a k> 0,Hg =[b+1 ]
Hencein the case2b+ a k 3b, the labels of the graph elemertts of H,

Hy [ He = [a;k a D] (42)
Further the elements of I, greaterthan  form the half-modulus class

fk a b+t(m+ 1)jt> Og;
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and elemers of |, lessthan  form the half-modulus class
fa 1+tim+1)jt Og=fb+ 1+t(m+ 1)jt< Og:

The necessaryconditions of the theoremhave now beenestablished.When thesehold we
can extend the injective labelling on H to an edge-magidabelling of G, by labelling the
vertices| by the given half-modulus classes. O

Corollary 43. If H hasexactlyone edgethen H + | hasan edge-magicZ-lakelling.
Proof. Immediate. O

Recall[7] that a nite graphH with m edgesand " verticesis called edgemagic, with
edgeconstan k if there a bijective labelling of the graph elemens of H by the integers
[1;m + "] which givesead edgeweight k. This labelling is called strong if the labels on
the verticesform the interval of integers[1; m].

Corollary 44. SupmseH has more than one edge. Then H + | hasan edge-magicZ-
lakelling (in which the vertices of H are lakelled by consesutive integers) if and only H
hasa strong edge-magiclakelling, with edgeconstant k satisfying

2m+ 3 k 3m:

Proof. SupposeH hasmorethan oneedgeandH + | hasan edge-magicZ-labelling with
constart k for which Hy = [a;b]. Then either (3) or (4) of Theorem 23 holds. But if (3)
holds, then replacingewery labeln by (a+ b n givesan edge-magi-labelling of H with
edgeconstart 3(a+ b) k for which (4) holds. Sowithout lossof generalily there exists
an edge-magi-labelling with constart k, satisfyinga+ 2b+ 2 k 3b. Note we cannot
havek = a+ 2b, ork = a= 2b+ 1 becausehesegive” = jHgj 1. By (4), recalling (42),
we have atotal labelling of the graph elemens of H by [a;k a b], in which the vertices
of H arelabelled by [a;b]. Subtractinga 1 from ead label givesa strong edge-magic
labelling of H with edge-constank®= k 3a+ 3,with 2(b a)+5 k° 3(b a)+ 3.
But m= (b a)+ 1. HenceH hasa strong edge-magidabelling wherethe edge-constan
kOsatises2m+ 3 k° 3m. Rewersingthe above shows the corverse. O

Corollary 45. SupmseH + | hasan edge-magicZ-lakelling in which the vertices of H
are lakelled by consesutive integers. Then H hasfewer edgesthan vertices.

Proof. SupposeH + | hassud labelling with edge-constank.

If H hasm 2 verticesthe number of edgesis lessthan the number of vertices. The
result is trivially true.

If H hasm 3 verticesapply the theorem. In case(1) or (2) above then H hasonly
one edgeand the result is trivially true. In case(3) note that 3a Kk is equivalert to
2atb k b a=m 1. Thusin case(3) the numberofedgeswfH, jHgj = 2a+b k< m.

Similarly in case(4) the number of edgesof H, jHgj < m. O
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Example 46. Let H = T,, 1 be a star on m vertices. Then there is an edge-magic
Z-lakelling of the H + | with edgeconstant O.

Proof. Let Hy = f0;1;2;:::;m 1g (with the certre of the star labelled with 0) sothat
He =f 1, 2:::; (m 1)g. Then we have Case3 of Theorem 23 with a = k = 0,
b=m 1. Thus

ly=f 1+tm+ 1)jt=212:::g[ f m+1+t(im+1)jt= 1, 2:::q;
Zn(ly [ Hy [ Hg). O

If we relax the assumptionthat Hy is a set of consecutie integers, the problem
consideredn this sectionbecomesnuch morecomplicated. Howeer, the following lemma
shows a special case.

Lemma 47. LetH bea nite graphwith 2M 2 verticesand 2L 0 edgesand supse
there is an injective Z-lakelling of H in which the vertices are lakelled with the setf i j
1 i Mgandtheedgeswiththesetf ijM+1 i M + Lg[ fOg, sothat the edge
constantis 0. Then we can alwaysextendthe lakelling of H to an edge-magicZ-lakelling
of H + | with edgeconstant 0.

Proof. Label the verticesof I with fi(2M + 2L + 1) j i 6 Og. This forcesthe edges
betweenH and| to useall remaining Z-labels. O

Example 48. Using the previouslemmawith M = 3, L = 2 and H = P lakelled asin
Figure 2, there existsan edge-magicZ-lakelling of the Ps-burr.

-5 -4 0 4 5

€ o o = o 9

2 3 1 -1 -3 -2
Figure 2: Ps

We concludewith the following open problem:
Doesthere exist an edge-magicZ-labelling of K3 + | ?

Note that by Corollary 45 there is no sud labelling in which the vertices of K ; are
labelled with consecutie integers.
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