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Abstract

Consider a connectedundirected graph G = (V;E), a subsetof verticesC V,
and an integerr  1; for any vertex v 2 V, let B;(v) denote the ball of radius r
certered at v, i.e., the set of all vertices linked to v by a path of at most r edges.
If for all verticesv 2 V, the setsB,(v)\ C are all nonempty and di erent, then we
call C an r-identifying code. A graph admits at least one r-identifying code if and
only if it is r-twin-free, that is, the setsB,(v), v2 V, are all di erent.

We study somestructural problemsin r-twin-free graphs, such asthe existence

of the path with 2r + 1 vertices as a subgraph, or the consequencesf deleting one
vertex.
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1 Intro duction

Given a connected,undirected, nite graph G = (V;E) and an integerr 1, we de ne
B, (v), the ball of radiusr certeredat v2 V, by

Bi(v)=fx2V:dxv) rg;

whered(x; v) denotesthe number of edgesin any shortest path betweenv and x.
Whenewer d(x;v) r, wesay that x and v r-cover ead other (or simply coverif there
is no ambiguity). A setX V coversasetY V if every vertexin Y is coveredby at
least onevertex in X.
Two verticesvy; Vv, 2 V sud that B, (vy) = B, (Vv,) are called r-twins or twins. If G
hasno r-twins, that is, if

8V1; V2 2 V (V1 6 Vy); Br(v1) 6 By(V2); (1)

then we say that G is r-twin-free or twin-free.

A graph with onevertex is trivially twin-free, and generally we considergraphswith
at leasttwo vertices.

Twin-free graphsare of interest becausethey are strongly connectedwith identifying
codes,which we now de ne.

A code C is a nonempty set of vertices, and its elemens are called codewords. For
eat vertex v 2 V, we denote by

Kcr(v) = C\ B(v)

the set of codewords which r-cover v. Two verticesv; and v, with K. (V1) 6 Kcir (Vo)
are said to be r-semrated, or sef@rated, by code C.

A code C is called r-identifying, or identifying, if the setsK¢,(v);v 2 V, are all
nonempty and distinct [11]. In other words, all vertices must be covered and pairwise
separatedby C.

Remark 1. For given G = (V;E) and integer r, the graph G admits at least one r-
identifying code if and only if it is r-twin-free. Indeed, if for all v;;v, 2 V, B;(v;) and
B,(v,) are dierent, then C = V is r-identifying. Conversely if for somevy;v, 2 V,
B:(v1) = B;(v,), then for any code C  V, we have K¢, (v1) = K¢ (v2). This is why
r-twin-free graphs are also called r-identi able. For instance, there is no r-idertifying
code in a completegraph (or clique) with at leasttwo vertices.

Remark 2. If G is not connected,we simply consideread of its connectedcomponerts,
and apply the above de nitions.

We recall that an induced sulgraphof G = (V;E) is agraph G; = (V1; E1) whereV; V
and E, is the setof edgesn E which have both endsin V,, whereasa sulgraphis a graph
G, = (V»;Ey) whereV, V and E, isincludedin the set of edgesin E which have both
endsin V,.
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For X  V, we denoteby Gy the induced subgraphwith vertex setV n X, and for
X2V, wesetGy = Giyg.

In the following, n will denotethe number of verticesof G. For any integerqg> 0, P,
will denotethe path on q vertices, and the length of Pq will be equalto g 1, its number
of edges.Moreover, if vy, v, :::, vq denotethe verticesin Py, we shall assumethat these
verticesare numberedin sud a way that the edgesn Py arefv;;vi.,;gforl i< g The
cycleof length g, G,;, with q verticesand g edgesconsistsof P, to which we add the edge
fvg; va0.

The motivations for identifying codescome,for instance,from fault diagnosisin multipro-
cessorsystems. Sud a systemcan be modeled as a graph where vertices are processors
and edgesare links between processors. Assumethat at most one of the processorss
malfunctioning and we wish to test the systemand locate the faulty processor.For this
purpose,someprocessorgconstituting the code) will be selectedand assignedthe task
of testing their neighbourhoods (i.e., the vertices at distance at most r). Whenewer a
selectedprocessor(i.e., a codeword) detectsa fault, it sendsan alarm signal, saying that
oneelemen in its neighbourhood is malfunctioning, and we require that we can uniquely
tell the location of the malfunctioning processotasedonly on the information which ones
of the codewords gave the alarm.

Identifying codeswere introducedin [11], and they constitute now a topic of their own,
studied in a large number of various papers, investigating particular graphs or families
of graphs (sudh as certain in nite regular grids, trees, chains, cycles, or the k-cube),
dealing with complexity issues,or using heuristics suc as the noising methods for the
construction of small codes. See.e.qg.,[2], [3], [4], [5], [6], [10], [13], and referencegherein,
or [14].

In Section2, we show that any connectedr -twin-free graph cortains the path P,,; asa
subgraph;we conjecturethat any connectedr-twin-free graph cortains the path Py, as
an induced subgraph (and we prove this for the path P;.,).

In Section 3, we study the consequencesf the deletion of a vertex in a connected
r-twin-free graph; the results di er accordingto the valuesof r. In particular, we prove
that all connectedr-twin-free graphs remain r-twin-free after deleting one appropriate
vertex whenr = 1, and that the sameis true for all trees exceptPy+1 .

Someof theseresults were already stated without proofsin [7].

2 The existence of Px4; In r-twin free graphs

In this section, we prove that any connectedr-twin-free graph G contains Py.; as a
subgraph,forallr 1. We conjecturethat G evencortains P,..; asaninducedsubgraph,
and prove it for P,

Theorem 1 Letr 1andG beany connected r-twin-fr ee graphwith at least two vertices.
Then P, ., is a sulgraph of G.
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Figure 1: The path P isin dashedline, the path P,.; isin plain line.

Pro of. Let G fulll the conditions of Theorem1. Considera longestpath P of G, with

SinceG is r-twin-free, for any two verticesw and z, there is at least one vertex which
r-covers exactly one of them; we shall say that sud a vertex separatesw and z.

It is easyto ched that the verticesof P cannot separatevy and vq.1, becausethe
length of P istoo small. Therefore,thereis avertexx 2 P which separates/y and Vg1 .
Then two casesoccur.

Case(1): x coversvg, not Vg1 .

Thuswe have d(x;vy) r andd(x;vq:1) r+ 1. Sincevq and vy, are adjacert, we
have d(x; vg) = r and d(x; vg+1) = r + 1. Let P, be a path of length r betweenx and
Vq. The paths P and P,,; have at leastv, in common. Let vy be the vertex belonging
simultaneouslyto P and P,.;, and which is the closestto x (seeFigure 1): the vertices
of P;+; betweenx (included) and v, (excluded) do not belongto P . We have now two
subcasesaccordingto the value of k with respect to g.

Subcase(l.a): 1 k q

Vi ison P betweenv; and vq (seeFigure 1.a). Considerthe path P obtained by the
concatenationof the part of P,,; betweenx and v, and the part of P betweenv, and v,
(note that, thanks to the de nition of vy, there is no cycle and P is indeed a path; this
will alsohold in all other cases).The length of P is at leastr + p q= r + dp=2e (there
arer edgesfrom x to v and p g edgesfrom v, to vp); hencea cortradiction: P would
be longerthan P (the length of P isequalto p 1 andwe assumedhat p is lessthan
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Figure 2: The path P isin dashedline, the path P,.; isin plain line.

2r +1).

Subcase(1.b): g+ 1 k p:

Now v is on P betweenvg; and v, (seeFigure 1.b; it is obvious that k cannot
be equalto g+ 1, but this does not matter). Considerthe path P obtained by the
concatenationof the part of P going from v; to v and the part of P,.; going from v
to x. The length of P is greaterthan or equalto q+ r + 1: there are g edgesfrom v; to
Vg+1 and at leastr + 1 edgesfrom vg.1 to X, sinced(X; vqe1) = r + 1. SoP is longerthan
P , a cortradiction with the de nition of P .

Case(2): X coversvg.1, Not vy

As vy and vq.1 play similar rolesif p is even, we may assumethat p is odd; otherwise,
seeCase(1). Hence,p = 29+ 1. Similarly to Case(1), we have d(x;vq) = r + 1 and
d(x;vqs1) = r. As above, let P,,; be a path of length r betweenx and vq; and let vy
be the vertex belongingsimultaneouslyto P and P, ., , and which is the closestto x (see
Figure 2). Again, we have two subcasesaccordingto the value of k with respect to q.
Subcase(2.a): 1 k q

Vi ison P betweenv; and vq (seeFigure 2.a; similarly to Subcase(1.b), k cannot
be equal to g, but this still does not matter). Considerthe path P obtained by the
concatenationof the part of P;,; betweenx and v, andthe part of P betweenv, and v,.
Becaused(x; vq) = r + 1, the length of P is greaterthan or equalto r + 1+ p g, which
is greater than the length of P , hencea cortradiction.

Subcase(2.b): g+ 1 k p:
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Now v ison P betweenvg; and v, (seeFigure 2.b). Considerthe path P obtained
by the concatenationof the part of P going from v; to v and the part of P,,; going
from v, to X. The length of P is greaterthan or equalto g+ r (there are q edgesfrom
vi to Vg1 and at leastr edgesfrom vg.; to X, sinced(X; vq+1) = r). SoP is againlonger
than P , a cortradiction.

Sowe have seenthat in all casesP cortains at least2r + 1 vertices. 4
As an immediate consequenceye obtain a result which was proved in [12].

Corollary 2 [12, Prop. 4.1] Letr 1 and G be any connected r-twin-free graph with
n > 1 vertices. Then we haven  2r + 1. 4

The bound of Corollary 2 is the best possible,since, for any r 1, the paths P,, are
r-twin-freefor any n  2r + 1 (see[2] for a study of r-idertifying codeson paths). We
conjecturethat a statemen strongerthan that in Theorem 1 holds:

Conjecture 3 Letr 1 and G be any connected r-twin-free graph with at least two
vertices. Then P, .+, is an induced sulgraph of G.

This conjectureis true for r = 1, aswe now show, using the following lemma.

Lemma 4 Letr 1and G be any connected r-twin-fr ee graph with at least two vertices.
Then P, ., is an induced sulgraph of G.

Pro of. Considertwo distinct verticesa and b with d(a;b) = 1. Sincethey are not twins,
there exists (without loss of generality) a vertex x (x 6 b) sud that x 2 B,(b and
x 2 B;(a). Becausea and b are adjacen, we have d(b;x) = r and d(a;x) = r + 1, which
meansthat a and any verticesforming a shortestpath betweenb and x constitute a path
with r + 2 verticesand no chord. 4

Corollary 5 Let G be any connected one-twin-free graphwith at least two vertices. Then
Ps is an induced sulgraph of G. 4

3 Induced subgraphs with one vertex less

Letr 1and G = (V;E) be a connected,r-twin-free graph with at least two vertices;
we s& that G is r-terminal if for all verticesx 2 V, Gy is not r-twin-free, and that G is
not r-terminal if there existsa vertex x 2 V sud that G, is r-twin-free. We denote by
T, the setof r-terminal graphs.

Thanks to Corollary 2, we needonly to considergraphs with n 2r + 1. Using
Theoreml, it is easyto seethat if n = 2r + 1, the only r-twin-freegraphis the path Py .1,
forr 1, and the only r-terminal graphis Py .1, for r > 1 (the caseof P3 is particular,
becauseremoving the middle vertex yields two isolated vertices which constitute a one-
twin-free graph | seeRemark 2).

In this section, we addressthe following issue: are the paths P, ., (with the exception
of P3) the only r-terminal graphs?

the electr onic journal of combinatorics 14 (2007), #R16 6



The answver to this questionis multifold: it is positive if r = 1 (Corollary 7), or if we
restrict oursehes, for any r, to trees(Corollary 11); it is negative if r 3 (Theorem 12).
The caser = 2 remainsopen.

3.1 The caser=1

The following lemma can be found in [1], [9], [8].

Lemma 6 Letn 3 be an integer, and G be any connected one-twin-free graph with n
vertices. Then there existsa one-identifying code in G with n 1 vertices.

Pro of. We referto [9], which givesan elegan proof of a more generalresult. 4

An easyconsequencef Lemma6 isthat T, = ;:

Corollary 7 Letn 3 be an integer, and G = (V;E) be any connected one-twin-free
graph with n vertices. Then G is not one-terminal.

Proof. If n = 3, G = P35, sowe can assumethat n 4. By Lemma 6, there is a
one-idenifying code C of sizen 1in G. ConsiderGy with fxg =V nC (Gx may be
connectedor not); obviously, C is still one-idenifying in Gy, becauseremoving x does
not cut connexionsof length r (= 1) betweenpairs of verticesnot cortaining x itself (this
explainswhy the cases = 1 andr > 1 aredi erent). Therefore, Gy is one-win-free. 4

The following theorem sharpensCorollary 7.

Theorem 8 Letn 4 be an integer, and G = (V;E) be any connected one-twin-free
graphwith n vertices. Then there existsa vertexx 2 V suchthat G is one-twin-free and
connected.

Pro of. In this proof, we usetwin, twin-free and terminal for one-twin, one-twin-free and
one-terminal, respectively. By Corollary 7, we know that G is not terminal. If Theorem8
werenot true, let G = (V; E) be the smallestcourter-example,that is, G satis es:

(i) G is connected,

(i) G istwin-free,

(i) for all x 2 V, G twin-free) Gy not connected,

(iv) n 4, and

(v) amongall graphssatisfying (i){(iv), jVj is the smallestpossible.

We shaw that sud a graph cannot exist.
Let x 2 V be sud that G4 is twin-free (such a vertex x exists becauseG is not
terminal). By (iii), G4 consistsof at least two connectedcomponerts, F and H, see

Figure 3.
If G is a star certered at x with at least four vertices,i.e., G = (V;E) whereV =
fx;vy;iivp 10 E=ffX;vig: 1l 1 n 19,4 n,thenforanyi betweenlandn 1,

G,, is twin-free and connected,cortradicting (iii). Threrefore we assumefrom now on
that at least one connectedcomponern in Gy, say H, hasat leasttwo vertices.
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Figure 3: The vertex x and the connectedcomponerts of Gy.

Step 1. We show that there are at least two edgesbetweenx and H. Assumeon the
cortrary that there is only one, say f x; yg (seeFigure 3).

We construct the graph G°= (V% E9 by cortracting the verticesx and y into one
vertex xy: V0= VvV nfx;yg [ fxyg, E°= E nff x;yggnff x;tg:fx;tg2 Egnff y;tg:
fy;tg2 Eg [ ff xy;tg:fx;tg2 E or fy;tg2 Eg.

It is easyto seethat GPis connectedand twin-free, becauseG is. We now show that
GP satis es (iii). Let z 2 V%be suc that G? is twin-free (such a z exists, because by
Corollary 7, G%is not terminal).

If z= xy, then G{ is not connected.

If z6 xy, G, is twin-free, becauseG? is. Then, by (i), G, is not connected.This in
turn implies that G? is not connected.

Therefore G° satis es (i){(ii) and has fewer verticesthan G, a cortradiction, unless
n = 4. In this casehowever, we would have G°= P5; and necessarilysinceG is twin-free,
G = Py, but P, doesnot satisfy (iii).

This provesthat there are at leasttwo edgesbetweenx and H. This also shows that
there are at least three verticesin H: if y and z were the only verticesin H and since
they are connected,they would be twins (both in G and Gy).

Step 2. We still considerthe connectedcomponert H, which by assumptionis twin-free
and hasat leastthree vertices.

If H hasexactly three vertices,then H = P; and it is easyto seefrom Figure 4 that,
no matter how the verticesin H arelinkedto x in G, it is possibleto nd a vertex u in
H sud that G, is twin-free and connected,again cortradicting (iii).

If H has at least four vertices, then, since H has fewer verticesthan G, H cannot
satisfy simultaneously (i){(iii). But H is connectedand twin-free, by assumption. SoH
doesnot satisfy (iii)): thereis a vertex u in H sud that H, is connectedand twin-free.
It is not di cult now to seethat G, is connectedand twin-free, again cortradicting (iii).
Indeed, G, is connectedbecausex is connectedto a vertex other than u in H, as seen
in Step 1; and G, is twin-free, becauseH, and G, are twin-free and obviously x is not a
twin in G.
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Figure 4. The caseH = P3. Verticesin black can be removed.

In all caseswe seethat a graph G satisfying (i){(iv) doesnot exist, which proves Theo-
rem 8. 4

3.2 Trees

We now considerthe caseof trees. We rst give an easylemma.

Lemma 9 Letr landn 2r + 2 beintegers,and T = (V;E) be any (connected)
r-twin-free tree with n vertices. If 2 V hasdegree at least three, and if C4;Cy;:::;Cy
are the connected componentsof T , thenat leastp 1 componentsC; have,asan induced
sulgraph, a path with at least r vertices which hasone end adjacent to

Pro of. Let ¢.; 2 C; beat distanceonefrom . Sincethe p setsB,(c.,) aredi erent and
nonempty, at leastp 1 of the verticesc;.; have a vertex at distanceat leastr 1 in C;.
4

In other words, we have just proved that at leastp 1 componerts cortain (at least) one
leaff (that is, a vertex with degreeone)with d(f; ) r.

Theorem 10 Letr landn 2r + 2 beintegers,and T = (V;E) be any (connected)
r-twin-fr ee tree with n vertices. Then there existsa leaf x 2 V suchthat T, is r-twin-free
(and connected).

Pro of. If T is a path, removing oneof its endsgivesa path with at least2r + 1 vertices,
which is still r-twin-free. Sowe assumethat there is at least one vertex with degreeat
least three.

In the rest of this proof, we shall say that a vertex separateswo verticesv; and v, if
it coversexactly one of them, which meansthat v, and v, are not twins.

For any leaf 2 V, let be its closestvertex with degreeat least three; among
all leaves, we choose a leaf which has the smallest possibled( ; ). We call this leaf
X, we setd = d(x; x) (sothe distance betweenany leaf and any vertex with degreeat
least three is at least d), and we claim that Ty is r-twin-free. Sinceall the verticesthat
are r-covered by x are alsor-coveredby the (only) vertex at distanceonefrom x, all we
have to shaw is that, if x r-separateswo vertices,v; and v,, belongingto V nfxg, then
there is another vertex, z, that also separatesthem. For the samereason,without loss
of generality, we can assumethat d(x;v;) r and d(x;Vv;) is equalto r + 1 (otherwise,
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Figure 6: How to nd a vertex x sud that Ty is twin-free (2).

the vertex at distance one from x would separatev; and v,). We can also assumethat
d(vi;vo)  r: otherwise,v; 2 B,(v;) and v, and v, are not twins.

Considerthe two paths betweenx and v, onthe onehand, x and v, on the other hand.
Two casesoccur, depending on whether they both cortain v; or not (seeFigure 5).

Case(a): the two paths diverge beforereading v;. Let ¢ be the vertex where the two
paths diverge; it is clearthat  is betweenx and c. Two subcasesoccur: (i) 6 c;
(i) x = c(seeFigure 6).

(i) x & c:fromnow on, for avertexy 2 Vnf g, let Cy bethe connectedcomponert
cortaining y in T ,. By the de nition of , andd, thereis a connectedcomponert in T _,
di erent from C, and C., which contains a leaf f with d(f; ) d. This showvsthat on
this path, the vertex z at distanced from  plays the samerole asx with respect to v;
and v,: z r-coversvs, not v;.

(i) x = c:thenin C,,, thereis at leastoneleaf, f, which is linkedto by a path
going through vy, and we know that d(f; ) d. On this path, the vertex z at distance
d from  plays a role similar to x: it r-coversvy, not vs.

Case(b): the path goingto v, goesthrough v;. There are four subcases:(i)  is between
x and vy, (i) « is betweenv; and v, with d( «;vi) 6 d( «; Vo), (i)  is betweenv,
and v, with d( 4;v1) = d( «;V2), (iv) « isonthe other sideof v, (seeFigure 7).

(i) « is betweenx andv; (and , canbe equalto v,):
this caseis actually the sameas Case(a)(i), with v, = c: let f be aleafin a connected
componert in T _ which is neither C, nor C,,. Again, d(f; x) d, andbetween , andf,
there is a vertex z at distanced from , which plays the samerole asx.
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Figure 7: How to nd avertex x sud that Ty is twin-free (3).

(i)  is betweenv; and v,, with d( «;vi) 6 d( «;Vv2) (and  canbe equalto v,, not
to vy):
amongthe connectedcomponerts in T _ which arenot C,, (if v, = ), andareneitherC,,
norC,, (if v, & ), letf bealeafwith the property that the distancebetweenf and  is
the largestpossible.If d < r, then by Lemma9,d(f; ) r;ifd r,thend(f; «) r,
becaused(f; x) d. Then, sinced(vy;Vv,) r, it is easyto nd, betweenf and ,
a vertex z which r-covers v;, not v, (respectively, v,, not vy), if d( x;vi) < d( x;V2)
(respectively, d( ;vi) > d( «;Vv2)), i.e., a vertex other than x which also separatesv;
and vs.

(i) « is betweenv; and v,, with d( 4;vi) = d( «; Vo) =
let f be a leaf on the other side of v,; again, d(f; ) d= +d(x;vi) > . Letz
be the vertex betweenf and v, at distanced from . Then d(x;v;) = d(z;v,) and
d(x; vo) = d(z;v1), which meansthat z alsoseparatesv; and v,.

(iv) « is onthe other side of v, (and is not equalto v,):
by Lemma9, there is aleaff in a connectedcomponert in T , which is not equalto T,,,
which is at distanceat leastr from . Betweenf andv,, thereis avertex z at distancer
from v,, which therefore separatesv, and v;.

In all casesthere is a vertex z, other than x, which separatesv; and v,. Therefore,Gy is
twin-free. Moreover, sincex is a leaf, G, is connected. 4

We therefore have the following corollary, the rst part of which is already cortained in
Corollary 7.
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Corollary 11 Thereis no one-terminal tree. For a givenr > 1, the only r-terminal tree
is the path Py 4 . 4

3.3 The caser 3

We now considergeneralgraphs,forr 3.
Theorem 12 For eachintegerr 3, thereis agraphG, G 6 P, .1, whichis r-terminal.

Pro of. Weseart for a connectedr-twin-freegraph G = (V;E), with jVj 2r+2,r 3,
sud that for all x 2 V, Gy is not r-twin-free.

In this proof, calculations are carried modulo 2r. Take a cycle of length 2r with
verticesg (i = 0;1;:::;2r 1), and add onevertex s; (which we shall call the spikeof ¢;)
together with the edgef ¢;; sig, for every value of i exceptone.

The resulting graph G is clearly r-twin-free. A cycle point ¢ r-coversall the vertices
except the spike s, diagonally across| and of coursethere is one cycle point which
r-covers all the verticesin the graph. In particular, eat point in the cycle r-covers all
the verticesin the cycle. Ead spike s; r-covers all the cycle points exceptci., (the one
diagonally across);so, indeed, the graph is r-twin-free.

It is alsor-terminal. If we remove one spike, then there is another cycle point that
r-covers all the verticesin the graph. If we considerone cycle point, ¢;, then (since
r 3),bothcs andcs, | orbothc ;andg ,| have spikes;say, Si+1, Si+2 arein
the graph G. If now we remove ¢, then ¢.; and s;s, trivially r-cover the samevertices
because 3. 4

Other constructionscan be thought of. We give, without proof, oneexamplewhich gives
smaller graphsthan the onesin the proof of Theorem 12. In this example, calculations
are carried modulo 2r + 1. We considera cycleof length 2r + 1 (r ~ 3) with verticesc;
(i=0;1;:::;2r), and add the spike s; for ewvery value of i except

kand2r+1 3k,forO k m,ifr=3mor3m+ 1

2+ 3kand2r+1 (2+3k),for0O k m,ifr=3m+ 2
seeFigure 8 for r 2 f 3;4;5; 69.

3.4 Large terminal graphs and open problems

The above example as well as the construction of Theorem 12 do not work for r = 2.
Other constructions have beentested and failed, and the problem remains open: apart
from Ps, do two-terminal graphsexist?

Whenr 6, the setT, isin nite, asshows the following theorem.

Theorem 13 For eachintegerr 6, there are in nitely many r-terminal graphs.

Pro of. Assumerst thatr 7.
Foreahi = 1;2;:::;m (m  3) let G be a 2r-cycle with vertices ¢i(j) (indices |
modulo 2r). Connectthe cyclestogether by adding an edgefrom ¢;(r) to ¢+, (0) for all
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Figure 8: Di erent r-terminal graphs.

i=12:::;m 1andfrom cy,(r) to ¢, (0); in fact, it is corveniert to considerindicesi
modulo m.

For all i add spikess;(j) to all the verticesci(j) withj = 1; 2;3; 4;:::;( D'(r 1).
Therearem(r 1) sud vertices, seeFigure 9.

We claim that this graph G with n = m(3r 1) verticesis r-terminal.

We rst prove that G is r-twin-free. Assumethat we know B,(v) for an unknown
vertex v. We shav that we can deducev.

Clearly, G B.(v) if and only if v 2 G. Assumethat this is the case. For j =
0;1;:::;r 1,the verticesc( j) bothr-cover2r 1 2} verticesof G 1, andc(r) does
not cover any verticesof G 1, and, moreover, forj = 1; 2;:::; (r 1), exactly one
ofcg(j +r)orc( j r) (the points diagonally oppositeto ¢i(j) and ¢( j)) hasa spike
attachedto it and this spike r-separatesci(j) and ¢( j), sowe canidertify v.

If v doesnot belongto any G, then it is one of the spikes. Given B,(v), we nd
out which is the cycle G of which B, (v) cortains 2r 1 vertices (there is only one). If
the vertex of G which is missingfrom B, (v) is ¢(j), then we know that v is the spike
diagonally opposite,i.e.,v = si(j + r).

It suces now to prove that G is r-terminal. If we delete one of the spikes, say si(j ),
then by the construction s;( j) is not a spike either, and ¢(j + r) andc( j r) are
r-twins.

Assume nally that we deletea vertex ¢i(j) 2 G for somei and | .

If j = 0,thenc( 1)andsi( 2) aretwins. The casej = r is symmetrical.
Assumethat j 2 S:=f 1;:::; (r 1)g. Becauser 7, weknow that ] 1;j
2, 32Sorj+1j+ 2]+ 32S;sa the latter. By the construction, ¢i(j + 2) hasa
spikeor ¢ (j + 1) andc(j + 3) both have spikes. If ¢;(j + 2) hasa spike, then ¢(j + 1) and
si(j + 2) aretwins;if ¢(j + 1) and ¢ (j + 3) both have spikes,then ¢i(j + 2) and s;(j + 3)

are twins.
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Figure 9: The r-terminal graph constructedin the proof of Theorem 13.

Assume nally that r = 6. We can usethe sameargumen, if we add spikesto ¢;(j) with
j =1 2, 3;4; 5 (insteadof what we did in the generalcase). 4

Therefore, another open problem is the situation for r = 3;4;5: there exist r-terminal
graphs,but arethey in nite orin nite number?

Obsene that, whether they are in nite or in nite number, if we could prove that, for a
givenr > 1, all r-terminal graphscortain the path P, .; asan induced subgraph(which
is the casefor all r-terminal graphsdescrilked in Section 3.3), then Conjecture 3 would
hold: simply considera graph G which is not r-terminal, and delete verticesin G until
you get a graph G° which is r-terminal; if G° cortains P, ., asan induced subgraph, so
doesthe initial graph G.

References

[1] N. Bertrand, Codes identian ts et codes localisateurs-dominateurssur certains
graphes,Memoirede stagede ma'trise (under O. Hudry's supervision), ENST, Paris
(France), June 2001.

[2] N. Bertrand, I. Charon, O. Hudry, A. Lobstein, Identifying and locating-dominating
codeson chains and cycles,Europ. J. Combin., 25/7 (2004),969{987.

[3] N. Bertrand, I. Charon, O. Hudry, A. Lobstein, 1-idertifying codeson trees, Austral.
J. Combin., 31 (2005), 21{35.

[4] U. Blass, I. Honkala, S. Litsyn, Bounds on identifying codes, Discrete Math. 241
(2001),119{128.

[5] I. Charon, O. Hudry, A. Lobstein, Identifying codeswith smallradiusin somein nite
regular graphs, Electron. J. Combin. 9(1) (2002), R11.

the electr onic journal of combinatorics 14 (2007), #R16 14



[6] I. Charon, O. Hudry, A. Lobstein, Minimizing the sizeof an identifying or locating-
dominating codein a graphis NP-hard, Theoret. Comput. Sci. 290(3) (2003),2109{
2120.

[7] 1. Charon, O. Hudry, A. Lobstein, On the structure of identi able graphs, Electron.
Notes Discrete Math. 22 (2005),491{495.

[8] I. Charon, O. Hudry, A. Lobstein, Extremal cardinalities for identifying and locating-
dominating codesin graphs, Discrete Math., 307 (2007), 356{366.

[9] S.Gravier, J. Moncel,On graphshaving aV nf xg setasan idertifying code, Discrete
Math., 307 (2007),432{434.

[10] I. Honkala, T. Laihonen, S. Ranto, On strongly identifying codes, Discrete Math.
254 (2002), 191{205.

[11] M. G. Karpovsky, K. Chakrabarty, L. B. Levitin, On a new classof codesfor iderti-
fying verticesin graphs,|IEEE Trans. Inform. Theory 44 (1998),599{611.

[12] J. Moncel, Codesiderti an ts danslesgraphes,Thesede Doctorat de I'Univ ersite de
Grenoble,France, 2005.

[13] S.Ranto, I. Honkala, T. Laihonen, Two families of optimal identifying codesin binary
Hamming spacesJEEE Trans. Inform. Theory 48 (2002),1200{1203.

[14] http://www.infres.enst.fr/~lobstein/bibLOCDOMetID.h tml

the electr onic journal of combinatorics 14 (2007), #R16 15



