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Abstract
For a permutation = 1 » n 2 S, and a positive integer i n, we can
view 1 2 i asan elemert of S; by order-preservingrelabeling. The j-setof is
the setofi's suchthat 1 » i isan involution in Sj. We prove a characterization

theorem for j -sets, give a generating function for the number of di erent j-sets of
permutations in S,,. We also compute the numbers of permutations in S, with a
given j -set and prove someproperties of them.

1 Intro duction

In order to cournt standard Young tableaux containing a given tableau, McKay, Morse
and Wilf [2] consideredthe number of involutions in S, cortaining a given permutation

, and Jaggard[1] found a formula for the number, shoving that the number depends
only on the j -set' of
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Let S, denotethe setof all permutations of [n] = f1;2;:::;ng. A permutation 2 S,

is called an involution, if = 1. Letw = wyw, w; be a sequenceof j distinct
integers. The pattern of w is the permutation = ; , j 2§, satisfying , < s if
and only if w, < wg. For a permutation = ; , n 2 Sy, the pattern of ; , i is

called the initial i-pattern of

De nition 1.1. The j-setof a permutation 2 S, with n 2, denotedby J( ), is the
set of all nonnegatiwe integersi sud that the initial i-pattern of is an involution. For
convenience,we regardthe initial O-pattern asan involution.

Jaggardin [1, Proposition 3.4] usesj -setsto classify permutations accordingto subse
guencecortainment by involutions. He givesdata on j -setsand provesse\eral properties,
proposingsomequestionsregardingthe j -sets. One of the questionsis about the number
of di erent setswhich can be j -setsof permutations in S,,. We answer the questionwith
a characterization theoremfor j -setsand, moreover, nd an explicit generatingfunction
for the numbers.

De nition  1.2. For a permutation 2 S,, let M( ) denote the permutation matrix
correspndingto , that is, the (i; j)-entry of M( ) is1if (i) = j; andO0, otherwise. For
subsetsA; B of [n], let M ( ;A; B) bethe submatrix of M () with row set A and column
setB. Fork 2 [n], let Mow( ;k) = M( ;[K]; ([K])), where (A) denotesf (i) :i 2 Ag.
Similarly, Mcoi( ;k) = M( 5 *([K]);[K]). Finally, M( ;k) = M( s[KI\  Y(KD); [K]\

([k])). The matrix M ( ;Kk) is allowed to be the empty matrix, the matrix with no rows
and columns. For a technical reasonwe call the empty matrix symmetric.

According to the above de nition, Mo, ( ;K) is obtained from M ( ) by removing the
last n  k rows and then deleting columnsconsistingof only zerces. M ( ; k) is obtained
from M () by croppingthe rst k rows and k columns,and then deleting zerorows and
columns. Note that for any permutation 2 S,, M( ) = M( )T, the transpose of
M( )a and I\/Irow( ,k) = Mcol( 1; k)T

0OOO 01 O1
0 00100
For example,if = 5412632 Sgthen M ( ) = é (1) 8 8 8 8 :
0 0O0O0O1
001000
0 1 0 1
0 0 01 0 001 00011
0010 1 000
0100 0010 010

and M (' ;2) is the empty matrix.

If is the initial k-pattern of 2 S,, then M( ) = M;ow( ;k). Since 2 S, isan
involution if and only if M () is symmetric, we havek 2 J( ) if and only if Mow( ;K) is
symmetric.

Let 2 S, beaninvolution, i.e. = 1. Then M( ) is symmetric and M ( ;k)
is symmetric for all k = 1;2;::::n. SinceM,ow( ;K) = Mg L K)T = Meo( ;K)T,
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M;ow( ;K) is symmetricif and only if M ( ;K) is symmetric, equivalertly Mo ( ;K) =
Meol( ; k). In summary we get the following proposition.

Prop osition 1.3. For any involution 2 S,, the following are equivalent.
1. k2J3().
2. Miow( ; k) is symmetric.
3. M¢o( ;K) is symmetric.
4. Mrow( 1K) = Mcal( ;K).

The rest of the paper is organizedas follows. We presen in x 2 the main result
involving a criterion of j -sets, nd a generatingfunction of the number of j -setsin x 3,
considerthe number of 2 S, with J( ) = J, denotedby p,(J), in x 4. We alsogive a
recurrencerelation for the numbers p,(J) and prove a divisibility property of them.

2 Criterion Theorem for j-sets

Forn> land 2 S,, wealwayshavef0;1;29 J() f0;1,2:::;ng. Let bea
permutation and bethe initial k-pattern of . Forintegeri Kk, theinitial i-pattern of

a < a < < &, isaj-setif and only if fas;a,;:::;aQgis aj-setfor all i k. To
classifyall j -sets,it is su cient to determinewhenJ [ fngisaj-set, for aj-set J and
an integer n greaterthan max(J). The lemmabelov shavs that if J is aj-setthen there
is an involution 2 S, satisfyingJ( ) = J wherem = max(J).

Lemma 2.1. LetJ beaj-setwith max(J) = m 2. Then for any integern m, there
is a permutation 2 S, with J( )= J.

Proof. Sinced is aj-set, thereis a permutation 2 S; for someintegerl m sud that
J()=J. Forany nwith m n |, the initial n-pattern of is a permutation in S,
with j-setJ. Soit remainsto show that for any n > [, thereexists 2 S, with J( ) = J.
This can be establishedby an inductive argumen, if it canbe shown just forn= |+ 1.

There arel + 1 permutations 1; ,;:::; 1+1 In S+ with (I + 1) = i whoseinitial |-
patternsare . Foread i thej-setof ;iseitherd orJ[ fl+ 1g. Infact,J( ;) = J[ fl+1g
if and only if ; itself is an involution. If ; is aninvolution fori |, then (i) =1+ 1,
which implies (i) = I, equivalertly, i = 1(1). Sincel 2, wecantake = ; with
j 6 1toforced( )=J. O

For corvenience,we de ne | to be the permutation matrix of 12 k 2 S, and I
the permutation matrix of k(k 1) 12 Sy. Iy isthe identity matrix and 12 = (a;)
with a; = 1,if i + ] = k+ 1, 0, otherwise.
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Lemma 2.2. LetM beann n permutation matrix of the form

whee A isan(n k) n matrix andB ak n matrix. Lets be a positive integer and

0 1
A 0
N=@0 I0A;
B O

If both M and N are symmetric, then M is of the form

c 0

M=o 10

wheee C is an appropriate (n k) (n k) symmetric matrix.

Proof. Forl i Kk+s,lete bethe(n+s+1 i;n k+i)-entry of N. The positions
of ¢'s are shavn below in N and M, omitting all other ertries.
0 1 0 1
_ €+s § ) _ % & §
= M =
% i3 i
€1 €1
It issucient to shovthat ¢ = 1foralli,1 i k.
SinceN is symmetric, g = e+s+1 j forl i k+ s, andsinceM is alsosymmetric,
€ =641 jforl i k. From the de nition of N we canread g1 = = 645 = 1,
which imply e, = =e=1.Nowife=1landi+s kthene,s= 1because

€+s = Bsstl (+5) = &+ i = 6= L
Thuse = 1foralli k. O

The above lemma is actually about two permutation matrices correspnding to in-
volutions. It can be phrasedin terms of permutations, but matrix versionis easierto
handle.

Corollary 2.3. Let 2S,and (n)=n k+ 1 Assumen 1;,n2 J( ). Then

M( )= C%

0 I

for some(n k) (n k) symmetricmatrix C. Moreover,n k;n k+1;:::;n2J( ).
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Proof. If k = 1, it is obvious. Assumek > 1. Since (n k+ 1)= n,

0 1
A O

M()=@0 1A;
B O

where A and B are appropriate matricesof size(n k) (n 1)and(k 1) (n 1)
respectively. Sincen 2 J( ), M( ) is symmetric,and n 1 2 J implies the matrix

g = Me( ;n 1) is symmetric. Now apply Lemma 2.2 to matrices g and
M ( ) to completethe proof. O

Let J beaj-setwith max(J) = m. By LemmaZ2.1,thereis apermutation 2 S, sud
that J( )= J. Since = m is an involution, °= ; , m(M+ 1)2 Sy4q IS
alsoaninvolution. ThusJ[ fm+ 1gis alwaysaj-set. Sowe areinterestedin determining
whenJ [ fngwith n m+ 2isaj-set.

Theorem 2.4. LetJ beaj-setwith max(J)=m 2andn m+ 2 ThenJ|[ fngis
aj-setif andonlyifn m m max(J\ [m 2]).

Proof. (=) ) Takeapermutation 2 S, sudthat J( )= J[ fng, the existenceof which
is guararteedby Lemma2.1. Let 2 S, bethe initial m-pattern of . Then both and
are involutions and J( ) = J. We partition M ( ) into four blocks asfollows,

m n m

m A B
M()= n m BT c
whereA is of sizem m, B isofsizem (n m)andCisofsize(n m) (n m).
The sizesof blocks are shavn on the margins of the matrix.

Let s denotethe numberof 1'sin B. Then0 s n m.

We rst shovthat m s2 J. M( ;m), which is obtainedfrom M ( ), is alsoobtained
from A by deletingzerorowsand columns,andM ( ) = M,y ( ;m) isthe matrix obtained
from (A B) by deleting zero columns. Sowe have M( ;m) = Mcy( ;m s). This
impliesthat My ( ;m S) issymmetric,sinceM ( ;m) is symmetric. By Proposition 1.3,
m s2J()=1J.

Whens 2,weclearlyhavem max(J\'[m 2)) m (m s)=s n m.

Supposes = 0. Then 1 appearsin neither B nor BT, so

A O

MO)= o ¢

SinceA is symmetric,we havem+ 12 J( ), which impliesJ( ) 6 J[ fng, cortradicting
the choiceof . Thuss cannot be zero.

Now supposes = 1, i.e. B hasonly onel. Sincem s2J( ), wehavem 1, m?2
J( ). Let k be the positive integer satisfying (m) = m k+ 1. From Corollary 2.3, we
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havem kim k+121;:::;m2J.1fk 2thenm 22Jandm max(J\ [m 2])=
2 n mlf k=1,then

_ M(;m) O
If 1is not in the rst row of BT, then
M(;m) O
Mrow( ;m+1)= (O ) D ;
_ 10 01 . .
whereD = 0 1 or 10 , both of which are symmetric. Sowegetm+ 12 J( ),

which cortradicts the assumptionJ( ) = J[ fng. If 1isin the rst row of BT, then
Miow( ;m+ 1) = M( ;m + 1) becausethere is no 1 in B exceptin the rst column.
Thus M,gw( ;m + 1) is symmetric,and m+ 12 J( ), which impliesJ( ) 6 J[ fng,
cortradicting the choice of

(( =) Wewill show this by constructing 2 S, satisfyingthe conditionJ( ) = J[ fng.

Let 2 S, beaninvolution with J( )= J.

We may assumethat forany e 2andany (m € (m €) symmetric matrix Z,

z o .
M()6 G o (1)

SupposeM () = % |Oo for somee 2andan (m € (m € symmetric

(0]

matrix Z. Thenm em e+ 1;:::;m 2 J( ). Dene °2 S, by the relation
_ 2 0
M( () - 0 Ie
necessarywe may assume(1).

Letk=n mandr=m maxJd\ [m 2]). IfJ =10;12g, thenm r is zero
and the matricesbelov with m  r rows or columnsare empty matrices. Partition M ( )

, which implies J( 9 = J( ). Sincewe canreplace with © if

into g , whereAisan(m r) m matrix andB isanr m matrix. Since isan

involution, M( ) = (AT BT). Let W be the set of indices of columnsof A cortaining 1.
Theni 2 W if and only if the i-th row of AT cortains 1. Let A; bethe m  m matrix
whoseW W submatrix isM,qow( ;m r) andwhoseertries outsidethe submatrix are 0.
SinceM;ow( ;m ) is symmetric, sois Ap.

Let 2 S, bethe involution whosecorrespnding matrix is

0 1
A, 0 BT

M()=@ 0 12, 0A: (2)
B 0 O

The matrix in (2) is a symmetric permutation matrix and M qw( ;m) = M ().
WeclaimJ( )= J][ fng.
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Since is aninvolution and is the initial m-pattern of , it is enoughto show that
m+iz2J()fori=1:::;k L Ifm+i2J()forsomei=1;:::;k r,then
0 1
A O
Ivlcol( ;m+i):@0 IiOA
B O

is symmetric. Thus, by Lemma 2.2,

M( )= Miow( ;m 1) 00 ;
0 I
which cortradicts the assumption(1). Thusm+i2J( ) fori= 1;:::;k .
Supposem+ (k  r)+ 12 J( ) forsomel,1 I<r.
SinceMeg( ;m+ k r + 1) is symmetric, when we remove the last | columnsand
rows from M¢( ;m+ k r+ |) and deletezerorows and columns,we get the following
symmetric matrix D.

0m Ik r

m r A° 0
D=k r@ o 12 A;
ro| C 0

whereA®and C arethe (m r) (m [1)and(r 1) (m 1) matrices respectively
0

'é . Notethat I} , survivesin D sincethe 1'sin the last
| columnsof M¢( ;m+ k r+ 1) comefromBT in M ().
We considertwo casesseparately

satisfyingMon( ;m 1) =

Casel:r I>k r

When we remove the lastk r columnsand rows of the matrix D and deletezerorows
and columns,we geta symmetricmatrix M;on( ;m (I+k r)). Som (I+k r)2J.
Sincer 1>k r,i.e.r>1I+k r,wededucemax(J\[m 2))=m r<m (I+k r)<m,
which impliesl+ k r = 1. Becausdl landk r O,weobtainl=21andk=r.
Thus M ( ) in (2) reducesto

A, BT
MO = 5

The suppositionm+ (k r)+12 J( )aboveandl+k r = 1imply m+12 J( ). Since

m;m+ 12 J( ), by Corollary 2.3, M ( ;m+ 1) = >(<) |Oo

S

we have s > r becausen (2) the last r ertries are 0 in the (m + 1)-th columnof M ( )

and no row of B is deleted while obtaining M, ( ;m+ 1) from M( ). ThusM( ) =

Meg( :m) = X 0
col ’ - O

|0
s 1

for somes. Moreover,

with s 1 r 2, which cortradicts our assumption(1).

the electr onic journal of combinatorics 14 (2007), #R2 7



Case2:r | Kk r
Let E bethe submatrix of D with the lastk | rowsandcolumns. Then E is symmetric

_ 0 12,
and E = Y 0

symmetric, E = 12 ,. Then we have

for an appropriate matrix Y. Becausek r (k 1)=2andE is

D= 0 10,
Thus
Miow( ;m 1) = Mrow( ;m 1) (? ;
0 I

which impliesm r;m r+ 1;:::;m 12 J. Sincem r = maxJ\ [m 2]) and
1 | < r, weconcluder = 2and| = 1. Thenn 1= m+k r+12 J().
Sincen 1;n 2 J( ), by Corollary 2.3, for an appropriate matrix G and an integer t,

_ G O : : . Miw(;m 2) 0
M( )= 0 10 and comparingwith (2), wegetM( ) = 0 |0

t k+2

andM( ) = Miow( ;m - 2) O , cortradicting the assumption(1). O

0 19

Permutation version of the construction.

We can descrike the above construction in terms of permutation itself without resorting
to its matrix represemation. This description is simpler and allows us to graspthe idea
behind the construction but the matrix versionhasadvantage in a rigorous proof.

Let J bethe j-setin the above proof and , denotethe permutations there. Recall
max(J)=m,J( )=J. Letk=n mandassumek r=m max(J\ [m 2]). Then
the permutation = , , n 2 S, isde ned by

8
2, 1§ m
,-=>m+n+1 rj; m+1 jJ n
T nems n r+1 j n
where = ;5 m is the permutation of the set
[MIn(fm+ Lm+ 2:ism+ ko rg[ fomoreas more2;000 m0);

whosepattern is . That is,

- 1 2 m m+l m+2 m+k r n r+l n
= 12 m(M+k r(m+k r 1) (M+ 1) m a1 m-

Example 2.5. Let = 163542. ThenJ( )= f0;1,;2;3;6g9. We will construct 2 S,
with J( ) = 10;1;2;3;6;12g9. In this case(r;k) = (3;6). Sincek r we canconstruct
The last 3 elemeits of are the last 3 elemeits of , i.e. 542. The middle part of is
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987. The rst part of isthe permutation of f 1; 3;6; 10; 11; 129 whosepattern is , that
is,112611103. Thus = 112611103987542.
The correspndingM ( ) andM () in0(2) are

1
0
M()=E

3 Generating Function of the number of j-sets

=

M() =

O O OO0OOoRr
P OOOOOo
[eNeNel ool
OPFr OO0OO0OO0o
oOoOoOPr OOoOOo
[oNeNolol el

eNeoNelloNeoNeolloNoNoNeNe

aeNelloNoNelloNolNeNolNolNo)
O OO0 OO0, OOOOO
el NelloNoNolloNolNoeNolNolNo)
OO PrP OO0 OO0 O0OO0OO0o
[ecNeoNelloNoNeolloNoNol llelNo)
O O O0OPrP OO OCOO0OO0OO0OO
[cNeoNellol NelloNeolNeNeNolNo)
[ecNeoNeolloNeoN JloNeolNeNeNolNo)
O OO0 OO0 0O, OO0 OO0
[eNeoNeolloNeoNolloNol lelNelNe)
[eNeoNellololollolNoloelNall o)

(X IIIII]EIIIIIIIIII)

Let J bethe setof all j -sets. Recall that eath menber of J corntains f0; 1;2g. Let J,
be the set of j -setsof permutations in S, for n 2. Recallthat a setJ is calleda j -set
if there is a permutation  satisfyingJ( ) = J.
De ne F(x;y;z) and G(u; z) asfollows:
X o X
F(X;y;z) = x"ymax(3) 7195 = f(n;m; Nx"y"z';
n 2J2J, n;m;l 2

X X
G(u;2) = umax(N ZVi = g(m; Hu™z'":
J2J m;l 2
Sof (n;m;l) is the number of J 2 J, with max(J) = m andjJj = |, and g(m;I) is the
number of J 2 J with max(J) = m and jJj = |. Lemma2.1sasthat if J 2 J then
J2J,foralln max(J). ThusJ, isthe setof all j-setswhosemaximal elemens are
lessthan or equalto n, and consequetty, f (n;m;l) = g(m;1) forn m. Sowe obtain

G(xy;2)

F(x;y;2) = 1 x

Inductiv e de nition of j-sets.

Theorem 2.4 and the commern precedingit give a criterion for j -sets,which can be used
to determinej -setsinductively asin the following corollary.

Corollary 3.1. Assumethat fa;;:::;a igisaj-setanda; < a, < < a. Then
fa;;:::;a,gis aj-setif and only if one of the following holds:
lL.a & :1=1
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2.8 1 & 26landa, & 1 a4 1 & 2
3. 1 & =landa, a 1 & 1 & 3

We illustrate how to usethe above criterion.

Example 3.2. LetJ = f0;1,2,4,6;7,;9; 10g.
f0;1,2,4gisaj-setbecause2 1=1and4 2 2 0.
f0;1,2,4;6gisaj-setbecause6 4 4 2.
f0;1;2,4,6;7gis aj-setbecauser 6= 1.
f0;1,2,4;6;7,9gisnot aj-setbecauser 6= 1land9 7<7 4.

Thus, J is not a j -set.

Overpartitions, j-sequences and an exact formula for F(Xx;y;z).

Instead of courting the j-setsdirectly, we will court j-sequenes which are in one-to-
one correspndencewith j-sets. A j-sequences a sequenceof overpartitions which are
introducedin [3]. We adopt their de nition of overpartition.

De nition  3.3. An overpartition of n is a weakly increasingsequencef natural numbers
summingto n in which the rst occurrenceof a number may be overlined.

The original de nition is weakly decreasing instead of weakly increasing.

Example 3.4. The sequenceg?2;2;3;5;5;5;7) is an overpartition of 29.

Foraj-setJ = faj;ap;:::;aQ, wherea; < a, < < ay, de ne the correspnding
j -sequence (J) asfollows. First we de ne d(J) and D(J) by
(
day= X 2 ifa 1=a landa 16 0
a 1, otherwise
J nf ; o if = 1 and 6 0;
() = nfa, ;a0 ifa 1=a landa 3)

J nfag; otherwise

Starting with Jg = J, de ne J; inductively by J; = D(J; 1) fori = 1;2;:::;s until
Js = f0g. Now de ne the j-sequence (J) of J as

The sequence (J) recordshow J grows from f Og, and we can easilyrecover J from (J).
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Example 3.5. LetJ = f0;1;2;4;6;7;109. Then

Jo=10;1,24;6,7,103; d(Jo) = 3;
J,.=10;1;2,4;6;7g; d(J,) = 3;
J2 = 10;1;2 4g; d(Jz) = 2
J3 = 10;1; 2g; d(Js) = 2
J4: ng

Thus, (J) = (2,2;3;3).

For aj-setJ, it follows from the criterion of j-setsin Theorem2.4that (J) satis es
the following conditions:

The sum of integersin  (J) is the maximum of J.
(J) starts with (1;2;:::) or (2;::2).
(J) hasa desceh only beforean occurrenceof 2.
Any occurrenceof i with i 3 is precededby an integer lessthan i.

jdnfogj=j (J)j+ (the number of overlined parts in (J)).

By cutting (J) in front of eat occurrenceof 2, we canregarda j -sequencesa sequence
of overpartitions starting with 2, with possibly one exception: The rst onecan be the
overpartition consistingof a single 1.

We put a weight u™z' on an overpartition  starting with 2, if it is a partition of m
and the number of parts plus the number of overlined parts in  is|. Note that overlined
parts are courted twice in |, re ecting the fact that an overlined part correspndsto a
pair of elemens in a j-setasshown in (3). Let Q(u; z) be the generatingfunction of such
overpartitions. Then
uzz2 Y 1+uz?2

il
uzi31 uz

Q(u;z) =

and G(u; z) can be expressedas

Qu;z) .
1 Qu;z)

X o
G(u;2) = um 1 = 7(1 + uz)
J2J

SoF(x;y;z) hasthe following expression
z(1+xyz)  Q(xy;z) .
1 x 1 Q(xy;2)
When we substitute y = z = 1 we get the generatingfunction of f (n), the number of
j -setsin S,.
F(x;1;1) = x2+ 23+ 4x*+ 8x°+ 16x° + 30x’ + 56x% + 10°
+186x1% + 33e6¢ ! + 606xM% + 108&*3 + 19541
+3502x1° + 627&° + 1124&17 +

F(x;y;2) =
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Maple experimerts suggestthat

jim 1N+ 1)

1:79117
Im =0 91178988

4 The number of permutations with a given j-set

For a setJ, de ne p,(J) to be the number of 2 S, sud that J( ) = J. Forn =
2;3;4;5; 6, the number p,(J) of permutations with a givenj-setis shovn in the following
table.

J S| S3|Ss|Ss| Se
f0;1;2;3g 4 | 8 | 36| 204
f0; 1,29 2| 2| 6 |26]|146
f0;1;,2;3;4g 8 | 24| 136
f0;1;2;3;4;59 16| 64
f0;1;2; 49 2| 8| 46
f0;1;2;3;4;5; 69 32
f0;1; 2; 59 4 | 20
f0;1;,2;3;59 4 | 20
f0;1;,2;3;69 12
f0; 1;2; 69 10
f0;1,2;3;4;69 8
f0;1;2;4;59 2| 8
f0;1;2,5; 69 4
f0;1;2;3;5; 69 4
f0;1;2;,4;5;69 4
f0;1;2;4;69 2
The number of permutations 2 S, with J( ) = J.
De nition  4.1. Let n, k be positive integers with n k. Let = 1 n be a
permutation in S, and = >, k & permutation in S,. We say cortains asa
subsequencef i, = 1; i,= 2;:i1; i, = k forsomei; < i;< < k.

Recall the matrices M ( ;k) and M( ). The (i;)-entry of Mcy( ;K) is 1 if and
only if j is the i-th elemen from left among1;2;:::;k in . Thus M¢y( ;k) = M( )
meansthe arrangemers of 1;2;:::;k in and in  are idertical. Hence cortains
as a subsequencdé and only if M( ;k) = M( ). If both and are involutions, the
following holds.

Prop osition 4.2. Let 2 S, and 2 S¢ beinvolutions. Then contains asa
subsquene if and only if the initial k-pattern of is

Proof. The permutation cortains asa subsequencd and only if Mg ( ;k) = M ().
The initial k-pattern of is if and only if M gu( ;Kk) = M( ). If Mq( ;K) = M( ),
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then Mo ( ;K) issymmetric. Thusby Proposition 1.3, we have M ow( ;K) = M¢o( ;K) =
M ( ). Similarly, if M;ow( ;k) = M( ) then we get M( ;Kk) = M( ). Thusthesetwo
conditions are equivalert. O

Jaggard[1] found a formula for the number of involutions 2 S, containing asa
subsequence.

Theorem 4.3 (Jaggard, 2005). For 2 Sy andn Kk, the numter of involutions in
S, which contain  as a subsguene equals

X K

n .
Ko th ok+js

123() J

wheee t,, is the numter of involutionsin S,, andty = 1.

Inspired by the above theorem, we can go on one step further. Using Proposition 4.2,
we can corvert Theorem4.3 to the next lemma.

Lemma 4.4. LetJ be a j-setwith max(J) = k and n be an integer with n > k. Let
i(J;n) be the numker of involutions 2 S, satisfyingJ( )\ [kK]=J. Then

. X n k

j23J

Proof. Let 2 S, be an involution with J( )\ [k] = J. Let be the initial k-pattern
of . ThenJ( )= J. We candivide the setof sudr 's asfollows.

[
f 2S,:n2J(); theinitial k-pattern of is g
2S¢;3( )=

Since and areinvolutions, by Proposition 4.2, this setis equalto

[
f 2S,:n2J(); cortains asasubsequenag
2S¢;3( )=

Thus by Theorem4.3, the number of is

X X k

n .
k j tn 2k+] .

25¢;3()=3i23()
SinceJ( ) = J for all in the summation, we are done. O

On the other hand the number i(J;n) of involutions 2 S, with max(J) = k and
J( )\ [K] = J hasthe following expression:
X
i(J;n) = pn(J [ A[ fng)

Af k+1;k+2;:;n 19

Sowe obtain the following proposition.
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Prop osition 4.5. LetJ be aj-setwith max(J) = k. Then for n > Kk,

Pn(J [ fng) = p(J) K i o2k Pn(J [ A fng);
j23 J A
whete the last summationis over all nonemptysubsetsof fk + 1;:::;n 1g.

Proposition 4.5 allows usto computep, (J) for j-setsJ with max(J) = n. We canuse
induction onnandd=n max(J nfng).
We now turn to computing p,(J) for j -setsJ with max(J) < n.

Prop osition 4.6. LetJ be aj-setwith max(J) = k. Then for n > Kk,

X
)= en@) T tigy

i=k+1

Proof. It is equivalent to

X
TR =p@+  Tp fig:

i=k+1

Considerthe number of permutations = ; , n 2 Sy, with J( )\ [K] = J. There
are , ways of choosing the rst k elemets for . For ead choice there are py(J)
allowed arrangemetns, and the rest can be arrangedin (n  k)! ways. Thus there are
v P(@)(n  Kk)! permutations 2 S, with J( )\ [k] = J. This is the left hand side. To
get the right hand side, we classify sud 's accordingto the minimum of J( ) n[k], if

nonempty. If J( ) n[k] is empty then such 's are courted by p,(J). O

Lemma 4.7. LetJ be aj-setwith max(J) = k. Thenfor n> k, p,(J [ fng) and p,(J)
are divisible by px(J).

Proof. In view of Proposition 4.6, it is su cient to prove for p,(J [ fng). We induct on
n k.Ifn k=1, thenit is derived from Lemma4.4.
Assumefor all n;k with n k< r. Forthecasen k=r,

X
Pn(J [ fng) =i(J;n) Pn(J [ A[ fng);

A

relations,
()P (I fau®) ] JPas(I[ fasa;iiiiasg) jpa(I[ A fng):
Thus p,(J [ fng) is divisible by px(J). O
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Using Lemma 4.7 and a similar argumen, we can prove the following divisibility
property.

Theorem 4.8. LetJ, J%bej-setssuchthat max(J) = k, max(@% nandJ = J° [K],
then p, (39 is divisible by p(J).
Corollary 4.9. For all 3 and n, p,(J) is even.

Proof. po(f0;1;29) = 2. Becauseewery j-set cortains f0;1;2g, pn(J) is divisible by
p2(f0;1;2g) = 2. O
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