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Abstract

We intro duce and dewelop a two-parameter chromatic symmetric function for a
simple graph G over the eld of rational functionsin gandt; Q(qg;t). We derive its
expansionin terms of the monomial symmetric functions, m , and presen various
correlation properties which exist betweenthe two-parameter chromatic symmetric

function and its corresponding graph.

Additionally , for the completegraph G of order n, its corresponding two parame-
ter chromatic symmetric function is the Macdonald polynomial Q. Using this, we
dewelop graphical analoguesfor the expansionformulas of the two-row Macdonald

polynomials and the two-row Jack symmetric functions.
Finally, we intro duce the \complement" of this new function and explore some

of its properties.

1. Preliminaries.

We briey de ne some of the basic conceptsused in the dewlopmen of our two
parameterchromatic symmetric function. In general,our notation will be consistem with
that of [1].

Let G be a nite, simple graph; G has no multiple edgesor loops. Denote the edge
setof G by E(G) and the vertex set of G by V(G). The order of the graph G, denoted
o(G), is the sizeof its vertex setV (G) and the size of the graph G, denoteds(G), is equal
to the number of edgesin E(G). A sulgraph of G; G°; is a graph whosevertex set and
edgeset are cortained in those of G. For a subsetV{G) V(G), the sulgraph induced
by V{G) ; G, ; is the subgraphof G which cortains all edgesin E(G) which connectany
two verticesin V{G).

For the graph G, denotethe edgeof E(G) which joins the verticesv;;v; 2 V(G) by
Vviv; ; we sg that v; andv; arethe endverties of the edgev;v;. A walk in G is a sequence

A path is a walk with distinct verticesand a trail is a walk with distinct edges.A trail

whoseendwertices are equal, v; = v, is called a circuit. A walk of length 3 whose
verticesare all distinct, exceptfor coinciding endwertices, is called a cycle The graph G
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is said to be connected if for every pair of verticesfv;;v;g 2 V(G), there is a path from
Vi to v;. A tree is a connected,acyclic graph.

vi 2 V(G) by d(vi), the dggree of the vertex v;. The dgyree sgquene of G, denoted by
ded G), is a weakly decreasingsequencegor partition) of nonnegatiwe integers,degG) =

the degreesof the vertices of V(G),Parrangedin decreasingorder. Sinceead edgeof G
hastwo endertices, it followsthat ', di = 25(G); thus, degG) ~ 2s(G).

A coloring of the graph G is a function k : V(G) ! N. The coloring k is said to be
proper if k(v;) 6 k(vj) whenewer viv; 2 E(G).

Additionally, we will usethe following consistem with [2].
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2. A Two-Parameter Chromatic Symmetric Function.

Let G be a simplegraph with vertexsetV(G) = fvy;:::;vp,gandletk : V(G)! N be
acoloring from the setof verticesof the graph G into N = f1;2;:::9. An edgev;v; 2 E(G)
is colored c by k if k(v;) = k(vj) = c. Denotem;(k) to be the number of monachromatic
edgesof G which are coloredi 2 N with respect to the coloring k. DenoteR(k) to be the
range of the coloring k.

Fori 2 N, asin [6], set

Vi = jfv; 2 V(G) : k(v) = ig] (1)
i.e. the number of verticesof V (G) coloredi by k. Fori 2 R(k), de ne

mo MEFD MD)W o

V otherwise.

Let x = fXq;Xp;:::9 be a set of comnuting indeterminates. For the coloring k :
V(G)! N, set
Y
X< = Xk(vi) (3)
i=1

forv; 2 V(G).
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De nition  2.1. For a simplegraph G; o(G) = n,

X n P Y Gae

o VoV 2ra0 (& Dm,

Ye(X; 0 t) =

wherek rangesover all coloringsof G.
It follows from De nition 2.1and (3) that Yg(X;Q;t) is a symmetric function of degree

Remark 2.1. The papers[6] and [7], by Richard Stanley, sened as inspiration for
this work. Note howewer, that his chromatic symmetric function described is [6] and [7]
and the presen two-parameterchromatic symmetric function are ertirely di erent. Some
of the prominent di erences include, for example, that the function in this paper is a
two-parametersymmetric function in g and t and that the coloringsconsideredhere are
not necessarilyproper. Even if we setq = % to kill the terms correspnding to colorings
that are not proper, the remaining coe cien ts are di erent from Stanley's. See[6] and
[7] for further details.

De nition 2.2. Let = ( 1;:::; ,) bea partition and G be a simple graph.

A geneal distinct coloring is a coloring of G; k™ : V(G) ! N, which sends j-many
verticesto onecolorand j-many verticesto another color, for all'i 6 j.

The hasic coloring of G of type ;k :V(G)! N; isthe setof all generaldistinct
coloringsfk™g of the graph G.

Remark 2.2. Notethat for k = fk™g, eat generaldistinct coloringk™ : V(G) ! N
correspndsto a unique, orderedgrouping of the verticesof V (G) into disjoint subsetsof
size ;1 i n.

In other words, the map k™ is a generaldistinct coloring if it partitions V(G) into

to the samecolor and sud that the verticesin distinct subsetsare mapped to distinct
colorshy k™.

Additionally, for o(G) = d, there are d _ -marny generaldistinct colorings, k™,

Example 2.1. Let = (3;2;1;1)andV(G) = fvy;:::;v70. Let fj gdenotea subsetof
verticesof V (G) of sizej . The basiccoloringof G oftype = (3;2; 1;1) includesall general
distinct coloringsk™ : V(G) ! N sud that k™(f3g) 6 k™(f2g) 6 k™(f 1g) 6 k™(f 19);
eathh m correspnds to a speci ¢ ordered grouping, (f3g;f2g;f 1g;f 1g), of disjoint j-
elemen subsetsof V(G);j 2 f1;2;3;3g: Note that jk j = ,,,, = 420,the number of
generaldistinct colorings,k™, includedin the basiccoloringk :

k= f(fva;va;vag; fva; vsg; fVed; fv70); (fva; va; vag; fva; vsg; fvzg; fveg); 1 1ig:

the electr onic journal of combinatorics 14 (2007), #R22 3



Example 2.2. Considerthe simple graph G sud that V(G) = fvi;V,;vs; Va0 and
E(G) = fviVy; ViVs; VoVs; VoVag. . Vo

V3 Vg4

There are v e possiblebasic coloringsk : V(G) ! N: (1.) the coloring of type = (1%)
sending ead vertex to a dierent color, (2.) the coloring of type = (4) sendingall
verticesto the samecolor, (3.) the coloring of type = (3;1) which sendsthree vertices
to the samecolor and the remaining oneto a di erent color, (4.) the coloring of type

= (2;1;1) sendingtwo verticesto the samecolor and sendingthe remaining two vertices

to two other distinct colors, and (5.) the coloring of type = (2;2) which sendstwo
verticesto the samecolor and the remaining two verticesto the samecolor (distinct from
the rst).

Restrict the number of variablesto four sud that x = fXy;X;; X3; X49. Therefore,the
range of k becomesf 1;2;3;4g; k : V(G) ! f1;2;3;49. We will compute Yg(x;q;t) via
computing the function of eat of the v e basiccolorings.

Within the rst basiccoloring, there are 1;1‘;‘1;1 = 4! generaldistinct colorings, eat
with m; = 1forall i 2 f1;2;3;4g:

(t;9*

(q,9)*

For the secondbasiccoloring, thereis j = 1 generaldistinct coloringand four speci c

colorings. Sincethe range of the coloring is restricted to f 1;2; 3;4g , ead of thesegives
m; = 4foralli 2 f1;2;3;4g:

X1X2X3X4:

(t; 4
(% 94
4 _

There are .’ = 4 generaldistinct colorings within the third basic coloring. For
f 3g, three of thesegive m; = 3 and one givesm; = 2; k™ = (fwvy;Vvs; Vv40;fVvoq) for all

i 211;2;3;4g:
3 (t9s(t; Q)
4 (q; )s(q; 0)
Within the fourth basic coloring, there are 2;‘1‘;1 = 12 generaldistinct colorings. For

the subsetf 2g, eight of thesegive m; = 2 and four give m; = 1 for all i 2 f1;2;3;4g.
Thus, we have:

2 (t;92(t; a)(t; 0)
3 (a0 A)2(g; Q)(a; )

(X1+ X3+ X3+ Xq):

. Lt da(t;q
4 (g;9)2(q; 9)

(X3x2 + X3x3+ 1:2) (X3x2 + X3x3+ 112):

1(t;0°

+ 2 2 (X3XoX3 + XaXaX3 + 11i):
3 (g, )

(X2X X3 + X1X5X3 + :07)
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Lastly, within the fth basic coloring, there are = 6 generaldistinct colorings,

2;2
yielding:
2 (60259, 22 202 4 ... 1(6gAt;2, 5 202 4 ..
3 (q;q)z(q;q)(X1X2+ X5X5+ 1)+ 3 (q;q)z(q;q)z(xlszr X5X5 + 11l)!
Thus,
t;g)*
Yo(X;q;t) = %xmxw ((q 2))4 (X + X5+ X3+ X3)
3(Eastg 1 EDAtd 5 3
X1Xo + X5X3 + it
2(GasGa 4Gy TR
2 (t;9)2(t; o)(t; 1 (t;0q)3
3 ((q gj((q ?1))((q(2) 3 EQ'Z))S (exaxts + xuxgea + 223
2 (GaAta) 1 (EDa(tiD2 (22, (2,0
X{X5 + X5X5+ 100):
3G9 | 3G, CTETIHAT )
As in [5], a set partition P of the setS is a collection of disjoint subsetsfS;;:::;S/g
whoseunion is S. The set partition P hastype if = (jSy;:::;]Sj) wherejS,j
IS
Let = ( 4;:::; ;) beapartition of n. Denote
w’=w’ 7] ::]w (4)
to be the disjoint union of subsetsof V(G) suc that for 1 i r; W’ is a subsetof

V(G) of size ; and W', \ W° = ; for all i 6 j. Thus, W’ is a set partition of V(G) of
type .

Now, for * n and the graph G, restrict the set partition W° of V(G) to all of the
possibledistinct ordered subsetcompositions of V (G) whereead distinct orderedsubset
composition is a unique, ordered grouping V(G) as dicated by the partition . Denote
this new \restricted set" of W’ asW .

Example 2.3. Considerthe graph  \a V2

#
#
#

and the partiton = (2;2). Then, Va
W =

ffvi;vag[ fvs;vag;
fvs;vag[ fvi;veg
fvy;vag[ fvo;vag
fva;vag[ fvi;vag
fvy;vag[ fvo; vag
fva;vsg[ fviivag o
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Moreover, let W . bethe setof all distinct two-elemen subsetsf vi;vjg;i 6 j ; of W ..
Viewing eat two elemen subsetfv;;vig 2 W asthe possibleedgevv; 2 E(G),
de ne:

(W \ E(G)j+ 1) if (W \ E(G)j+1) |jW j
P,= ! | (5)
W j otherwise
whereP , = 1if (W \ E(G)) = ;.
Fopa partition = ( q;:::; ), the monomial symmetric function, m , is given by:
m = 11< T < | Xillxlz2 XI||

Prop osition 2.1. For the simple graph G of order n,

X n 1 X Y (t,CI)PI
coo LI i, (@ ae

W V(G)

Ye(x;qt) =

where W V (G) runs over all possibledistinct ordered subset compositions for the
partition = ( 5;:::; (); W and P, asde ned above.

Pro of. SinceYg(X;q;t) is a symmetric function of degreen, it can be expressedn
terms of monomial symmetric functions, m , sudhthat ~ n. Sincek : V(G) ! N ranges
over all possiblecoloringsof G, we obtain the functions m sud that = ( 1;:::;
runs through all partitions of n, where ; V,;j ranging throughout R(k) sud that
Vii=

For = ( 1::1; ¢)  n,thereare = possibledistinct generalcoloringswithin
the basic coloring k ; sending j-many verticesto the samecolorj 2 R(k);1 i r;
and wherethe verticesof ; are sert to a distinct color from thoseof ,,; 8i 6 m.

SinceW = W ] :::] W, partitions the verticesof V(G) into all possibledisjoint
subsetssud that jW j = ;, and sinceW V(G) runs over all distinct ordered W
(with respect to the composition of W | ; 8i), we obtain all distinct generalcoloringsk' of
G within k . Sincethe \specic" coloringswithin ead k™ have the samecoe cient (ref.
Example 2.2), we may considerthe coe cient of m ; ~ n; via the generalcoe cien ts
for a coloring of type ; k ; with respect to the individual coe cien ts for ead k™. Since
[( ) = jR(k)j for the coloring k, one can seeby comparingthe m; to the P , that these
terms coincide. Thus, the coe cent of the monomialm in Yg(X;(Q;t) is equalto

n X Yo (e,
LI o, (@ ae

W V(G)
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Example 2.4. For the graph G of Example 2.2, it is easily seenthat

4
Yo(X; 0 t) = (( 2))4 M) + ((; 2))4
3 (;g)s(t; 0 Q) 1 (t;9)(t; 0 Ma.
2G99 A(Gagy Y
2 (Gaa(ti)(tia) , 1 (ta)®
3G AT 3(ggE e
N 2 (t;0)2(t; 9 Q) 1 (t;a)a(t; )2 .
3 GDAGD  3(GRAGD, ED

M)

+

3. Some Prop erties of Yg(X;Q;t).

In this section,we will explore someof the basic properties and correlations between
a nite, simple graph G and the symmetric function Yg(X; q; t).

Prop osition 3.1. Let G beasimplegraph. G hasorderd and sizes if the multiplicit y
of the term
(t; @a(t; ) 2

(G DA @ 2 @ D)

(6)
in Ye(X;Q;t) is d(d -

Pro of. Let G be a graph of order d and sizes. The multiplicit y of the term (6)

in Yg(X;q;t) correspnds to 2;1(‘3 2 ! multiplied by the number of pairs of vertices

fvi;vig2 V(G) sud that viv; 2 E(G) (WhereP) = 2) multiplied by (d 2)!:

For fvi;vig 2 V(G) sud that viv; 2 E(G), considerthe number of possiblegen-
eral distinct coloringsk? 5, : V(G) ! N of type (2; 1@ 2) sud that K@ 2y(Vi) =
k(2 1 2))(v,) and sud that k(2 10 2y distinguishesall remainingverticesin V (G) from eat
other and from v; and v;. Sinces(G) = s, there are s possiblesud two elemen subsets
fvi;v,g of V(G). For eat of thesesubsets,sinceo(G) = d, there are (d  2) remaining
verticesin V(G) nfv;;v;g. Thus, there are (d 2)! di erent generaldistinct colorings

k?;;l(d 2 distinguishing amongV (G) nfv;;v;g and f v; v; g. Hence,the multiplicit y of the
desiredterm is L
d 2s
| = :
2 1(d 2) s(d 2)! dd 1)

Remark 3.1. Converselyto Proposition 3.1, considerYg(X; g; t) in which the term

(t; )2(t; 0)f
(G AD2(c, 9

M2;1r)

appears.
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Note that the monomial symmetric function m.1ry, for somer 0, appearsin
Ys(x;q;t) if and only if o(G) = 2+ r since(2;1") ~ (2 + r). Furthermore, by Propo-
sition 2.1, the coe cien t of the monomial m,.1r) is equalto

2+r 1! X gfr(t;Q)Pi

2 I W v = (e
For
X ¥ (tge .
W V(G) =1 (q;q)Pi
we have P, = 2and P, = ::: = P, = 1. Hence,by de nition of P, and since

JW j = 2, it follows that the multiplicit y of (6) is:

1

2+r . .
|
o 11 JE(G)] r!
= i i |
(2+ r)! JE@) !
2IE(G)j

T @Ena+ny

Therefore, given the multiplicit y of (6), we may recover JE (G);.

Prop osition 3.2. Let G andH be graphswith degreesequencesleq G) and degH ),
respectively. Then o(G) = o(H) = d; s(G) = s(H) d, and degG) = degH) if and
only if the multiplicit y of the term

(t; 0)2(t; @)@ 2
(4,9 2(q; 9@ 2 M1 2)

is ﬁ andis equalin both Yg(X; g, t) and Y4 (X; g; t) and if the coe cien ts of mq 1).1)

in Ye(X;Q;t) and Yy (x;q;t) are equal.

Proof. () ) Supposethat o(G) = o(H) = d; s(G) = s(H) d, and IgegG) =
degH). Let degG) = ( 1;:::; o) = degH); 1 ::: n;n  diand L, =
2s(G). By Proposition 3.1, we know that the multiplicit y of the term (6) is equalin both

Ys and Yy andis ﬁ By the de nitions of Yg(x;q;t) and Yy (X; q;t), the coe cien ts

of myq 1)1 are given by

d ! X ¥ (tJQ)Pi
d 1)1 W V() =1 CLy
X (t;Q)P(d 1) (t;q)P(l)
(G ey o (G Dey,

ol

Wea 131 VI(G)
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Note that there are d-many distinct subsetsWq 1)1y = W@ 1y ] W) of V(G) (resp.,
V(H)). Moreover, notethat eath ; 2 ded G) (resp.,degH)) directly correspndsto one
vertexv; 2 V(G), where ; indicatesthe degreeof the vertexv; ; d(v;) = ;. Thus,sending
the vertex v; to Wy amourts to removing all edgesfrom E(G) (resp., E(H)) which are
incidert with the vertex v; in the computation of jW, ;)\ E(G)j+ 1= Py 1); W 1) =
V(G) nfv;g. This implies that jW(d 1)\ E(G)] = JE(G)j i (resp. for H). Repeating
this for eatch ; 2 deg G) = degH) and the correspnding two vertices (one for deg G)
and possibly a di erent one for degH)) givesthe coe cients of myq 1).1) In Ys(X;Q;t)
and Yy (X; g;t) to be equal.

(( ) From Proposition 3.1, the multiplicit y of the term (6) being equaland ﬁ in
Ys and Yy tells usthat o(G) = o(H) = d and that s(G) = s(H) d.

Supposethat the coe cien ts of the term mq 1).1) in both Yg(X;q;t) and Yy (X; q;t)
are equal. We must showv that degG) = degH). For1 | (d 1), considerthe
multiplicit y K, of the term

(G a(t; 9

(g 9)i(0;9)

Md 1);1)

in Yo(x;q;t) and Yy (X; g t).

Supposethat | = (d 1). ThenthereexistsK q 1) verticesin V(G) sud that jW4 ;)\
E(G)j=(d 1)or(d 2), andsimilarly for V(H). We needto shav that the number
of verticesin V(H) sud that jW, )\ E(G)j = (d 1) (resp. (d 2)) is equalto the
number of verticesin V(H) sud that jW ;)\ E(H)j= (d 1) (resp.(d 2)).

Note that the multiplicit y of

(t; D@ 1(t;0) m .
(@ D@ nlgg @ PP

correspndsto the number of verticesin V(G) and V (H) sud that d(v;) = 1ord(v;) = 0.
Considerthe verticesv; 2 V(G) andv; 2 V(H), for which W) = fvigand Wy = fv;gin
W((d 1);1) sud that P(d 1) (d 2) For eath W((d 1);1) V(G) and W((d 1);1) V(H)
sud that Pyq 1) is equal for both V(G) and V(H) and P4 1y (d 2), we have that
Wy y\ E@)j = (Pa 1y 1)=jWy4 4\ E(H)j, by denition of Pq 1. Sincethe
multiplicit y of the coe cient of

(t;Dpg 4 (t50) "
(@ Dpy ,(gg ¢ VD

in Yg and Yy is equal, the number of verticesv; 2 V(G) andv; 2 V(H) sud that
d(vi) = d(vj) = s P 1y must be eqlfgal. (Note: Papt+t1=s d(vi) + 1.) Thus,
sinceo(G) = o(H); s(G) = s(H), and degG) = degH), the number of vertices
with degreeO in G equalsthe number of verticeswith degree0O in H and, similarly, the
number of verticeswith degreel in G equalsthe number of verticeswith degreel in H.
Therefore,deg G) = degH):

(7)

the electr onic journal of combinatorics 14 (2007), #R22 9



Prop osition 3.3. Let G be a simple graph of order d. Any induced subgraph of
G; G,; oforder (d 1) is connectedif and only if the multiplicit y of the term

(t; D@ (t;0) m _
(0 D@ (o a) (@

in Yg(x;Q;t) is one.

Pro of. () ) Supposethat any induced subgraphof G; G, ; of order (d 1) is con-
nected. Then, JE(G;)] (d 2). Hence,for all possiblesubsetsW 1y V(G); Wy 1
W 1):1), it followsthat Py 1y = (d 1). Hence,the multiplicit y term (7) in Yg(X;q;t)
is one.

(( ) Supposethat the multiplicit y of term (7) in Yg(X;(Q;t) is one. Then, for all
possible(d 1)-elemen subsetsWq 1) V(G); W4 4\ E(G)] (d 2). Therefore,
ewvery induced subgraphG, of order (d 1) must be connected.

Remark 3.2. By Proposition 3.3, for a graph G of order d, if the multiplicit y of (7)
is onein Yg(X;Q;t), then G is not a tree.

Prop osition 3.4. Let G be a simple graph. G hasorder d and is a cycle of sized if
and only if the multiplicit y of the term

(t; D@ 1(t;0) m _
(0 D@ (o a) (@

in Ye(X;Q;t) is oneand the multiplicit y of the term

(t; o)a(t; @ 2
(@ QAq @ D e )

is @21y

Proof. () ) If o(G) = s(G) = d, we know from Proposition 3.1 that the multiplicit y
of the term (6) is ﬁ Consider the multiplicit y of the term (7). SinceG is a cycle
of length d and o(G) = s(G) = d, we know that d(v;) = 2 for all v 2 V(G). Thus,
the number of subsetsW  V(G);W = Wy 1y] Wq), sud that Py 1y = (d 1) and
Py = 1lis exactly d many, sinceany choiceof (d 1) verticesis connectedby (d 2)
edges.This implies that the multiplicit y of the desiredterm is

d 1
T@ o1 T

(( ) From Proposition 3.1 and Remark 3.1, if the multiplicit y of the term (6) is ﬁ
for somed, we know that G hasorder and sized. By Proposition 3.3, the multiplicit y of
term (7) being oneimplies that any (d 1) elemen subsetof V (G) is connected. Since
o(G) = s(G) = d, the only connectedgraph tting this description is a cycle of length

d:
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4. Ys(x;q;t) and Macdonald Polynomials.

Denote the ring of symmetric functions over the eld F as ¢ andlet } denoteits
n'" gradedspace.The space ! consistsof all symmeth functions of total degreen 2 Z,
indexed by the partitions = ( q;:::; ) for which , ; = n: Five important bases
of o are: the monomial symmetric functions m , the elemenary symmetric functions
e = e, e, , the completesymmetric functions h , the Scwr functions s , and the
power sum symmetric functionsp = p, p,. Of these v ebasesall exceptthe power
sum symmetric functions are Z-basesithe power sum symmetric functions are a Q-basis.

Let H = Q(qg;t) bethe eld of rational functionsin g and t. In 1988, Macdonald
introduced a new classof two-parametersymmetric functions P (q;t), over the ring 4,
which generalizese\eral classesof symmetric functions. In particular, taking g = t we
obtain the Sdur functions, settingt = 1 we have the monomial symmetric functions, and
letting q = 0 givesthe Hall-Littlew ood functions.

We know from [4] that the (P ) area basisof [,. Further, with respect to the scalar
product:

) 4
<p,p > = : Y imimi!v 1 qJ
i j=1 1t

we have that
<P:P >=0 if 6 ;

where m; denotesthe multiplicity of i in and I( ) denotesthe length of . We also
know that for eadr , there existsa unique P (q;t) sud that:
X

P=m+ oc¢cm where c 2Q(qt):

De ne: P
Q = <P:P >:
Then, the bases(P ) and (Q ) of |, aredual to eat other,< Q ;P >= . ,andfrom
[4], for = (n):

XY 1 \“1 t ]
imimi!j:ll qu

Q) =
j=n i
wherewesetQy=1andQ ,=0form2 Z*.

There turns out to be an interesting connectionbetweenour two parameterchromatic
symmetric function Yg(X;q;t) and the Macdonald polynomials Q . We motivate this
connectionvia the following de nitions and proposition.

The completegraph of order n, denotedK ", is the graph G which hassize 2 ; every
two verticesin V(G) are adjacert. We know from [4] that for n 2 Z*, the Macdonald

polynomial
X (9

(g9

Q(n) =

‘n
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wherewe de ne
o _ Y (&9,
gqqd ., (g9,

)

for =( 00 ) n.
The following proposition is immediate.

Prop osition 4.1. Let G be the completegraph of ordern; G = K"; forn 2 Z*.
Then

Yo (X; 0 t) = Qeny(X; g t):

From [3], we have the following combinatoral formula for a two-row Macdonald poly-
nomialQ ; = ( 1; 2):

X2
Quua= & "QuunQc 8)
i=0
where |
ail 2 — (t 1;q)i(q1 Z;Q)i(]_ e 2+2|) i
(Gadi(g: 1t gt 2)
and g, %= 1.

Using the symmetric function Yg(X; g;t), we give a graphical analogueof this two-row
formula for any partiton = ( 1; 2).

Let G be the complete graph of order ( 1 + ,); G = K(* 2 Then, V(G) =

W, = fvg; i vig (9)
Denote W to be the subsetof V(G) cortaining the vertices fvy, g sud that (i + 1)

m (1+ 2),
WE = fViay s 105V 0r ) (10)

and setW, = ;.
Let G[V nW;] denotethe subgraphof G = K ( 1* 2) obtained by deleting the vertices
in W;  V(G) and all edgesin E(G) which are incidert with them.

Theorem 4.1. Let G= K(1* 2), For the partition = ( 1; »),

X2
Q = Qi = a’, 5 Yorvaw (X G t) Yovnwe(X; o t)
i=0

where
Yovmwe(X;Gt) = 1 if Vnawe=;

and wherea !, ; is de ned above.
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Pro of. Notethat the completegraphG = K ( 1* 2) cortains all of the completegraphs
K'forO<|I< ( 1+ ). SinceG[V nW,] is the completegraphon ( 1+ , i)-many
vertices, G[V nW;] = K(1* 2 D it follows that Yo nw, ) (X; Git) = Q( 1+ , iy Similarly,
G[V nW¢] = K" which in turn implies that Yovnwe (X; G t) = Qqiy. Expressing(8) as

X2
Qi+ 2 = L3 Qc i+ 2 1 Qa
)

i=0
the result follows.

Example 4.1. Considerthe expressionof the two-row Macdonald polynomial Qs.»).
By Theorem4.1, we have

X2
Qa2 = ae i) Yovaw1(X G 1) Yovawe (X; 05 t)
=0

whereG = K 2. Thus,

Qr2) = &) Yovnwe (X: & t) Yovnwe (X: o t)
+ amy Yovaw, (X5 G t) Yevnwe (X; g t)
+ a0) Yo mw,)(X; O t) Yovnws (X; o t):

V1 2
c #\g ag,
g & , B1Vs
i3 cl
V3 Vg4
G[VnWo]
8
#
o 2 ? A ryg a
e c
v Vr4 GIVnW{]
G[VnW;]
| 1 rV5 uz
rp GIVnW¢]
V3 Vg4
G[VnW2]
Computing the respective Yoy nw,1(X; g t) and Yoy nwe(X; g t) for 0 i 2yields:
(t 59:1 &), tH9@ o)
—— t + t + .
%en T (g, @ o 07 (@hg @ g 20T R0t

For the parameter , the Jack symmetric functions, J , are de ned by:

J=Q()=1ImQ(t;t)
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wherewesetq=1t in Q (x;q;t).

In [3], we have a formula for the Jadk functionsJ ; = ( 1; »):
X2
J(l;z):Q(l;z)(): ai1 2( )Q(1+i)( )Q(zi)()
i=0
where

(1 2%1) (1 2+0 (1 2+2)
1+ (1 2+ 1)) 1+ (1 2+ 1) )

Setq=t in the two-parametersymmetric function Yg(x;q;t). De ne
Yo( ) = limYs(x;t ;1):
Similar to Theorem4.1, we obtain a graphical analoguefor the expansionof the two-
row Jack symmetric functions J¢ ,. ,) using Yg( ).

Corollary 4.1. Let G = K(1* 2)_ For the partition = ( 1; ),

X2

(1= Q)= a(l2 ,2)( ) Yovnw,( )YG[VnWiC]( )
i=0

where
YG[VnWiC]( ) =1 if V I‘lWiC: -

a’', de ned above,and a,* ?( )= 1.
5. The Symmetric Function Y &(x;q;t):

We now introduce the \complemert,” YS(x;q;t), of the two-parameter symmetric
function Yg(X; q; t).

De ne ( . y
me = (5 mi(k)+1) if (3 | mi(k)+1) VM (1)
V otherwise.
De nition 5.1.
X n oy (t; Pme
Y&(xiqt) = RV s X
K V11V2| e iZR(k) (qu)mf:

wherek rangesover all coloringsof G.
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Now, de ne

W W \EQ@+1) (W [ W \E@i+1) W

Pe = P

' JW ] otherwise

Note that jw j= " .

Prop osition 5.1. For the simple graph G of order n,
X n 10X Y (t;0)pc
1 -1 (@ Qpe

n W V(G)

YS(x;qgpt) =

where W V (G) runs over all possibledistinct ordered subset compositions for the

partiton = ( 4;:::5 ); W and P¢ de ned above.

Pro of. Similar to the proof of Proposition 2.1, comparingthe mf to the P¢ for the
basiccoloring k of type = ( 1;:::; ), and noting that jw j = ™ | we seethat
the coe cient of m in YS(X;q;t) is equalto

n X Yo (G Qee (13)
L w v ia (Gdee

Let G be a simple, nite graph of order n. Then, the complement of the graph G,
denoted G°, is the graph of order n sudh that viv; 2 E(G®) if and only if viv; 2 E(G).
Thus, if G hassized, it follows that G® hassize( ;,  d).

Theorem 5.1. YS(X;q;t) = Yge(X; 0 t).

Pro of. Let G be a simple graph of order n with complemen G°. We want to showv
that for ° n, the coe cient of the monomial symmetric function m in Y§(x;q;t) and
Yo (X; g; t) are equal.

For ~ n,the coecient of m in Y§(X;q;t) is given by (13) and the coe cient of m
is Yac(X; q;t) is given by

1 X Yo (t: _
o (e, (14)
1y «= r W V(Gc) i=1 (qu)P i
where
(W \ E(GYj+ 1) if W \ E(GHj+ 1) jW j
P,= ; | (15)
JW ] otherwise
Sinceo(G) = o(G®% ) V(G) = V(G°), wehavethat W  V(G) W  V(G®. Thus,
forl i r;jW jisequalfor both G and G° and similarly, jW | is equalfor both G

and G°. By de nition of G°,

wvE@ = (N w v E@D) = w i W E©@)):
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This implies that, with respectto G° and G; P, = P¢. Therefore,the coe ents (13)
and (14) of m in YS(x;q;t) and Ys:(X; g; t) are equal.

Using YS(x; g; t), we obtain the following analoguesto Propositions3.1{ 3.4 for G°.

Prop osition 5.1. Let G be a simple graph. G¢ hasorder n and sizep if and only if
the multiplicit y of the term

(t; da(t; ™ 2
(@ Aq g D e D

(16)

is 225 in YS(X; Git).

Prop osition 5.2. Let G andH be graphswith degreesequencedsed G) and degH),
respectively. Then o(G®) = o(H®) = n; s(G® = s(H®) n, and degG®) = degH?®) if
and only if the multiplicit y of the term

(t; da(t; " 2
(q;9)2(q; g 2y M1 2)
2

is ) andis equalin both YS(x; g;t) and Y$(x; g;t) andif the coe cien ts of m, 1.9
in YS(x; g t) and YS(x; g, t) are equal.

Prop osition 5.3. Let G be a simple graph of order n. Any induced subgraph, G ;
of order (n 1) of G° is connectedif and only if the multiplicit y of the term

GPe nta
@D p(gg " PP

in YS(x; q;t) is one.

Prop osition 5.4. Let G be a simplegraph. G® hasorder n and is a cycle of sizen if
and only if the multiplicit y of the term

(D 1)(t;CI)m _
@De p(ag " 7

in YS(x; g, t) is oneand the multiplicit y of the term

(t; 9)a(t; " 2
(q;9)2(q; g 2y M1 2)

(n 1)°
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