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Abstract

We introduce and develop a two-parameter chromatic symmetric function for a
simple graph G over the �eld of rational functions in q and t ; Q (q; t). We derive its
expansionin terms of the monomial symmetric functions, m � , and present various
correlation properties which exist betweenthe two-parameter chromatic symmetric
function and its corresponding graph.

Additionally , for the completegraph G of order n, its corresponding two parame-
ter chromatic symmetric function is the Macdonald polynomial Q(n) . Using this, we
develop graphical analoguesfor the expansionformulas of the two-row Macdonald
polynomials and the two-row Jack symmetric functions.

Finally, we introduce the \complement" of this new function and explore some
of its properties.

1. Preliminaries.

We brie
y de�ne some of the basic conceptsused in the development of our two
parameterchromatic symmetric function. In general,our notation will be consistent with
that of [1].

Let G be a �nite, simple graph; G has no multiple edgesor loops. Denote the edge
set of G by E(G) and the vertex set of G by V(G). The order of the graph G, denoted
o(G), is the sizeof its vertex set V(G) and the sizeof the graph G, denoteds(G), is equal
to the number of edgesin E(G). A subgraph of G ; G0; is a graph whosevertex set and
edgeset are contained in those of G. For a subsetV 0(G) � V(G), the subgraph induced
by V 0(G) ; GI ; is the subgraphof G which contains all edgesin E(G) which connectany
two vertices in V 0(G).

For the graph G, denote the edgeof E(G) which joins the vertices vi ; vj 2 V(G) by
vi vj ; we say that vi and vj are the endvertices of the edgevi vj . A walk in G is a sequence
of verticesand edges,v1; v1v2; : : : ; vl � 1vl ; vl , denotedv1 : : : vl ; the length of this walk is l.
A path is a walk with distinct vertices and a trail is a walk with distinct edges.A trail
whoseendvertices are equal, v1 = vl , is called a circuit. A walk of length � 3 whose
verticesare all distinct, except for coinciding endvertices, is called a cycle. The graph G
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is said to be connected if for every pair of vertices f vi ; vj g 2 V(G), there is a path from
vi to vj . A tree is a connected,acyclic graph.

Let V(G) = f v1; : : : ; vng. Denote the number of edgesemminating from the vertex
vi 2 V(G) by d(vi ), the degree of the vertex vi . The degree sequence of G, denoted by
deg(G), is a weakly decreasingsequence(or partition) of nonnegative integers,deg(G) =
(d1; : : : ; dn), such that the length of deg(G) is equal to jV(G)j and (d1; : : : ; dn) represents
the degreesof the vertices of V(G), arrangedin decreasingorder. Sinceeach edgeof G
has two endvertices, it follows that

P n
i=1 di = 2s(G); thus, deg(G) ` 2s(G).

A coloring of the graph G is a function k : V(G) ! N. The coloring k is said to be
proper if k(vi ) 6= k(vj ) whenever vi vj 2 E(G).

Additionally , we will usethe following consistent with [2].

(a; q)0 = 1

(a; q)n =
n� 1Y

i =0

(1 � aqi )

(a; q)n =
(a; q)1

(aqn ; q)1

(a1; : : : ; am ; q)n = (a1; q)n � � � (am ; q)n

(a; q) = (a; q)1

2. A Tw o-Parameter Chromatic Symmetric Function.

Let G be a simplegraph with vertex set V(G) = f v1; : : : ; vng and let k : V(G) ! N be
a coloring from the setof verticesof the graph G into N = f 1; 2; : : :g. An edgevi vj 2 E(G)
is colored c by k if k(vi ) = k(vj ) = c. Denotemi (k) to be the number of monochromatic
edgesof G which are coloredi 2 N with respect to the coloring k. DenoteR(k) to be the
rangeof the coloring k.

For i 2 N, as in [6], set

Vi = jf vj 2 V(G) : k(vj ) = igj (1)

i.e. the number of verticesof V(G) coloredi by k. For i 2 R(k), de�ne

mi =

(
(mi (k) + 1) if (mi (k) + 1) � Vi

Vi otherwise.
(2)

Let x = f x1; x2; : : :g be a set of commuting indeterminates. For the coloring k :
V(G) ! N, set

xk =
nY

i =1

xk(vi ) (3)

for vi 2 V(G).
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De�nition 2.1. For a simple graph G ; o(G) = n,

YG(x; q; t) =
X

k

�
n

V1; V2; : : :

� � 1� Y

i 2 R(k)

(t; q)m i

(q; q)m i

�
xk

wherek rangesover all coloringsof G.

It follows from De�nition 2.1 and (3) that YG(x; q; t) is a symmetric function of degree
n.

Remark 2.1. The papers [6] and [7], by Richard Stanley, served as inspiration for
this work. Note however, that his chromatic symmetric function described is [6] and [7]
and the present two-parameterchromatic symmetric function are entirely di�erent. Some
of the prominent di�erences include, for example, that the function in this paper is a
two-parametersymmetric function in q and t and that the coloringsconsideredhere are
not necessarilyproper. Even if we set q = 1

t to kill the terms corresponding to colorings
that are not proper, the remaining coe�cien ts are di�erent from Stanley's. See[6] and
[7] for further details.

De�nition 2.2. Let � = (� 1; : : : ; � n ) be a partition and G be a simple graph.
A general distinct coloring is a coloring of G ; km

� : V(G) ! N , which sends� i -many
verticesto onecolor and � j -many verticesto another color, for all i 6= j .

The basic coloring of G of type � ; k� : V (G) ! N ; is the set of all generaldistinct
coloringsf km

� g of the graph G.

Remark 2.2. Note that for k� = f km
� g, each generaldistinct coloringkm

� : V(G) ! N
correspondsto a unique, orderedgrouping of the verticesof V(G) into disjoint subsetsof
size� i ; 1 � i � n.

In other words, the map km
� is a generaldistinct coloring if it partitions V(G) into

disjoint subsetsof size� 1; � 2; : : : ; � n such that the verticesin each subsetare all mapped
to the samecolor and such that the vertices in distinct subsetsare mapped to distinct
colorsby km

� .

Additionally , for o(G) = d, there are
� d

� 1 ;:::;� n

�
-many generaldistinct colorings, km

� ,

within k� ; jk� j =
� d

� 1 ;:::;� n

�
.

Example 2.1. Let � = (3; 2; 1; 1) and V(G) = f v1; : : : ; v7g. Let f j g denotea subsetof
verticesof V(G) of sizej . The basiccoloringof G of type� = (3; 2; 1; 1) includesall general
distinct coloringskm

� : V (G) ! N such that km
� (f 3g) 6= km

� (f 2g) 6= km
� (f 1g) 6= km

� (f 1g);
each m corresponds to a speci�c ordered grouping, (f 3g; f 2g; f 1g; f 1g), of disjoint j -
element subsetsof V(G) ; j 2 f 1; 2; 3; 3g: Note that jk� j =

� 7
3;2;1;1

�
= 420, the number of

generaldistinct colorings,km
� , included in the basiccoloring k� :

k� = f (f v1; v2; v3g; f v4; v5g; f v6g; f v7g); (f v1; v2; v3g; f v4; v5g; f v7g; f v6g); : : :g: �
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Example 2.2. Consider the simple graph G such that V(G) = f v1; v2; v3; v4g and
E(G) = f v1v2; v1v3; v2v3; v2v4g.

#
#

#
##

r r

r r

v1 v2

v3 v4

There are �v e possiblebasiccoloringsk : V(G) ! N : (1.) the coloring of type � = (14)
sending each vertex to a di�erent color, (2.) the coloring of type � = (4) sending all
vertices to the samecolor, (3.) the coloring of type � = (3; 1) which sendsthree vertices
to the samecolor and the remaining one to a di�erent color, (4.) the coloring of type
� = (2; 1; 1) sendingtwo verticesto the samecolor and sendingthe remainingtwo vertices
to two other distinct colors, and (5.) the coloring of type � = (2; 2) which sendstwo
verticesto the samecolor and the remaining two verticesto the samecolor (distinct from
the �rst).

Restrict the number of variablesto four such that x = f x1; x2; x3; x4g. Therefore,the
range of k becomesf 1; 2; 3; 4g; k : V(G) ! f 1; 2; 3; 4g. We will compute YG(x; q; t) via
computing the function of each of the �v e basiccolorings.

Within the �rst basic coloring, there are
� 4

1;1;1;1

�
= 4! generaldistinct colorings,each

with mi = 1 for all i 2 f 1; 2; 3; 4g:

(t; q)4

(q; q)4
x1x2x3x4:

For the secondbasiccoloring, there is
� 4

4

�
= 1 generaldistinct coloringand four speci�c

colorings. Sincethe rangeof the coloring is restricted to f 1; 2; 3; 4g , each of thesegives
mi = 4 for all i 2 f 1; 2; 3; 4g:

(t; q)4

(q; q)4
(x4

1 + x4
2 + x4

3 + x4
4):

There are
� 4

3;1

�
= 4 general distinct colorings within the third basic coloring. For

f 3g, three of these give mi = 3 and one gives mi = 2; km
� = (f v1; v3; v4g; f v2g) for all

i 2 f 1; 2; 3; 4g:

3
4

(t; q)3(t; q)
(q; q)3(q; q)

(x3
1x2 + x3

2x3 + : : :) +
1
4

(t; q)2(t; q)
(q; q)2(q; q)

(x3
1x2 + x3

2x3 + : : :):

Within the fourth basiccoloring, there are
� 4

2;1;1

�
= 12 generaldistinct colorings. For

the subset f 2g, eight of thesegive mi = 2 and four give mi = 1 for all i 2 f 1; 2; 3; 4g.
Thus, we have:

2
3

(t; q)2(t; q)( t; q)
(q; q)2(q; q)(q; q)

(x2
1x2x3 + x1x2

2x3 + : : :) +
1
3

(t; q)3

(q; q)3
(x2

1x2x3 + x2
2x1x3 + : : :):
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Lastly, within the �fth basic coloring, there are
� 4

2;2

�
= 6 generaldistinct colorings,

yielding:

2
3

(t; q)2(t; q)
(q; q)2(q; q)

(x2
1x

2
2 + x2

2x2
3 + : : :) +

1
3

(t; q)2(t; q)2

(q; q)2(q; q)2
(x2

1x2
2 + x2

2x2
3 + : : :):

Thus,

YG(x; q; t) =
(t; q)4

(q; q)4
x1x2x3x4 +

(t; q)4

(q; q)4
(x4

1 + x4
2 + x4

3 + x4
4)

+
�

3
4

(t; q)3(t; q)
(q; q)3(q; q)

+
1
4

(t; q)2(t; q)
(q; q)2(q; q)

�
(x3

1x2 + x3
2x3 + : : :)

+
�

2
3

(t; q)2(t; q)( t; q)
(q; q)2(q; q)(q; q)

+
1
3

(t; q)3

(q; q)3

�
(x2

1x2x3 + x1x2
2x3 + : : :)

+
�

2
3

(t; q)2(t; q)
(q; q)2(q; q)

+
1
3

(t; q)2(t; q)2

(q; q)2(q; q)2

�
(x2

1x2
2 + x2

2x2
3 + : : :): �

As in [5], a set partition P of the set S is a collection of disjoint subsetsf S1; : : : ; Sr g
whoseunion is S. The set partition P has type � if � = ( jS1j; : : : ; jSr j ) where jS1j �
: : : � jSr j.

Let � = (� 1; : : : ; � r ) be a partition of n. Denote

W
0

� = W
0

� 1
] : : : ] W

0

� r
(4)

to be the disjoint union of subsetsof V(G) such that for 1 � i � r ; W
0

� i
is a subsetof

V(G) of size� i and W
0

� i
\ W

0

� j
= ; for all i 6= j . Thus, W

0

� is a set partition of V(G) of
type � .

Now, for � ` n and the graph G, restrict the set partition W
0

� of V(G) to all of the
possibledistinct ordered subsetcompositions of V(G) whereeach distinct orderedsubset
composition is a unique, ordered grouping V(G) as dicated by the partition � . Denote
this new \restricted set" of W

0

� asW� .

Example 2.3. Considerthe graph

#
#

#
##

r r

r r

v1 v2

v3 v4and the partition � = (2; 2). Then,

W� =

f f v1; v2g [ f v3; v4g;

f v3; v4g [ f v1; v2g

f v1; v3g [ f v2; v4g

f v2; v4g [ f v1; v3g

f v1; v4g [ f v2; v3g

f v2; v3g [ f v1; v4g g: �
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Moreover, let W �
� i

be the setof all distinct two-element subsetsf vi ; vj g; i 6= j ; of W� i .
Viewing each two element subset f vi ; vj g 2 W �

� i
as the possibleedgevi vj 2 E(G),

de�ne:

P� i =

(
(jW �

� i
\ E(G)j + 1) if (jW �

� i
\ E(G)j + 1) � jW� i j

jW� i j otherwise;
(5)

whereP� i = 1 if (W �
� i

\ E(G)) = ; .
For a partition � = (� 1; : : : ; � l ), the monomial symmetric function, m� , is given by:

m� =
P

i 1<::: <i l
x � 1

i 1
x � 2

i 2
� � � x � l

i l
.

Prop osition 2.1. For the simple graph G of order n,

YG(x; q; t) =
X

� ` n

�
n

� 1; : : : ; � r

� � 1� X

W � � V (G)

� rY

i =1

(t; q)P� i

(q; q)P� i

� �
m�

where W� � V (G) runs over all possibledistinct ordered subset compositions for the
partition � = (� 1; : : : ; � r ) ; W� and P� i as de�ned above.

Pro of. SinceYG(x; q; t) is a symmetric function of degreen, it can be expressedin
terms of monomial symmetric functions, m� , such that � ` n. Sincek : V(G) ! N ranges
over all possiblecolorings of G, we obtain the functions m� such that � = (� 1; : : : ; � r )
runs through all partitions of n, where � i � Vj ; j ranging throughout R(k) such that
jVj j = � i .

For � = (� 1; : : : ; � r ) ` n, there are
� n

� 1 ;:::;� r

�
possibledistinct generalcoloringswithin

the basic coloring k� ; sending� i -many vertices to the samecolor j 2 R(k) ; 1 � i � r ;
and wherethe verticesof � i are sent to a distinct color from thoseof � m ; 8i 6= m.

SinceW� = W� 1 ] : : : ] W� r partitions the verticesof V(G) into all possibledisjoint
subsetssuch that jW� i j = � i , and since W� � V(G) runs over all distinct ordered W�

(with respect to the composition of W� i ; 8i ), we obtain all distinct generalcoloringsk i
� of

G within k� . Sincethe \speci�c" coloringswithin each km
� have the samecoe�cien t (ref.

Example 2.2), we may considerthe coe�cien t of m� ; � ` n ; via the generalcoe�cien ts
for a coloring of type � ; k� ; with respect to the individual coe�cien ts for each km

� . Since
l(� ) = jR(k)j for the coloring k, one can seeby comparing the mi to the P� i that these
terms coincide. Thus, the coe�cen t of the monomial m� in YG(x; q; t) is equal to

�
n

� 1; : : : ; � r

� � 1� X

W � � V (G)

� rY

i =1

(t; q)P� i

(q; q)P� i

��
: �
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Example 2.4. For the graph G of Example 2.2, it is easily seenthat

YG(x; q; t) =
(t; q)4

(q; q)4
m(1;1;1;1) +

(t; q)4

(q; q)4
m(4)

+
�

3
4

(t; q)3(t; q)
(q; q)3(q; q)

+
1
4

(t; q)2(t; q)
(q; q)2(q; q)

�
m(3;1)

+
�

2
3

(t; q)2(t; q)( t; q)
(q; q)2(q; q)(q; q)

+
1
3

(t; q)3

(q; q)3

�
m(2;1;1)

+
�

2
3

(t; q)2(t; q)
(q; q)2(q; q)

+
1
3

(t; q)2(t; q)2

(q; q)2(q; q)2

�
m(2;2): �

3. Some Prop erties of Y G (x; q; t ).

In this section,we will exploresomeof the basicproperties and correlationsbetween
a �nite, simple graph G and the symmetric function YG(x; q; t).

Prop osition 3.1. Let G bea simplegraph. G hasorder d and sizes if the multiplicit y
of the term

(t; q)2(t; q)(d� 2)

(q; q)2(q; q)(d� 2)
m(2;1( d� 2) ) (6)

in YG(x; q; t) is 2s
d(d� 1) .

Pro of. Let G be a graph of order d and size s. The multiplicit y of the term (6)
in YG(x; q; t) corresponds to

� d
2;1( d� 2)

� � 1
multiplied by the number of pairs of vertices

f vi ; vj g 2 V(G) such that vi vj 2 E(G) (where P(2) = 2) multiplied by (d � 2)! :
For f vi ; vj g 2 V(G) such that vi vj 2 E(G), consider the number of possiblegen-

eral distinct coloringskm
(2;1( d� 2) ) : V(G) ! N of type (2; 1(d� 2)) such that km

(2;1( d� 2) )(vi ) =
km

(2;1( d� 2) )(vj ) and such that km
(2;1( d� 2) ) distinguishesall remainingverticesin V(G) from each

other and from vi and vj . Sinces(G) = s, there are s possiblesuch two element subsets
f vi ; vj g of V(G). For each of thesesubsets,sinceo(G) = d, there are (d � 2) remaining
vertices in V(G) n f vi ; vj g. Thus, there are (d � 2)! di�erent generaldistinct colorings
km

(2;1( d� 2) ) distinguishing amongV(G) nf vi ; vj g and f vi ; vj g. Hence,the multiplicit y of the
desiredterm is �

d
2; 1(d� 2)

� � 1

s (d � 2)! =
2s

d(d � 1)
: �

Remark 3.1. Converselyto Proposition 3.1, considerYG(x; q; t) in which the term

(t; q)2(t; q)r

(q; q)2(q; q)(r
m(2;1r )

appears.
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Note that the monomial symmetric function m(2;1r ) , for some r � 0, appears in
YG(x; q; t) if and only if o(G) = 2 + r since (2; 1r ) ` (2 + r ). Furthermore, by Propo-
sition 2.1, the coe�cien t of the monomial m(2;1r ) is equal to

�
2 + r
2; 1r

� � 1� X

W � � V (G)

� 2+ rY

i =1

(t; q)P� i

(q; q)P� i

� �
:

For
X

W � � V (G)

� 2+ rY

i =1

(t; q)P� i

(q; q)P� i

�
;

we have P� 1 = 2 and P� 2 = : : : = P� r = 1. Hence, by de�nition of P� i , and since
jW� i j = 2, it follows that the multiplicit y of (6) is:

�
2 + r
2; 1r

� � 1

� jE(G)j � r !

=
2

(2 + r )!
� jE(G)j � r !

=
2jE(G)j

(2 + r )(1 + r )
:

Therefore,given the multiplicit y of (6), we may recover jE(G)j.

Prop osition 3.2. Let G and H be graphswith degreesequencesdeg(G) and deg(H ),
respectively. Then o(G) = o(H ) = d ; s(G) = s(H ) � d, and deg(G) = deg(H ) if and
only if the multiplicit y of the term

(t; q)2(t; q)(d� 2)

(q; q)2(q; q)(d� 2)
m(2;1( d� 2) )

is � 2
(d� 1) and is equalin both YG(x; q; t) and YH (x; q; t) and if the coe�cien ts of m(( d� 1);1)

in YG(x; q; t) and YH (x; q; t) are equal.

Pro of. () ) Suppose that o(G) = o(H ) = d ; s(G) = s(H ) � d, and deg(G) =
deg(H ). Let deg(G) = (� 1; : : : ; � n ) = deg(H ) ; � 1 � : : : � � n ; n � d; and

P n
i=1 � i =

2s(G). By Proposition 3.1, we know that the multiplicit y of the term (6) is equal in both
YG and YH and is � 2

(d� 1) . By the de�nitions of YG(x; q; t) and YH (x; q; t), the coe�cien ts
of m(( d� 1);1) are given by

�
d

(d � 1); 1

� � 1� X

W � � V (G)

� 2Y

i =1

(t; q)P� i

(q; q)P� i

��

=
1
d

� X

W(( d� 1) ;1) � V (G)

(t; q)P( d� 1)
(t; q)P(1)

(q; q)P( d� 1)
(q; q)P(1)

�
:
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Note that there are d-many distinct subsetsW(( d� 1);1) = W(d� 1) ] W(1) of V(G) (resp.,
V (H )). Moreover, note that each � i 2 deg(G) (resp.,deg(H )) directly correspondsto one
vertex vj 2 V(G), where� i indicatesthe degreeof the vertex vj ; d(vj ) = � i . Thus,sending
the vertex vj to W(1) amounts to removing all edgesfrom E(G) (resp., E(H )) which are
incident with the vertex vj in the computation of jW �

(d� 1) \ E(G)j + 1 = P(d� 1) ; W(d� 1) =
V(G) n f vj g. This implies that jW �

(d� 1) \ E(G)j = jE(G)j � � i (resp. for H ). Repeating
this for each � i 2 deg(G) = deg(H ) and the corresponding two vertices (one for deg(G)
and possibly a di�erent one for deg(H )) gives the coe�cien ts of m(( d� 1);1) in YG(x; q; t)
and YH (x; q; t) to be equal.

(( ) From Proposition 3.1, the multiplicit y of the term (6) being equaland � 2
(d� 1) in

YG and YH tells us that o(G) = o(H ) = d and that s(G) = s(H ) � d.
Supposethat the coe�cien ts of the term m(( d� 1);1) in both YG(x; q; t) and YH (x; q; t)

are equal. We must show that deg(G) = deg(H ). For 1 � l � (d � 1), consider the
multiplicit y K l of the term

(t; q) l (t; q)
(q; q) l (q; q)

m(( d� 1);1)

in YG(x; q; t) and YH (x; q; t).
Supposethat l = (d� 1). Then there existsK (d� 1) verticesin V(G) such that jW �

(d� 1) \
E(G)j = (d � 1) or (d � 2), and similarly for V(H ). We needto show that the number
of vertices in V(H ) such that jW �

(d� 1) \ E(G)j = (d � 1) (resp. (d � 2)) is equal to the
number of vertices in V(H ) such that jW �

(d� 1) \ E(H )j = (d � 1) (resp. (d � 2)).
Note that the multiplicit y of

(t; q)(d� 1)(t; q)
(q; q)(d� 1)(q; q)

m(( d� 1);1) (7)

correspondsto the number of verticesin V(G) and V(H ) such that d(vi ) = 1 or d(vi ) = 0.
Considerthe verticesvi 2 V(G) and vj 2 V(H ), for which W(1) = f vi g and W(1) = f vj g in
W(( d� 1);1) , such that P(d� 1) � (d � 2). For each W(( d� 1);1) � V(G) and W(( d� 1);1) � V (H )
such that P(d� 1) is equal for both V(G) and V(H ) and P(d� 1) � (d � 2), we have that
jW �

(d� 1) \ E(G)j = (P(d� 1) � 1) = jW �
(d� 1) \ E(H )j, by de�nition of P(d� 1) . Since the

multiplicit y of the coe�cien t of

(t; q)P( d� 1)
(t; q)

(q; q)P( d� 1)
(q; q)

m(( d� 1);1)

in YG and YH is equal, the number of vertices vi 2 V(G) and vj 2 V(H ) such that
d(vi ) = d(vj ) = s � P(d� 1) must be equal. (Note: P(d� 1) + 1 = s � d(vi ) + 1.) Thus,
since o(G) = o(H ) ; s(G) = s(H ), and

P
deg(G) =

P
deg(H ), the number of vertices

with degree0 in G equalsthe number of verticeswith degree0 in H and, similarly, the
number of verticeswith degree1 in G equalsthe number of verticeswith degree1 in H .
Therefore,deg(G) = deg(H ): �
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Prop osition 3.3. Let G be a simple graph of order d. Any induced subgraph of
G ; GI ; of order (d � 1) is connectedif and only if the multiplicit y of the term

(t; q)(d� 1)(t; q)
(q; q)(d� 1)(q; q)

m(( d� 1);1)

in YG(x; q; t) is one.

Pro of. () ) Supposethat any induced subgraphof G ; GI ; of order (d � 1) is con-
nected. Then, jE(GI )j � (d� 2). Hence,for all possiblesubsetsW(d� 1) � V(G) ; W(d� 1) �
W(( d� 1);1) , it follows that P(d� 1) = (d � 1). Hence,the multiplicit y term (7) in YG(x; q; t)
is one.

(( ) Suppose that the multiplicit y of term (7) in YG(x; q; t) is one. Then, for all
possible(d � 1)-element subsetsW(d� 1) � V(G) ; jW �

(d� 1) \ E(G)j � (d � 2). Therefore,
every induced subgraphGI of order (d � 1) must be connected. �

Remark 3.2. By Proposition 3.3, for a graph G of order d, if the multiplicit y of (7)
is one in YG(x; q; t), then G is not a tree.

Prop osition 3.4. Let G be a simple graph. G has order d and is a cycle of sized if
and only if the multiplicit y of the term

(t; q)(d� 1)(t; q)
(q; q)(d� 1)(q; q)

m(( d� 1);1)

in YG(x; q; t) is oneand the multiplicit y of the term

(t; q)2(t; q)(d� 2)

(q; q)2(q; q)(d� 2)
m(2;1( d� 2) )

is 2
(d� 1) .

Pro of. () ) If o(G) = s(G) = d, we know from Proposition 3.1 that the multiplicit y
of the term (6) is 2

(d� 1) . Consider the multiplicit y of the term (7). SinceG is a cycle
of length d and o(G) = s(G) = d, we know that d(vi ) = 2 for all vi 2 V(G). Thus,
the number of subsetsW� � V(G) ; W� = W(d� 1) ] W(1) , such that P(d� 1) = (d � 1) and
P(1) = 1 is exactly d many, sinceany choice of (d � 1) vertices is connectedby (d � 2)
edges.This implies that the multiplicit y of the desiredterm is

d
�

d
(d � 1); 1

� � 1

= 1:

(( ) From Proposition 3.1 and Remark 3.1, if the multiplicit y of the term (6) is 2
(d� 1)

for somed, we know that G hasorder and sized. By Proposition 3.3, the multiplicit y of
term (7) being one implies that any (d � 1) element subsetof V(G) is connected.Since
o(G) = s(G) = d, the only connectedgraph �tting this description is a cycle of length
d: �

the electr onic journal of combina torics 14 (2007), #R22 10



4. Y G (x; q; t ) and Macdonald Polynomials.

Denote the ring of symmetric functions over the �eld F as � F and let � n
F denote its

nth gradedspace.The space� n
F consistsof all symmetric functions of total degreen 2 Z,

indexed by the partitions � = (� 1; : : : ; � r ) for which
P

i � i = n: Five important bases
of � n

F are: the monomial symmetric functions m� , the elementary symmetric functions
e� = e� 1 � � � e� r , the completesymmetric functions h� , the Schur functions s� , and the
power sum symmetric functions p� = p� 1 � � � p� r . Of these�v e bases,all exceptthe power
sum symmetric functions are Z-bases;the power sum symmetric functions are a Q-basis.

Let H = Q (q; t) be the �eld of rational functions in q and t. In 1988,Macdonald
introduceda new classof two-parametersymmetric functions P� (q; t), over the ring � H ,
which generalizeseveral classesof symmetric functions. In particular, taking q = t we
obtain the Schur functions, setting t = 1 we have the monomial symmetric functions, and
letting q = 0 givesthe Hall-Littlew ood functions.

We know from [4] that the (P� ) are a basisof � n
H . Further, with respect to the scalar

product:

< p� ; p� > = � �;�

Y

i

im i mi !
l (� )Y

j =1

1 � q� j

1 � t � j

we have that
< P� ; P� > = 0 if � 6= �;

where mi denotesthe multiplicit y of i in � and l(� ) denotesthe length of � . We also
know that for each � , there exists a unique P� (q; t) such that:

P� = m� +
X

�<�

c�� m� where c�� 2 Q (q; t):

De�ne:
Q� =

P�

< P� ; P� >
:

Then, the bases(P� ) and (Q� ) of � n
H are dual to each other, < Q� ; P� > = � �;� , and from

[4], for 
 = (n):

Q(n) =
X

j � j= n

Y

i

1
im i mi !

l (� )Y

j =1

1 � t � j

1 � q� j
p�

wherewe set Q0 = 1 and Q� m = 0 for m 2 Z+ .
There turns out to be an interesting connectionbetweenour two parameterchromatic

symmetric function YG(x; q; t) and the Macdonald polynomials Q� . We motivate this
connectionvia the following de�nitions and proposition.

The completegraph of order n, denotedK n , is the graph G which hassize
� n

2

�
; every

two vertices in V(G) are adjacent. We know from [4] that for n 2 Z+ , the Macdonald
polynomial

Q(n) =
X

� ` n

(t; q)�

(q; q) �
m�
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wherewe de�ne
(t; q)�

(q; q) �
=

rY

i =1

(t; q)� i

(q; q) � i

for � = (� 1; : : : ; � r ) ` n.
The following proposition is immediate.

Prop osition 4.1. Let G be the completegraph of order n ; G = K n ; for n 2 Z+ .
Then

YG(x; q; t) = Q(n)(x; q; t):

From [3], we have the following combinatoral formula for a two-row Macdonaldpoly-
nomial Q� ; � = (� 1; � 2):

Q(� 1 ;� 2 ) =
� 2X

i =0

a� 1 � � 2
i Q(� 1 + i ) Q(� 2 � i ) (8)

where

a� 1 � � 2
i =

�
(t � 1; q) i (q� 1 � � 2 ; q) i (1 � q� 1 � � 2+2 i )
(q; q) i (q� 1 � � 2+1 t; q) i (1 � q� 1 � � 2 )

�
t i

and a� 1 � � 2
0 = 1.

Using the symmetric function YG(x; q; t), we give a graphical analogueof this two-row
formula for any partition � = (� 1; � 2).

Let G be the complete graph of order (� 1 + � 2) ; G = K (� 1+ � 2 ) . Then, V(G) =
f v1; : : : ; v� 1+ � 2 g. Denote Wi to be the subsetof V(G) containing vertices f vj g for 1 �
j � i :

Wi = f v1; : : : ; vi g: (9)

Denote W c
i to be the subsetof V(G) containing the vertices f vmg such that (i + 1) �

m � (� 1 + � 2),
W c

i = f v(i +1) ; : : : ; v(� 1+ � 2 )g; (10)

and set W0 = ; .
Let G[V n Wi ] denotethe subgraphof G = K (� 1+ � 2 ) obtained by deleting the vertices

in Wi � V(G) and all edgesin E(G) which are incident with them.

Theorem 4.1. Let G = K (� 1+ � 2 ) . For the partition � = (� 1; � 2),

Q� = Q(� 1 ;� 2 ) =
� 2X

i =0

a� 1 � � 2
(� 2 � i ) YG[V nW i ](x; q; t) YG[V nW c

i ](x; q; t)

where
YG[V nW c

i ](x; q; t) = 1 if V n W c
i = ;

and wherea� 1 � � 2
(� 2 � i ) is de�ned above.
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Pro of. Note that the completegraphG = K (� 1 + � 2) contains all of the completegraphs
K l for 0 < l < (� 1 + � 2). SinceG[V n Wi ] is the completegraph on (� 1 + � 2 � i )-many
vertices, G[V n Wi ] = K (� 1+ � 2 � i ) , it follows that YG[V nW i ](x; q; t) = Q(� 1+ � 2 � i ) . Similarly,
G[V n W c

i ] = K i which in turn implies that YG[V nW c
i ](x; q; t) = Q(i ) . Expressing(8) as

Q(� 1 + � 2) =
� 2X

i =0

a� 1 � � 2
(� 2 � i ) Q(� 1 + � 2 � i ) Q(i )

the result follows. �

Example 4.1. Considerthe expressionof the two-row Macdonaldpolynomial Q(3;2) .
By Theorem4.1, we have

Q(3;2) =
2X

i =0

a(2� i ) YG[V nW i ](x; q; t) YG[V nW c
i ](x; q; t)

whereG = K 5. Thus,

Q(3;2) = a(2) YG[V nW0 ](x; q; t) YG[V nW c
0 ](x; q; t)

+ a(1) YG[V nW1 ](x; q; t) YG[V nW c
1 ](x; q; t)

+ a(0) YG[V nW2 ](x; q; t) YG[V nW c
2 ](x; q; t):

#
#

#
##

r r

r r

v1 v2

v3 v4

c
c

c
cc         

` ` ` ` ` ` ` `̀
a a a aa

! ! ! !! rv5

G[V nW0 ]

#
#

#
##

r

r r

v2

v3 v4
         

a a a aa

! ! ! !! rv5

G[V nW1 ]

rv1

G[V nW c
1 ]

r r
v3 v4
         

! ! ! !! rv5

G[V nW2 ]

r rv1 v2

G[V nW c
2 ]

Computing the respective YG[V nW i ](x; q; t) and YG[V nW c
i ](x; q; t) for 0 � i � 2 yields:

Q(3;2) =
�

(t � 1; q)2

(q2t; q)2

(1 � q5)
(1 � q)

t2

�
Q(5) +

�
(t � 1; q)
(q2t; q)

(1 � q3)
(1 � q)

t
�

Q(4) Q(1) + Q(3) Q(2) : �

For the parameter � , the Jack symmetric functions, J � , are de�ned by:

J� = Q� (� ) = lim
t ! 1

Q� (t � ; t)
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wherewe set q = t � in Q� (x; q; t).
In [3], we have a formula for the Jack functions J � ; � = (� 1; � 2):

J(� 1 ;� 2) = Q(� 1 ;� 2)(� ) =
� 2X

i =0

a� 1 � � 2
i (� ) Q(� 1+ i )(� ) Q(� 2 � i )(� )

where

a� 1 � � 2
i = (� 1)i

�
(1 � � ) � � � (1 � (i � 1)� )

i !

�

�
�

(� 1 � � 2 + 1) � � � (� 1 � � 2 + i � 1)(� 1 � � 2 + 2i)
(1 + (� 1 � � 2 + 1)� ) � � � (1 + (� 1 � � 2 + i)� )

�
:

Set q = t � in the two-parametersymmetric function YG(x; q; t). De�ne

YG(� ) = lim
t ! 1

YG(x; t � ; t):

Similar to Theorem4.1, we obtain a graphical analoguefor the expansionof the two-
row Jack symmetric functions J(� 1 ;� 2) using YG(� ).

Corollary 4.1. Let G = K (� 1+ � 2 ) . For the partition � = (� 1; � 2),

J(� 1 ;� 2) = Q(� 1 ;� 2)(� ) =
� 2X

i =0

a� 1 � � 2
(� 2 � i )(� ) YG[V nW i ](� ) YG[V nW c

i ](� )

where
YG[V nW c

i ](� ) = 1 if V n W c
i = ; ;

a� 1 � � 2
(� 2 � i ) de�ned above, and a� 1 � � 2

0 (� ) = 1.

5. The Symmetric Function Y c
G (x; q; t ):

We now introduce the \complement," Y c
G(x; q; t), of the two-parameter symmetric

function YG(x; q; t).

De�ne

mc
i =

(
(
� Vi

2

�
� mi (k) + 1) if (

� Vi
2

�
� mi (k) + 1) � Vi

Vi otherwise.
(11)

De�nition 5.1.

Y c
G(x; q; t) =

X

k

�
n

V1; V2; : : :

� � 1� Y

i 2 R(k)

(t; q)mc
i

(q; q)mc
i

�
xk

wherek rangesover all coloringsof G.
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Now, de�ne

P c
� i

=

(
(jW �

� i
j � jW �

� i
\ E(G)j + 1) if (jW �

� i
j � jW �

� i
\ E(G)j + 1) � jW� i j

jW� i j otherwise:
(12)

Note that jW �
� i

j =
� jW � i j

2

�
.

Prop osition 5.1. For the simple graph G of order n,

Y c
G(x; q; t) =

X

� ` n

�
n

� 1; : : : ; � r

� � 1� X

W � � V (G)

� rY

i =1

(t; q)P c
� i

(q; q)P c
� i

� �
m�

where W� � V (G) runs over all possibledistinct ordered subset compositions for the
partition � = (� 1; : : : ; � r ) ; W� and P c

� i
de�ned above.

Pro of. Similar to the proof of Proposition 2.1, comparing the mc
i to the P c

� i
for the

basic coloring k� of type � = (� 1; : : : ; � r ), and noting that jW �
� i

j =
� jW � i j

2

�
, we seethat

the coe�cien t of m� in Y c
G(x; q; t) is equal to

�
n

� 1; : : : ; � r

� � 1� X

W � � V (G)

� rY

i =1

(t; q)P c
� i

(q; q)P c
� i

��
: � (13)

Let G be a simple, �nite graph of order n. Then, the complement of the graph G,
denotedGc, is the graph of order n such that vi vj 2 E(Gc) if and only if vi vj =2 E(G).
Thus, if G hassized, it follows that Gc hassize(

� n
2

�
� d).

Theorem 5.1. Y c
G(x; q; t) = YGc (x; q; t).

Pro of. Let G be a simple graph of order n with complement Gc. We want to show
that for � ` n, the coe�cien t of the monomial symmetric function m� in Y c

G(x; q; t) and
YGc (x; q; t) are equal.

For � ` n, the coe�cien t of m� in Y c
G(x; q; t) is given by (13) and the coe�cien t of m�

is YGc (x; q; t) is given by
�

n
� 1; : : : ; � r

� � 1� X

W � � V (Gc )

� rY

i =1

(t; q)P� i

(q; q)P� i

��
(14)

where

P� i =

(
(jW �

� i
\ E(Gc)j + 1) if (jW �

� i
\ E(Gc)j + 1) � jW� i j

jW� i j otherwise:
(15)

Sinceo(G) = o(Gc) ) V(G) = V(Gc), we have that W� � V(G) � W� � V (Gc). Thus,
for 1 � i � r ; jW� i j is equal for both G and Gc and similarly, jW �

� i
j is equal for both G

and Gc. By de�nition of Gc,

jW �
� i

\ E(Gc)j = (
�

jW� i j
2

�
� jW �

� i
\ E(G)j) = (jW �

� i
j � jW �

� i
\ E(G)j ):
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This implies that, with respect to Gc and G ; P� i = P c
� i

. Therefore, the coe�en ts (13)
and (14) of m� in Y c

G(x; q; t) and YGc (x; q; t) are equal. �

Using Y c
G(x; q; t), we obtain the following analoguesto Propositions 3.1 { 3.4 for Gc.

Prop osition 5.1. Let G be a simple graph. Gc has order n and sizep if and only if
the multiplicit y of the term

(t; q)2(t; q)(n� 2)

(q; q)2(q; q)(n� 2)
m(2;1( n � 2) ) (16)

is 2p
n(n� 1) in Y c

G(x; q; t).

Prop osition 5.2. Let G and H be graphswith degreesequencesdeg(G) and deg(H ),
respectively. Then o(Gc) = o(H c) = n ; s(Gc) = s(H c) � n, and deg(Gc) = deg(H c) if
and only if the multiplicit y of the term

(t; q)2(t; q)(n� 2)

(q; q)2(q; q)(n� 2)
m(2;1( n � 2) )

is � 2
(n� 1) and is equalin both Y c

G(x; q; t) and Y c
H (x; q; t) and if the coe�cien ts of m(( n� 1);1)

in Y c
G(x; q; t) and Y c

H (x; q; t) are equal.

Prop osition 5.3. Let G be a simple graph of order n. Any induced subgraph,Gc
I ;

of order (n � 1) of Gc is connectedif and only if the multiplicit y of the term

(t; q)(n� 1)(t; q)
(q; q)(n� 1)(q; q)

m(( n� 1);1)

in Y c
G(x; q; t) is one.

Prop osition 5.4. Let G be a simple graph. Gc hasorder n and is a cycleof sizen if
and only if the multiplicit y of the term

(t; q)(n� 1)(t; q)
(q; q)(n� 1)(q; q)

m(( n� 1);1)

in Y c
G(x; q; t) is oneand the multiplicit y of the term

(t; q)2(t; q)(n� 2)

(q; q)2(q; q)(n� 2)
m(2;1( n � 2) )

is 2
(n� 1) .
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