
Intersectingfamiliesin the alternatinggroupand
directproduct of symmetricgroups

ChengYeaw Ku
Department of Mathematics, California Institute of Technology

Pasadena,CA 91125,USA
cyk@caltech.edu.

Tony W. H. Wong
Department of Mathematics,

The ChineseUniversity of Hong Kong, Hong Kong
tonywhwong@yahoo.com.hk.

Submitted: Oct 27, 2006;Accepted: Mar 6, 2007;Published: Mar 15, 2007
Mathematics Subject Classi�cation: 05D99

Abstract

Let Sn denote the symmetric group on [n] = f 1; : : : ; ng. A family I � Sn is
intersecting if any two elements of I have at least one common entry. It is known
that the only intersecting families of maximal size in Sn are the cosetsof point
stabilizers. We show that, under mild restrictions, analogousresults hold for the
alternating group and the direct product of symmetric groups.

1 In tro duction

Let Sn (or Sym([n])) denote the symmetric group on the symbol-set [n] = f 1; : : : ; ng.
Throughout, the product (or composition) of two permutations g; h 2 Sn , denotedby gh,
will always mean`do h �rst followed by g'. We say that a family I � Sn of permutations
is intersecting if f x : g(x) = h(x)g 6= ; for every g; h 2 I , i.e. the Hamming distance
dH (g; h) = jf x : g(x) 6= h(x)gj � n � 1 for every g; h 2 I . In a setting of coding theory,
Dezaand Frankl [5] studied extremal problemsfor permutations with given maximal or
minimal Hamming distance. Among other results, they proved that if I is an intersecting
family in Sn then jI j � (n � 1)!. Recently, Cameron and Ku [4] showed that equality
holds if and only if I = f g 2 Sn : g(x) = yg for somex; y 2 [n], i.e. I is a cosetof a
point stabilizer. This can also be deducedfrom a more general theorem of Laroseand
Malvenuto [8] about Kneser-type graphs.
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Theorem 1.1 ([5 ], [4], [8]) Let n � 2 and I be an intersecting family in Sn . Then
jI j � (n � 1)!. Moreover, equality holds if and only if I = f g 2 Sn : g(x) = yg for some
x; y 2 [n].

Herewe extendthe study of intersectingfamiliesof Sn to that of the alternating group
An and the direct product of symmetricgroupsSn1 � � � �� Snq . Wesay that a family I � An

(or respectively I � Sn1 � � � � � Snq ) is intersecting if f x : g(x) = h(x)g 6= ; for any g; h 2 I
(or respectively if, for every (g1; : : : ; gq); (h1; : : : ; hq) 2 I , we have f x : gi (x) = hi (x)g 6= ;
for somei). Our main results characterizeintersecting families of maximal size in these
groups.

Theorem 1.2 Let n � 2 and I be an intersecting family in An . Then jI j � (n � 1)!=2.
Moreover, if n 6= 4, then equality holds if and only if I = f g 2 An : g(x) = yg for some
x; y 2 [n].

The following exampleshows that the condition n 6= 4 in Theorem1.2 is necessaryfor
the caseof equality: f (1; 2; 3; 4), (1; 3; 4; 2), (2; 3; 1; 4)g (we usethe notation (a1; : : : ; an )
to denotethe permutation that mapsi to ai ).

Theorem 1.3 Let 2 � m � n and I be an intersecting family in Sym(
 1) � Sym(
 2),

 1 = [m], 
 2 = [n]. Then jI j � (m� 1)!n!. Moreover, for m < n suchthat (m; n) 6= (2; 3),
equality holds if and only if I = f (g; h) : g(x) = yg for somex; y 2 
 1, while for m = n
such that (m; n) 6= (3; 3), equality holds if and only if I = f (g; h) : g(x) = yg for some
x; y 2 
 1 or I = f (g; h) : h(x) = yg for somex; y 2 
 2.

The following examplesshow that the conditions (m; n) 6= (2; 3); (3; 3) in Theorem1.3
are necessaryfor the caseof equality:
� J23 = f ((1; 2), (2; 3; 1)), ((1; 2), (1; 2; 3)), ((1; 2), (3; 1; 2)), ((2; 1), (2; 1; 3)), ((2; 1),
(3; 2; 1)), ((2; 1), (1; 3; 2))g.
� J33 = f ((1; 3; 2), (1; 2; 3)), ((2; 1; 3), (1; 2; 3)), ((2; 1; 3), (1; 3; 2)), ((2; 1; 3), (2; 1; 3)),
((2; 1; 3), (3; 2; 1)), ((2; 3; 1), (1; 2; 3)), ((2; 3; 1), (2; 3; 1)), ((2; 3; 1), (3; 1; 2)), ((3; 1; 2),
(1; 3; 2)), ((3; 1; 2), (2; 1; 3)), ((3; 1; 2), (3; 2; 1)), ((3; 2; 1), (1; 2; 3))g.
For the direct product of �nitely many symmetric groups,we prove

Theorem 1.4 Let 2 � n1 = � � � = np < np+1 � � � � � nq, 1 � p � q. Let G =
Sn1 � � � � � Snq be the direct product of symmetric groupsSn i acting on 
 i = f 1; : : : ; ni g.
SupposeI is an intersecting family in G. Then

jI j � (n1 � 1)!
qY

i =2

ni !:

Moreover, except for the following cases:
� n1 = � � � = np = 2 < np+1 = 3 � np+2 � � � � � nq for some1 � p < q,
� n1 = n2 = 3 � n3 � � � � � nq,
� n1 = n2 = n3 = 2 � n4 � � � � � nq,
equality holds if and only if I = f (g1; : : : ; gq) : gi (x) = yg for some i 2 f 1; : : : ; pg,
x; y 2 
 i .
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The following examplesshow that the conditionsfor the caseof equality arenecessary:
� Sn1 � � � � � Snp� 1 � J23 � Snp+2 � � � � � Snq wheren1 = � � � = np� 1 = 2,
� J33 � Sn3 � � � � � Snq ,
� J222 � Sn4 � � � � � Snq ,
whereJ23 � S2 � S3 and J33 � S3 � S3 are de�ned above and J222 � S2 � S2 � S2 is given
by

f ((1; 2); (1; 2); (1; 2)); ((1; 2); (2; 1); (2; 1)); ((1; 2); (1; 2); (2; 1)); ((2; 1); (1; 2); (2; 1))g:

In Section 2, we deduceTheorem 1.2 from a more general result by following an
approach similar to [8], exceptthat we utilize GAPsharepackageGRAPEto establishthe
basecasesneededfor induction.

In Section3,we prove a special caseof Theorem 1.4, namely when n i = n � 4 for
all 1 � i � q. This is also a special caseof a more general problem of determining
independent setsof maximal size in tensor product of regular graphs, see[3] and [9] for
recent interests in this area. For similar problems in extremal set theory, we refer the
readerto [1] and [6].

In Section4, we �rst prove Theorem1.3, followed by a proof of Theorem1.4.
We shall require the following tools from the theory of graph homomorphisms.Recall

that a clique in a graph is a set of pairwise adjacent vertices, while an independent set
is a set of pairwise non-adjacent vertices. For a graph �, let � (�) denotethe sizeof the
largest independent set in �. For any two graphs� 1 and � 2, a map � from the vertex-set
of � 1, denoted by V(� 1), to the vertex-set V(� 2) is a homomorphismif � (u)� (v) is an
edgeof � 2 whenever uv is an edgeof � 1, i.e. � is an edge-preservingmap.

Prop osition 1.5 (Corollary 4 in [4]) Let C be a clique and A be an independent set
in a vertex-transitive graph on n vertices. Then jCj � jAj � n. Equality implies that
jC \ Aj = 1.

The following fundamental result of Albertson and Collins [2], alsoknown as the `No-
HomomorphismLemma', will be useful.

Prop osition 1.6 Let � 1 and � 2 be graphs such that � 2 is vertex transitive and there
existsa homomorphism� : V(� 1) ! V(� 2). Then

� (� 1)
jV(� 1)j

�
� (� 2)

jV(� 2)j
: (1)

Furthermore, if equality holdsin (1), then for any independentset I of cardinality � (� 2)
in � 2, � � 1(I ) is an independentset of cardinality � (� 1) in � 1.

2 In tersecting families in the alternating group

Throughout, An denotesthe group of all even permutations of [n]. Let �( An ) be the
graph whosevertex-set is An such that two verticesg, h are adjacent if and only if they
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do not intersect, i.e. g(x) 6= h(x) for all x 2 [n]. Clearly, left multiplication by elements
of An is a graph automorphism; so �( An ) is vertex-transitive. By Proposition 1.5, the
bound in Theorem 1.2 is attained provided there exists a clique of sizen in �( An ), i.e.
a Latin squarewhoserows are even permutations. Indeed, such a Latin squarecan be
constructedas follows: considerthe cyclic permutations (1; 2; : : : ; n); (n; 1; 2; : : : ; n � 1);
: : : ; (2; 3; : : : ; n; 1). If n is odd then thesepermutations form the rows a Latin squareas
desired. If n is even then exactly half of thesepermutations are odd. Now, interchange
the entries containing the symbols n � 2 and n in theseodd permutations. Togetherwith
the remaining even ones,they form a desiredLatin square.

It remainsto prove the caseof equality of Theorem1.2. It is feasible,by usingGAP[7],
to establish Theorem 1.2 for n = 2; 3; 5; 6; 7. For n � 8, we shall deduceTheorem 1.2
from the moregeneralTheorem2.1. The inductive argument in our proof is similar to [8]
which we reproduceherefor the convenienceof the reader,exceptthat we verify our base
cases(seeLemma 2.4 and Lemma 2.5) with the help of a computer instead of proving
them directly by hand, as in Lemma 4.5 of [8].

De�ne An (b1; : : : ; br ) = f g 2 An : 9u 2 f 0; 1; : : : ; n � 1g such that g(i + u) = bi 8i =
1; : : : ; r g wherei + u is in modulo n. For example,A5(1; 2; 3) consistsof all even permu-
tations of the form (1; 2; 3; � ; � ); (� ; 1; 2; 3; � ); (� ; � ; 1; 2; 3); (3; � ; � ; 1; 2); (2; 3; � ; � ; 1).

Theorem 2.1 For n � 8, let I be an intersecting family of maximal sizein An (b1; : : : ; br )
where 1 � r � n � 5. Then I = I q

p \ An (b1; : : : ; br ) for somep;q 2 f 1; : : : ; ng where
I q

p = f g 2 An : g(p) = qg.

Lemma 2.2 Let �( An )(b1; : : : ; br ) denotethe subgraphof �( An ) induced byAn (b1; : : : ; br ).
Then, for 1 � r � n � 3,

(i ) �( An )(b1; : : : ; br ) contains a clique of sizen;

(ii ) the graphs�( An )(b1; : : : ; br ) and �( An )(1; : : : ; r ) are isomorphic, under an isomor-
phism which preservesthe independentsetsof the form I q

p \ �( An )(b1; : : : ; br ).

(iii ) �( An )(b1; : : : ; br ) is vertex-transitive.

Pro of. (i) Let f b1; : : : ; bng = [n]. The construction is similar to that given above for the
graph �( An). Indeed,choosean even permutation w such that w(i ) = bi for all 1 � i � n
(the existenceof such a permutation is guaranteed by the condition n � r � 3) and let
W = f w; wc;wc2; : : : ; wcn� 1g where c = (n; 1; 2; : : : ; n � 1). If n is odd then W is the
desiredclique; otherwisewci is odd if and only if i is odd. For theseodd permutations,
interchangethe entries containing bn� 2 and bn so that they becomeeven. Togetherwith
the even permutations in W, they are now as required.

(ii) Let h 2 An such that h(bi ) = i for all 1 � i � r . Then the map g 7! hg is the
required isomorphism.

(iii) Let g; h 2 �( An )(1; : : : ; r ). Supposeg(i ) = h(j ) = 1 for somei; j 2 f 1; : : : ; ng.
Expressg and h as g0(n; 1; 2; : : : ; n � 1)i � 1 and h0(n; 1; 2; : : : ; n � 1)j � 1 respectively such
that g0 and h0 are permutations �xing 1; : : : ; r . Then the map � : �( An (1; : : : ; r )) !
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�( An (1; : : : ; r )) given by w 7! h0g0� 1w(n; 1; 2; : : : ; n � 1)j � i is a graph automorphism
sendingg to h. �

Lemma 2.3 Let r � n � 4. If I is an independent set of �( An )(b1; : : : ; br ) of maximal
size then I \ �( An )(b1, : : :, br , br +1 ) is an independent set of �( An )(b1; : : : ; br ; br +1 ) of
maximal size.

Pro of. Applying Lemma 2.2 to � 1 = �( An )(b1; : : : ; br +1 ) and � 2 = �( An )(b1; : : : ; br ), we
have the inclusions

K n ,! � 1 ,! � 2 ,! �( An )

so that
1
n

�
� (� 1)

jV(� 1)j
�

� (� 2)
jV(� 2)j

�
� (�( An ))

jV(�( An )) j
=

1
n

:

The result follows from Proposition 1.6. �

Lemma 2.4 Let n � 8 and r = n � 5. Decompose An (1; : : : ; r ) into Bn (u) = f g 2
An (1; : : : ; r ) : g(1 + u) = 1g, u = 0; 1; : : : ; n � 1.
Suppose I � Cn = Bn (0) [

� S 4
u=1 Bn (u) [ Bn (n � u)

�
is an intersecting family. Then

jI j � 60 with equality if and only if I consists of g such that g(p) = q for somep;q 2
f 1; : : : ; ng.

Pro of. It is readily checked (by using GAP) that the result holds for 8 � n � 14. So
let n � 15 and proceedby induction on n. Supposen is odd. Let � 1 denote the graph
whosevertex-setV1 is Cn� 2 such that two verticesare adjacent if and only if they do not
intersect. Similarly, � 2 denotessuch a graph on V2 = Cn . De�ne a map � : Cn� 2 ! Cn

such that if g 2 Bn� 2(u) then

� (g)( i ) =

8
>><

>>:

g(i ) + 2 if 1 � i � u;
1 if i = u + 1;
2 if i = u + 2;
g(i � 2) + 2 if u + 3 � i � n:

Since� is a graph isomorphism(for n � 15) which alsopreservesindependent setsof the
form I q

p \ Cn� 2, the result holds by induction for odd n � 15. The casefor even n is
similar. �

Lemma 2.5 Let n � 8 and r = n � 5. Suppose I � An (b1; : : : ; br ) is an intersecting
family. Then jI j � 60 with equality if and only if I consists of g such that g(p) = q for
somep;q 2 f 1; : : : ; ng.

Pro of. By (ii ) of Lemma2.2, we assume,without lossof generality, that An (b1; : : : ; br ) =
An (1; : : : ; r ) and the identit y (1; 2; : : : ; n) 2 I . Sinceevery other element of I must inter-
sect the identit y element, we deducethat I � Cn = Bn (0) [

� S 4
u=1 Bn (u) [ Bn (n � u)

�
.

The result now follows from Lemma 2.4. �
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Pro of of Theorem 2.1. We shall imitate the proof of Theorem4.2 in [8] by Laroseand
Malvenuto. For the argument to work for even permutations, we requirea slightly greater
degreeof freedom,i.e k = n � r � 5, which is assumedby the theorem. As before,we may
assumethat �( An )(b1; : : : ; br ) = �( An )(1; : : : ; r ). Recall that I q

p = f g 2 An : g(p) = qg.
For r = n � 5, this is Lemma 2.5. Assuming1 � r � n � 6, we proceedby induction

on k = n � r .
Case I. There exists � 62f 1; : : : ; r g with the property that I \ �( An )(1; : : : ; r; � ) =
I q

p \ �( An )(1; : : : ; r; � ) for someq 62f 1; : : : ; r; � g.
Let g 2 I . Then there exists someu such that g(i + u) = i for all 1 � i � r . It is

enoughto show that g(p) = q. Now, construct another permutation h 2 I in the following
order:

(i) set h(p) = q,

(ii) sincen � r � 6, there are at least 5 choicesof v such that p 62f 1+ v; 2+ v : : : ; (r +
1) + vg. Pick one of such v so that v 6= u and g((r + 1) + v) 6= � . Next, de�ne
h(i + v) = i for all 1 � i � r and h((r + 1) + v) = � .

(iii) there are at least 4 entries of h which have not yet been de�ned. Choose the
remaining entries of h so that it is even and has no intersectionswith g in these
entries.

Sinceboth g; h 2 I , we deducethat g(p) = h(p) = q.
By the inductive hypothesisand Lemma 2.3, it remainsto consider:

Case I I. For every � 62f 1; : : : ; r g there exists p and q 2 f 1; : : : ; r; � g such that I \
�( An )(1; : : : ; r; � ) = I q

p \ �( An )(1; : : : ; r; � ).
By permuting andrelabelingentries, wemay assumethat the identit y id = (1; : : : ; n) 2

I . Thus, id 2 I \ �( An )(1; : : : ; r; r + 1) = I q
p \ �( An )(1; : : : ; r; r + 1). Without loss of

generality, we may assumethat p = q = 1 so that I now contains all even permutations
which �x 1; : : : ; r; r + 1. We shall prove that I = I 1

1 \ �( An )(1; : : : ; r ). Suppose, for a
contradiction, that there exists g 2 I such that g(1) 6= 1, i.e. g(i + u) = i , 1 � i � r , for
someu 6= 0. Note that g((r + 1) + u) = � 6= r + 1, otherwiseg 2 �( An )(1; : : : ; r + 1),
forcing g 2 I 1

1 \ �( An )(1; : : : ; r + 1). By induction again, we have

g 2 I \ �( An )(1; : : : ; r; � ) = I q0

p0 \ �( An )(1; : : : ; r; � )

for someq0 2 f 1; : : : ; r; � g. As above, we concludethat I contains all even permutations
h such that h(i + u) = i for all 1 � i � r and h((r + 1) + u) = � . If � 6= (r + 1) + u, then
we can �nd such a permutation h which is �xed-p oint free, contradicting the fact that
id 2 I . So � = (r + 1) + u. Sincenow � 62f 1; : : : ; r; r + 1g and n � r � 6, we can always
�nd an even permutation w 2 I which �xes all 1 � i � r + 1 but doesnot intersect with
h, a contradiction. �
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3 A special case of Theorem 1.4

In this section we give the proof of a special caseof Theorem 1.4, namely when all the
ni 's are equal to n � 4. Throughout, G denotesthe direct product of q copiesof the
symmetric group Sn acting on [n].

Theorem 3.1 Let q � 1; n � 4. SupposeI is an intersecting family of maximal size in
G. Then

jI j = (n � 1)!n!q� 1:

Moreover, I = f (g1; : : : ; gq) : gi (x) = yg for some1 � i � q and x; y 2 [n].

For our purpose,it is usefulto view G asa subgroupof Sym(
), where
 = f 1; : : : ; qng,
which preservesa partition of 
 in the following way: let � be the partition of 
 into equal-
sizedsubsets
 i = [(i � 1)n + 1; in ], i = 1; : : : ; q, then G consistsof g 2 Sym(
) such that

 g

i = 
 i for each i . For example,we identify the identit y element I d = (id; : : : ; id) 2 G
with (1; 2; : : : ; qn) 2 Sym(
). Therefore,a family I � G is intersecting if and only if it
is an intersecting family of Sym(
). Moreover, for any g 2 G and I � G, we can now
de�ne Fix(g) = f x 2 
 : g(x) = xg and Fix( I ) = f Fix(g) : g 2 I g by regarding them as
permutations of 
.

For a proof of Theorem3.1,weshall considerthe cases4 � n � 5 and n � 6 separately.
Indeed, when n = 4; 5, the result can be deducedfrom the following theorem of Alon et
al. [3]. Recall that the tensor product of two graphs � 1 and � 2, denotedby � 1 � � 2, is
de�ned as follows: the vertex-setof � 1 � � 2 is the Cartesianproduct of V(� 1) and V(� 2)
such that two vertices(u1; v1), (u2; v2) are adjacent in � 1 � � 2 if u1u2 is an edgeof � 1 and
v1v2 is an edgeof � 2. Let � q denotethe tensor product of q copiesof �.

Theorem 3.2 (Theorem 1.4 in [3]) Let � be a connected d-regular graphon n vertices
and let d = � 1 � � 2 � � � � � � n be its eigenvalues.If

� (�)
n

=
� � n

d � � n
(2)

then for every integer q � 1,

� (� q)
nq

=
� � n

d � � n
:

Moreover, if � is also non-bipartite, and if I is an independentset of size � � n
d� � n

nq in � q,
then there existsa coordinate i 2 f 1; : : : ; qg and a maximum-sizeindependentset J in � ,
suchthat

I = f (v1; : : : ; vq) 2 V(� q) : vi 2 Jg:

Theorem 3.3 Theorem 3.1 holdsfor n = 4; 5.
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Pro of. Let n 2 f 4; 5g and � n = �( Sn ) be the graph whosevertex-set is Sn such that two
verticesare adjacent if they do not intersect. It is easyto check that � n is non-bipartite,
connectedand d(n)-regular whered(n) is the number of derangements in Sn . In particular
d(4) = 9 and d(5) = 44. Moreover, an independent set in � q

n is an intersecting family in
G. A MAPLE computation shows that the smallesteigenvalue of � 4 and � 5 are � 3 and
� 11 respectively. The result now follows from Theorem1.1 and Theorem3.2. �

We believe that relation (2) holds for �( Sn) in generalso that Theorem 3.1 follows
immediately from Theorem1.1 and Theorem3.2. However, it seemsdi�cult to compute
the smallesteigenvalue of this graph. We conjecturethe following:

Conjecture 1 Let n � 2. Then the smallest eigenvalueof �( Sn) is � d(n)
n� 1.

The rest of the proof of Theorem 3.1 is combinatorial. Our method combines ideas
from [4] and an application of the `No-HomomorphismLemma'.

3.1 Closure under �xing operation

Let x 2 f 1; : : : ; ng, g 2 Sn . We de�ne the x-�xing of g to be the permutation / xg 2 Sn

such that

(i) if g(x) = x, then / xg = g,

(ii) if g(x) 6= x, then

/ xg(y) =

8
<

:

x if y = x;
g(x) if y = g� 1(x);
g(y) otherwise.

Note that we can apply the �xing operation to an element g 2 G by regarding g as an
element of Sym(
). We alsosay that a family I � Sn is closed under the �xing operation
if

for every x 2 f 1; : : : ; ng and g 2 I ; we have / x g 2 I :

Let DSn (g) = f w 2 Sn : w(i ) 6= g(i ) 8i = 1; :::; ng. The authors of [4] proved the
following:

Lemma 3.4 (Prop osition 6 in [4]) Let n � 2k. Then, for any g1; g2; :::::; gk 2 Sn , we
haveDSn (g1) \ DSn (g2) \ ::::: \ DSn (gk) 6= ; .

Lemma 3.5 (Theorem 8 in [4]) Let n � 6 and I � Sn be an intersecting family of
maximal size such that the identity element id 2 I . Then I is closed under the �xing
operation.

Lemma 3.6 (Theorem 10 in [4]) Let S � Sn be an intersecting family of permutations
whichis closed under the �xing operation. Then Fix(S) is an intersecting family of subsets.

The proof of Lemma 3.5 given in [4] can be easily modi�ed to yield a similar result
for G. For the convenienceof the reader,we include the proof below.

the electr onic journal of combina torics 14 (2007), #R25 8



Prop osition 3.7 Let n � 6 and I � G be an intersecting family of maximal size such
that I d 2 I , q � 1. Then I is closed under the �xing operation.

Pro of. Let L denote the set of all n-subsetsL of Sym(
) such that for each i , the
elements of L restricted to 
 i form the rows of a Latin squareof order n. Clearly, L 6= ; .
By Proposition 1.5, for every L 2 L ,

jL \ I j = 1: (3)

Assume, for a contradiction, that I is not closedunder the �xing operation. Then
there exists g 2 I such that g(x) 6= x and / xg 62I for somei 2 f 1; : : : ; qg, x 2 
 i .
Without lossof generality, we may assumethat i = x = 1 (so / 1g 62I ) and considerthe
following cases:
Case I. g(1) = 2 and g(2) = 1.

Let 
 �
1 = 
 1 n f 1; 2g. Consider the identit y element I d restricted to 
 �

1, denotedby
I d� = I dj 
 �

1
, and the permutation g restricted to 
 �

1, denotedby g� = gj 
 �
1
, which belong

to Sym(
 �
1) = G� . By Lemma 3.4, there exists h� 2 DG� (I d� ) \ DG� (g� ). Construct a

new permutation h0 2 G� as follows:

h0(y) =

8
<

:

h� (y) if y 2 
 �
1;

2 if y = 1;
1 if y = 2:

Applying Lemma 3.4 to each block 
 i for i = 2; : : : ; q, we �nd a permutation h00 2
DG00(I d00) \ DG00(g00) whereI d00= I dj 
 2 [��� [ 
 q and g00= gj 
 2 [��� [ 
 q , G00= Sym(
 2 [ � � �[ 
 q).
Now, de�ne h 2 G by

h(y) =
�

h0(y) if y 2 
 1;
h00(y) otherwise:

Then / 1g and h form a Latin rectangleof order 2 � qn which can now be completedto
an element L 2 L (sinceevery Latin rectangleof order 2 � n on 
 i can be completedto
a Latin squareof order n on 
 i ). It is readily checked that no rows of L can lie in I ,
contradicting (3).
Case I I. g(1) = 2 and g(3) = 1.

Let 
 �
1; I d� ; G� and h00be de�ned as above. Now de�ne g� 2 G� by

g� (y) =
�

g(y) if y 2 
 �
1 n f 3g;

g(2) if y = 3:

By Lemma 3.4, there is a permutation h� 2 DG� (I d� ) \ DG� (g� ).
Construct h0 2 Sym(
 1) as follows:

h0(y) =

8
>><

>>:

2 if y = 1;
h� (3) if y = 2;
1 if y = 3;
h� (y) otherwise:

Again, de�ning h 2 G as above yields a contradiction. �
It now follows immediately from Lemma 3.6 that
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Prop osition 3.8 Let q � 1; n � 6 and I � G be an intersecting family of maximal size
suchthat I d 2 I . Then Fix( I ) is an intersecting family of subsetsof 
 .

3.2 Pro of of Theorem 3.1

By Theorem3.3, we may assumethat n � 6. For 1 � i � n, de�ne c(! i ) , c( i ) 2 Sn by:

c(! i ) (j ) = n � i + j; 1 � j � n

c( i ) (j ) = i + j; 1 � j � n

wherethe right hand side is in modulo n and 0 is written as n. In fact, we have already
seensuch cyclic permutations in Section2, namelyc(! 1) = (n; 1; 2; : : : ; n� 1), c(! i ) = ci

(! 1)
for all 1 � i � n, and c(! n) is the identit y. Observe that by right multiplication, c(! i ) acts
on Sn by cyclicly (modulo n) moving each entry of g in i number of steps to the right.
For example,if g = (1; 3; 4; 2; 5), then gc(! 2) = (2; 5; 1; 3; 4).

We proceedwith induction on q. Let � 0 and � be the graphs formed on the vertex
sets G0 = Sym(
 1) � � � � � Sym(
 q� 1) and G = Sym(
 1) � � � � � Sym(
 q) respectively
such that two verticesare adjacent if and only if noneof their entries agree.Clearly,

� � : V(� 0) ! V (�) ;

(g1; : : : ; gq� 1) 7! (g1; : : : ; gq� 1; g1); (4)

de�nes a homomorphismfrom � 0 to �.
As before,let L denotethe set of all n-subsetsL of Sym(
) such that for each i , the

elements of L restricted to 
 i form a Latin squareof order n. By Proposition 1.5, I has
the right size. Also, � (� 0)

jV (� 0)j = � (�)
jV (�) j .

Now, Proposition 1.6 implies that � � 1
� (I ) is an independent set of maximal sizein � 0.

Without lossof generality, we may assumethat the identit y I d = (id; : : : ; id) 2 I so that,
by the inductive hypothesis,we only needto considerthe following cases:
Case I. � � 1

� (I ) = f (g1; : : : ; gq� 1) 2 G0 : gu(z) = zg = J z
z , for someu 6= 1, z 2 
 u .

Let � 1 = � � (J z
z ) = f (g1; : : : ; gq� 1; g1) 2 G : gu(z) = zg � I . Clearly we can �nd a

permutation gu 2 Sym(
 u) with gu(z) = z such that gu(x) 6= x for all x 6= z. Moreover,
for i 6= u, we can choosegi 2 Sym(
 i ) such that it has no �xed points. Therefore our
choice of the permutation g = (g1; : : : ; gq� 1; g1) 2 � 1 �xes a unique point, namely z. It
follows from Proposition 3.8 that all permutations in I must �x z.
Case I I. � � 1

� (I ) = f (g1; : : : ; gq� 1) 2 G0 : g1(1) = 1g = J 1
1 .

As above, let � 1 = � � (J 1
1 ) = f (g1; : : : ; gq� 1; g1) 2 G : g1(1) = 1g � I . We de�ne

another homomorphismfrom � 0 to � as follows:

� �� : V(� 0) ! V(�) ;

(g1; : : : ; gq� 1) 7! (g1; : : : ; gq� 1; g1c(! 1)): (5)

By induction, there exists i 2 f 1; : : : ; q � 1g such that

� � 1
�� (I ) = f (g1; : : : ; gq� 1) 2 G0 : gi (u) = vg = J v

u ;
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for someu, v 2 
 i . Let

� 2 = � �� (J v
u ) � I :

Suppose that i 6= 1. Then it is easy to seethat there exist permutations g 2 � 1,
h 2 � 2 such that Fix(g� 1h) = ; , that is they do not intersect, thus contradicting the
intersection property of I . Therefore it su�ces to considerthe following caseswhere u,
v 2 
 1.
Subcase i. u 6= 1, v = 1.

Assumefor a moment that u 6= n. Let g = (g1; : : : ; gq� 1; g1) 2 � 1 whereg1 = (1, a2,
� � � , au, � � � , an ) 2 Sym(
 1). Then thereexistsa permutation h = (h1; : : : ; hq� 1; h1c(! 1)) 2
G whereh1 = g1c(! u� 1) and Fix(g� 1

j hj ) = ; for all j = 2; : : : ; q� 1. Obviously, h 2 � 2 � I
and Fix(g� 1

1 h1) = Fix(g� 1
1 h1c(! 1)) = ; . HenceFix(g� 1h) = ; , which is a contradiction.

Sou = n.
Chooseh = (h1; : : : ; hq� 1; h1c(! 1)) 2 � 2 such that h1 = (n � 1; n; 2; 3; � � � ; n � 2; 1) and

Fix( id � 1
j hj ) = ; for all j = 2; : : : ; q � 1 (id j denotesthe identit y in Sym(
 j )). Moreover

h1c(! 1) �xes exactly one point sincen > 3. Hencej Fix(h)j = 1 and so by Proposition
3.8, all permutations in I must �x a commonpoint.
Subcase ii. u = v = 1.

Choose h = (h1; : : : ; hq� 1; h1c(! 1)) 2 � 2 such that h1 = (1; n; 2; 3; � � � ; n � 1) and
Fix( id � 1

j hj ) = ; . Clearly h �xes exactly onepoint and so we are doneas before.
Subcase iii. u 6= 2, v 6= 1.

Take any permutation h1 2 Sn with h1(2) = 1 and h1(u) = v, say h1 = (a1, 1, a3, � � � ,
au� 1, v, au+1 , � � � , an ). Let g1 = h1c( 1) = (1; a3; � � � ; au� 1; v; au+1 ; � � � ; an ; a1) so that
g = (g1; g1; : : : ; g1) 2 � 1 � I and h = (h1; : : : ; h1; h1c(! 1)) 2 � 2 � I . But it is easyto see
that both g and h cannot agreein any entry, which is a contradiction.
Subcase iv. u = 2, v 6= 1.

Chooseh1 = (a1; v; 1; a4; a5; � � � ; an ) 2 Sn . Let g1 = h1c( 2) = (1; a4; a5; � � � ; an ; a1; v)
so that g = (g1; : : : ; g1) 2 � 1 � I and h = (h1; : : : ; h1; h1c(! 1)) 2 � 2 � I . Again, both g
and h do not intersect, which is a contradiction.

This concludesthe proof. �

4 In tersecting families in the direct pro duct of sym-
metric groups

Let Sm and Sn denotethe symmetric groupsacting on the symbol-set 
 1 = f 1; 2; : : : ; mg
and 
 2 = f 1; 2; : : : ; ng respectively. The group Sm � Sn consistsof orderedpairs (g; h)
where g 2 Sm ; h 2 Sn . Recall that a family I � Sm � Sn is intersecting if, for any
(g1; h1); (g2; h2) 2 I , either f x : g1(x) = g2(x)g 6= ; or f x : h1(x) = h2(x)g 6= ; .
Pro of of Theorem 1.3 Let � denotethe graph whosevertex-set is Sm � Sn such that
two vertices (g1; h1) and (g2; h2) are adjacent if and only if f x : g1(x) = g2(x)g = ; and
f x : h1(x) = h2(x)g = ; . Clearly, � is vertex-transitive. As before, to obtain the upper
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bound of jI j, it is enoughto show that there existsa clique of sizem. Indeed,this is given
by a Latin squareof order m on 
 1 and a Latin rectangleof order m � n on 
 2.

For a proof of the characterization,we �rst form (m� 1)! Latin squaresL 1; : : : ; L (m� 1)!

on the symbol-set 
 1 as follows: for each g 2 f g 2 Sm : g(1) = 1g in the point stabilizer
of 1, form a Latin squarewhoserows consist of g and all its cyclic shifts. Clearly, these
Latin squarespartition Sm .

For each L l , denote the i -th row by r l
i . Let T l

i = f h 2 Sn : (r l
i ; h) 2 I g. Further,

decompose T l
i into T l

i 1; : : : ; T l
in where T l

ij = f h 2 T l
i : h(j ) = 1g. Now, consider the

following cases:
Case I. There exist k; � 1 6= � 2; � 1 6= � 2 such that T k

� 1 � 1
6= ; and T k

� 2 � 2
6= ; .

Suppose f � 1; : : : ; � m g = 
 1. Choose pairwise distinct elements � 1; : : : ; � m 2 
 2.
Considerthe setsU l

j =
S m

i=1 T l
� i (� i + j ) , 0 � j � n � 1, where� i + j is in modulo n. Then

(m � 1)!n! = jI j =
(m� 1)!X

l=1

n� 1X

j =0

jUl
j j: (6)

SinceUl
j is intersecting, we have jU l

j j � (n � 1)!. In fact, it follows from (6) that jU l
j j =

(n � 1)! so that U l
j must be a coset of a point stabilizer for every 0 � j � n � 1 and

1 � l � (m � 1)! (by Theorem1.1).
Supposem < n � 1. Since1 appearsin at least two (e.g. the � 1- and � 2-entry) but in

at most m � n � 2 di�erent entries in Uk
0 , we deducethat it cannot be a cosetof a point

stabilizer. Supposem = n � 1. Then Uk
0 = f h 2 Sn : h(� n ) = 
 g for some� n ; 
 2 
 2

where � n = 
 2 n f � 1; : : : ; � n� 1g and 
 6= 1. Moreover, sincem = n � 1 > 2, we must
have T k

� n � 1 � n
= ; in order to preserve intersection with elements in Uk

0 (note that this
conclusionis not true if (m; n) = (2; 3)). Replacingour choiceof � n� 1 by � n , the symbol
1 now appearsin exactly n � 2 di�erent entries in the new Uk

0 sothat it cannot be a coset
of a point stabilizer, a contradiction.

So, we may assumethat m = n. It is readily checked that the result holds for n = 2.
For n � 4, the result follows from Theorem3.1.
Case I I. For all k, there exist � k ; � k such that T k

� k � k
6= ; and T k

ij = ; for all i 6= � k .
If T k

� k
6= Sn for somek then jI j < (m � 1)!n!, which is a contradiction. So T k

� k
= Sn

for all k. In order to preserve intersection, the maximality of I (by Theorem1.1) implies
that I = f (g; h) : g(x) = yg for somex; y 2 
 1.
Case I I I. For all k, there exist � k ; � k such that T k

� k � k
6= ; and T k

ij = ; for all j 6= � k .
If T k

i� k
is not a cosetof the stabilizer of 1 in Sn for somei , k, then jI j < (m � 1)!m(n �

1)! � (m � 1)!n!, contradicting the maximality of I . So jI j = (m � 1)!m(n � 1)!. Again,
the maximality of I implies that m = n and so I has the required shape as above. �
Pro of of Theorem 1.4 As before, the upper bound of jI j is given by the existenceof
Latin squaresof order n1 and Latin rectanglesof order n1 � ni for all n1 < ni . It remains
to considerthe caseof equality with the following possibilities:
P1. 4 � n1 � � � � � nq;
P2. 3 = n1 < n2 � � � � � nq;
P3. 2 = n1 < n2 � � � � � nq with 4 � n2;
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P4. 2 = n1 = n2 < n3 � � � � � nq with 4 � n3.
By Theorem 3.1, we may assumethat 2 � n1 = � � � = np < np+1 � � � � � nq for some

1 � p < q subject to the above possibilities. Set m = n1 = � � � = np and n = np+1 so
that m < n. For each 1 � i � p, we �rst partition Sn i into (m � 1)! Latin squaresL il ,
1 � l � (m � 1)!, whoserows are r il

1 ; : : : ; r il
m . Next, for every choice of ~l = (l1; : : : ; lp)

where1 � l1; : : : ; lp � (m � 1)!, construct mp� 1 Latin rectanglesasfollows: �x � to be the
cyclic permutation (m; 1; 2; : : : ; m � 1), then for every choiceof ~j = (j 2; j 3; : : : ; j p) where
0 � j 2; : : : ; j p � m � 1, construct a Latin rectanglewhoserows consist of the following
permutations from Sn1 � � � � � Snp :

(r 1l1
1 ; r 2l2

� j 2 (1) ; : : : ; r plp
� j p (1)

);

(r 1l1
2 ; r 2l2

� j 2 (2) ; : : : ; r plp
� j p (2)

);

...

(r 1l1
m ; r 2l2

� j 2 (m) ; : : : ; r plp
� j p (m)

):

Denotethis Latin rectangleby L(~l ; ~j ) and its i -th row by r i (~l; ~j ) = (r 1l1
i ; r 2l2

� j 2 (i ) ; : : : ; r plp
� j p (i )

).

Observe that theseLatin rectanglespartition Sn1 � � � � � Snp and thereare(m� 1)!pmp� 1 =
(m � 1)!m!p� 1 such Latin rectangles.Now, for each row r i (~l; ~j ), de�ne

T(r i (~l; ~j )) = f (hp+1 ; : : : ; hq) 2 Snp+1 � � � � Snq : (r 1l1
i ; r 2l2

� j 2 (i ) ; : : : ; r plp
� j p (i )

; hp+1 ; : : : ; hq) 2 I g:

Further, partition T(r i (~l; ~j )) into

T(r i (~l; ~j )) j = f (hp+1 ; : : : ; hq) 2 T(r i (~l ; ~j )) : hp+1 (j ) = 1g; 1 � j � n:

We shall prove the theorem by induction on q � 2. The basecaseq = 2 is the
statement of Theorem 1.3. By the inductive hypothesis,we may assumethat the result
is true for Snp+1 � � � � � Snq where 4 � np+1 = � � � = nr < nr +1 � � � � � nq for some
p + 1 � r � q. We proceedby consideringthe following cases:
Case I. There exist ~l; ~j , u 6= u0, v 6= v0 such that T(r u(~l; ~j ))v 6= ; and T(r u0(~l; ~j ))v0 6= ; .

Suppose f u1 = u; u2 = u0; u3; : : : ; umg = f 1; : : : ; mg. Choose m pairwise distinct
elements v1 = v; v2 = v0; v3; : : : ; vm from 
 p+1 = f 1; : : : ; ng. Considerthe sets

U(~l ;~j )
w =

m[

i =1

T(ru i (~l; ~j ))vi + w; 0 � w � n � 1;

wherevi + w is in modulo n. Then

(m � 1)!m!p� 1
qY

i = p+1

ni ! = jI j =
X

(~l ;~j )

n� 1X

w=0

jU(~l ;~j )
w j: (7)
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SinceU(~l ;~j )
w is intersecting, it follows from (7) that jU(~l ;~j )

w j = (n � 1)!
Q q

i= p+2 ni ! so that,

by the inductive hypothesis,each U(~l ;~j )
w has the form f (hp+1 ; : : : ; hq) 2 Snp+1 � � � � � Snq :

hs(x) = yg for somep + 1 � s � r , x; y 2 
 s.
Supposem < n � 1 (this covers the possibilities P3 and P4). Since 1 appears in

at least two (e.g. the v1- and v2-entry) but in at most m � n � 2 di�erent entries

in the Snp+1 -coordinate of elements in U(~l ;~j )
0 , it cannot be a coset of a point stabilizer.

So m = n � 1 > 2 (since the possibilities P3 and P4 are now excluded). Since 1

appears in exactly n � 1 di�erent entries in the Snp+1 -coordinate of elements in U(~l ;~j )
0 ,

we deducethat U(~l ;~j )
0 = f (hp+1 ; : : : ; hq) 2 Snp+1 � � � � � Snq : hp+1 (vn ) = zg for some

vn = 
 p+1 n f v1; : : : ; vn� 1g and z 6= 1. Moreover, sincem = n � 1 > 2, we must have

T(run � 1 (~l; ~j ))vn = ; in order to preserve intersection with elements in U(~l ;~j )
0 . Replacing

our choice of vn� 1 by vn , the symbol 1 now appears in exactly n � 2 di�erent entries in
the Snp+1 -coordinate of elements in the new U(~l ;~j )

0 so that it cannot be a cosetof a point
stabilizer, a contradiction.
Case I I. For all ~l; ~j , there exist u; v such that T(r u(~l; ~j ))v 6= ; and T(r u0(~l; ~j ))v0 = ; for
all u0 6= u.

If T(ru(~l; ~j ))v 6= Snp+1 � � � � � Snq for some(~l; ~j ), then jI j < (m � 1)!m!p� 1
Q q

i= p+1 ni !,
which is a contradiction. SoT(r u(~l; ~j ))v = Snp+1 � � � �� Snq for all (~l; ~j ). In order to preserve
intersection, the maximality of I (using Theorem 3.1 if P1 occursor Theorem 1.1 if P2
or P3 occursor Theorem1.3 if P4 occurs) implies that I = f (h1; : : : ; hq) : hi (x) = yg for
somei 2 f 1; : : : ; pg, x; y 2 
 i .
Case I I I. For all ~l; ~j , there exist u; v such that T(r u(~l ; ~j ))v 6= ; and T(r u0(~l; ~j ))v0 = ; for
all v0 6= v.

If T(ru0(~l; ~j ))v 6= f (hp+1 ; : : : ; hq) : hp+1 (v) = 1g for someu0 and (~l; ~j ), then jI j <
(m � 1)!m!p� 1 � m � (n � 1)! �

Q q
i= p+2 ni !, contradicting the maximality of I . So jI j =

(m � 1)!m!p� 1 � m � (n � 1)! �
Q q

i= p+2 ni !. Again, the maximality of I implies that m = n,
a contradiction. �
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