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Abstract

Let S, denote the symmetric group on [n] = f1;:::;ng. A family | Sh is
intersecting if any two elemerns of | have at least one common ertry. It is known
that the only intersecting families of maximal sizein S, are the cosetsof point
stabilizers. We show that, under mild restrictions, analogousresults hold for the
alternating group and the direct product of symmetric groups.

1 Intro duction

Throughout, the product (or composition) of two permutations g;h 2 S,,, denotedby gh,
will always mean'doh rst followed by g. We say that afamily I S, of permutations
is intersecting if fx : g(x) = h(x)g 6 ; for every g;h 2 |, i.e. the Hamming distance
dy(g;h) = jfx:g(x) 8 h(x)gj n 1forewryg;h2I. In asetting of coding theory,
Dezaand Frankl [5] studied extremal problemsfor permutations with given maximal or
minimal Hamming distance. Among other results, they proved that if | is an intersecting
family in S, then jlj (n 1)!. Recenly, Cameronand Ku [4] shoved that equality
holdsif andonly if | = fg2 S, : g(xX) = yg for somex;y 2 [n], i.e. | is a cosetof a
point stabilizer. This can also be deducedfrom a more generaltheorem of Larose and
Malveruto [8] about Kneser-type graphs.
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Theorem 1.1 ([5], [4], [8]) Letn 2 and | be an intersecting family in S,. Then
jIj (n 1)L Moreover, equality holdsif andonly if | = fg2 S, : g(x) = yg for some
X;y 2 [n].

Herewe extendthe study of intersectingfamilies of S, to that of the alternating group
An andthe direct product of symmetricgroupsS,, Sh,- Wesay that afamily | A,
(or respectively | Sy, Shy) Isintersecting if fx : g(x) = h(x)g 6 ; forany g;h 2 |
(or respectively if, for every (g1;:::;9q); (h1;:::5hg) 2 1, we have fx : g (x) = hi(X)g 6 ;
for somei). Our main results characterizeintersecting families of maximal sizein these
groups.

Theorem 1.2 Letn 2 andl be an intersecting family in A,. Thenjlj (n 1)I=2.
Moreover, if n 6 4, then equality holdsif andonly if | = fg2 A, : g(x) = yg for some
X;y 2 [n].

The following exampleshaws that the condition n 6 4 in Theorem1.2is necessaryor

to denotethe permutation that mapsi to &).

Theorem 1.3 Let2 m n andl be an intersecting family in Sym( ;) Sym( »),

1=[m], 2=1[n]. Thenjlj (m 1)In!.. Moreover,for m < n suchthat (m;n) 6 (2;3),
equality holdsif and only if I = f(g;h) : g(x) = yg for somex;y 2 , whilefor m = n
suchthat (m;n) 6 (3;3), equality holdsif and only if I = f(g;h) : g(x) = yg for some
X;y2 qorl =f(g;h):h(x)=ygfor somex;y2 ,.

The following examplesshaw that the conditions (m; n) 6 (2; 3);(3;3) in Theorem1.3
are necessaryfor the caseof equality:

I = 1((12), (23 1), (L2, (123)), (12, BiL2), (1), @L3), (1),
(3:2,1)), ((2;1), (1,3, 2)g.

Jaz = 1((1;3,2), (1,23), ((2:1,3), (1;23)), (2:13), (1,3,2), ((2:1,3), (2:1,3)),
((2:1:3), 321), (2:31), (123)), (23 1) @31), (31), 3:12) (3:L2)
(1:3,2), ((3;1,2), (2:1;3)), ((3; 1, 2), (3;2,1)), ((3;21), (1;23))g.

For the direct product of nitely many symmetric groups, we prove

Theorem 1.4 Let2 ny = = Ny < Npuy N1 p q LetG =
Sn, Sh, le the direct product of symmetric groups S,,; actingon ; = f1;:::;n;g.
Supmsel is an intersecting family in G. Then
Yq
i (ng 1! nik
i=2
Moreover, exept for the following cases:
N1=  =Np=2<Np1 =3 Npe ng for somel p<gq,
Nnt=n,=3 nj Ng,
NN=N,=N3=2 Ny Ngs
equality holds if and only if I = f(gs;:::;09) : G(X) = yg for somei 2 f1;:::;pg,
X;y2 .
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The following examplesshaw that the conditionsfor the caseof equality are necessary:

Sn, Sy 1 J23 Snp Sh, Wheren; = =np 1= 2,
Jas Sp, Shg
J222 Sﬂ4 an’

whered,s S, SzandJss Sz Szaredened aboveandJd,, S, S, S;isgiven
by

f((1,2);(1,2);(1;2);((1,2);(2,1),(21)):((1,2);(1;2);(2,1)); ((2:1); (1, 2); (2, 1) 0

In Section 2, we deduce Theorem 1.2 from a more general result by following an
approad similar to [8], exceptthat we utilize GAP sharepadkage GRAPEto establishthe
basecaseseededfor induction.

In Section3, we prove a special caseof Theorem 1.4, namely whenn; = n 4 for
all 1 i g This is also a special caseof a more general problem of determining
independen setsof maximal sizein tensor product of regular graphs, see[3] and [9] for
recen interestsin this area. For similar problemsin extremal set theory, we refer the
readerto [1] and [6].

In Section4, we rst prove Theorem 1.3, followed by a proof of Theorem1.4.

We shall require the following tools from the theory of graph homomorphisms.Recall
that a clique in a graph is a set of pairwise adjacen vertices, while an independent set
is a set of pairwise non-adjacen vertices. For a graph , let () denotethe sizeof the
largestindependert setin . For any two graphs ; and ,, amap from the vertex-set
of 4, denotedby V( ;), to the vertex-setV( ;) is a homomorphismif (u) (v) is an
edgeof , whenewr uv is an edgeof ., i.e. isan edge-preservingnap.

Prop osition 1.5 (Corollary 4 in [4]) Let C be a cliqgue and A be an independent set
in a vertex-transitive graph on n vertices. Then jCj JA] n. Equality implies that
JC\ Aj=1.

The following fundamenal result of Alb ertson and Collins [2], alsoknown asthe "No-
HomomorphismLemma', will be useful.

Prop osition 1.6 Let ; and , be graphssuchthat , is vertex transitive and there
existsa homomorphism :V( 1)! V( 2). Then

(1) (2) .
jV( 1)j V( 2)i

Furthermore, if equality holdsin (1), then for any independentset| of cardinality ( »)
in 5, (1) is an independentset of cardinality ( 1) in ;.

(1)

2 Intersecting families in the alternating group

Throughout, A, denotesthe group of all even permutations of [n]. Let ( A,) be the
graph whosevertex-setis A, sud that two verticesg, h are adjacent if and only if they
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do not intersect, i.e. g(x) 6 h(x) for all x 2 [n]. Clearly, left multiplication by elemens
of A, is a graph automorphism; so ( A,) is vertex-transitive. By Proposition 1.5, the
bound in Theorem 1.2 is attained provided there exists a clique of sizen in ( Ay), i.e.
a Latin squarewhoserows are even permutations. Indeed, suc a Latin squarecan be
constructed as follows: considerthe cyclic permutations (1;2;:::;n); (n;1,2;:::;n  1);
115 (2; 3001, n; 1), If nis odd then thesepermutations form the rows a Latin squareas
desired. If n is even then exactly half of these permutations are odd. Now, interchange
the ertries cortaining the symbolsn 2 and n in theseodd permutations. Togetherwith
the remaining even ones,they form a desiredLatin square.

It remainsto prove the caseof equality of Theorem1.2. It is feasible,by using GAP|[7],
to establish Theorem 1.2 for n = 2;3;5;6;7. Forn 8, we shall deduceTheorem 1.2
from the more generalTheorem2.1. The inductive argumert in our proof is similar to [8]
which we reproduceherefor the corvenienceof the reader,exceptthat we verify our base
cases(seeLemma 2.4 and Lemma 2.5) with the help of a computer instead of proving
them directly by hand, asin Lemma4.5 of [8].

Theorem 2.1 Forn 8, letl bean intersecting family of maximal sizein A, (by;:::; k)
whee 1 r n 5 Thenl = IJ\ Ay(b;:::;h) for somep;q 2 f1;:::,ng whee

Proof. (i) Letfhby;:::;g= [n]. The constructionis similar to that given above for the
graph ( A,). Indeed,choosean even permutation w sud that w(i) = g foralll i n
(the existenceof sut a permutation is guararteed by the conditionn r  3) and let
W = fw;wc;wc?;:::;we" g wherec = (n;1;2;:::;n 1). If nis odd then W is the
desiredclique; otherwisewc is odd if and only if i is odd. For theseodd permutations,
interchangethe ertries cortaining b, , and b, sothat they becomeewven. Togetherwith
the even permutations in W, they are now asrequired.

(i) Leth 2 A, sudhthat h(h) =iforalll i r. Thenthe mapg 7! hgis the
required isomorphism.
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( An(1;:::5r) given by w 7! h%° 'w(n;1;2;:::;n 1) ' is a graph automorphism
sendlngg to h.

Lemma 2.3 Letr n 4. If 1 is an independentsetof ( Ap)(by;:::; b) of maximal
sizethen 1 \ (A,))(by, :::, b, b4y) is an independent set of ( A, )(bl """ hbiy) of
maximal size.

Pro of. Applying Lemma2.2to ;= (An)(b;::5;bsa)and 2= (A k), we
have the inclusions
Knl 1! 2! (An)

sothat

NV V(i IVICA)]
The result follows from Proposition 1.6.

1 () (9 _((A) _1
n

Lemma 2.4 Letn 8andr = n 5 DecommseA (L;:::;r) into Bp(u) = fg 2
An(d;::r) g1+ u) = 1g, uS- 0;1;:::; 1

Supp)sel Ch = Bh(O) ][ u=1 Bn (u)[ Bh(n u) is an intersecting family. Then
jlj 60 with equality if and only if I consists of g suchthat g(p) = q for somep;q 2

Pro of. It is readily cheked (by using GAP) that the result holdsfor 8 n  14. So
let n 15 and proceedby induction on n. Supposen is odd. Let ; denotethe graph
whosevertex-setV; is C, , sud that two verticesare adjacert if and only if they do not
intersect. Similarly, , denotessuc agraphonV, = C,. Deneamap :C, »! C,
sud that if g2 B, »(u) then

gg(i)+2 if1 i u

N 1 ifi=u+ 1,

(g)(l)_g 2 ifi=u+2
gi 2)+2 ifu+3 i n:

Since is a graphisomorphism(for n  15) which alsopresenesindependen setsof the
form 13\ C, 2, the result holds by induction for odd n  15. The casefor even n is
similar.

Lemma 2.5 Letn 8andr = n 5 Supmwsel An(b;:::;b) is an intersecting
family. Then jIj 60 with equality if and only if 1 consists of g suchthat a(p) = q for
somep;q2 f1;:::;ng.

Pro of. By (ii) of LemmaZ2.2, we assumewithout lossof generality, that A,(by;:::; k) =
A.(1;:::;r) and the identity (1;2;:::;n) 2 I. Slnceevery otheé elemen of | must inter-
sectthe identity elemen, we deducethat I  C,=B,0)] u=1 Bn(u) [ Bn(n u) .
The result now follows from Lemma 2.4.
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Pro of of Theorem 2.1. We shallimitate the proof of Theorem4.2in [8] by Laroseand
Malveruto. For the argumern to work for even permutations, we require a slightly greater
degreeof freedom,i.,ek = n r 5, which is assumedoy the theorem. As before,we may

Forr = n 5, thisisLemma2.5. Assumingl r n 6, we proceedby induction
onk=n r.
Case I. There exists 62f1;:::;rg with the property that 1 \ ( Ay)(@;:::;r; ) =
19\ (An)@;::i5r; ) for someq 6% 1;:::5r; g

Let g 2 |I. Then there exists someu sudh that g(i+ u) =i foralll i r. Itis
enoughto show that g(p) = g. Now, construct another permutation h 2 | in the following
order:

(i) seth(p) = q,

(i) sincen r 6, thereareat least5 choicesof v sud that p62X 1+ v;2+ v:::;(r +
1) + vg. Pick oneof sudh v sothat v 6 uandg((r+ 1)+ v) 6 . Next, de ne
h(i+v)=iforalll i randh((r+ 1)+v)=

(i) there are at least 4 ertries of h which have not yet been de ned. Choose the
remaining erntries of h sothat it is even and has no intersectionswith g in these
ertries.

Sinceboth g;h 2 I, we deducethat g(p) = h(p) = q.

By the inductive hypothesisand Lemma 2.3, it remainsto consider:
Case Il. Forewry 62f1;:::;rgthereexistspandq?2 f1;:::;r; g sud that | \
(A)@; s ) =19V (A ;).

I. Thus,id 2 I\ (Au))@; e+ 1) =13V (AL rr + 1), Without loss of
generality, we may assumethat p= q= 1 sothat | now cortains all even permutations
which x 1;:::;r;r + 1. We shall prove that | = 11\ ( Ap)(@;:::;r). Suppose,for a

g2 1\ (A)N@; )=|g§\ (A)D@;::5r)

for someq®2 f1;:::;r; g. As above, we concludethat | cortains all even permutations
hsudhthat h(i+u)=iforalll i randh((r+21)+u)= .If 6 (r+ 1)+ u,then
we can nd sud a permutation h which is xed-point free, cortradicting the fact that
id21.So = (r+ 1)+ u. Sincenow 621;:::;r;r+ 1gandn r 6, we canalways
nd an even permutation w2 | which xes all 1 i r + 1 but doesnot intersectwith
h, a cortradiction.
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3 A special case of Theorem 1.4

In this sectionwe give the proof of a special caseof Theorem 1.4, namely when all the
ni's are equalto n 4. Throughout, G denotesthe direct product of g copiesof the
symmetric group S, acting on [n].

Theorem 3.1 Letq 1;n 4. Supmsel is an intersecting family of maximal sizein
G. Then
jli=(n 1)n9 *

Moreover, | = f(gi;:::;d) - G(X) = ygfor somel i qandx;y2 [n].
For our purpose,it is usefulto view G asa subgroupof Sym(), where = f1;:::;qgng,

which presenesa partition of in the followingway: let bethe partition of into equal-
sizedsubsets ; = [(i 1)n+ 1;in],i = 1;:::;q, then G consistsof g 2 Sym() sud that

J= | for ead i. For example,we identify the idertity elemen I d = (id;:::;id) 2 G
with (1;2;:::;9n) 2 Sym(). Therefore,a family I G is intersectingif and only if it
is an intersecting family of Sym(). Moreover, for any g 2 G and | G, we can now

dene Fix(g) = fx 2 :g(x) = xgandFix(l) = fFix(g) : g 2 1g by regardingthem as
permutations of .

For a proof of Theorem3.1,we shallconsiderthecasest n 5andn 6 separately
Indeed, whenn = 4;5, the result can be deducedfrom the following theorem of Alon et
al. [3]. Recallthat the tensor product of two graphs ; and ,, denotedby ; 2, IS
de ned asfollows: the vertex-setof ;  ; isthe Cartesianproduct of V( ;) andV( »)
sud that two vertices(uq; v1), (Up; Vo) areadjacent in ;5 if uu, isanedgeof ; and
V1V, is an edgeof ,. Let 9 denotethe tensor product of q copiesof .

Theorem 3.2 (Theorem 1.4 in [3]) Let bea connected d-regular graphon n vertices
andletd= 2 n beits eigenvalues.If

= @

n d n

then for everyintegerq 1,

9 n_.

nd d .

Moreover, if  is also non-bipartite, and if | is an independentset of size —-nin 9,

then there existsa coordinate i 2 f1;:::;qg and a maximum-sizeindependentsetJ in
suchthat

I = f(viiinivg 2V( 9y 230

Theorem 3.3 Theorem 3.1 holdsfor n = 4;5.
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Proof. Letn2 f4;5gand , = ( S,) bethe graph whosevertex-setis S, sud that two
verticesare adjacert if they do not intersect. It is easyto ched that | is non-bipartite,
connectedand d(n)-regular whered(n) is the number of derangemets in S,. In particular
d(4) = 9 and d(5) = 44. Moreover, an independern setin I is an intersecting family in
G. A MAPLE computation shaws that the smallesteigervalue of 4 and 5 are 3 and
11 respectively. The result now follows from Theorem 1.1 and Theorem 3.2.

We beliewe that relation (2) holds for ( S,) in generalso that Theorem 3.1 follows
immediately from Theorem 1.1 and Theorem 3.2. Howeer, it seemddi cult to compute
the smallesteigervalue of this graph. We conjecturethe following:

Conjecture 1 Letn 2. Then the smallest eigenvalueof ( S,) is %

The rest of the proof of Theorem 3.1 is conmbinatorial. Our method combines ideas
from [4] and an application of the "No-HomomorphismLemma'.

3.1 Closure under xing operation

sud that
() if g(x) = x,then/4g= g,

(i) if g(x) 6 x, then 8
< X ify=x;
Ixg(y) = . 9(x) ify=g *x);
" g(y) otherwise.

Note that we can apply the xing operation to an elemen g 2 G by regardingg as an
elemen of Sym(). Wealsosay that afamily I S, is closa under the xing operation
if

Let Ds,(g) = fw2 S, : w(i) 6 g(i) 8i = 1;::;ng. The authors of [4] proved the
following:

Lemma 3.4 (Prop osition 6in [4]) Letn 2k. Then, for any gi; Q; 5 Gk 2 Sp, we
haveDs, (g1)\ Ds,(g)\ i\ Ds, (o) 6 ;.

Lemma 3.5 (Theorem 8in [4]) Letn 6 and | Sh ke an intersecting family of
maximal size such that the identity elementid 2 |. Then | is closa&l under the xing
operation.

Lemma 3.6 (Theorem 10 in [4]) LetS S, beanintersecting family of permutations
whichis closel underthe xing operation. Then Fix(S) is an intersecting family of subsets.

The proof of Lemma 3.5 given in [4] can be easily modi ed to yield a similar result
for G. For the cornvenienceof the reader,we include the proof below.
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Prop osition 3.7 Letn 6 and| G be an intersecting family of maximal size such
that1d21,qg 1. Thenl is closa underthe xing operation.

Pro of. Let L denote the set of all n-subsetsL of Sym() sud that for ead i, the
elemetts of L restrictedto ; form the rows of a Latin squareof ordern. Clearly, L 6 ;.
By Proposition 1.5,for every L 2 L,

iL\1j = 1 3)

Assume, for a cortradiction, that | is not closedunder the xing operation. Then
there existsg 2 | sud that g(x) 6 x and /g 621 for somei 2 f1;:::;09, X 2 ;.
Without lossof generality, we may assumethat i = x = 1 (so/;g 62 ) and considerthe
following cases:

Case l. g(1) = 2andg(2) = 1.

Let ;= 1nfl;2g. Considerthe identity elemen Id restricted to ,, denoted by
Id =1dj ,andthe permutation g restrictedto ,, denotedby g = gj ,, which belong
to Sym( ;) = G . By Lemma 3.4, there existsh 2 Dg (I1d)\ Dg (g ). Construct a
new permutation h°2 G asfollows:

8

< h(y) ify2 4
hMy)=. 2 ify=1

1 ify=2

Applying Lemma 3.4 to ead block ; fori = 2;:::;g, we nd a permutation h% 2
Do d®\ Dgodg°Y wherel d°= 1dj ,; [ ,andg®=gj ,; [ ,,G®= Sym( [ [ o).
Now, dene h 2 G by q
_ hty) ify2 g
h(y) = h°y) otherwise:

Then /19 and h form a Latin rectangleof order 2 gn which can now be completedto
anelemem L 2 L (sinceewery Latin rectangleof order2 n on ; canbe completedto
a Latin squareof order n on ;). It is readily chedked that no rows of L canlie in I,
cortradicting (3).
Case Il. g(1)=2andg(3) = 1.

Let ,;1d;G andh®be de ned asabove. Nowdeneg 2 G by

_ 9y ify2 ,nf3g;
IM=" 40 ify=3
By Lemma 3.4, there is a permutation h 2 Dg (Id )\ Dg (9).
Construct h°2 Sym( ;) asfollows:
8
3 2 ify=1,
_  h@ ify=2
ho(y)_g 1 ify=3;
h (y) otherwise:

Again, de ning h 2 G asabove yields a cortradiction.
It now follows immediately from Lemma 3.6 that
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Prop osition 3.8 Letg 1;n 6andl G be an intersecting family of maximal size
suchthat 1d2 1. Then Fix(1) is an intersecting family of subsetsof

3.2 Pro of of Theorem 3.1

By Theorem3.3,we may assumethat n 6. Forl i n,denec; i, ¢ i 2 S, by:
con@d) = n i+j1 | n
¢ n@) = i+j; 1 j n
wherethe right hand sideis in modulo n and O is written asn. In fact, we have already
seensud cyclic permutations in Section2, namelyc, 1) = (m;1,2,:::;n 1),¢u iy = c"(! 1)
forall1 i n,andc, n) isthe idertity. Obsene that by right multiplication, ¢, ) acts

on S, by cyclicly (modulo n) moving ead entry of g in i number of stepsto the right.
For example,if g = (1;3;4;2;5), then gcy 2 = (2;5; 1; 3;4).
We proceedwith induction on g. Let °and be the graphsformed on the vertex

setsG%= Sym( ;) Sym( 4 1) and G = Sym( ;) Sym( ) respectively
sud that two verticesare adjacert if and only if none of their ertries agree. Clearly,
V(9 V() ;
(915::570q 1) 7! (Giiii5Gg 1, 0); 4)

de nes a homomorphismfrom °to .
As before,let L denotethe set of all n-subsetsL of Sym() sud that for ead i, the
elemetts of L restricted to ; form a Latin squareof order n. By Proposition 1.5,1 has
the right size. Also, j\/((;;))] = jv(()) 7
Now, Proposition 1.6 impliesthat  (l) is an independen set of maximal sizein

0

Case |. Y1) =1(g;::1:09 1) 2 G%:gu(2) = zg= JZ, forsomeu 8 1,22 .

Let 1= (J7)=f(9::50g %) 2 G:0u(z) = zg |. Clearly wecan nd a
permutation g, 2 Sym( ) with g,(z) = z sud that g,(x) 6 x for all x 6 z. Moreover,
for i 6 u, we can chooseg 2 Sym( ;) sud that it hasno xed points. Therefore our
choice of the permutation g = (g;:::;0q 1;%1) 2 1 Xes a unique point, namely z. It

Case |1. )y="f(g:i509 1) 2 G au(1) = 1g= Ji.
As above,let ;= (J{) = f(g;:::50q 1;91) 2 G:gu(l) = 1g |. Wedene
another homomorphismfrom °to  asfollows:
V(Y V(O
(01;::550g 1) 7V (913015509 151G 1)): (5)
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for someu, v2 ;. Let
2= (I It

Supposethat i 6 1. Then it is easyto seethat there exist permutations g 2 4,
h 2 , sud that Fix(g *h) = ;, that is they do not intersect, thus cortradicting the
intersection property of I. Thereforeit su ces to considerthe following caseswhere u,
v2 1.
Subcasei. u6 1,v=1.

G whereh; = g;¢; 1) and Fix(gj 1hj) =; forallj = 2;:::;q9 1. Obviously, h2 , |1
and Fix(g, *hy) = Fix(g, *hicy 1)) = ;. HenceFix(g *h) = ;, which is a cortradiction.
Sou = n.

hica 1y xes exactly one point sincen > 3. Hencej Fix(h)j = 1 and so by Proposition
3.8, all permutations in I must x a commonpoint.

Subcaseii. u=v=1.
Chooseh = (hy;:::;hg 1;hice 19) 2 2 sudh that hy = (1;n;2;3; ;n 1) and
Fix(id; 'h;) = ;. Clearly h xes exactly onepoint and sowe are done as before.

Subcaseii. u6 2,vé 1.

Take any permutation h; 2 S, with hy(2) = 1andhy(u) = v, say h; = (a1, 1,a3, ,
ay 1, V, &1, @) Let g = hig 1) = (L;as; ;@& 15V;aus1; ;@0 @) Sothat
0= (0;01::;m) 2 1 Landh= (hy;::ihyshice 1)) 2 2 1. But it is easyto see
that both g and h cannot agreein any ertry, which is a cortradiction.

Subcaseiv. u=2,v6 1.

Chooseh; = (a1;v;Liag a5, ;an) 2 Sp. Let gr = hig 2 = (Las;@s;  ;an;aq;V)
sothat g= (gs;:::;01) 2 1 | andh = (hy;:::5hg;hice y) 2 2 | Again, both g
and h do not intersect, which is a cortradiction.

This concludesthe proof.

4 Intersecting families in the direct product of sym-
metric groups

Let S, and S, denotethe symmetric groupsacting on the symbol-set ; = f1;2;:::;mg
and , = f1;2;:::;ng respectively. The group S, S, consistsof ordered pairs (g; h)
whereg 2 Sy;h 2 S,. Recall that a family | Sn S, is intersecting if, for any
(91;h1);(ge; hy) 2 1, either fx : gu(X) = g20x)g 6 ; or fx:hy(x) = hy(x)g6 ;.

Pro of of Theorem 1.3 Let denotethe graph whosevertex-setis S, S, sud that
two vertices(gs; h;) and (g;; h,) are adjacert if and only if fx : g;(x) = g(x)g = ; and
fx :hy(x) = hy(x)g = ;. Clearly, is vertex-transitive. As before,to obtain the upper
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bound of jI j, it is enoughto show that there existsa clique of sizem. Indeed,this is given
by a Latin squareof orderm on ; and a Latin rectangleof orderm non ».

on the symbol-set ; asfollows: for eahr g2 fg2 Sy, : g(1) = 1g in the point stabilizer
of 1, form a Latin squarewhoserows consistof g and all its cyclic shifts. Clearly, these
Latin squarespartition Sp,.

For eat L', denotethe i-th row by rl. Let T/ = fh 2 S, : (r/;h) 2 1g. Further,

following cases:
Case |. Thereexistk; 16 , 16 ,suhthat TX 6; andT* 6 ;.
Supposef q;:::; = ;. Choose pairwise distinct elemetts 1;:::; 2.

Considerthe setsUf = "7, T' / ,;,,0 j n 1,where ;+j isin modulon. Then
(x DIy 1

(m Dn! = jlj = juj: (6)
=1 j=0

SinceU| is intersecting, we have jU{/j  (n 1)L In fact, it follows from (6) that jU/j =
(n  1)! sothat UJ-' must be a cosetof a point stabilizer for every 0 | n 1and
1 | (m 1)!(by Theorem1l.1).

Supposem < n 1. Sincel appearsin at leasttwo (e.g. the ;- and ,-ertry) but in
at mostm n 2dierent ertries in UX, we deducethat it cannot be a cosetof a point
stabilizer. Supposem = n 1. ThenU; = fh2 S, :h( ,) = gforsome ,; 2
where , = ,>nf 4;:::; , i.gand 6 1. Moreover, sincem = n 1> 2, we must
have T"n .. = in orderto presene intersection with elemeits in U& (note that this
conclusionis not true if (m;n) = (2;3)). Replacingour choiceof , ; by ,, the symbol
1 now appearsin exactly n 2 di erent ertries in the new U§ sothat it cannotbe a coset
of a point stabilizer, a cortradiction.

So,we may assumethat m = n. It is readily cheded that the result holds for n = 2.
Forn 4, the result follows from Theorem 3.1.

Case Il. For all k, there exist ;  sudthat T* 6 ; andTf=; foralli6 .

If TX 6 S, for somek then jlj < (m 1)In!, which is a cortradiction. SoT* = S,
for all k. In order to presene intersection,the maximality of I (by Theorem1.1) implies
that | = f(g;h) : g(x) = yg for somex;y 2 ;.

Case I11. For all k, there exist ; \ sudthat T* 6 ; andTf=; forallj 6 .

If Tikk is not a cosetof the stabilizer of 1in S,, for somei, k, thenjlj< (m 1)im(n
1)!  (m 1)Inl, contradicting the maximality of I. Sojlj= (m 1))m(n 1)!.. Again,
the maximality of I impliesthat m = n and sol hasthe required shape as above.

Pro of of Theorem 1.4 As before,the upper bound of jlj is given by the existenceof
Latin squaresof order n; and Latin rectanglesof ordern; n; for all n; < n;. It remains
to considerthe caseof equality with the following possibilities:

P1. 4 n; Ngs
P2. 3=n;<n, Ng;
P3. 2=n;<n, Ng with 4 ny;
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P4. 2=n;=n,< n3 Ng with 4 ns.

By Theorem 3.1, we may assumethat 2 n; = = Np < Npsy ng for some
1 p < qsubect to the above possibilities. Setm = n; = = npandn = npy SO
that m< n. Foreah1 i p, we rst partition S, into (m 1)! Latin squaresL",
1 | (m 1), whoserowsarer!;:::;rl. Next, for every choice of I'= (I3;:::;1p)
wherel |[3;:::51,  (m 1)| constructmp " Latin rectanglesasfollows: x to bethe
cyclic permutation (m; 1;2;:::;m 1), then for every choiceof "= (j2;]s;:::;]p) Where
0 joiitijp m 1, constructa Latin rectanglewhoserows consist of the following

permutations from Sy, Sh,:

Up. 2 ... I .

(o S ATEEEH PO

Up. 2 ..., I .

(FR S APTEEEH SOk

7P I :

(122 s 55T )
Denotethis Latin rectangleby L(I5]) andits i-th row by ri(I}]) = (rl'l r2}22(|); S p}‘;(l)).
Obsenethat theselLatin rectanglespartition S, Sn, andthereare(m 1)IPmP =

(m 1)Im!® ! sud Latin rectangles.Now, for ead row r;(I7]), de ne
T(ri(G1) = f(hpeasiiiihg) 2 Snyuy Sh, (ril'l;rzzzz(i); ior Jp(I),th,l;:::;hq) 21g:
Further, partition T(r;(I3])) into

TRy = fhpaiiiiihg) 2 T((RT) thpea () = 1g; 1 j

We shall prove the theorem by induction on q 2. The basecaseq = 2 is the
statemen of Theorem 1.3. By the inductive hypothesis,we may assumethat the result
is true for S, ., Shy Whered  np.p = =n < Ny ng for some
p+1 r g Weproceedby consideringthe following cases:

Case |. ThereexistIij, ug u v 6 v9sud that T(ru(r'j”))v cand T(ryo()vwe 6 ;.

Supposefu; = u; uz = u%usz::;ung = f1;:::;mg. Choosem pairwise distinct
elemerts v; = v; v, = v vs; i vy, from p+1 = f1;::1;ng. Considerthe sets

. [™ _
UMD =" Ty (T)vsws 0 W n 1

i=1

wherev; + w is in modulo n. Then

Y X _
(m 1)mP? nl=jlj = jUj: (7)
i=p+l () w=0
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= ayp”
by the inductive hypothesis,eah US" hasthe form f (hpe1;:::;hg) 2 Sn, ., Sh,
hs(x) = ygforsomep+1 s r,X;y2 .

Supposem < n 1 (this covers the possibilities P3 and P4). Sincel appearsin
at least two (e.g. the v;- and vp-ertry) but in at most m n 2 dierent erries

in the S,,,, -coordinate of elemeits in Uém, it cannot be a cosetof a point stabilizer.
Som = n 1> 2 (sincethe possibilities P3 and P4 are now excluded). Sincel

appearsin exactly n 1 dierent ertries in the S ., -coordinate of elemeits in U((,m
we deducethat Uém = f(hpe1;:i05hg) 2 Shpy Shq © hp+1(vn) = zg for some
Vo = 41 Nfvy;iii;vy qgandz 6 1. Moreover, sincem = n 1> 2, we must have

T(ry, ,(N))v, = ; in order to presene intersection with elemerts in Uém. Replacing
our choiceof v, ;1 by v,, the symbol 1 now appearsin exactly n 2 di erent ertries in

the S;,,, -coordinate of elemeits in the new US™ sothat it cannot be a cosetof a point
stabilizer, a cortradiction.
Case II. For all I3, there exist u; v sud that T(ry(557))y 6 ; and T(ryo(f57))ve = ; for

SinceUy" is intersecting, it follows from (7) that jU 4 pr2 Ni! sothat,

all u’s u. Q
If T(ru(1)v 6 S,y Shq for some(lf), thenjlj< (m  1)Im!P r=a o1 Nil,
which isacortradiction. SoT(ry(FJ))v = Sh,. Sh, forall (7). In orderto presene

intersection, the maximality of I (using Theorem3.1if P1 occursor Theorem1.1if P2

somei 2 f1;:::;pg, X;y2 .
Case Ill. For all I3, there exist u; v sud that T(ry(55]))y 6 ; and T(ryo(l31)) e = ; for
all v°6 v.

If T(re(3)))v 6 f(hp+1;:::Q; hg) : hpa (V) = 1g for someu® and (7)), then jlj <
(m 1DmPt m (n 1) ﬁ:p+2 n;!, contradicting the maximality of I. Sojlj =
(m 1mP I m (n 1) iq:p+2 n;!. Again, the maximality of I impliesthat m = n,
a cortradiction.
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