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Abstract

We consider the finite binary words Z(n), n € N, defined by the following self-
similar process: Z(0) :=0, Z(1) := 01, and Z(n+ 1) := Z(n) - Z(n — 1), where the
dot - denotes word concatenation, and w the word obtained from w by exchanging
the zeros and the ones. Denote by Z(co) = 01110100... the limiting word of this
process, and by z(n) the n’th bit of this word. This sequence z is an analogue
of the Thue-Morse sequence. We show that a theorem of Bacher and Chapman
relating the latter to a “Sierpinski matrix” has a natural analogue involving z.
The semi-infinite self-similar matrix which plays the role of the Sierpinski matrix
here is the zeta matrix of the poset of finite subsets of N without two consecutive
elements, ordered by inclusion. We observe that this zeta matrix is nothing but the
exponential of the incidence matrix of the Hasse diagram of this poset. We prove
that the corresponding Mobius matrix has a simple expression in terms of the zeta
matrix and the sequence z.

1 Intro duction

Considerthe nite binary wordsT(n), n 2 N, de ned by the following self-similarprocess:
TO) :=0,andT(n+ 1) := T(n) T(n), wherethe dot denotesword concatenation,
and w the word obtained from w by exdanging the zerosand the ones. Denote by
T(1 ) = 01101001:: the limiting word of this process,and by t(n) the n'th bit of this
word. The sequence is often calledthe Thue-Morsesequencend hasappearedin various
elds of mathematics. See,for example,the paper [AS1], which cortains a review of the
main properties of this sequenceand which is a good starting point to the abundart
literature on the subject?.

1See also [AS2, 6.2]
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In [BC], Bacher and Chapman shaved how the Thue-Morsesequenceappearsin the
cortext of LD U decompsition of self-similar matrices. Their result [BC, Theorem 1.1]
can be rephrasedas follows: Denote by S the symmetric semi-in nite matrix whose
ertries are in f0;1g and sud that S;;  ("7) (mod 2) ; (i;j) 2 N>, Denoteby B the
semi-in nite lower triangular matrix whoseertries arein f0; 1g and sud that B; ; (;)
(mod 2) ; (i;j) 2 N2.

1000 1111
1100 1010
B=|1010 s=|1100
1111 1000

Due to their self-similar properties (seebelow), both B and S can be consideredas
matrix versionsof the Sierpinski sieve? [Si], and B desenresthe name Sierpinski matrix.

Denote by D the semi-in nite diagonal matrix whose non-zero ertries are D,; =
( 1), i 2 N. According to Bacher and Chapman[BC, Theorem1.1 and Theorem2.1],

S=BDB": (1)

In this note we are interested in the following mixture of the Thue-Morsesequence
and the Fibonacciword®, introduced by Shallit [Sh, Example 2, p. 12]: Consider the
nite binary words Z(n), n 2 N, de ned by the following self-similar process:Z (0) := 0,

Z(1):=01,andZ(n+ 1):=Z(n) Z(n 1). Denoteby
Z(1)=0111010010001100010111000101M0@1 : :

the limiting word of this proces$, and by z(n) the n'th bit of this word (sothat z(0) = O,
z(1) = 1, etc...).

We will show that a natural analogueof equation (1) involvesour sequence. For this
we will introducetwo semi-in nite self-similar matrices, which will play the role of S and
B above. The Thue-Morsesequencend the matricesS and B canbe generalizedn many
di erent natural ways. The main point of this note liesin the choice of the de nitions of
our analgguesfor S and B. This choicewill be inspired by the theory of partially ordered
sets. Thanks to these\good" de nitions, the proofs will be straightforward. Another
result of this note is the obsenation that the matrix B and its analague haveremarkable
logarithms and inverses(seesection 3).

2A classical example of a fractal set, also called the Sierpiniski gasket [Ma], not to be taken for its
cousin the Sierpinski carpet [AS2, 14.1].

3See, for example, [AS2, 7.1] for an introduction to the Fibonacci word.

4The referee observed that Z (1 ) can be written as the fixed point of the morphism 0! 01;1! 3;3!
32;2 ! 0, followed by taking the result mod 2. This can be proved using the fact that this morphism
commutes with the involution 0! 3;1! 2;2! 1;3! 0.
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We start by the following interpretation of the Thue-Morsesequencésee,for example,
[AS1)):

Denote by jnj the number of 1'sin the binary expansionof n.
Lemma 1. t(n) jnj (mod 2)
With a nite subsetK N, assaiate the integern(K) = >, . 2*.

Lemma 2. Bk)ny = 1if andonlyif J K.

Proof. A theorem of Lucas (see,for example, [GKP, ex. 61, p. 248]), permits us to de-
termine the parity of (1’;) in terms of the binary expansionof n and m asfollows: write

n=Y"7" 2:m= YY" 2. Then we have

(:1) ﬁ( ZZ) (mod 2):

For eah i, ; and ; are either O or 1. Hence (;.) = lifandonlyif ; ;, = ;. In other
words,if n= 3, 2*andm= Y., 2, then (7) 1 (mod2)ifandonlyifJ K. [
Remark 1. It is easyto seethat BB?” S (mod 2) (by Vandermondecorvolution, [GKP,
p. 174]). Hencethe result of Bacher and Chapman(equation (1) above) just explainswhat
correction should be inserted betweenB and B” to turn the above congruenceinto an
equality valid over the integers.

The length of the word Z(n) is, by construction, the (n + 2)'th Fibonacci number
F (n), assumingthe usual cornvertion F (1) = F(2) = 1. Henceit is not unexpected that
the expansionof natural numbers descrited belov will play herea role similar to the one
played by the binary expansionin the precedingdiscussion:

Lemma 3. [Ze][AS2, 3.8] Any natural numler is uniquely representel as a sum of non-
conseutive Fibonaai numtlers of index larger than 1.

De nition 1. The Zeckendorfexmnsion of n is the unique nite subset ,, of N without
two conseeutive elementssuchthat n = 3, F(k + 2).

Denote by jSj the cardinality of a nite setS.

Lemma 4. z(n) j ,j (mod 2).

Proof. Givensomen 2 N, denoteby | the largestelemen in ,: F(2+ I) is the largest
Fibonaccinumber not largerthan n. This impliesthat n = m+ F (2+1) with m < F(1+1).
Otherwise, n would be of the form mg+ F(1+ 1)+ F(2+ 1) = mg+ F(3+ |). This would
cortradict the fact that F(2 + 1) is the largest Fibonaccinumber not larger than n. It
follows from the de nition of z that z(n) = z(m + F(2+ 1)) = z(m). On the other hand
| nl =] mj*+ 1. The lemmafollows by induction. O
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2 Some self-similar matrices.

The theory of partially ordered sets (posetsin the remaining of this paper) will guide
us to produce an analogueof equation (1) involving our sequencez. Denote by B the
Boolean poset whoseelemens are the nite subsetsof N, orderedby inclusion. For all

by inclusion.
A relationship betweenposetsand matricesis provided by the following de nition.

De nition 2. The zeta matrix® of a countable poset P is the matrix whoserows and
columns are indexal by the elementsof P, with an entry 1 in row x and column y if
X 'y, and O otherwise.

Example 1. Lemma 2 above can be rephrasedas follows. B is the zeta matrix of B (up
to the iderti cation of an elemen K 2 B by n(K) 2 N).

Let usintroduce a self-similar matrix A, which appearsto be natural in our cortext.
Considerthe posetA whoseelemerts arethose nite subsetsof N without two conseutive
elements orderedby inclusion. Denoteby A, the posetA\ B,. Noticethat the Zedkendorf
expansionrealizesa one-to-onecorrespndencebetweenthe elemens of A and the natural
numbers, which permits us to idertify the elemers of A with the integers. Denoteby A
the zetamatrix of A: A,; = 1i ;,» and O otherwise.

To understandin what sensehe matrix A is self-similar, let usintroducethe following
sequenceof matricesA(k); k 2 N.

A0 = (0.A0= (7 ),

lower triangular matrix of sizeF (k + 3), recursiwely de ned by

_ A(K) Ork+2) F(ke) \ .
Alk+ 1) = (A(k 1) Opgoy ry Ak 1) )

and, given an integerk, de ne A(k+ 1) to be the square,

where0, , denotesa rectangular block of zeroswith p rows and g columns.

1 0000

100 11000

For exampleA(2)= (1 1 0),andA(3)= |1 0 1 0 O
101 1 0010

11011

5The inverse of this matrix is classically called the “Mobius matrix” of P. See for example [BS]. The
classical Mobius inversion formula can be interpreted in terms of the M6bius matrix corresponding to the
divisibility order of the integers . The relationship between the Mébius inversion formula and Riemann’s
zeta function motivates the use of the name “zeta matrix” in the context of a general poset.
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Lemma 5. For all k 2 N, A(k) is the zetamatrix of A, (up to the identi c ation of A,
with f0O;:::;F(k+ 2) 1g N via the Zeckendorfexgension).

Proof. This is true for k = 1. Assumethat the claim is true for somek, and let us shov
that A(k+1),,=1i s If s< F(k+ 2), then a non-zeroertry A(k + 1), implies
thatt s. HénceA(k + 1), , canbe interpreted asan ertry of A(k), and the statemert
holds by the induction hypothesis. Supposenow that F(k+ 2) s< F(k+ 3). We have
that s°= s F(k+2)< F(k+3) F(k+2)= F(k+ 1). In otherwords, ,= [ fkg.
Hence , s if and only if L0 or 4 o[ fkg. The rst caseis re ected in the
left lower block of A(k + 1). The last casecorrespndsto the diagonal lower block of
A(k + 1). O

Now let us introduce another sequenceof matricesR(k); k 2 N, with ertries in Z[X].

R(0) = (l) R(Q) = <1 , and, givenanintegerk, R(k+ 1) is the squaresymmetric

1
1 X
matrix of sizeF (k + 3), recursiwely de ned by

_ (R(k) R(k)”" .
R(k+1)= <B(k) X R(K 1))’

whereR (k) standsfor the F(k+ 1) F(k+ 2) matrix obtained by removing the last F (k)
rows of R(k).

11 1 1 1

11 1 1 X 1 1 X

For example,R(2)= |1 X 1 ],andR(3)=]1 1 X 1 1
1 1 X 11 1 X X

1 X 1 X X2

For all k 2 N, denoteby C(k) the F(k+ 2) F(k + 2) diagonal matrix with ertries
in Z[X], whosenon-zeroertries are C(k),, = (X 1y 1210 F(k+2) 1g.
Theorem 1. For any k 2 N, R(k) = A(k)C(k)A(k)T.

Proof. This is true for k = 1. Assumethat this is true up to someinteger k. Obsene

that o 0
Clk+1)= ( 0 (X 1) C(k 1)):

A block-wise computation of the product A(k+ 1)C(k+ 1) A(k+ 1)” shavsthat it satis es
the recurrencerelation that de nes R(k + 1). O
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An application. Denoteby the symmetric (semi-in nite) matrix with coe cients in
f0; 1g sud that AAT (mod 2). Induction shows the following result.

Lemma 6. s the limiting matrix of the family R(k), k 2 N, whenthe variable X is
evaluatel at O.

Theorem 1 then implies that
= ACAT; (2)

whereC is the diagonalmatrix whosei'th diagonalertry is C;; = ( 1)*?;i 2 N. This is
the analogueof the LD U decomposition of Bacher and Chapman(equation (1)) discussed
earlier.

A \Bo olean" version. For completenesswe mertion a\Bo olean" versionof Theorem
1, which is implicit in [BC]. It dealswith the following families B (k) and S(k), k 2 N
of matrices of size2*, respectively lower triangular and symmetric. The matrices B (0) =
S(0) areboth equalto the 1 by 1 idertit y matrix, and B (k+ 1) and S(k+ 1) arerecursiwely
de ned by:

_ (B(k) 0 Y. _ (S(k)  S(k) .
B(k+1)= (B(k) B(k))’ and S(k+ 1) = (S(k) X S(k))'

In other words, B(k) = B(1) * (the k'th power of B (1) with respect to the Kronecker

product of matrices, see[HJ, 4.2]), and S(k) = S(1) *. Of course,the matrix B (k) is

the zetamatrix of B,: B(k)P P =11 J | f0;:::;k 1g. Forall k 2 N,
i2l v j23

denoteby D (k) the 2¢ 2 diagonalmatrix whosenon-zeroertries areD;;(k) = (X 1)1,
| 2 f0:::2¥ 1g. Thesematricesare\auto-similar" in the senseof Bacher and Chapman,
and their result [BC, theorem 2.1] applied to this particular caseyields the following:
Theorem 2. For any k 2 N, S(k) = B(k)D(k)B(k)”.

Sincet(l) jlj (mod 2), the caseX = 0 correspndsto equation (1). Obsene also
that whenthe variable X is evaluatedat 1, S(k) becomes

k
B (k) (é 02> B(k)”:

This is a Hadamad matrix, that is an orthogonal matrix with coe cients in f 1;1g,
introducedand studied in 1867by Sylvester[Sy].
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3 Inverses and logarithms of these zeta matrices.

Denoteby | the semi-in nite idertity matrix. Recallthat the formula

1 +
|n(|+M)=Z( l)llMl

I
1=1

makessensdor any strictly lower triangular semi-in nite matrix M, sincethe computation
of a givenelemen of In(I + M) involvesonly a nite sum. Wewill callm = In(l + M) the
logarithmof | + M. It isitself a strictly lower triangular semi-in nite matrix. The classical
formula € = S, ’7—,' makes sensefor sud a semi-in nite matrix, ande€™ =1+ M.

In particular it makessenseo considerthe logarithms of the zeta matricesconsidered
so far. We will seethat theselogarithms enjoy a notable property (theorem 3 below)
related to the posetstructure.

Considertwo elemens x and y of someposet. One says that x coversy if y < X
and if thereis no z sud that y < z < x. A maximal k chain in a posetis a subset
fXo; X1; 1115 X,0 sud that x, coversx,.; for all 0 p < k. By the Hassematrix of a
poset, we mean the incidencematrix of its Hassediagram, viewed as a directed graph:
The rows and the columnsof this matrix are indexed by the elemeits of the poset, and
the matrix elemen indexedby a pair (x;y) is 1 if x coversy, and 0 otherwise.

Theorem 3. For any k 2 N, B(k) and A(k) have a logarithm with entries in f0;1g.
More precisely, B = e and A = €, whee H and G are the Hassematrices of the posets
B and A.

Theorem3is a corollary of Lemma7 below, in view of which we intro ducethe following
terminology.

De nition 3. An injective mapping : Q! R betweentwo posetsQ andR is called an
ideal embedding if for any x 2 Q,

(fy 2 Q suchthaty xg) = fz2 R suchthat z (xX)o:

Example 2. The natural inclusion A B is an ideal enbedding.

Lemma 7. If a posetQ can be ideally emieddead in the Boolean poset B, then its zeta
matrix is the exmpnential of its Hassematrix.

Proof. We will usebelown the letters G and A to denotethe Hassematrix and the zeta
matrix of Q. For any k 2 N, the entry Gﬁfj is equalto the number of maximal k chains

in B, then any interval [i; j] in Q is isomorphic(asa poset)to B;, wherel =j (i)j] | (j)j.
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In By, there are exactly I! maximal |-chains from the full setf0;:::;1 1g down to the
empty set. HenceGﬁfj = |1if k = |, and vanishesotherwise. In other words, for all k 2 N,
the matrices %G’f have ertries in f 0; 1g and have disjoint support.

On the other hand, the ertry A; ; is by de nition equalto 1 if and only if there exists
a maximal k-chain from i to j, for somek 2 N. In other words, A; ; = 1 if and only if

there exists k sud that G is non-zero. This provesthat A = >, +G". O

An explicit formula. It isinterestingto give an alternate (longer) proof of Lemma?7,
which hasthe advantage of providing the explicit formulas of H and G. There are two
steps. The rst oneconsistsin proving that B = ef’.

In addition to the basicproperties of the Kroneder product of matrices(see[HJ, 4.2])
we will needthe following key identity [HJ, 4.2.10]: (A B)(C D)= (AC) (BD),
whereA,; B; C; D arefour rectangular matricessudh that the matrix products involved in
this idertity make sense. Recall that the zeta matrix of B, is B(k) = B(1) *. Notice

that B(1) = e/®, whereH (1) = (O O) is the Hassematrix of B;, the posetwith two
comparableelemens. Now

10

B(2)=B(1) BU)=e'® W= (@ 11) (1) e"W)

where | (m) denotesthe 2™ 2™ identity matrix. But /@ (1) = e/® @ and
similarly 1 (1) €@ = @ HO HencelL(2) = /@ IO ) HOL  The two matrices
H() 1(1)andl(l) H(1) comnute, sothat B(2) = ef® W+ IQW) HW) Thjis suggests
de ning, for any | > 0, the 2**  2"*1 matrix H (I + 1) by

H(+ 1)=1(@1) HO+HQ) 1()= (T((II)) H?')):

One canchedk that, forall k2 N, H(k) = S5ty H@) 1k 1 1):

On one hand, the recursionabove is preciselythe onethat descritesthe relationship
betweenthe Hassematricesof the posetsB,; and B+, , and H (1) is indeedthe Hassematrix
of B;.

On the other hand, the matricesl (1) H(l) andH (1) 1(l) commnute, sothat
ell(+l) = I H() HA) I() (1(1) eH(l))(eH(l) (1) =

= e HO = (1) 0

SinceB(I + 1) = B(1) B(l), we getthat e = B(l) by induction. From this we
recover the fact that B = e”.

Now consideran ideal embedding of Q in B. Denoteby U the matrix whoserows
(resp. columns) are indexedby the elemeits of Q (resp.B) and whoseertries areU; ; = 1
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if j = (i), and O otherwise. Sincethe order on Q is inducedby from the order on B,
we have that

A= UBU”:

Notice that UUT = |. DenoteU”U by . It is a semi-in nite diagonal matrix sud
that its i'th diagonalelemen ; is1if i isin the imageof , and O otherwise.

Lemma 8. U(H H)=0and U(B B)=0.

Proof. (H H),; = H,;(; ). Assumethat H;; is non-zero. This implies that
] I. If in addition i is in the image of , then its subsetj is alsoin the imageof |,
since is an ideal embedding. Henceboth ; and ; are equalto 1. In other words,
i2Im()) (H H),;, = Oforallj 2 Q. This implies that U(H H) = 0. The
proof that U(B B) vanishesis similar. O

Since is an ideal embedding, we have that G = UHU”. According to Lemma 8,
G* = UH*UT, for all k 2 N. But we know that B = },, =H"*, hence

1
A=UB UT= ZEUH’“UT: e
k2N

This completesthe alternate proof of Lemma?7.

Inverses. We nish by observingthat the inversesof B and A, i.e., the Meobiusmatrices
of the correspnding posets,arealsoquite remarkable: they both haveentriesin f  1;0; 19.
More precisely we will shav that theseMeobius matriceshave, up to sign, the sameertries
astheir inverses.

Recallthat D and C arethe diagonalmatriceswhosenon-zeroertries are, respectively,
( D' and( 1)*®,i2 N.
Theorem 4. B '=DBD andA != CAC.

Proof. Denote the matrix (é 01> by D(1). Since(B(1)D(1))2 = I(1), we have that
I (k) = (B(1)D(1))?) * = (B(1) *D(1) *)?, for all k 2 N. This proves that, for all
k2N,B(k) *=D(1) *B(k)D(1) *, and the expressionof B ! follows.

Now recall that A = UBU? and obsene that C = UDU?”. This implies that
AC = UBU'UDU” = UB DU":

Using the fact that and D commute, and that U? = U7?, we get that AC =
UBDU?. Hence(AC)? = UBD BDU? = UB DBDU?. By Lemma 8 we know
that UB = U B = UB. In addition, we already know that DBD = B !. Hence
(AC)2 = UBB UT = 1. 0
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