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Abstract

New cyclic n-digit Gray codesare constructedoverf0;1;:::;R 1gforallR 3,
n 2. These codes have the property that the distribution of the digit changes
(transition counts) is closeto uniform: For each n 2, every transition court is
within R 1 of the averageR"=n, and for the 2-digit codesewery transition court
is either bR?=2c or dR?=2e.

1 Intro duction

For R;n 2, ann-digit R-ary Gray code is a sequencean which ead n-digit string
with digits from the setf0;1;:::;R 1g occurs exactly onceand any two consecutie
strings di er in only one digit and the di erence equals 1; that is, the Lee distance
equalsl, wherethe Lee distance betweentwo n-strings is de ned to be
X
d(au:itan; b)) = minfig hj;R jay bjg:

i=1

When the Lee distance betweenthe last and rst strings also equalsl, the code is called
cyclic . For instance,

10,11;03;,00 and 20;21;2212,02011110,00 (1)

are cyclic 2-digit R-ary Gray codes,with R = 2 and R = 3, respectively.
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It is helpful to considera cyclic Gray code as a Hamiltonian cycle in the R-ary n-
cub e, the graph whoseverticesare all n-strings with digits from the setf0;1;:::;R 1g
in which two vertices are adjacer if they dier in only onedigit by 1. Our usual
represetation of this graph will have the verticesarrangedin an R" ' R array, where
the rst n 1 digits of a vertex n-string are given by its row label and the last digit by
its column label. Figure 1 hasthe Hamiltonian cyclesfor the cyclic Gray codesin (1).
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Figure 1: cyclic 2-digit R-ary Gray codesfor R = 2; 3; 4.

The transition sequence of a cyclic Gray code recordsthe successig digit changes
in the code, beginningwith the changefrom the rst to the secondstring. For example,
the transition sequencesor the codesin (1) are:

2,1;2,1 and 2,2;1;1;2;1;2;1;1: (2)

Foreahh 1 | n, the transition count TC(j) of the digit j is de ned to be the
number of times| occursasatransition digit in the code. For eat n; R there are many
Gray codes, and one favorable characteristic for applications is a relative uniformity in
the distribution of transition courts. When all transition courts are equal (this common
value must necessarilyequal R"=n and n must divide R"), the code is called totally-
balanced or uniform . The binary and quaternary codesin Figure 1 aretotally-balanced.
In [7, 10, 11]totally-balanced cyclic n-digit binary codesare constructedfor every n which
is a power of 2, but there is no publishedconstruction of families of totally-balanced codes
for arbitrary R. One of our results yields totally-balanced quaternary codes. (Refer to
Corollary 1.)

When R" is not divisible by n, totally-balanced cyclic codes cannot exist and it is
reasonableto ask for codesin which ewery transition court is either bR"=nc or dR"=ne,
a phenomenonwhich we will call well-balanced . When R is ewen, the cyclicnessforces
ewvery transition court to be even and so (unlike the cyclic ternary code given above
in (1)) for even R ewery well-balancedcyclic R-ary Gray code must be totally-balanced.
In [2], the authors asked if a well-balanced(non-cyclic) n-digit binary Gray code exists
for elery n 2. Although this cortinuesto be an open question, in [9, Chapter 3] I.
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N. Suparta has obtained further evidencesupporting the conjecture. In Section 2 we

construct well-balanced2-digit R-ary Gray codesfor every R 2. The codes depend

on the even/odd parity of R, and are producedby a natural inductive processin which

well-balancedcyclic 2-digit (R + 2)-ary Gray codesare constructedfrom the R-ary ones.
A cyclic n-digit binary Gray code satisfying

JTC() TC()j 2 forewerypairi;j;

is referredto asbalanced. In [2], G. S. Bhat and C. Savage constructed balancedcyclic
n-digit (binary) Gray codesfor every n 2 when they completed some details which
remainedfrom the construction of J. P. Robinsonand M. Cohn [7]. In a commen added
to [2], F. Ruskey noted that T. Bakos[1, pp. 28{37] had much earlier constructed bal-
ancedcyclic binary codes; more recerily I. N. Suparta [9, Section 3.2] has deweloped an
elegan variant of theseconstructions. In ead, n-digit cyclic binary codesare constructed
inductively, usingfour (n  2)-digit binary codes.

Non-binary codes have been considered,for example, in [3, 4, 5, 6, 8, 9], but the
guestionof constructing fairly uniform cyclic R-ary Gray codesfor a generalradix R > 2
hasreceivedfar lessattention than the binary case.In Section3 we give a simpleinductive
construction which we later usein Section4 to obtain nearly-balanced codes;that is,
codeswhosetransition courts satisfy

n

TC()) RT < foralll | n;

where equalsR 1orR 2,whichewerisewen. The earlier constructionsof well-balanced
binary codesrelied on delicate combinatorial argumens, whereasour use of R"=n as a
referencepoint hasthe advantage of allowing simpler proofs which involve only balancing
inequalities.

2 Well-balanced cyclic 2-digit R-ary Codes

Theorem 1. LetR 2. If there existsa cyclic 2-digit R-ary Gray code with transition
oounts bR?=2c+ a and dR?=2e+ b for someconstantsa; b, then there existsa cyclic 2-digit
(R + 2)-ary Gray code with transition counts b(R + 2)?=2c+ a and d(R + 2)?=2eg+ h.

Proof. The givencyclic R-ary codecanbenormalizedsothat it beginswith R-1 0 andends
with the string 0 0. (This can be done becauseat somepoint there must be consecutie
terms of the form cd ; ¢ 1 d. The required form is then obtained by translating and

re ecting if necessarysothat the last term is 0 0 and the rst term is R-1 0. Sincethe

distribution of transition courts remainsthe sameunder theseoperations,we may assume
the original cyclic code hasthis form.) Therefore,the code correspndsto a Hamiltonian

path from R-1 0 to 0 O in the R-ary squareto which the edgefrom 0 0 to R-1 0 can be
addedto form a Hamiltonian cycle.

Labeling the rows of the (R + 2)-ary squareasR+1 R ...1 0 and the columnsasO 1
...R+1, we rst construct a path from the vertex R+1 0to R-1 0 by beginningwith the
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vertex R+1 0, proceedinghorizortally through all vertices of the form R+1 i, from R+1
0 to R+1 R+1, and then vertically down to 0 R+1. From there we travel to O R and
cortinue by proceedingvertically upward to R R, traveling horizorntally overto R 0 and
then endingwith the edgeto R-1 0. This initial path coversall verticesin which at least
one componert is either R or R+1. Its transition sequences: R + 1 twos, followed by
R+ 1 ones,one2, and then R ones,R twosand onel, for a total of 2R + 2 copiesof ead
of 1 and 2. Attaching the given Hamiltonian path from R-1 0 to 0 O to the end of this
initial segmen resultsin a Hamiltonian path in the (R + 2)-ary square,and the addition
of the edgefrom 0 0 to R+1 O resultsin a Hamiltonian cycle. (The quaternary code in
Figure 1 was obtained in this way from the binary code, and the diagram in Figure 2
illustrates the generalconstruction.)

0 1 2 R R+1
R+1 = - E— |
R —— T Y
R1 ¥ v

Insert the R-ary
§ Hamiltonian path. I

Figure 2: Construction of the initial segmenh
Since
bR?>=2c+ 2R + 2= bR+ 2)’=2c and dR?=2e+ 2R+ 2= d(R + 2)°=2e;

the code producedis a cyclic 2-digit (R + 2)-ary Gray code with the required transition
courts. 0

Theorem 2. For any R 2 there existsa cyclic 2-digit R-ary Gray code which is well-
balanad, and so for evenR the code is totally-balanced.

Proof. Considerthe statemert: For every n 1 there exist well-balancedcyclic 2-digit
R-ary Gray codesfor R = 2n and R = 2n + 1. The codesgiven in (1) satisfy this
statement for n = 1. Application of Theorem1 with a= b= 0 thereforeyields the result
by induction on n. O
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3 Constructing (n + 1)-digit codes from n-digit codes

One simple way to construct a Hamiltonian path on an L R rectangular grid is to
traversesuccessig verticesacrossrows; that is,

10; 11;::: ;1R 1; 2R 1;:::;21; 20etc.; (3)

asillustrated in Figure 3. Notice that the terminal vertex is either L 1 or L R, according

Figure 3: Our basicHamiltonian path onthe 4 5 grid.

to whether L is even or odd.

Our construction of nearly-balancedcyclic codesis basedon a modi cation of this
simple idea. The construction involves partitioning the row indicesof an R-ary (n + 1)-
cube into blocks. Speci cally, the rows are rst indexedby a xed cyclic n-digit R-ary

This idea of using partitions is at leastimplicit in other published constructions,among
them [2,6, 7,9, 10.

The digit changesfrom &, to &,, will be called the connecting digits of the
partition , and the number of times any digit occursasa connectingdigit will be referred
to asits connecting multiplicit y. For notational corvenience we assumethe codeis in
a standard form in which the coordinatesof the n-strings have beenpermuted if necessary
sothat 1 is the L-th connectingdigit, the transition digit from ag~ to a;.

We use this partition to construct a Hamiltonian path in the R-ary (n + 1)-cube
in the following way: First of all, the Hamiltonian path will \respect" the partition
Bi[ :::[ Br; that is, for every column index k and ewery block Bj, the path must
traversethe verticesa;; +1 k , a;+2 K, ..., &;,, k consecutiely either in that direction or
in the reversedirection. This allows usto picture the (n + 1)-cubeasanL R array in
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Figure 4: Ternary Hamiltonian paths for three and four blocks.

If R is odd, the construction given in (3) yields a Hamiltonian path on the R-ary
(n + 1)-cube (refer to Figure 4), and when the number L of partition-blo cks is even
numker, the addition of the edgefrom arn 0 to a; O resultsin a Hamiltonian cycle.

When R is ewen, the path can be adjusted to get a Hamiltonian cycle on the R-ary
(n + 1)-cube in the following way: Within the given R-ary (n + 1)-cube (with its rows
labeledby the cyclic Gray code which hasbeenpartitioned by B[ :::B_ andits columns
labeled0 1 ...R-1), considerthe R" (R 1) grid consistingof the verticeswhoselast
digit is nonzero.SinceR 1 is odd, the Hamiltonian path givenin (3) canbe constructed
on the blocks of this grid. Its initial vertex is a; 1 and the terminal vertex is either agn
R-1 or arn 1, depending on whether L is odd or ewen. In either evert, the terminal
vertex is adjacent to arn 0. A Hamiltonian cycle on the R-ary (n + 1)-cube is obtained
by appendingthis edgeto the initial path, following through all verticeswith zerosecond
digit in the order:

arn 05 agn 105 1015 @ 0;

and then ending with the edgeto a; 1. This is pictured for R = 4 in Figure 5.

Regardlessof whether R is even or odd, the construction givesa cyclic (n + 1)-digit
R-ary Gray code (provided the number of partition-blo cks is even when R is odd). In
what follows this will be referredto asthe code induced by the partition B[ :::B_.

By arranging the verticesof the (binary) n-cube in a grid whoserows are indexed by
an (n  2)-cube and its columnsby 00 10 11 01, most known n-digit binary codescan
be seento have this kind of partitioning behavior. When viewed from this perspective
of partitions, the conbinatorial argumert for the binary constructionsin [2, 7] required
somerestrictions on the usablepatrtitions; for instance,at leasttwo blocks can have only
one elemer.

The following result givesthe distribution of transition courts in codesinduced by a
partition.
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Figure 5: Construction of cyclic 4-ary codes.

Theorem 3. Let R 3 be an integer, and set equal to either R 2 or R 1,

digit changefrom arn to a; is in the rst digit). Let B;[ :::B_ be any partition of the
code, and k; be the connecting multiplicity of the digit j. When R is odd and L is even,
the j -th transition count of the induced cyclic (n + 1)-digit Gray code is

R Tj kj if j n

TC() = ; 4
=" ifj=n+1 )
When R is eventhe transition counts of the induced cyclic (n + 1)-digit Gray code are
8
2 RTj kj 2 if J =1
TC(j):>RTj kj If1<J n : (5)
"L +2 ifj=n+1

Proof. First we considerthe cortribution from the initial Hamiltonian path. Setting
N := + 1 (which is odd), the Hamiltonian path onthe R" N grid has(N-1)L horizortal
lines, and sothis initial part of the processof forming the Hamiltonian cycle accunulates
(N-1)L changesin the digit n + 1. Every edgewithin the partition-blo cks is traversed
in ewvery column, the edgecorrespnding to the connecting digit from arn to a; newer
occurs, and the edgecorrespnding to every other connectingdigit occurs exactly once.
Therefore,for every 1< j  n the digit j changes

N (TJ kJ) + kj =N Tj (N 1)kj

times in this initial segmeh and there is one fewer changefor j=1.
When R is odd, the cycle is completed by adding one edgewhich correspndsto a
changein the rst digit. SinceN = R holdsin this case,(4) is obtained.
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For even R, two horizortal edgesare addedto completethe cycle, giving
TC(h+1)=(N 1L+2=L +2:

As for additional vertical edges,every edgein the original code exceptfor the onecorre-
sponding to transitioning from ag~ to a; is addedonce. Sincethe transition from arn to
a; is a changein the rst digit, this gives

TC)=(R 1T, (R 2k 1+T, 1=RT;, k&  2;
andforall2 j n,
TC(G)=(R 1T, (R 2k + T =RT Kk
This proves(5). O

We endthis sectionwith the construction of a cyclic 3-digit ternary code inducedfrom
a partition of the 2-digit ternary code in (1). SinceR is odd, the number of partition-
blocks must be even. Also, the digit 1 occursmore frequerily asa transition digit in the
given 2-digit code than 2 (referto (2)) and soa preferredpartition would have 1 occurring
at least as often as a connectingdigit as?2 does. Considerany 4-block partition in which
2 occursonly onceas a connectingdigit. (For instance,

B, := f20,21g; B, := f223; B3 := 1202 01g; B, := f11 10,00y

is sudh a partition, sincethe connectingdigits are 2,1,1,1.) From (4), the induced code
has
TC(1)=9; TC(2)= 10; TC(3) = 8:

It is not totally balancedbut is nearly-balancedsincejTC(j) R"=nj 1 holdsfor all j.

4 Nearly-balanced cyclic R-ary Gray Codes

Lemma 1. LetR 3 beaninteger. If T is any transition count of either a well-balanced
2-digit R-ary code or a nearly-balanced n-digit R-ary code for n 3, then there existsa
uniqueinteger k suchthat 0< k< T and

Rn+1

0 RT k
n+1

< (6)

Proof. Fork := b(RT R )= ¢, we seethat (6) is satis ed. Rearranging(6),

n+1

Rn+l Rn+l
< k RT ;
n+1 n+1

and so0< k < T canbe proved by showving

Rn+1 Rn+1
>0 and RT
n+1 n+ 1

RT <T :
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that is,
Rn+l n+1

1 >0 and T( R)+n+1

Consideringthe caseof a well-balanced2-digit code, ewvery transition court T satis es

> 0: @)

Rz 1 R+ 1
T .

2 2
giving
R3 R® OR+6
RT — ———>0
3 6
for R 3, and sinceR equals2 or 1,
R® R?2+1 R® R*R 3) 3
+ — + —=

which is positiveforall R 4. Also,forR=3, T( R)+R3=3= T+ 9 4 proving
(7) for well-balanced2-digit codes.
It remainsto considerthe transition courts of a nearly-balancedn-digit code with
n 3;that is, )
T R— <
n

wherewerecallthat equalseitherR 1orR 2, whichewerisewen. The rst inequality
in (7) can be easilycheked for R = n = 3 since = 2 and the transition courts satisfy
8 T 10.Dening a,:= R"=n(n+ 1), we obserethat for R;n 3

& g 2
an n+ 2

andsoa, az= R*=12foralln 3. SinceT is atransition court of a nearly-balanced
n-digit code, jT R"=nj< ; T>B and R 1limply

Rn+1 Rn Rn+1
RT >R — = R+1
n+1 n n+1 a ( )
R%(R?2 12)+ 12
as (R + 1)(R 1) = ( 1 )

which is positive for R 4. The rst inequality hasalready beenproved for R = n = 3.
ForR=3andn 4, we obsene that

5

3
R+ 1 4 2="_8>0:
an ( ) & 20

This provesthe rst inequality in (7) for all R;n 3.
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For the secondinequality: T < + B~ and < R give

Rn+1 R" Rn+l
T R) + > + — R) +
( ) n+1 n ( ) n+1
-2, R _R™ .
n nin+ 1)’
a strictly increasingfunction of R 2. Evaluationat = R 2gives
R 2
R 2?2 RR 2)+R" = = 2R 2)+hy;
R 2 RR 2+R" —— =~ = 2R 2)+h
R 2
whereh, := R" — . We note that
n+1 n
bher R n (n+ DR 2(n+ 2)
hh n+2 nR 2(n+ 1)

wherethe restrictionsR  3andn 3 imply eat of the two identi ed factorsis greater
than 1. Therefore,b, b; and so

3R* B8R3® 24R+ 48
12 ’
which is positive for all R 3. This proves(7) and sothe lemma. O

2R 2)+h, 2R 2)+Iby=

Theorem 4. For everyinteger R 3 and everyn 2 there exists a nearly-balancd
cyclic n-digit R-ary Gray code.

Proof. Let R 3 bea xed integer. Sinceewery well-balancedcode is nearly-balanced,
Theorem 2 senesasthe basecasefor a proof by induction onn 2.

balancedn-digit codefor n 3. We will prove there is a partition of this code for which
the inducedcyclic (n + 1)-digit code is nearly-balanced.

with 1 k; < T sudh that
Rn+l

S =RT k 8
] J | n+ 1 ( )
satis es
0 §< : (9)
Permute the coordinates of the n-digit code if necessaryto obtain
>S, S, 00 S, 0: (20)

Sinceeadr 1  k; < Tj, the digit j occursmgre than k; times asa transition digit in the
code and soit can be partitioned into L := jn=l k; blocks in §ych a way that ead digit
j occursexactly k; times as a connectingdigit. Using (8) and jn=l T, = R",

xn Rn+l
S = L: 11
j=1 ! n+1 -
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P
Let M :=b [, S= c Then (9) implies
0 M<n: (12)

P
Also, by de nition of M, 0 i-1S M < holdsandso(11) gives

Rn+l
0 1 (L+M)< (13)
We alsonote that if
Sm+ == 5, =0;
then from (11) and (9),
Rn+1 xXn )
1 (L+M):j=18,- M :,-=1Sj M <M M =0;

cortrary to (13). From (9) we therefore have
0<§< foralj M+1 and 0 S§ < forallj>M+ 1: (24)

We distinguish two casesaccordingto whether R is odd or even.

CASE 1: R 3 is odd. We will prove there exists a re nement of the above partition
for which the induced (n + 1)-digit code is cyclic and nearly-balanced. SinceR is odd,
the number L of partition-blo cks must be even for the code induced by the partition to
be cyclic. Our re nement will have L° partition-blo cks where L° equalseither L + M or
L + M + 1, whichewr is even,and soD := L° L connectingdigits will be added. Since
D equalsM orM + 1and1l k;j < T;,by(12) 0 D n andead of the rst D
digits can be chosenone more time as a connectingdigit, giving L ° partition-blo cks with

k’=k +1ifj D; k’=kifj>D:

According to (4), the rst n transition courts of the code induced by this new patrtition

have (
R™ S ifj D

TC(j X
) n+1 S fD<j n

which by (14) satisfy the nearly-balancedcondition. Also, the last transition court is
TC(n+ 1)=L°% , and (13) implies

Rn+l Rn+1

<(L+M TC(n+1 L+M+1 +
S <(L+M)  TC+1) )

Therefore,the code is nearly-balancedunless

(L+M) =R"™=n+1);
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which cannot happen since is evenand R is odd. This completesthe proof for odd R.

CASE 2: R 4is ewen. Were ne the partition by adding one more connectingdigit for
eath j = 2;3;:::;M + 1. This inducesa code with L + M partition-blo cks whose rst n
transition digits satisfy

8 e
RN+ 2S5, 2 ifj=1
TC(j) n+1=>8j ifl<j M+1
" S ifM+1<j n

As in Casel, (14) impliesthe nearly-balancedcondition for all TC(j) with j  n. Also,
sinceTC(n+ 1)= (L+ M) + 2, from (13) we have

Rn+l
n+1

TC(n+ 1)< 2<

and sothe code is nearly-balancedunless = 2 (and soR = 4) and
n+1

TC+ )= ——

+ 2

For this special case,considerany modi cation of the last partition which has one less
occurrenceof 1 asa connectingdigit. This changesonly the rst and last transition courts
to

n+1 Rn+l
TC(A)+2=5; + T +1 =T +1) 2= ;
C(1) S 1 and TC(n+ 1) C(n+ 1) 1
respectively, resulting in a nearly-balancedcode. O

We next apply this theoremto the casewhenn divides R".

Corollary 1. LetR 3andn 2beintegers.If n dividesR", then there existsa cyclic

n
TC(j) F% 1 foralll | n: (15)

In particular, whenn is a power of 2 there exist totally-balanad cyclic n-digit quaternary
Gray codes.
Proof. By hypothesis, TC(j) % isaninteger,and sothe strict inequality in the de nition
of nearly-balancedimplies (15).

When R = 4 and n = 2%, n divides R" and so ewery transition court of a nearly-

balanced cyclic n-digit quaternary code is within 1 = 1 of the even integer 4"=n.
Sincethe code is cyclic and R is ewven, ewvery transition court must be even and so must
equal4"=n. O

We end with an application to binary codes.
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Corollary 2. For each n 2 there exists a cyclic 2n-digit binary Gray code whose
transition counts TC(1); : :: TC(2n) are suchthat everyavergeof the form T¢& Y+ TcE)
equalseither b22"=(2n)c or d22"=(2n)e.

Proof. Considerthe following mapping of elemens of Z, to 2-digit binary strings:
o7tro0 ; 1701 ; 2711 ; 37! 10:

This mapping extendsto a mapping of quaternary n-strings to binary 2n-strings under
which Lee distanceis presened. Therefore, any cyclic n-digit quaternary Gray code is
mappedto acyclic 2n-digit binary Gray code,andthe transition courts TC(1);::: TC(2n)
of the binary code have the property that TC(2i 1)+ TC(2i) equalsthe transition court
of the digit i in the 4-ary code for every i = 1;:::n. Using any nearly-balancedn-digit
4-ary Gray code, we therefore have

TC@2i 1)+ TC(2i) 22 1 4"

2 _1 . N N .
> n 2TC(2I 1)+ TC(2i) - 1;

from the de nition of nearly-balanced. Since every transition court of a cyclic binary
Gray code is even, ead sud averageis an integer and the last inequality implies it must
equal either b22"=(2n)c or d2>"=(2n)e, as claimed. O

Acknowledgmen t: The authors are grateful to the two refereedor their helpful sugges-
tions, especially for the simpli cation of the proof of Theorem4.
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