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Abstract

The distinguishing number D (G) of a graph G is the least cardinal number
@sud that G has a labeling with @labels that is only presened by the trivial
automorphism. We shaw that the distinguishing number of the countable random
graph is two, that tree-like graphs with not more than cortinuum many vertices
have distinguishing number two, and determine the distinguishing number of many
classesof in nite Cartesian products. For instance, D(Q ) = 2, where Q is the
in nite hypercube of dimension .

1 Intro duction

The distinguishing number is a symmetry related graph invariant that was introduced
by Albertson and Collins [2] and extensiwely studied afterward. In the last couple of
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yearsan amazingnumber of papers have beenwritten on the topic. Let us mertion just
thosethat are directly related to our paper: It was proved independertly in [6] and [12]
that for a nite connectedgraph G, D(G) + 1, where s the largestdegreeof G,
with equality if and only if G is a complete graph, a regular complete bipartite graph,
or Cs. For the computation of the distinguishing numbers of nite trees see[5]. Also,
the distinguishing number of Cartesianproducts of nite graphshasbeenwidely studied;
see[1, 3, 8, 10,11, 13].

In this paper we extendthe study of the distinguishing number to in nite graphs. The
starting point is the obsenation in [10] that the distinguishing number of the Cartesian
product of two courtable complete graphsis 2. The proof is surprisingly simple, just
as one can easily shav that the distinguishing number of the hypercube of courtable
dimensionis 2 (cf. the rst part of the proof of Theorem5.4).

It turns out that marny of the results for nite graphs can easily be generalizedto
courtably in nite onesand that, with someadditional e ort, one can considergraphs
with cardinality , that is, the cardinality of the cortinuum. For higher cardinalities
things are more complicated and are mainly treated in the last section. We wish to add
that although we use\naive" settheory, it can be easily seenthat our proofs remain in
forcein ZFC settheory.

In this paper we prove the following results for in nite graphs G: We prove that
the distinguishing number of the (countable) random graphis 2, and prove that tree-like
graphs(comprisingall treeswithout pendart verticesand many other graphs)on at most
verticeshave distinguishing number at most 2. For higher cardinalities we treat products
of complete graphs and show that D(Q ) = 2 where Q is the hypercube of arbitrary
in nite dimension.

2 Preliminaries

Let G be a graph and X a set. Then an X -lakeling of G is just a mappingV(G) ! X.
In most casesX will be a set of numbers, but we will also usethe set f bladk; whiteg to
label graphs. When X will be clear from the cortext we will simply speak of lakelings of
G. Let g be an automorphismof G and | a labeling of G. Then we say that | is preservel
by g if I(v) = I(g(v)) for any v 2 V(G). A labeling| of a graph G is distinguishing if
| is only presened by the trivial automorphism of G. The distinguishing numker of a
graph G is the least cardinal number @sud that there existsa distinguishing X -labeling
of G with jXj = @ The distinguishing number of a graph G is denotedby D(G). An
X -labeling |; of a graph G; and an X -labeling |, of a graph G, are isomorphic if there
exists an isomorphism' : V(G;) ! V(Gy) of G; and G, sud that I,(v) = I,(" (v)) for
any v 2 V(G,) (in this casewe alsosa that X -labeledgraphsG; and G, areisomorphic).

As usual, @ standsfor the cardinality of a courtable setand or 2@ for the cardinality
of reals. We will use to denotean arbitrary nite or in nite cardinal.

The Cartesian product G H of two nite orinnite graphsG and H is a graph with
the vertex setV(G) V(H), the vertices(g; h) and (g% h9 being adjacert if g = g°and
hh°2 E(H), or h = h®and gg°2 E(G). Let g be a vertex of G. Then the set of vertices
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f(g;h) j h2 V(H)ginducesa subgraphof G H isomorphicto H. It is calledanH-ber
and denoted9H. Analogously for h 2 V(H), the G-ber G" is the subgraphof G H
inducedby f(g;h) jg2 V(H)g.

Let G, 21, bean arbitrary family of graphs. Then the Cartesianproduct ,, G
is de ned on the set of all functionsx : 7! x, x 2 G, wheretwo vertices (functions)
are adjacer if there existsanindex 2 | sudhthat xy 2 E(G) andx =y for all

6 .

We wish to point out that the Cartesianproduct of in nitely many nontrivial graphsis
disconnected.Therefore,in this caseoneconsidersconnectedcomponerts of the Cartesian
product and calls them weak Cartesian products If all factors have transitive group any
two componerts are isomorphic. Sincewe are only interestedin connectedgraphs,for us
a Cartesian product graph will always meana weak Cartesian product graph.

For instance, the in nite hypercube Q of dimension is de ned as the Cartesian
product of copiesof K,. Its vertex setis the setof all functions of a set S of cardinality

into f0; 1g; wherethe preimageof 1 is nite, and wheretwo verticesf ;g are adjacen
if there exists one and only one elemen x of S sud that f (x) 6 g(x). Clearly Q is
idempotent, that isQ = Q Q.

Let x be a vertex of a graph G. Then the neighborhood of x in G will be denoted
Ng(x) or N(x) if G is clearfrom the context. In addition, By(d) is the set of vertices of
G at distance d from x.

By a tree-like graph we meana connectedgraph G that cortains a vertex x with the
following property: for any vertex y there exists an up-vertex z with respect to x (that
is, a vertex with d(x;z) = d(x;y) + 1), sud that y is the only vertex from N (z) that
liesin an x; z-geadesic. In other words, for any vertex y there existsa vertex z sud that
fyg= N(2)\ By(d(x;z) 1).

For terms not de ned here, in particular for the Cartesian product of graphsand its
properties, we refer to [9].

We have already mertioned that for a nite connectedgraph G, D (G) + 1, where

is the largest degreeof G. We concludethe sectionwith the following analoguefor
in nite graphs.

Theorem 2.1 Let n be a cardinal numker, and G a connected, in nite graph suchthat
the degree of any vertex of G is not greater than n. ThenD(G) n.

Pro of. Suppose rst that nis a nite cardinal. Then G is an in nite graph of bounded,
nite degreeand G cortains a one-way in nite isometric path R. Let ug bethe rst vertex
of R; and label all verticesof R with , where s the largest degreeof G. No other
vertex will receiwe the label . Sinceug is labeled and adjacen to exactly one vertex
labeled , while any other vertex of R is adjacen to two verticeslabeled , ug is xed
by ewvery automorphismof G. Consequetly, R is xed pointwiseby ewvery automorphism.
Construct a BFS-tree of G with root ug and label the vertices of G in BFS order as
follows: Let x be a vertex in this order, then label its neighbors that are not yet labeled
with dierent labelsfrom f1;2;:::; 1g. The BFS order implies that the labeling is
well-de ned and that ewvery newly labeledvertex is xed by ewery automorphism.
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Assumenext that the degreeof G is not bounded. The vertex setof G is the union of
the verticesin the BFS-lewels of G. Sincethe number of verticesin ewvery sud level is at
most n we have that jGj

We note that an in nite locally nite graph canhave in nite distinguishing number.
For a simple exampleconsiderthe graph that is obtained from the one-way in nite path
Vo; V1; Vo, 111 by attaching n pendart verticesto v, forany n 1.

3 Distinguishing the random graph

In this sectionwe determinethe distinguishingnumber of the courtable randomgraph. So,
let R be the countable random graph de ned in [7]. Then (see,for example,Propositions
4.1,5.1,8.1and 3.1in [4]) R cortains any courtable graph as an induced subgraph,the
automorphismgroup Aut( R) of R is a vertex-transitive group of order 2@, and R hasthe
following property:

() Forany nite disjoint subsetsX andY of V(R), therearein nitely many vertices
z of R suth that zx 2 E(R) forall x 2 X and zy 62E(R) forally 2 Y.

In particular, R is a connectedgraph of diameter 2 and of courtable degree.
Theorem 3.1 Let R be the countablerandomgraph. Then D(R) = 2

Pro of. SinceAut(R) 6 1, we have D(R) > 1. Let u be a vertex of R, and let N (u) =
fvy; vy, i::gbethe setof neighborsof u in R. Fix a sequenceay; n,;::: of positive integers
sud that n; > n; + +n; foralli> 1. Dene alabelingl : V(R)! fO0;1gin the
following way.

Put I(u) = 0 and I(v;) = O for all i 1. By (), there exist (distinct) vertices
W11; 100 Wen, I N(va) n(fug[ N(u)). Putl(wyj) = Oforallj,1 j nq,andl(w)=1
for all other verticesw from N (v;) n(fug[ N(u)). Supposenow that, for somepositive
integerk, | isde ned on[ K, (N (vi)n(fug[ N(u))) in sud away that, foreahi k, there
are exactly n; verticesin N(v;) n(fug[ N(u)) labeled0. Then the number n of vertices
in (N(Viz2) n(fug[ N())\ ([ £, (N(v) n(fug[ N(u)))) labeled 0 (by assumption,
| isdened on [ K, (N(vj)) n(fug[ N(u))) is ni+ :::+ ng < ngsy. By (), there

Put I(Wq) = Oforallj, 1 ] ng+1 N, and I(w) = 1 for all other vertices
w from N (Vis1) n((fug[ N(u)) [ ([ £;N(w))). As a result, for any positive integer
i k+ 1,1 isdened on N(v;) n(fug[ N(u)) and there are exactly n; vertices in
N (vi) n(fug[ N(u)) labeled0. Sincethe diameter of R is 2, cortinuing in this way we
getalabelingl : V(R) ! f0;1g.

By the de nition of |, all verticesin fug[ N(u) = fu;vy;Vv,;:::g arelabeled 0, and,
for ead positive integer i, the number of verticesin N(v;) n(fug[ N (u)) labeled O is
n;. Furthermore, u is the only vertex of R for which all neighbors are labeled0. In fact,
supposeu® is another vertex of R for which all neighbors are labeled0 . By ( ), there
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all verticesin N(v,) n(fug[ N (u)) labeled 0) are edgesof R, while wu 62E(R). But
wv; 2 E(R) and wu 62E(R) imply w 2 N(vy) n(fug[ N(u)). At the sametime, for
eahr j, 1 ] ni, we have w 6 wy; by wwy; 2 E(R). ThusI(w) = 1 cortrary to
wu®2 E(R).

Let g be an automorphismof R preservingthe labeling|. By the above, g(u) = u and
henceg(v;) = v; for all positive integersi. Supposeg(w) 6 w for somevertex w of R. By
(), there existsa vertex v of R sud that vu and vw are edgesof R, while vg(w) 62E (R).
Sincevu 2 E(R), we have v = v; for somepositive integer i, and henceg(v) = v. Now
vw 2 E(R) while g(v)g(w) = vg(w) 62E(R), a cortradiction.

Thus the labeling | is distinguishing.

4 Tree-lik e graphs

We now move to uncourtable graphs. The main result of this section assertsthat the
distinguishing number of tree-like graphs of cardinality not greater than is either one
or two, but the result is no longer true for larger cardinalities. We needthe following
somewhattechnical result.

Lemma 4.1 LetT beatreewithu 2 V(T) suchthat1 degu) 2@ and1< degV)
2@ for all v 2 V(T) nfug. Then there exist 2@ pairwise nonisomorphic distinguishing
f0; 1g-labelings! , 2 A (wher jAj = 2@), of T suchthat, for each 2 A, | (u) = 0,
I* (u) = 1andwith respct to eachof | and|*, u is the only vertexof T with all neighlors
in T lakele 0.

Proof. Let N , 2 A wherejAj = 2@, be distinct subsetsof the set of integers> 2 with
JNj>1forall . Foreahh 2 A, letS bethe setof (innite) sequencegii;iz;:::)
sudh that fiqis;:::g= N . Of course,jSj= 2@ forall 2 A. Foreah 2 A and
eahr s = (i1;ip: 1) 2 S, let s bethe f0; 1g-sequencd o; 1;:::) with ; = 0 if and only
if j = igia+ipir+is+ig:::PutS =1fs:s2S g Ofcourse,jSj=jSj= 29 for
all 2 A.

Now let T be a tree with u 2 V(T) sud that degv) > 1for all v2 V(T)nfug and
degly) 2@ forallv2 V(T). Foreahh 2 A, we de ne a distinguishing f 0; 1g-labeling
| sud that u and all neighbors of u in T are labeled 0, and u is the only vertex of T
with all neighborsin T labeledO.

Since jV(T)j 2@ there is an injection v 7! s, from V(T) into S . Dene |
inductively by Steps.

As Step 1, put | (u)=0andl (v) = Ofor all neighborsv ofuin T.

Supposenow that after Stepn, n a positive integer, we have a labeling of somevertices
of T sud that

(in) all verticesat distance n from uin T are labeled;
(ii,) if avertex v from V(T) nfug is labeled and v° 2 V(T) nfvg with dr(u;v9 +
dr (v®v) = dy(u; V) then vPand all neighbors of v2in T are labeled:;
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(iiiy) all neighbors of any vertex of T labeled 1 are labeled.

If not all verticesof T arelabeledafter Stepn (otherwisethe de nition of| iscompleted),
Stepn + 1is de ned asfollows:

Let fv : 2 Bg bethe setof all verticesof T which are unlabeledbut have labeled
neighbors (at leastone; note that by (iii ,) all theseneighoors arelabeled0). For eadr 2
B, chooseanin nite pathP, :v .= v ;v g;:::0f T sudthat dr(u;v ) dr(u;v ) = j
for all non-negatiweintegersj . By (ii,), the verticesof P, areunlabeled. We label vertices
of P, usingthe sequences, . Let X2 bethe setof verticesv of T sud that, for somenon-
negative integer j, v is a neighbor of v ; dierent fromv .1, dr(u;v) = dr(u;v j) + 1
andv ; islabeled0. Analogously let X} bethe setof verticesv of T suc that, for some
non-negatieintegerj , v isaneighbor ofv ; dierent fromv .1, dr(u;v) = dr(u;v ;)+1
andv ; is labeledl. Let Y, be the setof verticesv® of T sud that v°is a neighbor of
somev 2 X! with dr(u;v9) = dr(u;v) + 1. Note that, by (ii,), no vertex in X2, X! or
Y, islabeled. Put| (v) = Oforallv2 X2 [ X! [ Y, . Using the sameprocedurefor
all v, where 2 B, wecompleteStepn + 1. It is easyto seethat after Stepn + 1 we
get a partial labeling of T which hasproperties (in+1)  (ili n+1).

We now shaw that the resulting labeling | : V(T) ! fO0;1g is distinguishing. Since
all integersin N are> 2, it followsfrom the de nition of | that u isthe only vertex of T
with all neighborsin T labeled0. Henceany automorphismof T preservingl stabilizes
u. Note now that in nite paths Xo; X1;::: of T with the following propertiesa) { d):

a) dr(u;x;) dr(u;xe) = j for all non-negatiwe integersj,

b) if I (x;) = O for somenon-negatiwe integerj, then| (Xj+1) = 1,

c) | (Xo) = landdr(u;xe) 2,

d) if w is the neighbor of xo with dr(u;w) = dr(u;Xe) 1, and wPis the neighbor
of w with dr(u;w9 = dr(u;w)  1,thenl (w)=1 (w9 =0,

are exactly the paths P, usedin one of the Steps. Indeed, any path P, = Xg;Xq;:::
obviously has properties a) { d). On the other hand, if an in nite path Xq;X4;::: of T
has properties a) { d), then c) implies that X, is a vertex of somepath of the form P,, .
Furthermore, by d) we have X, = v . Now a) and b) imply that Xq;Xy;::: coincideswith
Py .

By the de nition of | , distinct sud paths have distinct labelings,thus any automor-
phism of T preservingl stabilizesead sut path. Sincefor ead vertex v of T, there
existsa vertex vOwith dr(u;Vv) + dr(v;v9 = dr (u;v9 which is a vertex of one sud path,
| is a distinguishing labeling.

Denel* byl (u)= 1landl*(v) =1 (v)forallv2 V(T)nfug. Then, with respectto
I™, u is the only vertex of T with all neighborsin T labeledO. Sincel is a distinguishing
labeling, it follows that 1* is a distinguishing labeling as well.

The labels of ead path of the form P, from the de nition of | make it possibleto
reconstruct the correspnding set N . Thereforethe labelings| of T for distinct 2 A
are (pairwise) nonisomorphic. Hencelabelings|* of T for distinct 2 A are (pairwise)
nonisomorphicas well. Besides,for ; °2 A, | and|*, are nonisomorphiclabelings of
T, since,with respectto ead of | and|*, u is the only vertex of T with all neighborsin
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T labeled 0 while | (u) 6 1%o(u).

Theorem 4.2 Let G be a tree-like graph with 2@ ThenD(G) 2.

Pro of. Recallthat ewery tree-like graph G cortains a vertex x with the following property:
forany y 2 V(G) thereexistsaz 2 V(G) sudt that fyg= N(z)\ By(d(x;z) 1).

Let T be a spanningsubgraphof G with the property that x%°2 E(T) if and only if
fx= N9\ By(d(x;x° 1) or fx°y= N(x9)\ B,(d(x;x9 1).

Clearly T is a forest with no nite componert, and uniquely de ned. Furthermore,
for any connectedcomponert C of T, there exists a unique vertex uc of C at a smallest
distance from x, and the valencyin T of any vertex of C, di erent from uc, is > 1. Of
coursex = uco for the connectedcomponert C%of T cortaining x, and the setof neighbors
of x in T coincideswith the set of neighbors of x in G.

De ne alabeling! : V(G) ! f0;1g asfollows. By Lemma4.1, there exists a distin-
guishing labeling | of C%°sud that | (x) = Oand | (v) = O for all neighbors v of x in
T (or, equivalertly, in G). Put I(w) = | (w) for all verticesw of C°% Let fC; :i 2 Ig
be the set of connectedcomponerts of T dierent from C° Thenjlj 2@. Hence,by
Lemma4.1,there exist distinguishing labelingsl;” of C; for alli 2 | sud that I (uc,) = 1,
uc, is the only vertex of C; for which all neighbors in C; are | -labeled 0, and, for any
distinct i%i%2 I, the I%;-labeledtree Cio and the I rlabeledtree Ci are not isomorphic.
Foreah i 2 | andeadh w2 C;, put I(w) = I (w). This completesthe de nition of I.

Let g be an arbitrary automorphismof G preservingl. By the de nition of |, x is the
only vertex of G labeledO for which all neighborsin G arealsolabeled0. Thereforeg(x) =
x and henceg 2 Aut(T). Sincethe restrictions of | to distinct connectedcomponerts of
T give pairwise nonisomorphiclabeled graphs, g stabilizesead connectedcomponen of
T. As the restrictions of | to any connectedcomponert C of T is a distinguishing labeling
of C, we infer that g = 1.

Thus | is a distinguishing labeling.

Let n be a cardinal > 2@ and T a tree with x 2 V(T) sud that degik) = n and
degfy) = 2forally 2 V(T) nfxg. Of course,D(T) jV(T)j = n. On the other side, for
any setM with jMj < n, there are < n distinct sequence®f elemeits of M. Thus, for
any M -labeling | of T, there exist two distinct in nite paths x9;x3;::: and x29x99::: of
T with dr(x;x9) = dr(x;x% = i for all positive integersi sud that [(x%) = I(x%) for all
positive integersi. The automorphismg of T de ned by g(x?) = x*and g(x% = x? for
all positive integersi, and g(y) = y for all y 2 V(T) nfx$;x3;:::;x%x%:::g, is a non-
trivial automorphism preservingl. HenceD(T) = n. Thus the condition deg{) 2@ in
the hypothesisof Theorem 4.2 cannot be wealened (even for trees and even for a single
vertex).

We closethe section by noting that courtable trees have also independerly been
treated by Tucdker [15].
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5 Cartesian products of arbitrary cardinalit y

In this sectionwe generalizeresultsabout the distinguishing number of Cartesianproducts
of completegraphs[8, 10]to the in nite caseand nd many similarities. We alsodetermine
the distinguishing number of in nite hypercubesof arbitrary dimension.

To this endwetakerecourseto elemetary resultsabout in nite cardinalsand ordinals,
trans nite induction, and the well-ordering theorem; seee.g.[14].

We also apply seeral basic facts about prime factorizations and automorphisms of
connectedin nite graphswith respect to the weak Cartesian product: Every connected,
in nite graph canbe uniquely represeited asthe weak Cartesianproduct of prime graphs,
that is, graphsthat are not the product of two nontrivial graphs;see[9]. Moreover, given
a product

G= 2] G

of prime graphs, every automorphism of G is induced by transpositions of isomorphic
factors and automorphismsof the factors themsehes. That is, if 2 Aut(G) then there
existsa permutation  of | togetherwith isomorphisms ; : G ! G sud that

('V ) = 1V
Also, completegraphsare prime with respect to the Cartesian product.
Theorem 5.1 Let beaninnite cardinal numbker. ThenD(K K )= 2

Proof. Let G= G; G,, whereboth G; and G, areisomorphicto K . LetV = V(G,) =
V(G;) and awell-ordering of V with the rst elemen ay.

We label ewvery vertex (x;y) 2 G; G, white if x y, otherwisewe label it black.

This labelling is distinguishing. To seethis we rst note that ewery G;- b er has
in nitely many black vertices, but that the G,-b er 2G, has only one bladk vertex,
namely (ag; ap). Thus, every automorphism of G is generatedby automorphismsof the
factors. In other words, every automorphismmapsG;- b ersinto G;- b ersand G,- b ers
into G,- b ers.

Since GY° is the only G;- b er with no white verticesit is stabilized by all automor-
phisms. Similarly, %G, is stabilized by all automorphismsof G becauseit is the only
G»- b erwith only onebladk vertex. Thus (ap; a) = G$°\ *G,is xed by all 2 Aut(G).

If all diagonal elemetts (x; x) are xed, then G} and *G, are stabilized for ewvery x.
ThusGi\ YG; = (x;y) is xed for ewvery (x;y) 2 V(G) and the labeling is distinguishing.

Hence, if the labeling is not distinguishing there is a smallest ordinal ¢ in V sud
that (c;c) is not xed by the label preserving automorphismsof G, but the vertices
(x;y) 2 V(G) with x;y care. Let L bethe union of the G;- and G,- b ersthrough these
vertices. Clearly L is stabilized by the all label preservingautomorphisms. Moreover, G§
is the only G- b er with no white vertex outside of L and ¢G, the only G,- b er with just
oneblack vertex outside of L. Thus (c;c) is also xed.

Theorem 5.2 Let beaninnite cardinal. ThenD(K K, ) =2
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Pro of. We considerthe completegraphsG, = K with vertex setW andH = K, with
vertex setV. Of course,W is a setof cardinality andV a setof cardinality 2 . Write V
asa disjoint union V°[ V% whereVis a set of cardinality and Va set of cardinality
2 . Let G; be the subgraphof H induced by V°and G, the subgraphof H induced by
VO Then Gy = jGij = andjGgj = jHj= 2.

Considerthe 2 di erent black and white labelingsof G, and assignthem to the G,-
bersof G, H, yielding a labeling!l on G, H. The labeling | induceslabelings1° of
G, G;andI|%f G, Gy By Theoremb5.1we can choosel sud that the labeling 1°is
distinguishing.

If 1%s not distinguishing, there must be a nontrivial 1°2preservingautomorphism of
G, Go. This mapping is of the form

X y)=( x5 vy),;

where 2 Aut(G;) and 2 Aut(Gp). If s the idertity mapping , then = too,
becauseany two G,- b ershave di erent labelings. We canthus assumethat 6
We now considerthe mapping

Gy 7N Xy)

of G, H into itself. This mapping permutesthe labelingsof the G,- b ersof G, H. In
other words, there is permutation °of V(H) sud that

V7 (X Y)

presenes|. By the de nition of we infer that ‘]V(GO) = . But then C]V(Gl) is a
permutation of V(Gop). But this is impossible,becausd? is distinguishing.

If the cardinality of the secondfactor is bigger than 2 the situation is strikingly
di erent.

Prop osition 5.3 Let2 < . ThenD(K K )>
Pro of. The number of labelingsof K with labelsis 2 <

If the generalizedcortinuum hypothesisdoes not hold, there are cardinals and
suh that < < 2. Wedonot know whetherD(K K ) = 2in this case.

Theorem 5.4 Let beaninnite cardinal. ThenD(Q ) = 2

Pro of. The proof is by trans nite induction. Let = @. The verticesof Qg, are all
01-sequencewith nitely many ones. Let v; be the vertex whose rst i coordinates are
1, and the others 0. We considerthe onesidedin nite path

P = wvovi:i::
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and label its vertices black, all the other vertices white. Clearly P is xed by ewery
automorphism of Qg . Also, P meetsewery -class of Qg in exactly one edge. Since
this edgeis xed, all -classes are stabilized and its edgescannot be inverted. Thus the
labeling is distinguishing.

Furthermore, take all verticeswith an even number of ones,throw out thosethat are
in N(P), and call this set A. Then A is an in nite independen setof Qg NN (P). We
now create 2@ labelingsof Qg in which the verticesof P are labeled black, the vertices
of A in all possibleways, and the remaining verticeswhite. Sinceno two verticesof A are
adjacent and no vertex of A is a neighbor of a vertex in P, ead sud labeling cortains
exactly onebladk vertex (the vertex with all zeros)with exactly oneblack neighbor. Note
alsothat giventwo copiesof Qg with distinct labelingscreatedasabove, there is no label
preservingisomorphismbetweenthem.

We showv next how to nd a distinguishing labeling of Qg . To this end we choose @
hypercubesQg, and label then with distinct nonisomorphicdistinguishing labelings. This
is possible,because@ 2@. Let thesehypercubes,together with their labelings,be G ,

2 1,jlj = @. Note that every G has exactly one black vertex that has exactly one
black neighbor, we call it the root of G . We now considerthe weak Cartesian product

G= 2|G

with respect to the vertex vo whosecoordinates are the roots of the G . We also label
G sud that ewery unit b er, that is, the G - b ersthrough the root vertex, inherits the
labeling of its factors. All other verticesare labeled white.

Clearly, G is isomorphicto Qg . Also, sincev is the only vertex of G that is labeled
black and has @ bladk neighoors, it is xed by all automorphisms. Clearly this implies
that the unit b ersarealso xed and the labeling is distinguishing.

Note that the subgraphinduced by the bladk verticesin G has one connectedcom-
ponert and isolated vertices. Moreover, the black componert has exactly one vertex of
degree@, all other verticeshave smaller degree.

Again we can nd an independent set A of cardinality @ where no vertex of A is
adjacert to a unit b er vertex. This we canuseto nd 2@ nonisomorphicdistinguishing
labelingsof G. Every sud labeling consistsof isolated black vertices and one connected
subgraphof bladk verticesthat hasa vertex, the root of G, of maximum degree@.

Suppose is a cardinal with the following properties:

(i) There are2 nonisomorphicdistinguishing labelingsof Q .

(i) In ewvery one of theselabelings the bladk vertices induce a subgraph consisting
of isolated vertices and a large connectedcomponert with exactly one vertex of
degree which we call the root.

Then the above argumerts imply that the successocardinal °of alsosatis es (i) and
(ii).

In orderto completethe proof it remainsto be shovn that a limit cardinal satis es
() and (ii) if every cardinal < does.

For ewery  we selecta graph G = Q together with a distinguishing labeling
satisfying (i) and (ii).
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We can assumethat the distinguishing labelingsof the G have the property that to
any two K,-factors of G there is a bladk (isolated) vertex that projects into the vertex
of the K ,-factor that is di erent from the root. We now considerthe Cartesian product
G G o 6 °wheretheunit b ersinherit the labelingfrom G and G o, and where
all other vertices are white. This meansthat no automorphism can map a K ,-factor of
G into oneof G o. Again we considerthe weak Cartesianproduct

G= G

where the componerts of the root vertex are the roots of the G . Again we let the
unit b ersinherit the labelings of the respective factors and label everything elsewhite.
Clearly this yields a distinguishing labeling of G. As beforewe can nd an independert
set A of cardinality that cortains no vertex that is adjacen to a unit b er. Labeling A
in 2 distinct ways in bladk and white yields 2 nonisomorphicdistinguishing labelings of
G. Clearly

G= QP ) =Q

and satis es (i) and (ii).

We wish to remark that this actually meansthat we candistinguish the Cartesianand
not only the weak Cartesian product of copiesof K, by two colors.

Concluding remarks

Very recerly (Apr 4, 2007) a closely related paper [16] was published. We note that
Theorem 3.1 of [16] is a special caseof our Theorem4.2.
Wethank arefereefor carefully readingthe manuscript and numeroushelpful remarks.
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