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Abstract

Combinatorial represetation in terms of Scroder paths and other weighted
plane paths are given of Laurent biorthogonal polynomials (LBPs) and a linear
functional with which LBPs have orthogonality and biorthogonality. Particularly,
it is clari ed that quartities to which LBPs are mapped by the corresponding linear
functional can be evaluated by enumerating certain kinds of Schreder paths, which
imply orthogonality and biorthogonality of LBPs.

1 Intro duction and preliminaries

Laurent biorthogonal polynomials, or LBPs for short, appearedin problemsrelated to
Thron type cortinued fractions (T-fractions), two-point Pade approximants and momert
problems(see,e.g.,[6]), and are studied by many authors (e.qg. [6, 4, 5, 12, 11]). Werecall
fundamenal properties of LBPs.

Remark. In this paper, © and m;n are usedfor integersand nonnegatiwe integers, re-
spectively.

Let K bea eld. (Commonly K = C.) LBPs are monic polynomialsP,(z) 2 K[z], n 0,
sud that degP,(z) = n and P(0) 6 0, which satisfy the orthogonality property with a
linear functional L : K[z ;Zz]! K

LzPy(z?Y =hyn; O ° nn O 1)

JSPS Researt Fellow.
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where h, are somenonzeroconstarts. Sud a linear functional is uniquely determined
up to a constart factor, and then we normalizeit by L[1] = 1 in what follows. It is well
known that LBPs satisfy a three-term recurrenceequation of the form

Po(z) =1, Pu(2)=2z co

2
Pa2)= (Z G )Pn 1(2) @ 22Py 2(2); N 2 @)

where the coe cients a, and ¢, are somenonzero constaris. The LBPs P,(z) have
unique biorthogonal partners, namely monic polynomials Q,(z) 2 K[z], n 0, sud that
degQn(z) = n, which satisfy the orthogonality property

Lz Qw2 =hyn: 0O ° nin O 3)
or, equivalertly, do the biorthogonality one
L Pm(z 1)Qn(z) = hm mn; m;n O 4)

In this paper, we considerthe caseQ,(0) 6 0, that is, we assumethat the biorthogonal
partners Q,(z) arealsoLBPs with respectto the functional L°de ned by L9z ]= L[z ].

Our aim in this paper is a combinatorial interpretation of LBPs and their properties.
Especially, we explain orthogonality and biorthogonality of LBPs in terms of Screder
paths and other weighted plane paths. This paper is organizedas follows. In the rest of
this Section 1, we introduce and de ne se\eral conbinatorial conceptsusedthroughout
this paper, e.g., Screder paths and erumerators for them. In Section 2, we introduce
Favard paths for LBPs, or Favard-LBP paths for short, with which we interpret the three-
term recurrenceequation (2) of LBPs. They play an auxiliary role to prove claimsin the
following sectionsconcernedwith orthogonality and biorthogonality of LBPs. In Section
3, we give to the quartity

LzP(zY:; 2Z;n 0 (5)

a conbinatorial represetation derived by erumerating somekinds of Screder paths. We
then shaw that the LBPs P,(z) canbe regardedasgeneratingfunctions of somequartities
obtained by erumerating Favard-LBP paths, and that the correspnding linear functional
L can be done by doing Sdreder paths. Section4 is dewted for a similar subject, but
we considerthe quartity

LzQu(z); 2Z;n O (6)

and combinatorially interpret the biorthogonal partners Q,(z). Finally, in Section5, we
clarify that we can ewaluate the quartity

L zPn(z HQu(2; ~2Z, min 0 (7)

by erumerating Sdreder paths. As a result, we shall be able to understandfrom a com-
binatorial viewpoint the LBPs P,(z), the linear functional L, the biorthogonal partners
Qn(2) and the orthogonality and the biorthogonality satis ed by them.
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This combinatorial approad to orthogonal functions is due to Viennot [10]. He gave
to general(classical)orthogonal polynomials, following Flajolet's interpretation of Jacobi
type cortinued fractions (J-fractions) [3], a combinatorial interpretation using Motzkin
paths. Speci cally, he showved, for general orthogonal polynomials p,(z) which are or-
thogonal with respect to a linear functional f, that the quartity

f Z\pm(z)pn(z) ; ,mn 0

canbe ewaluated by erumerating Motzkin paths of length °, starting at level m and ending
at level n, which implies the orthogonality f [pm(Z)pn(2)] = m mn. Kim [7] preserted an
extensionof Motzkin paths and generalizedviennot's result for biorthogonal polynomials.

First of all, we introduce conbinatorial conceptsfundamertal throughout this paper.
We considerplane paths ead of whosepoints (or vertices) lies on the point lattice

L=f(xy); (x+1=2y)jxy2Z;y 0g R? (8)

and eat of whoseelemettary steps (or edges)is directed. (SeeFigure 1, 2, etc., for
example.) We identify two paths if they coincide with translation. We usethe symbol
, for the nite setof plane paths characterizedby the scripts ~ and } . Moreover, for
aplanepath = s;5, s,, whereead s; isits elemenary step, we denoteby s;j( ) the
i-th elememary steps;, and denoteby s;; ( ) theparts; s;ifi ] or the empty path
if i > j, namely the path consistingonly of one point. Additionally, we denoteby j |
the number n of the elememary stepsof

Valuations, weight and enumerators A valuationv is amap from a setof elemerary
stepsto the eld K. Then, weightof a path is the product
Vi
wat(v; )= v(si( )); )

i=1

and an enumeator for pathsin  is the sum of weight
X
y (V) = wgt(v; ): (10)

2

Note that the erumerator  (v) is a generalizationof the cardinality of the set , of plane
paths, which is obtained by letting K = Q and letting the valuation v be the constan 1.

Schroder paths Commonly, a Screder path is a lattice path in the xy-plane from
(0;0) to (n;n), n 0O, consistingof the three kinds of elemenary steps(1;0), (0;1) and
(1;1), and not going above the line fy = xg. The number of sud paths are courted by
the large Sciroder numbers (the sequenceA006318in [9]). Seefor Screder paths and
the Sdreder numbers, e.g.,[8, 1] and [2, pp.80{81].

In this paper, instead, we usethe following de nition of Screder paths, in which we
considerdirection of paths: rightward and leftward. A rightward Schreder path of length

O is a plane path on L,
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starting at (x; 0) and endingat (x + ; 0),
not going under the horizortal line fy = Og,

consistingof the three kinds of elemetary steps: up-diagonala; = (1=2; 1), down-
diagonal tf = (1=2; 1) and horizortal cf = (1;0),

wherethe subscriptk of ead elemenary stepindicatesthe level of its starting point. See
Figure 1 for example. The de nition of a leftward Schreder path of length ~ 1 is same
asthat of rightward one,exceptfor it endingat (x ; 0) and consistingof the three kinds
of elemetary steps:af = ( 1=2;1), 4 = ( 1=2; 1) andc; = ( 1;0). We regard, for
corvenience,the empty path asa rightward path. We denoteby S, 0, the set of
sud rightward Screder paths, anddo by S., > 1, that of sud leftward ones.

We dealwith Screder paths starting by a horizortal stepc} or ¢5. Let us denotethe
set of suc paths by SH. Additionally, we usethe following notation for their sets, for
any 2 Z, and usethe notation

St= 8\ S (11)
Valuations, weight and enumerators for Schroder paths Let = ( k)Lo and

= ( k)Lo be sud two sequence®n K that ewery term of them is nonzero. We then
de ne avaluationv = ( ; ) by

V@)= o« v =1 (@)=

) ) (12)
vi@) = o v =1 v(g)=
where = ( io @nd = ()i, aregivenby
Vo K= k. K = i: (13)
k k+1 k
We can regard this (13) as the transformation of valuations which mapsv = ( ; ) to
v = ( ; ). Wethen represeh it asV , that is, in this casev = V (v). In what
. ~ -~ ~\1 ~\1
follows, for any superscript ~, we denote by and ~ sequenceg )., and ( ).

respectively, and denoteby v~ the valuation ( 7; 7).

o 1 2 3 a4 s

Figure 1: A rightward Screder path ! = afcibRafafBRal b} of length 5, wgt(v;! ) =
( 0% 1) 1
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Using valuations of this kind we weigh Sdreder paths by (9) and then ewaluate
enumerators by (10). For example,a few of them are

BV = o ot o)
V) = o
o) = 1,
f(V) = ot o
SV)= 01t o1+ ( 0)°+20 0+ (0
Clearly, we have the following.
Lemma 1. Enumerators for Schreder paths satisfy the equalities
S(v)= o M(v); 0
(V) = o 774(V) (14)
vy = o % 4(v); ~ L
Sincethe transformation V of valuations is an involution, then we have the following.

Lemma 2. If v =V (v), then enumeators for Schreder paths satisfy the equalities

Svy= S(v); M= Mv), "2z (15)

Linear functionals To combinatorially interpret LBPs, it shall be inevitable to de ne
a linear functional in terms of Screder paths as

\ ()
LS(v) z = v o (16)

with respect to which LBPs shall be orthogonal. We have the following from Lemmas1
and 2.

Lemma 3. If v =V (v), then linear functionals satisfy the equality

LS(v) z = LSv)z '; "2z (17)

2 Favard paths for Laurent biorthogonal polynomials

Favard paths, appearedin [10], are plane paths intro ducedto interpret generalorthogonal
polynomials, especially to do three-term recurrenceequation satis ed by them. We usea
similar approad to interpret LBPs and their recurrenceequation.

A Favard path for Laurent biorthogonal polynomials or a Favard-LBP path for short,
of height n and width " is a plane path on L,

starting at (x; 0) and endingat (x + *; n), and
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Figure 2: A Favard-LBP path = ¢fca5l; of height 5andwidth 2, wgt(v; )= o 1.
consisting of the three kinds of elememary steps: up-up-diagonalal = (1;2), up-
diagonallf = (1;1), and up cf = (0;1),

wherethe subscriptk of ead elemenary stepindicatesthe level of its starting point. See
Figure 2 for example. We denoteby F. the setof sud Favard-LBP paths.

n

To weight Favard-LBP paths we extend the valuation v for Screder paths by
vi@) = o v =1L v(d) =« (18)
with which we may ewaluate the erumerators |- (v) for Favard-LBP paths. Moreover,
we considerthe generatingfunctions of the erumerators
Gl(v;2) = X Wz noo (19)
k=0
The structure of Favard-LBP paths obviously implies the following recurrence.
Prop osition 4. Enumerators for Favard-LBP paths satisfy the equality
E;‘ (v) = E 1 1(v) n 1 E 1+ (V) n 2 E o0 (V) n L (20)
whee F..(v) = Ofor each”.
Thus, the generatingfunctions satisfy the recurrenceequation
Gi(v;z)=1 Gi(v;z)=z o
Gi(v;2) = (z n 1)Gf 1(v;2) o 22G] 5(viZ); n 2

(21)

whoseform is identical to that (2) of LBPs. Then, we can interpret LBPs in terms of
Favard-LBP paths. This fact will be explicitly noted in Theorem 8 in the next section.
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3 First orthogonalit y
In this section,we give a conbinatorial represetation to the quartity
LzP(zY; “2Z;n O

where P,(z) are the LBPs which satisfy the orthogonality (1) with the unique linear
functional L, and do the recurrenceequation (2). For this, instead, we ewaluate the
quartity

LS(v) zGF(v;z Y ~22;n O (22)

wherev andv = V (v) arevaluationsfor Screderpaths. We then shall understandfrom
a combinatorial viewpoint the LBPs P,(z), the linear functional L and the orthogonality
(1) of the LBPs.

We considersuch a Sdrederpath ! =s;, s 2 S(resp. ! = sg8; s 2 °H)
that it hasat leastm + n steps(resp. m+ n + 1 steps)and its m stepss;;:::;Sy andn
oness n+1;.::;s areall up-diagonaland down-diagonal,respectively. SeeFigure 3 for

example. We denoteby 2. (resp. by =i ) the setof sud paths.

s;m;n

The next theoremis a main subject of this section.

Theorem 5 (First orthogonalit y). Let v be a valuation for Schreder paths and let
v =V (v). Then, geneating functions of enumeagtors for Favard-LBP paths satisfy the

equality

8 SH .
5"‘ n;n;O(V); " 1;

s “AF(y oo 1y —
L>(v) z G, (v;z 7) _.3 Y1 1 s;n;o(V); S (23)

Particularly, they satisfy the orthogonality property
. " Y1 : #
LS(v) zGh(v;z 1) = — . 0 (24)
i=0 ‘
Hereafterwe call this theorem, especially the formula (23), rst orthogonality.

To prove the rst orthogonality we introduce a new but simple kind of plane paths.
An S F path (! ; ) is an ordered pair of a Sdreder path ! and a Favard-LBP path

A °‘>
! 10

Figure 3: Schrederpaths! 2 SH . and!°2 3,,.
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o 1 2 3
(159

Figure4: S Fpaths(!; )2 S5,Land(!% 92 3°.

where! 2 SHif I is leftward. Graphically, it is a path derived by coupling the ending
point of ! and the starting point of . SeeFigure 4 for example. We denote by ,SJ F,

(15]) 2 L, the setof S F paths from (0;0) to (i; j). Note that it can be represeted as

! i !

i P k| e ko (25)
k=0 k=i+1

The rst stepto prove the rst orthogonality is the next.

Lemma 6. The following equality holds,
. X
LS(v) zGp(v;z ) = wgt(v;!) wgt(v ; ): (26)
)2 57

n

Proof. We have from the de nition (16) of linear functionals

S ‘oF o 1y — X S F X SH F .
L (V) 4 c':'n (V Z ) - ) k(V) n;k (V ) + ) k(V) n;k (V )
k=0 k="+1

This and (25) lead (26). O

Prior to the secondstep, we classifyS F pathsinto two groups: proper and improper
ones.A proper S F path is a path in the sets

es F_ i 0 B 27

; Go o go 10 0

SeeFigure 5 for example. Note that [ = fyjgand [, = f~o0, ] 0, where
3 =t O 4, the path consistingonly of up-diagonalsteps,and ~,0 = ¢§ ¢ 4, the
one doing only of up ones. (In the casej = 0, ~ is the empty path .) Mearnwhile,
an improper S F path is a path which is not proper, and belongsto the complemen
> Fn€3 T That is characterizedasfollows. An S Fpath (!; )2 § " isimproper f
and only if ! is rightward (resp. ! is leftward) and
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4 5

0o 1 2 3
(1% 9

;)

Figure 5: Proper S Fpaths(!; )2 Sand(1% 92 2,F.

I hasat least one down-diagonal step or horizortal stepin Si.mintj:ji jg(! ) (resp. in
So:min fj+1;t jg(! ), Or

has at least one up-diagonal step (resp. up step) or up-up-diagonal step in
S1;minfj;j jg( )
The secondstepto prove the rst orthogonality is the next.

Lemma 7. There exists an involution T5 7 on 5.7 n €% " of improper S F paths,

satisfying for any pair (! ; ) and (! ¢ ()='T\;Sn P 3 )

n

wgt(v;!) wot(v; )= wgt(v;! % wgt(v; 9: (28)

Proof. We shov sudh an involution as a transformation which takes an improper S F
path (! ; ) asthe input and outputs one(! ¢ 9 after transforming the input a little.

De nition 1 (Involution T3 F). For a giveninput (!; ) 2 3,7 n€%F output
(1% 92 2 Fne’ F asfollows.
(i) Case! 2[- , Sf or! 2 Stand s( )= af or c:

Let 1 be the minimal integer satisfying (s +1 (' );s ( )) 6 (a- ;1 ;). Then,
output (! ¢ 9 following the next table.

s+(t)|s() 10 °

iP1) | B, |, s;; 1(1)s w2;(t) s, 2( )@ 5841y ()
(iP2) any a” ;| sy (1)a" gsaay(t) sy 1()E s ()
(IH1) c b, Sy (1)s w25 i(!) s; 1( )€ 1S 41 i()
(IH2) any c 4 sp; (1) 1S wayi(!) s; 1( ) 1S a1y ()

This table means,for example, that, if (s +1(');s () = (& ;5 ), then out-
put (1% 9 = (s 1(')S 421 i(");st 2( )@ ,S 41 (), where\any" meansno
restriction. SeeFigure 6 for example.
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Figure 6: Transformationsby T° £, Case(j).

(i) Case! 2 Stand si()=H,or! 2 Sand si()=cf:
Output (! % 9 following the next table.

! S1
i) | &
(ii2)

SeeFigure 7 for example.

) | 0 0

682 i( )
G | bbs2ji( )

~

Eh| &

(i) Case! 2 §and sy()=ajorhf,or! 2[ ;

Let 1 be the minimal integer satisfying (s (! );s ( )) 6 (a- ;¢ ;). Then,
output (! % 9 following the next table.
s()|s() 1 0 0

(iiP1) | any | a ;| sy 1('1)a Bs.p(") [ s a( )¢ 4€7S 4y ()
(iP2) | B®, | ¢ 4 St 2(!)s wyi(t) s 2( )@ 58415 ( )
(iiiH1) any | b, s, 1(1)Ct 4sp(t) s;; 1( )€ 18 41y()
(iiH2) || c*, | ¢ Si; 1(')S w1yp(t) s; 1( )0 1S4y ()

SeeFigure 8 for example.

(ii1)
e (ii2) 5

Figure 7. Transformationshby Tf;f, Case(ii).
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Figure 8: Transformationsby T¢,F, Caseiii).

In this transformation, (iP1) and (iP2), (iH1) and (iH1), (iil) and(ii2), (iiiP1) and (iiiP2),
and (iiiH1) and (iiiH2) are inverseto ead other, respectively. That is, for example, if
TS, (1 ) outputs (! & 9 by (iP1), then TS F((! % 9) outputs (! ; ) by (iP2). Hence,
T\;Sn Fisaninvolution. Finally, the equality (28) is easilyvalidated using(13). For example,
in the case(iiiP1), (! % 9 is madefrom (! ; ) only by inserting af ,B® (weighing 1)
into ! and replacinga”™ ; (weighing 1) in with ¢& ;™ (weighing | ), in which
1 ( = ( 1 1 ) holdsfrom (13), and then (28) holds. We have completed
the proof. O

We make up a proof of the rst orthogonality usingtheselemmas.

Proof of Theorem 5. Lemmas6 and 7 lead

X
LS(v) zGh(v;z b = wgt(v;!) wgt(v ; ): (29)

. S F
(5 )2e8,

sincein the summation of the right hand sideof (26) only proper S F paths survive while

improper onescancelout. Thus, we have from (27), if 1,
X
r.h.s. of (29) = wgt(v ; <) wgt(v;!) = SH o o(v);
12 ‘SHn;n;O

and,if * 0, with (13)

" #
X y1 1
r.h.s. of (29) = wgt(Vv ; ~.0) wgt(v;!) = — s;n;o(v):
12 §;n;0 i=0 i
Finally, the orthogonality property (24) followsthe fact that S;n;o isemptyif0 °~ n 1
and ﬁ;n;o = fag arIT 1tﬁ b§g [
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The rst orthogonality givesus a combinatorial represetation of the LBPs P,(z) and
the linear functional L in terms of Favard-LBP paths and Sdreder paths, respectively.

Theorem 8. Let P,(z) 2 K[z] be the LBPs satisfying the three-term recurrene eguation
(2) whosenonzeo coe cients are a= (a),., andc= (G, andletL : K[z %;2]! K
be the uniquelinear functional with which the LBPs P, (z) havethe orthogonality (1). Let
Vp = (a;c) be a valuation for Schreder paths. Then P,,(z) and L are represente as

Pn(2) = Gi(ve;2); n O (30)
L= L3V (vp)): (31)
As a corollary we have the following.
Corollary 9. If a, + c,+; = 0 for somen O, then the constant term Q,.; (0) of the
biorthogonal partner Q.1 (z) vanishes.
Proof. Sincedeg(Cy+1 Pn+1(2) + @,zP,(z)) n, we have from the recurrence(2), and the
orthogonalities (1), (4) and (3)
0=1L I:)n+2 (Z 1)Qn+l (Z) = Qn+1 (O)L z 1Pn+l (Z 1) :

Here,L[z P,.1(z 1] is explicitly calculated,with (30), (31) and the rst orthogonality
(23), as

L z 1Pn+l (Z l) = Sﬂ 2;n+1;0(V (VP)) =0 q 6 0.

Hence,Qn+1 (0) = O. O
Moreover, the nonzeroconstarts h, appearingin the orthogonality (1) are

vi oo,
hy = & .o o (32)

4 Second orthogonalit vy

In this section,we give a conbinatorial represetation to the quartity
LzQu2); 2Z;n 0

where Q,(z) are the unique biorthogonal partners of the LBPs P,(z) which are charac-
terized by the orthogonality (3). For this, instead, we nd sud a valuation v that the
generatingfunctions GF,(v; z) satisfy the orthogonality
. "'Yl . #
L(v) z Gi(v;2) = — 0, 0 mn O

i=0

the electr onic journal of combinatorics 14 (2007), #R37 12



and ewaluate the quartity
L(v) zG(v;z2); “2Z;n O

We then shall understand from a conbinatorial viewpoint the partners Q,(z) and their
orthogonality (3). We consideronly the casethat Q,(0) 6 0, namelythat Q,(z) are also
LBPs. Thus, from Corollary 9, we assumein what follows that the coe cients a, and c,
of the recurrenceequation (2) of the LBPs P,(z) satisfy a, + ¢,+1 6 Oforeadqin O,
and alsoassumethat the valuation v= ( ; ) for Sdrederpaths satises ,+ , 6 O for
eahhn Osothatv =V (v) satses ,+ .., 60.

n
Lemmas1 and 2 can be generalizedfor pathsin S and SH  like

,m:n mn
‘S;m;n (V) = 0 ‘SHl;m;n (V); ) 0.
We then have as a corollary of the rst orthogonality (23) with Lemma 3

8 "

3 v
o () ShoWi © L
L>(v) z Gh(v;2) = z =0 (33)

S mno(V); oo

The valuation v appearing hereis not a desiredone, however it looksto be closeto that.
Thus, we call the equality (33) imperfect orthogonality, and we will useit to derive a
desiredv afterwards.

WeconsiderStrederpaths! =s; s 2 5 . and! =sps; s 2 =H  so=cf
or ¢ satisfying the following conditions: the elemetary step f (i) Sm+1, (i) S 10, if !
has, is f(a) not up-diagonal, (b) not down-diagonal, (c) horizorntalg. We represen the
setsof sud paths asin the next table, in which the superscripts~ are any of S and SH.

(@) (b) (©)

O en | 6 | (@)
W mep | med | m

We alsodeal with paths which satisfy conbinations of the above conditions. For example,

s = S \ S ...

\;('mb);('na) \;('mb);o ()
Moreover, we take into considerationthe existenceof peaksand valleys in a Sdreder
path. Namely, we call two consecutie elemettary stepsaltf,, and ath,, peaksof level
k. Similarly, we call fRaf ; and bta; , valleysof level k. Let " and S" be the sets
of Sdreder paths without peaksand without valleys, respectively. We usethe following
notation to represen subsetsof them, for ~ = S or SH and for any subscript}

~nP _ ~ SnP. ~nVvV _ ~ SnVv.
} - }\ ' } - }\ .

To nd a desiredvaluation v, we considerenumeator-conservingtransformations of
Sdireder paths.
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Lemma 10. The following equalities of enumeators hold for © 0,

oM = S () (342)
M (V) = S (VY)Y = Y SR (V™) (34b)
S (V) = S (v); (34c)

whee ™ = 0andv", v"V and v are the valuations determined by
= s et W (35a)

npP

EV - EP %’ ITV = lr(]P, (35b)
k= R okt k= 1 (35c)

resyectively.

Proof of (34a). We considerthe transformation TS S"P of plane paths de ned by the next
recursive algorithm.

Algorithm 2 (Transformation TS S"). For a giveninput , output °asfollows.
(i) If = ,thenoutput °=

(i) Elseif spo( ) = allf,;, thenoutput %= BT SP(sg ( ).

(iii) Otherwise,output %= s;( )T S"P(sp ().

As shavn in the examplein Figure 9, this TS S replacesevery peak with a horizortal
step of the samelevel, and henceit maps ?_(: ):(,2) onto PP . Additionally, it is
G0

weigh-conservingwith the equalities(35a) of valuations, namely for any path ! °2 S0P
X
wgt(v;!) = wgt(v";!1 9
!2(TS! SnP) l(! 0)
holds. Thus, we obtain (34a) by summingthis equality over ! °2  SnP O

10= T8 SnP(! )

Figure 9: A transformation by TS SnP,
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Thus, the transformation TS S"P yields the equality (34a) of enumeratorswith the equal-
ity (35a) of valuations. In this sensewe call it erumerator-conserving. We can prove
(34b) and (34c) in similar ways, but we usethe transformations TS"™ S"V and TS SV,
respectively, de ned asfollows.

Algorithm 3 (T ransformation TS"™ S"V)_ For a giveninput , output °asfollows.
(i) If = ,thenoutput °=
(i) Elseif s 1j( )= a ,c}, then output 0= TSP SWV(g. ()R )af ;.

(i) Otherwise,output °= TS SV(s. . 1( ))si ().

Algorithm 4 (T ransformation TS S"V). For a giveninput , output °asfollows.
(i) If = ,thenoutput °=

(i) Elseif spo( ) = BRaf ;, thenoutput %= T SWV(s3; i( ).

(iii) Otherwise,output °= s;( )T S%(sy ( ).

TSP SV maps S0P onto SV by replacingthe part of the form af &Y R, ki <
ko, with ¢t af &Y ;,whileTS 5™V maps 2 . onto =N by doingeweryvalleywith a
horizontal step of the samelevel. They are alsoerumerator-conservingwith the equalities
(35b) and (35c) of valuations, respectively. SeeFigures10 and 11 for example.
Thus, conmbining the equalitiesin (34) and (35), we have
S — S . ~ 1: (36)
‘;(Zmb);(fna)(v) - 0 ° 1Imin (V)1 )
wherev is the valuation given by

V: k=7k+lk; k=7kk1 (37)

nP nP nP
k1 ko, 1 kp

nv nVv nv

ki ki ko 1
- nP nP nP
k1 ko 1 ko

| 0= TSnP! SnV(! )

Figure 10: A transformation by TSP SnV,
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| 0= TS SnV(! )

Figure 11: A transformation by TS SV,

with 1= 0and ;6 0. We represen this transformation (37) of valuations as V,
namely in this casev = V(v). Then, the transformation

V =V V (38)
of valuations is an involution, which implies with Lemmas1 and 2 and (36)
‘S;lr—'rlun V)= o \SHl;(:mb);(:na)(V); X 1 (39)

Additionally, it holds that
(

1. m=n=0;

. (40)
0; otherwise.

g;m;n (v) = g;(:mb);(:na)(v) = o0 ST;m;n V)= o Sl;(:mb);(:na) (v) =

As a whole, we have

Prop osition 11. Letv andv be valuationsfor Schmeder paths satisfyingv = V(v). Then,
the following equalities of enumeagtors hold,

8
S = 0 $ O -
3 7 sehep(T o W= 0 B 1)
S — S . ~ .
’ \;(:mb);(ina)(v) - 0 1;m;n(V)1 1
Particularly, in the caseof m = n = 0 we have
8
3 MW= o W g
5 s(V) = o S(v); (42)
TSV = o S ,(v); L
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which is equivalert, in terms of linear functionals, to
LS(v) z = oLS(v)z '; ~22Z: (43)
Hence,we have from the imperfect orthogonality (33) with the last equality of (41)
S “F (- — S — S . s .
L>(v) 2 Gp(v;2) = \+n;(:nb);o(V) = ~+n;0;(:na)(V)1 1 (44)

wherein the last equality we usethe symmetry of ipping a Sdrederpath in the horizortal
direction.

On the other hand, the above three erumerator-conservingtransformations TS SnP,
TSP SV and TS SV alsoyield the following.

Lemma 12. The following equalities of enumeators hold for © 0,

2(n* n) Sen, M= ST e (V) if T = m=n deesnot hold,

> (45a)

; ( <+ ) S(V)= SnP (C)(VnP)
V)= ™) = 8 Sy ) (45b)
‘S;r;]\{(:nb)(vn ) = \S;m;(:nb)(V); (45c)

whee v"7, vV and v are the valuations given by (35) with "\ = 0.

Proof. Supposethat * = m = n doesnot hold. The transformation TS S" mapsthe set

0_—

= 12 ~S+1;(:mb);nisj!j oozt (1) = &R, orspj o(t) = o

onto ‘Sfll:?m;(ﬁ)' and is erumerator-conservingwith (35a) as v) = ?f; i (©) (v"P). The

trivial surjectionfrom Conto S .,
(fn)in
8

<sgjrjon 200)Sp negei(t) ISy npg n(t) = @bl

“ Sy on 1(1)Sg neng(t) if sy n(M) =R

31 71

leads V) = ( o+ o) S( )0 _(v). We then have the rst equality of (45a). Similarly,

we can obtain the secondone of (45a). The equalities (45b) and (45c) are obtained using
TSP SV and TS SV, respectively. O

In a way similar to that usedto obtain Proposition 11 from Lemma 10, we have the
following.

Prop osition 13. Letv andv be valuationsfor Schmder paths satisfyingv = V (v). Then,
the following equalities of enumegtors hold,
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if land °~ 1= m = n doesnot hold, then

o s meaM T o W (462

if © O0and” = m = n doesnot hold, then

(nt+ n) ‘S;(:mb);n(v) = 0 xs;m;(:nb)(V); (46b)
otherwise
8 \ \
2% AT () I NPT () H.
S (46c¢)
O ) 2= 0 (v Y

whee ;=0and ;6 0.

Hence,we have from the imperfect orthogonality (33) with the equalities(43), (46a) and
the rst of (46c)

" #
. Y
LSW) ZGhwid) = () T pM o (47)
i=0 n

Thus, v = V(v) is a desiredvaluation, that is, we have the following by combining the
equalities (44) and (47).

Theorem 14 (Second orthogonalit y). Let v be sucha valuation for Schmeder paths
that ,+ , 6 O for eachn 0, and let v = V(v). Then, geneating functions of
enumeators for Favard-LBP paths satisfy the equality

g #

g

. % ( ) \SHl;O;(: b) v);, G
LS(v) z GL(v;2) = i=0 n (48)

S . ~ .

‘¥ n;O;(:na) (V)1 1

Particularly, they satisfy the orthogonality property
. " Y1 . #

LS(v) z GL(v;2) = e I o (49)

i=0 i

Hereafterwe call this theorem, especially the formula (48), second orthogonality.
This theorem gives us a combinatorial represetation of the biorthogonal partners
Qn(2) in terms of Favard-LBP paths.
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Theorem 15. Let P,(z) 2 K[z] be the LBPs satisfyingthe three-term recurrence equation
(2) whosenonzep coe cients a= (ak)ﬁ=0 andc= (ck)izo satisfy the condition a,+ c,+1 6
Ofor eachn 0. Letvp = (a;c) be a valuation for Schreder paths. Then the biorthogonal
partners Qn(z) 2 K[z] of the LBPs P,(z) are represente as

Qn(2) = Gi(vq;2); n O (50)
whete the valuation vq is givenbyvg = V (vp).
Here we also know the following with Corollary 9.

Corollary 16. The biorthogonal partners Q,(z) are again LBPs if and only if the recur-
rence coe cients a, andc, of P,(z) satisfya, + ¢,+1 6 0 for eachn O.
5 Biorthogonalit y
Finally, in this section,we give a conmbinatorial represetation to the quartity
LzPn(z HQn(2);: ~2Z; mn O

which shall imply the biorthogonality (4). For this, instead, we ewvaluate the quartity

cmn (V) = LS(v) ZGE(v;z YGi(v;2) ; “2Z; min O (51)
wherev,v =V (v) andv = V(v) are valuations for Sreoder paths.

Case m n: Expanding GF (v ;2) in the right-hand side of (51) and using the second
orthogonality (48), we have

" #
Y
mn(V) = 1 ( ) 2 (52)
i=0
where ;and , are
Xt s F X SH F
1= “+n i;o;(ina)(v) mi(V), 2= o 1;0;(:nb)(v) mi (V) (53)
i=0 i="
Here, ; is ewaluated as
8
30 4 0;
=_ w? 54
1 1 S . _ (54)
? L NI
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Proof of (54). We canrewrite ; in (52) as

X
1= wgt(v;!) wgt( v ; );
(';)2 1

where ; isthe setof S F pathsfrom (0;0) to (" + n;m)

[ 2

L= s . F

+ 0;( ,

=0 n i:0:(y)
If ©~ O,then jisemptyand ;= 0. Letusconsiderthecase 1. Forany(!; )2 1,
the Screderpath ! isrightward andits length is at leastn+ 1. Additionally, if its length
isn+ 1,thenit is any of §+1-0~(5 a) = faf aR ;aRf, B bR af  af ;R BRg
o n

Moreover, its rst m stepsand its last n onesare disjoint. Thus, the set ; n €3 nF;m is

closedunder the transformation TS 7. Hence,in a way similar to that usedto obtain

+n;m*
the rst orthogonality (23), we have the secondcaseof (54). O
Similarly, , is evaluated as
( o .
; m(V); 0;
,= m 1:m:('nb)( ) (55)
0; L
As a whole, we have
8 " #
Y SH .
- G N OO T
i=0 n
T;m;n (V) = " # (56)
g Y ' 1 S (V) ~ 1:
i=0 i ey ()N '
Case m > n: First, we rewrite .., (V) in (51), using (43) and Lemma 3, as
mn(V) = L3(v) z \Gr';(V D)GL(V;Z ) = am (V)
wherev =V (v). Thus, we have from the formula (56) and Proposition 13
8 " #
¥ SH N .
B G e
i=0
T;m;n (V) = " # (57)
gvr o1 L
' i \+”3m?(:na)(v)' O
i=0

As a result, we have the following.
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Theorem 17 (Biorthogonalit y). Let v be such a valuation for Schreder paths that
nt o6 O0foreachn O, andletv =V (v) andv = V(v). Then, geneating functions
of enumeators for Favard-LBP paths satlsfy the equallty

% i \SHm 1;m;(:nb) (V); 2 Zm;n;
LS(v) z GF (v ;z H)Gl(v;2) = ”Y . # (58)
E Los (a0 T2 Zhs

whee Z., Z arethe setsof integers

(
Zo, m "
Zmin = Z 1, m>n; Zinn = ZN Ly
Particularly, they satisfy the biorthogonality property
y 1 . #
LS(v) GE(v ;z HGl(v;z) = — e (59)

i=0 i
This biorthogonality, letting m = 0, naturally inducesthe secondorthogonality of Theo-
rem 14. Similarly, it doesthe rst oneof Theorem5 by letting n = 0, which, howewer, is

seenunobvious at a glancein the case’ = m = 0 and in the one" 1. At the last, let
us con rm this. Substituting n = 0 in the biorthogonality (58), we have
3.0 ‘SHm 1;m;(:#b)(v); "2 Zio
LS(v) zGl(v;z 1Y) =_ w1 4
3 = SV 2 Z50
i=0 :
Case’ = m = 0: Since0 2 Z,, then we need o * Lo b)(v) = 1. Note that

= fc;g. Thus, we have S'I.O.(: 0) v)= o, WhICh satis es the need.
N0

SH
1;0;(:0b)
Case” 1. Since” 2 Z.,, then we need ?Hm 1;m;(¢0b)(v) = S o(V).
Note that any path in ?‘Hm Lmi () is leftward, its length is at least2 and it ends
\o
by a horizortal step ;. Thus, deleting this last step, we have ?‘Hm L b)(v) =
o
o “Mh.mo(V), which satis es the need.
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