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Abstract

In [12], it was shown that the dual polar spaceDH (2n � 1; 4), n � 2, has a
sub near-2n-gon Gn with a large automorphism group. In this paper, we deter-
mine the absolutely universal embedding of this near polygon. We show that the
generating and embedding ranks of Gn are equal to

� 2n
n

�
. We also show that the

absolutely universalembedding of Gn is the unique full polarized embedding of this
near polygon.

1 In tro duction

1.1 De�nitions

A near polygonis a partial linear spaceS = (P; L ; I), I � P � L , with the property that
for every point p and every line L, there exists a unique point on L nearestto p. Here,
distancesare measuredin the point or collinearity graph � of S. If d is the diameter
of �, then the near polygon is called a near 2d-gon. A near 0-gon is just a point and a
near 2-gonis a line. Near quadranglesare usually called generalizedquadrangles(Payne
and Thas [23]). Near polygons were introduced by Shult and Yanushka in [26]. For a
discussionon the basic theory of near polygons,we refer to the recent book [13] of the
author.

A near polygon is called denseif every line is incident with at least three points and
if every two points at distance2 from each other have at least two commonneighbours.
By Theorem 4 of Brouwer and Wilbrink [6], every two points of a densenear 2d-gon at
distance � 2 f 0; : : : ; dg from each other are contained in a unique convex sub-2� -gon.
Theseconvex sub-2� -gonsare calledquadsif � = 2, hexesif � = 3 and maxesif � = d � 1.
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The existenceof quadsin a densenearpolygonwasalreadyshown by Shult and Yanushka
[26].

A proper convex subspaceF of a densenearpolygon S is calledbig in S if every point
x of S not contained in F is collinearwith a necessarilyuniquepoint of F . We will denote
this point by � F (x). If moreover every line of S is incident with precisely3 points, then a
re
ection R F about F can be de�ned which is an automorphism of S (see[13, Theorem
1.11]). If x 2 F , then we de�ne R F (x) := x. If x 62F , then R F (x) denotesthe unique
point of the line x� F (x) di�erent from x and � F (x).

With every polar space� of rank n � 2 there is associated a near 2n-gon �, which
is called a dual polar space (seeShult and Yanushka [26]; Cameron[7]). The points and
lines of � are the maximal and next-to-maximal singular subspacesof � with reverse
containment as incidencerelation. If � is the polar spaceassociated with a nonsingular
hermitian variety H (2n � 1; q2) in PG(2n � 1; q2), then the corresponding dual polar space
is denotedby DH (2n � 1; q2).

Let H (2n � 1; 4), n � 2, denote the hermitian variety X 3
0 + X 3

1 + � � � + X 3
2n� 1 = 0

of PG(2n � 1; 4) (with respect to a given referencesystem). The number of nonzero
coordinates (with respect to the samereferencesystem) of a point p of PG(2n � 1; 4) is
calledthe weightof p. The maximal and next-to-maximal subspacesof H (2n � 1; 4) de�ne
a dual polar spaceDH (2n � 1; 4). Let Gn = (P; L ; I) be the following substructure of
DH (2n � 1; 4):

(i) P is the set of all maximal subspacesof H (2n � 1; 4) which are generatedby n
points of weight 2 whosesum hasweight 2n;

(ii) L is the set of all (n � 2)-dimensionalsubspacesof H (2n � 1; 4) containing at least
n � 2 points of weight 2;

(iii) incidenceis reversecontainment.
By De Bruyn [12], seealso De Bruyn [13, 6.3], Gn is a densenear 2n-gon with 3 points
on each line and its above-de�ned embedding in DH (2n � 1; 4) is isometric, i.e. pre-
servesdistances.The generalizedquadrangleG2 is isomorphicto the classicalgeneralized
quadrangleQ(5; 2). A construction of the near hexagonG3 wasalready given in Brouwer
et al. [4]. The near 2n-gon Gn contains 3n �(2n)!

2n �n! points. For every permutation � of
f 0; : : : ; 2n � 1g, every automorphism � of GF(4) and all � 0; � 1; : : : ; � 2n� 1 2 GF(4) n f 0g,
the map (X 0; X 1; : : : ; X 2n� 1) 7! (� 0(X � (0) )� ; � 1(X � (1) )� ; : : : ; � 2n� 1(X � (2n� 1))� ) inducesan
automorphism of Gn . If n � 3, then every automorphism of Gn is obtained in this way,
seeTheorem6.38of De Bruyn [13]. This conclusiondoesnot hold if n = 2. In that case,
we have Aut( G2) �= Aut (Q(5; 2)) �= P� U(4; 4).

If X is a non-empty set of points of a partial linear spaceS = (P; L ; I), then hX i S

denotesthe smallest subspaceof S containing the set X , i.e. hX i S is the intersection
of all subspacesof S containing X . The minimal number gr (S) := minfj X j : X �
P and hX i S = Pg of points which are necessaryto generatethe whole point-set P is
called the generating rank of S. A hyperplane of a partial linear spaceS is a proper
subspacemeeting every line (necessaryin a unique point of the whole line). If S is a
near polygon, then the set of points at non-maximal distance from a given point x is a
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hyperplaneof S which is called the singular hyperplanewith deepest point x.

Let S = (P; L ; I) be a partial linear space.A full embedding e of S into a projective
space� = PG(V) is an injective mappinge from P to the set of points of � satisfying: (i)
he(P)i � = �, (ii) e(L) := f e(x) j x 2 Lg is a line of � for every line L of S. The dimensions
dim(�) and dim(V) = dim(�) + 1 are respectively called the projective dimension and
the vector dimensionof the embeddinge. The maximal dimensioner(S) of a vector space
V for which S has a full embedding in PG(V) is called the embedding rank of S. O�
course,er(S) is only de�ned when S admits a full embedding, in which caseit holds that
er(S) � gr (S).

If e : S ! � is a full embeddingof S and if � is a hyperplaneof �, then e� 1(e(P) \ � )
is a hyperplane of S. We will say that such a hyperplane arises from the embedding e.
If S is a near polygon and if all singular hyperplanesarise from the embedding e, then
e is called a polarized embedding. The dual polar spaceDH (2n � 1; q2) has a nice full
polarizedembedding into the projective spacePG(

� 2n
n

�
� 1; q), seeCooperstein [9] and De

Bruyn [14]. We refer to this embedding as the Grassmann-embeddingof DH (2n � 1; q2).
The Grassmann-embedding of DH (2n � 1; 4) inducesa full polarized embedding of the
near 2n-gon Gn . We refer to Section2 for more details.

Two full embeddingse1 : S ! � 1 and e2 : S ! � 2 of S arecalledisomorphic(e1
�= e2)

if there exists an isomorphismf : � 1 ! � 2 such that e2 = f � e1. If e : S ! � is a full
embeddingof S and if U is a subspaceof � satisfying (C1): hU;e(p)i � 6= U for every point
p of S, (C2): hU;e(p1)i � 6= hU;e(p2)i � for any two distinct points p1 and p2 of S, then
there exists a full embedding e=U of S into the quotient space� =U mapping each point
p of S to hU;e(p)i � . If e1 : S ! � 1 and e2 : S ! � 2 are two full embeddings,then we
say that e1 � e2 if there exists a subspaceU in � 1 satisfying (C1), (C2) and e1=U �= e2.
If e : S ! � is a full embedding of S, then by Ronan [24], there exists a unique (up
to isomorphisms)full embedding ee : S ! e� satisfying (i) ee � e, (ii) if e0 � e for some
embedding e0 of S, then ee � e0. We say that ee is universal relative to e. If ee �= e for some
full embedding e of S, then we say that e is relatively universal. A full embedding e of S
is called absolutelyuniversal if it is universal relative to any full embedding of S de�ned
over the samedivision ring as e. Kasikova and Shult [20] gave su�cien t conditions for a
relatively universal embedding to be absolutely universal.

By Ronan [24], every fully embeddablegeometryS = (P; L ; I) with three points per
line admits the absolutely universal embedding which is obtained in the following way.
Let V be a vector spaceover the �eld F2 with a basiswhosevectors are indexed by the
elements of P, e.g. B = f vp j p 2 Pg. Let W denotethe subspaceof V generatedby all
vectorsvp1 + vp2 + vp3 wheref p1; p2; p3g is a line of S. Then the map p 2 P 7! f vp+ W; Wg
de�nes a full embedding of S into the projective spacePG(V=W) which is isomorphic to
the absolutely universalembedding of S.

1.2 Main results

Although every embeddable point-line geometry with three points per line admits the
absolutely universal embedding, it is very often nontrivial to determine the embedding
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rank of such a geometry or to decide whether a given embedding of such a geometry
is absolutely universal. We refer to Cooperstein [11, page 27] for an overview of what
is known about the generatingand embedding ranks of point-line geometrieswith three
points per line. Regardingabsolutely universal embeddingsof near polygonswith three
points per line, we mention the following important results from the literature:

(1) The universalembeddingdimensionof the dual polar spaceDW(2n � 1; 2), n � 2,
was determinedby Li [21] and Blokhuis and Brouwer [3].

(2) The universalembeddingdimensionof the dual polar spaceDH (2n � 1; 4), n � 2,
was determinedby Li [22].

(3) The universal embedding dimensionsof the 3D4(2)-generalizedhexagonand the
J2 near octagonwere determinedby Frohardt and Smith [18].

(4) The universal embedding dimensionsof the two generalizedhexagonsof order 2
were determined in Frohardt and Johnson[17]. For an alternative proof, seealso Thas
and Van Maldeghem[27].

(5) The universalembeddingdimensionof the U4(3) near hexagonwasdeterminedby
Yoshiara[28]. Alternativ e proofs were given by Bardoe [1] and De Bruyn [16].

(6) The universalembeddingdimensionof the nearpolygonHn , n � 2, on the 1-factors
of the completegraph on 2n + 2 verticeswas determinedby Blokhuis and Brouwer [2].

In the present paper, wedeterminethe absolutelyuniversalembeddingof the nearpolygon
Gn , n � 2. We prove the following in Section2:

Theorem 1.1 The Grassmann-embedding of DH (2n � 1; 4), n � 2, inducesa full polar-
ized embedding of Gn of vector dimension

� 2n
n

�
.

In Section3, we prove the following:

Theorem 1.2 The dual polar space Gn , n � 2, can be generated by
� 2n

n

�
points.

Recall that er(Gn ) � gr (Gn ). Now, er(Gn ) �
� 2n

n

�
by Theorem1.1 and gr (Gn) �

� 2n
n

�
by

Theorem1.2. Hence,we can say the following:

Corollary 1.3 (1) The generating and embedding ranksof Gn , n � 2, are equal to
� 2n

n

�
.

(2) The full embeddingof Gn , n � 2, induced by the Grassmann-embeddingof DH (2n�
1; 4) is isomorphic to the absolutelyuniversal embedding of Gn .

Finally, in Section4, we prove the following:

Theorem 1.4 The absolutelyuniversal embedding of Gn , n � 2, is the unique (up to
isomorphisms)full polarized embedding of Gn .

Remarks. (1) In Corollary 1.3 (1), we mentioned that the generatingand embedding
ranks of Gn , n � 2, are equal. This is a property which holds for almost all embeddable
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point-line geometrieswith three points per line for which thesetwo ranks are known, see
Cooperstein [11, page27]. A counterexampleprovided by Heiss[19] shows however that
this is not always the case.

(2) The fact that the absolutely universal embedding of G3 has vector dimension20
and that it is the uniquefull polarizedembeddingof G3 wasalreadymentioned in Brouwer
et al. [4, Table p. 350].

(3) Although Gn , n � 2, admits a unique full polarized embedding, its absolutely
universal embedding is not the only full embedding of Gn if n � 3. This follows from an
easycounting argument. If e : Gn ! � denotesthe absolutelyuniversalembeddingof Gn ,
n � 3, then the number of points of � which are on a line of the form e(x)e(y), wherex
and y aretwo distinct points of Gn is lessthan the number of points of � �= PG(

� 2n
n

�
� 1; 2).

If x � is a point of � not on any of theselines, then alsoe=x� is a full embedding of Gn .

2 A full polarized embedding of Gn

Let n � 2, let V bea 2n-dimensionalvector spaceover GF(4) and let B = f �e1; �e2; : : : ; �e2ng
be a basisof V . Let H (2n � 1; 4) denotethe hermitian variety of PG(V) whoseequation
with respect to the basisB is given by X 3

1 + X 3
2 + : : : + X 3

2n = 0 .
Let

V n V denote the n-th exterior power of V . For every maximal subspacep =
h�v1; �v2; : : : ; �vn i V of H (2n � 1; 4), let ^ n (p) denote the point h�v1 ^ �v2 ^ � � � ^ �vn i V n V of
PG(

V n V). Notice that the point ^ n (p) of PG(
V n V) is independent from the generating

set f �v1; �v2; : : : ; �vng of p. By Cooperstein [9] and De Bruyn [14], the points ^ n (p) are
contained in a necessarilyunique Baer subgeometry� of PG(

V n V) and ^ n de�nes a full
polarizedembeddinge of DH (2n � 1; 4) into �. This embeddingis calledthe Grassmann-
embedding of DH (2n � 1; 4).

Now, let Gn be isometrically embedded into the dual polar spaceDH (2n � 1; 4) as
described in Section1.1. Then the Grassmann-embedding e of DH (2n � 1; 4) inducesa
full embedding e0 of Gn into a subspace� 0 of �.

Prop osition 2.1 The embedding e0 : Gn ! � 0 is polarized.

Pro of. Let x be an arbitrary point of Gn . Sincethe singular hyperplaneof DH (2n � 1; 4)
with deepest point x arisesfrom the Grassmann-embeddingof DH (2n � 1; 4), there exists
a hyperplane� of � such that the following holds:

(i) if y is a point of DH (2n � 1; 4) at non-maximal distancefrom x, then e(y) 2 � ;
(ii) if y is a point of DH (2n � 1; 4) opposite to x, then e(y) 62� .

In particular, (i) and (ii) hold for points y of Gn . Now, since the embedding of Gn

into DH (2n � 1; 4) is isometric, � intersects � 0 in a hyperplane of � 0 and the singular
hyperplaneof Gn with deepest point x arisesfrom the hyperplane� \ � 0 of � 0. �

Lemma 2.2 Let � 0 and � 1 be two distinct elementsof a �eld K and let m � 1. Let Am be
the (2m � 2m )-matrix over the �eld K whoserowsand columnsare indexed lexicographically
by the elementsof f 0; 1gm . For all ��; �� 2 f 0; 1gm , the (�� ; �� )-entry of the matrix Am is equal
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to
Q m

i=1 � � (i )
� (i ) , where � (i ) and � (i ) denotethe i -th component of �� and �� , respectively. Then

Am is nonsingular.

Pro of. We will prove this by induction on m. Suppose�rst that m = 1. Then

det(A1) = det
�

1 � 0

1 � 1

�
= � 1 � � 0 6= 0:

If m � 2, then

Am =
�

Am� 1 � 0 � Am� 1

Am� 1 � 1 � Am� 1

�
=

�
I 2m � 1 O2m � 1

I 2m � 1 I 2m � 1

�
�
�

Am� 1 � 0 � Am� 1

O2m � 1 (� 1 � � 0) � Am� 1

�
;

whereI 2m � 1 is the (2m� 1 � 2m� 1)-identit y matrix and O2m � 1 is the (2m� 1 � 2m� 1)-matrix
with all entries equal to 0. Hencedet(Am ) = (� 1 � � 0)2m � 1

� [det(Am� 1)]2 is di�erent from
0 by the induction hypothesis. �

The following proposition completesthe proof of Theorem1.1.

Prop osition 2.3 We havethat � 0 = � .

Pro of. It su�ces to prove that for all i 1; : : : ; in 2 f 1; : : : ; 2ng with i 1 < i2 < � � � < in ,
there exist points p1; : : : ; pk of Gn such that

�ei 1 ^ �ei 2 ^ � � � ^ �ei n 2 h^n (p1); ^ n (p2); : : : ; ^ n (pk)i V n V :

Let j 1; j 2; : : : ; j n 2 f 1; : : : ; 2ng such that f i 1; i2; : : : ; ing [ f j 1; j 2; : : : ; j ng = f 1; : : : ; 2ng.
Let � 0 and � 1 be two distinct elements of GF(4) n f 0g and let W denotethe set of all 2n

vectors of the form �ek1 ^ �ek2 ^ � � � ^ �ekn , wherekl 2 f i l ; j lg for every l 2 f 1; : : : ; ng. For
every �� 2 f 0; 1gn, put

�v(�� ) := (�ei 1 + � � (1) �ej 1 ) ^ (�ei 2 + � � (2) �ej 2 ) ^ � � � ^ (�ei n + � � (n) �ej n ) 2
n̂

V

and
p(�� ) := h�ei 1 + � � (1) �ej 1 ; �ei 2 + � � (2) �ej 2 ; : : : ; �ei n + � � (n) �ej n i V :

Here, � (i ), i 2 f 1; : : : ; ng, denotesthe i -th component of �� . Notice that h�v(�� )i V n V =
^ n (p(�� )). By Lemma 2.2, the matrix relating the 2n vectors �v(�� ), �� 2 f 0; 1gn , with the
2n vectors of W is nonsingular. It follows that W � h^n (p(�� )) j �� 2 f 0; 1gn i V n V . In
particular, we have that �ei 1 ^ �ei 2 ^ � � � ^ �ei n 2 h^n (p(�� )) j �� 2 f 0; 1gn i V n V . This provesthe
proposition. �

3 The generating rank of Gn

Let n � 2, let V bea 2n-dimensionalvector spaceover GF(4) and let B = f �e1; �e2; : : : ; �e2ng
be a basisof V. Let H (2n � 1; 4), n � 2, denote the hermitian variety of PG(V) whose
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equation with respect to the basisB is given by X 3
1 + X 3

2 + : : : + X 3
2n = 0. Let DH (2n �

1; 4) denote the corresponding dual polar spaceand let Gn be the sub near 2n-gon of
DH (2n � 1; 4) as de�ned in Section1.1. So, the points of Gn are the maximal subspaces
of H (2n � 1; 4) which are generatedby n points of weight 2 whosesum hasweight 2n.

The near polygon Gn has convex subspacesof di�erent types. For the purposesof
determining a generatingset of Gn , we are only interested in those convex subspacesof
Gn which are big in Gn . The maximal subspacesof H (2n � 1; 4) which are points of Gn

and which contain a given point h�ei + � �ej i V of weight 2 de�ne a big convex subspaceof
Gn which we will denote by M [�ei + � �ej ]. If n � 3, then by De Bruyn [12, Lemma 12],
every big convex subspaceof Gn is obtained in this way and is isomorphic to Gn� 1.

3.1 Tw o lemmas

Lemma 3.1 Let i 1; j 1; i2; j 2 2 f 1; : : : ; 2ng and � 1; � 2 2 GF(4) n f 0g such that i 1 6= j 1,
i2 6= j 2 and h�ei 1 + � 1�ej 1 i V 6= h�ei 2 + � 2�ej 2 i V . Then M 1 := M [�ei 1 + � 1�ej 1 ] and M 2 :=
M [�ei 2 + � 2�ej 2 ] are disjoint if and only if jf i 1; j 1g \ f i 2; j 2gj � 1.

Suppose now that M 1 and M 2 are disjoint and put M 3 := R M 1 (M2). If (i1; j 1) =
(i2; j 2), then M 3 = M [�ei 1 + � 3�ej 1 ], where � 3 is the uniqueelementof GF(4) di�er ent from
0, � 1 and � 2. If i1 = i2 and j 1 6= j 2, then M 3 = M [�ej 1 + � � 1

1 � 2�ej 2 ].

Pro of. Obviously, if jf i 1; j 1g\ f i 2; j 2gj = 1 or f i 1; j 1g = f i 2; j 2g, then M 1 \ M2 = ; , since
h�ei 1 + � 1�ej 1 i V and h�ei 2 + � 2�ej 2 i V are not collinear on the hermitian variety H (2n � 1; 4).
If f i1; j 1g \ f i 2; j 2g = ; , then let i 3; j 3; : : : ; in ; j n such that f i 1; j 1; i2; j 2; : : : ; in ; j ng =
f 1; 2; : : : ; 2ng. Then h�ei 1 + � 1�ej 1 ; �ei 2 + � 2�ej 2 ; �ei 3 + �ej 3 ; : : : ; �ei n + �ej n i V is a point of M 1 \ M2.
This provesthe �rst part of the lemma.

Now, suppose(i 1; j 1) = (i2; j 2). Let � 3 be the unique element of GF(4) di�erent from
0, � 1 and � 2. Let p1 = h�ei 1 + � 1�ej 1 ; �v2; : : : ; �vn i V be an arbitrary point of M [�ei 1 + � 1�ej 1 ],
where �v2; : : : ; �vn are vectors of weight 2. (Recall that if a maximal isotropic subspacep
belongsto Gn , then given any point x of weight 2 in p, there exists a set of n � 1 points
of weight 2 which together with x generatep.) Then p2 = h�ei 1 + � 2�ej 1 ; �v2; : : : ; �vn i V is the
unique point of M 2 collinear with p1 and p3 = h�ei 1 + � 3�ej 1 ; �v2; : : : ; �vn i V is the third point
of the line p1p2. It now readily follows that M 3 = M [�ei 1 + � 3�ej 1 ].

Now, suppose i 1 = i2 and j 1 6= j 2. Let p1 = h�ei 1 + � 1�ej 1 ; �ej 2 + � 0�ej 3 ; �v3; : : : ; �vn i V

be an arbitrary point of M [�ei 1 + � 1�ej 1 ], where �v3; : : : ; �vn are vectors of weight 2. Then
p2 = h�ei 1 + � 2�ej 2 ; � 1�ej 1 + � 0� 2�ej 3 ; �v3; : : : ; �vn i V is the unique point of M 2 collinear with p1.
The third point p3 on the line p1p2 is equalto p3 = h�ei 1 + � 0� 2�ej 3 ; � 2�ej 2 + � 1�ej 1 ; �v3; : : : ; �vn i V .
It now readily follows that M 3 = M [�ej 1 + � � 1

1 � 2�ej 2 ]. �

Now, let ! denotean arbitrary element of GF(4) n GF(2).

Lemma 3.2 The smallest subspace of Gn containing the maxesM [�e1 + �e2], M [�e1 + ! �e2]
and M [�ei + �ei +1 ], i 2 f 2; : : : ; ng, coincideswith the wholepoint set of Gn .

Pro of. We will make useof the following fact:
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(� ) If S is a subspaceof Gn and if M 1 and M 2 are two disjoint big maxes
contained in S, then alsoR M 1 (M2) is contained in S.

We will use(� ) with S the smallest subspaceof Gn containing M [�e1 + �e2], M [�e1 + ! �e2]
and M [�ei + �ei +1 ], i 2 f 2; : : : ; ng.

Step 1: If � 2 GF(4) n f 0g, then S contains M [� �e1 + �e2].
Pr oof. Apply (� ) to the maxesM [�e1 + �e2] and M [�e1 + ! �e2].

Step 2: For every � 2 GF(4) nf 0g and every i 2 f 2; : : : ; n + 1g, M [� �e1 + �ei ] is contained
in S.
Pr oof. By induction on i . The casei = 2 is precisely Step 1. Suppose now that
M [� �e1 + �ei � 1] � S for a certain i 2 f 3; : : : ; n + 1g. Then applying (� ) to M [� �e1 + �ei � 1]
and M [�ei � 1 + �ei ], we �nd that M [� �e1 + �ei ] � S.

Step 3: For all i; j 2 f 1; : : : ; n + 1g with i 6= j and all � 2 GF(4) nf 0g, M [�ei + � �ej ] � S.
Pr oof. By Step 2 we may supposethat i 6= 1 6= j . Then the claim follows by applying
(� ) to M [�e1 + �ei ] and M [�e1 + � �ej ].

Step 4: Every point of Gn is contained in S.
Pr oof. Let p = h�ei 1 + � 1�ej 1 ; �ei 2 + � 2�ej 2 ; : : : ; �ei n + � n �ej n i V be an arbitrary point of Gn

(f i1; j 1; i2; j 2; : : : ; in ; j ng = f 1; 2; : : : ; 2ng and � 1; � 2; : : : ; � n 2 GF(4) n f 0g). Obviously,
there exists at least one k 2 f 1; : : : ; ng such that f i k ; j kg � f 1; : : : ; n + 1g. Then p 2
M [�ei k + � k �ej k ] � S by Step 3. �

3.2 A recursiv ely de�ned series of num bers

For every n 2 N n f 0; 1g and every j 2 f 0; : : : ; ng, we will now de�ne a number f (n; j ).
For n = 2, we de�ne f (2; 0) = f (2; 1) = f (2; 2) = 2. Supposethat for somen � 2, we

have de�ned f (n; j ) for all j 2 f 0; : : : ; ng. Then we de�ne

� (n) :=
nX

j =0

f (n; j );

f (n + 1; 0) := � (n);

f (n + 1; 1) := � (n);

f (n + 1; 2) := � (n);

f (n + 1; k) :=
nX

j = k� 1

f (n; j ) for every k 2 f 3; : : : ; n + 1g:

The above array of numbers was de�ned by Cooperstein in [9]. He showed the following:

Lemma 3.3 ([9 , Lemma 4.2]) Let n � 2. Then

f (n; 0) =
�

2n � 2
n � 1

�
;
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f (n; 1) =
�

2n � 2
n � 1

�
;

f (n; j ) = 2 �
�

2n � 1 � j
n � j

�
for every j 2 f 2; : : : ; ng:

3.3 Construction of a generating set for the near polygon Gn

In this section,we are going to construct a generatingset of size
� 2n

n

�
for the near 2n-gon

Gn , n � 2. The technique we will useto achieve this goal is the oneusedby Cooperstein
in [9] and [10]. As before,let ! denotean arbitrary element of GF(4) n GF(2). Put

M1 = M [�e1 + �e2];

M2 = M [�e1 + ! �e2];

M i = M [�ei � 1 + �ei ]; i 2 f 3; : : : ; n + 1g:

Lemma 3.4 Put B0 = ; and B j = hM 1; : : : ; M j i Gn for every j 2 f 1; : : : ; n + 1g. Then
for every j 2 f 0; : : : ; ng, there existsa set X of points in M j +1 satisfying:

(i ) jX j = f (n; j );

(ii ) h(B j \ M j +1 ) [ X i Gn = M j +1 .

Pro of. We will prove the lemma by induction on n.
Supposen = 2 and j 2 f 0; 1; 2g. Then M j +1 is a line of the generalizedquadrangle

G2
�= Q(5; 2). Sothere existsa set X of sizef (2; j ) = 2 such that hX i G2 = M j +1 . Hence,

alsoh(B j \ M j +1 ) [ X i G2 = M j +1 .
Supposethat n � 3 and that the lemmaholdsfor smallervaluesof n. By the induction

hypothesisand Lemma3.2, every M i , i 2 f 1; : : : ; n + 1g, which is isomorphicto Gn� 1 can
be generatedby � (n � 1) =

P n� 1
i=0 f (n � 1; i ) points. As a consequence,the claim holds if

j 2 f 0; 1; 2g. So, supposej � 3. The maximal subspacesof H (2n � 1; 4) which contain
h�ej + �ej +1 i V and n � 1 other points of weight 2 are preciselythe points of M j +1 .

Let H (2n� 3; 4) denotethe hermitian variety X 3
1 + X 3

2 + � � �+ X 3
j � 1+ X 3

j +2 + � � �+ X 3
2n = 0

in the subspaceX j = X j +1 = 0 of PG(2n � 1; 4). The subspacesof H (2n � 3; 4) which
contain n � 1 points of weight 2 de�ne a near polygon Gn� 1. If � is such a subspaceof
H (2n� 3; 4), then h�ej + �ej +1 ; � i V is a point of M j +1 . In this way, weobtain an isomorphism
� betweenGn� 1 and M j +1 . Now, in Gn� 1 we can de�ne the n maxesM 0[�e1 + �e2], M 0[�e1 +
! �e2], M 0[�e2 + �e3], : : :, M 0[�ej � 2 + �ej � 1], M 0[�ej � 1 + �ej +2 ], M 0[�ej +2 + �ej +3 ], : : :, M 0[�en+1 + �en+2 ]
which wewill denoteby M 0

1; M 0
2; : : : ; M 0

n . For every k 2 f 1; : : : ; j � 1g, M k contains � (M 0
k).

Hence,B j contains � (hM 0
1; M 0

2; : : : ; M 0
j � 1i Gn � 1 ). Henceby Lemma 3.2 and the induction

hypothesis,there exists a set X of size f (n � 1; j � 1) + � � � + f (n � 1; n � 1) = f (n; j )
such that h(B j \ M j +1 ) [ X i Gn = M j +1 . This provesthe lemma. �

The following corollary of Lemma 3.4 is preciselyTheorem1.2.

Corollary 3.5 The near polygon Gn can be generated by
P n

j =0 f (n; j ) = � (n) = f (n +
1; 0) =

� 2n
n

�
points.
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Pro of. By Lemmas3.2 and 3.4. �

4 Full polarized embeddings of Gn

SupposeS = (P; L ; I) is a densenear polygon and let e : S ! � be a full polarized
embeddingof S. For every point x of S, let H x denotethe singular hyperplaneof S with
deepest point x. By Brouwer and Wilbrink [6, p. 156] (seealso Shult [25, Lemma 6.1]),
Hx is a maximal subspaceof S. This implies that the co-dimensionof e� (x) := he(Hx)i �

in � is at most 1. Sincee is polarized, e� (x) necessarilyis a hyperplaneof �. Now, put
Re :=

T
x2P e� (x). Then by De Bruyn [15], Re satis�es the properties (C1) and (C2) of

Section1.1 and �e := e=Re is a full polarizedembeddingof S. Also, if e0 is a full polarized
embedding of S such that e � e0, then e0 � �e.

If S admits the absolutely universal embedding ~e with respect to a certain division
ring K, then e � ~e for any full polarized embedding e of S with underlying division ring
isomorphic to K. We then call ~e the minimal full polarized K-embedding of S or shortly
the minimal full polarized embedding of S if no confusionis possible.If all lines of S have
precisely3 points, then K �= GF(2), and the minimal full polarized embedding of S is
also called the near polygon embedding, seeBrouwer et al. [4, p. 350] or Brouwer and
Shpectorov [5].

We will now calculate the minimal full polarized embedding of Gn , n � 2. As before,
let Gn be isometrically embedded into the dual polar spaceDH (2n � 1; 4). Let e :
DH (2n � 1; 4) ! � denotethe Grassmann-embeddingof DH (2n � 1; 4) and let e0 denote
the embedding of Gn induced by e. Then e0 is isomorphic to the absolutely universal
embedding of Gn by Corollary 1.3.

Let x1; x2; : : : ; x(2n
n ) be points of Gn such that he(x i ) j 1 � i �

� 2n
n

�
i � = �. Recall that

for every point x of DH (2n � 1; 4), e� (x) is a hyperplaneof �. Similarly, for every point
x of Gn , e0� (x) is a hyperplaneof �. Notice that if x is a point of Gn , then e0� (x) = e� (x).
By Cardinali, De Bruyn and Pasini [8, Section 4.2], the map eD : DH (2n � 1; 4) !
� � ; x 7! e� (x) de�nes a full polarized embedding of DH (2n � 1; 4) into the dual � � of �
and eD �= e. It follows that

T
i 2f 1;:::;(2n

n )g e0� (x i ) =
T

i 2f 1;:::;(2n
n )g e� (x i ) = ; . This implies

that the minimal full polarizedembeddingof Gn is isomorphicto the absolutelyuniversal
embeddingof Gn . So,there exists(up to isomorphisms)only onefull polarizedembedding
of Gn .
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