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Abstract

We compute the spectrum of the Screier graph of the symmetric group Sy
corresponding to the Young subgroup S, Sy 2 and the generating set consisting
of initial reversals. In particular, we shav that this spectrum is integral and for
n 8 consistspreciselyof the integersf0;1;:::;ng. A consequencas that the rst
positive eigervalue of the Laplacian is always 1 for this family of graphs.
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1 Intro duction

Given a group G, a subgroupH G, and a generatingset T G, we let X (G=H;T)
denotethe assaiated Sdreier graph: the verticesof X (G=H; T) are the cosetsG=H and
two cosetsaH and bH are connectedby an edgewhenewer aH = tbH andt 2 T. We
shall assumethat T satisest2 T, t 12 T sothat X (G=H;T) canbe regardedasan
undirected graph (with loops). The main result of this article is the following.

Theorem 1.1. Let S, be the symmetric group on n letters, let H,, be the Youngsulgroup
S S, S, andletT, = fwy;:::;w,g where w, denotesthe involution that reverses
the initial interval 1;2;:::;k and xes k+ 1;:::;n. Thenfor n 8, the spectrum of the
Scheier graph X (S,=H,; T,)) consistsprecisely of the integers0;1;:::;n.

The full spectrum, complete with multiplicities, is given in Theorem 7.2 and seems
interesting in its own right. There are, howewer, some connectionswith results in the
literature that areworth mertioning. GivenagraphX,let = (X) denotethe di erence
betweenthe largestand secondargesteigervalue of the adjacencymatrix. For aconnected
graph, coincideswith the rst positive eigervalue of the Laplacian and is closelyrelated
to certain expansioncoe cients for X. In particular, one way to verify that a given
family of graphs has good expansionproperties is to shav that is uniformly bounded
away from zero (see,e.g.,[Lu2]).

Given a group G and generating set T G, we denote by X (G;T) the corre-
sponding Cayley graph. Seeral papersin the literature addressspectral properties of
X (Sp; T,) for certain classesf subsetsT,. In the casewhereT, is the set of transposi-

is computed by Bacdher [Ba]. Here = 2 2cos( =n), which approates zero as n
getslarge. On the other hand, in the casewhere T, is the more symmetric generating
setf(1;2);(1;3);:::;(1;n)g, the eigervalue gap is always 1 ([FOW, FH]). In [Fr], it is
showvn that amongCayley graphsof S,, generatedby transpositions, this family is optimal

in the sensethat 1 for any set T, consistingof n 1 transpositions.
In applications, onetypically wants an expandingfamily with boundel degree, meaning
there exists somek and some > 0 sud that ewvery graph in the family has and

vertex degrees k. In [Lul] Lubotzky posesthe questionasto whether Cayley graphs
of the symmetric group can cortain suc a family. When restricting T,, to transpositions,
this is impossible,sinceone needsat leastn 1 transpositionsto generateS,. In [Na]
the casewhereT, is a set of \reversals" (permutations that reversethe order of an ertire
subirterval of f1;2;:::;ng') is considered. Although any S, can be generatedby just
three reversals,it is shavn in [Na] that if T, is a set of reversalswith jT,j = o(n), then
I 0Oasn! 1 . Hence,amongCayley graphsof S, generatedby reversals,one obtains
a negative answer to Lubotzsky's question.
The argumen in [Na] provesthe stronger result that certain Screier graphs of the
symmetric group generatedby reversalscannotform an expandingfamily. It is well-known

YIn the context of Coxeter groups, reversals are the elemens of longest length in the irreducible
parabolic subgroupsof Sj,.
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(and easyto see)that the spectrum of any Sdireier graph X (G=H;T) is a subsetof the
spectrum of the Cayley graph X (G=T), henceif a collection of Cayley graphsforms an
expandingfamily, sodoesany corresnding collection of Sdreier graphs. In particular,
[Na] considersthe Sdreier graphscorrespndingto H, = S, S, », S,, andshowsthat
if T, is a setof reversalsand |T,j = o(n) then ewven for the Screier graphsX (S,=Hn; Tn),
onehas ! Oasn! 1.

exampleof a Screier graph whosespectrum can be computed (with a nice explicit form),

our theorem shows that the Sdreier graphs X (S,=Hn; T,) satisfy = 1 for all n. In

particular, the bound|jT,j = o(n) in [Na] is essetially sharp. Empirical evidencesuggests
that the correspnding Cayley graphs X (S,; Ty) with T, = fwy;:::;w,g alsohave =1

for all n, but our methods do not extend to prove this.

2 Preliminaries

Let S, be the group of permutation of the setf1;2;:::;ngandlet T, S, bethe setof

Wi(i) = k+1 i ifl i Kk

T ifk<i n
Let V, be the set consisting of 2-elemeh subsetsfi;jg f1;2;:::;ng (i 6 j). We
de ne the graph X, to be the graph with vertex setV, and an edgejoining fi;jg to

as an undirected graph. Moreover, X, hasloops: the vertex fi; jg has a loop for every
wi that xes or interchangesi and j. We adopt the standard corvertion that a loop
cortributes one to the degreeof a vertex. Thus, X, is an n-regular graph with
vertices. The rst few graphs(with loopsdeleted)are shavn in Figure 1.

Remark 2.1 The group S,, actstransitively on the setV, and the stabilizer of f 1; 2g is the
subgroupS, S, ,. It followsthat V, canbeidertied with the quotient S,=S, S, »,
and that the graph X, coincideswith the Sdireier graph X (S,=S, S, »;T,) descrited
in the introduction.

Let W, = L?(V,) be the real inner product spaceof functions on V,. Givenx 2 W,
we shall often write x; instead of x(fi; j g), and usethe following format to display x:

X12
X23  Xi3

X=Xz X Xua (1)
Xn 1n X1;n
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f1;29 f1;29 f1;29 f1;29

f2;3g f1;3g

f2;3g f1;3g f2;3g f1;3g

f2;4g f1;4g

f1;59

Figure 1:

Let A= A(X,) : W, ! W, bethe adjacencyoperator

X
(A (i jg = x(fwi(i); wi(j)9):

k=1

A is symmetric, hencediagonalizable.

3 The involution

A glanceat the examplesin Figure 1 suggestdhat the graphsX, are symmetric about a
diagonalline (from the bottom left to the top right). To prove this is indeedthe case,we
let bethe involution onthe vertex setV = V, obtained by re ecting acrossthis diagonal
line, i.e.,

fipjg7! fi;n+i j+1g
fori<j.

It will be corvenient to picture a vertex fi;jg2 V asa row of n boxeswith balls in
the boxesi andj. Assumingi < j, we call them the left and right balls, respectively.
There arei 1 boxesto the left of the left ball, j i 1 boxesbetweenthe two balls,
andn | boxesto the right of the right ball.

We shall say that a reversal wy movesa ball in the ith box if i is cortained in the
interval [1;k]. We say that wy xes a ball in the ith box if i > k. (It may be helpful
to think of wy aslifting up the boxesin positions from 1 to k, reversingthem, and then
putting them badk down. Thus, wx \moves" balls in boxes 1 through k, ewven though
whenk is odd, the ball in position (k + 1)=2 doesnot changeits position.) A vertexfi; jg

1. Thosew, xing both balls (type 1). Therearei 1 of these.
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2. Thosewy moving the left ball and not the right (type 2). Therearej i of these.

3. Thosewy, moving both balls (type 3). Therearen | + 1 of these.

A
([l e [ [ @[ 11]
-
([l e [ [ @[ 11]
- D
([l e [ [ @[ 11]

Figure 2: The three typesof reversals

This also gives a partition of the set of neighbors of fi;jg into types. Namely, a
neighbor u of v hastype 1, 2, or 3 (respectively) if u = w v andw hastype 1, 2, or 3
(resp.). Givenv 2 V, write Np(v) for the multiset of neighbors of v of type p. (Thus for
exampleN(fi; jg) consistsof i 1 copiesof fi; jg. We needmultisets to keeptrack of
multiple edges.Actually this only arisesfor neighbors of type 1; the other two neighbor
multisets are really sets.)

Prop osition 3.1. Let : V! V bethe map
fijg7! fi;n+i )+ 1g:

Then mapsN;(v) bijectively onto N1( (v)), and N,(v) bijectively onto N3( (v)). Thus
is an involution of X,,.

Proof. We can descrike the action of asfollows: If there are a boxes betweenthe left
and right balls of v, then the left balls of v and (v) arein the samepositions, and there
are a boxesto the right of the right ball of (v). HenceN4(V) is in bijection with N1( (Vv)),
since keepsthe left ball xed and movesthe right ball to a new\right" position.
Considerthe type 2 neighbors of v = fi;jg. Therearej i sud neighbors. In all
of them the right ball is in the sameposition asthat of v (sothere aren | boxesto
the right of the right ball). Howewer the left balls of theseneighbors occupy successiely

boxesl;:::; i

i, andwith n | boxesbetweenthe left andright balls. Weclaimthat S is exactly N3( (v)).
First obsene that N3( (v)) hasthe samecardinality as S. Also, the verticesin Nz( (v))

have their left balls in positions 1;:::;j i. Finally, there are always n j boxesin
betweenthe left and right balls of elemers of N3( (v)), sincethat is the number of boxes
betweenthe left and right balls of (v). This completesthe proof. O
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By a slight abuseof notation, we alsolet denotethe induced involution on W,, =
L2(V). Since is an automorphismof X,,, it comnutes with the adjacencyoperator A,
henceit restricts to an involution on eat eigenspacelt follows that ead eigenspacean
be further decommsedinto odd and even subspaces.To simplify formulas later on, it
will be corveniert to doublethe standard even and odd orthogonal projections; hencewe
de ne the odd part ofx 2 W, to bex = x (x) andthe evenpart to bex™ = x+ (x).

Remark 3.2 In terms of the represetation for x 2 W, in (1) the involution ips the
diagram about the anti-diagonal, henceodd eigervectors are antisymmetric with respect
to this ip and even eigervectors are symmetric.

4 Standard eigenvectors

Let Y, be the graph with vertex setl, = f1;2;:::;ng and an edgejoining i to w(i)
for eah wy 2 T,. Let U, be the inner product spacelL?(l,) of functions on I,, and
let B, : U, ! U, be the adjacencyoperator for Y,. We idertify U, with R" via the
isomorphism

Prop osition 4.1. The following tablesgivesa basis of eigenvetors for B,. That is, each
u(m;n) is an eigenvetor in B, with correspnding eigenvaluem.

n even n odd
m u(n; m) m u(n; m)
0 Q nm11:::51511) 0 @ m11:::55151)
1 0;3 n;1;:::;1,1,0) 1 0;3 n;1:::;1,1,0)
n=2 1|(0;:::;0; 1;1,0;0;:::;0) (n 3)=2|(0;:::;0; 2;1;1;0;:::;0):
n=2+ 1|(0;:::;0;1,1, 20;:::;0) (n+ 1)=2](0;:::;0;0;1; 1,0;:::;0)
n 2 0;0,1,:::;4 n;0) n 2 0;0;1,:::;1,4 n;0)
n 1 0;1;2;:::;1,,2 n) n 1 ©0;1;1;:::;1,,2 n)
n 1;1,1;:::;1;1,1) n 1;1;1;::;1;1):

Proof. The rst two cases = 2; 3 can be chedked directly. In general,the inducedgraph
Yo=Y, f1;ng is isomorphicto Y, , with an extra loop addedto ead vertex (with
the isomorphismgiven on verticesby i 7! i 1). The vertex 1 in Y,, has oneloop and
is connectedto ead vertex of Y. by a single edge;the vertex n hasn 1 loopsand is
connectedonly to vertex 1. It follows that any eigervector for Y,° exceptfor the constart
one(1;1;:::;1) canbe extendedto an eigervector for Y,, by settinge, = e, = 0. SinceYn0
has one more loop on ead vertex than Y, », the correspnding eigervalue increasesby
one. This producesall of the eigervectorsin the table exceptthosefor = 0;n 1;n, and
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thesecanbe chedked directly (note that they are all extensionsof the constart eigervector
in Yn 2). l:‘

It will be corveniert to break up theseeigervectorsinto three types:

the left type (for 0 m< 3 1)

u(mim) = Qg igidtam P i)

n 1 2m

the right type (for 3 m n 1)

umim) = g P g 2mip g, 9

m 2m n n1m

Letting :U,! W, bethe natural map (u)(i;j) = u(i)+ u(j), it is easyto seethat
A, = B, . It followsthat ead of the eigervectorsu(n; m) for B, givesrise to a
correspnding m-eigervector w(n; m) for A,, i.e.,

w(n; m)(fi; jg) = u(n; m)(i) + u(n; m)(j):

In the caseof the trivial type u(n;n), the correspnding eigervector w(n;n) is the
constart vector and haseigervalue n. For the other types, it is easierto descrite the odd
and ewven parts w(n; m) . When u(n; m) is of the left type the eigervectorsw(n; m) are
showvn in Figures 6, 8, and 9 (note that whenm = 0, the odd part w(n; m) is zero).
When u(n; m) is of the right type the eigervectorsw(n; m) are showvn in Figures7, 10,
and 11.

5 Zero eigenvectors

In this section, we give explicit formulas for n 3 linearly independert 0-eigewectors
in W,. One of theseis the standard (even) eigervector w(n; 0)* described above. We
separatethe remaining onesinto even and odd types. The odd oneswill be denoted by
z(n;p) (wherep is any integer sud that 2 p ;1) and are shavn in Figure 12.
The even ones,denotedby z(n;p)* (wherel p %%) are showvn in Figure 13 (in the
casel p %) and Figure 14 (in the case™:* p 2%). Note, all dotted lines
indicate an arithmetic progression (possibly constant) betwesn the endmints. A numkber
under a dotted line indicates the numter of terms in the sequene { including both end-
points. The proofs that theseare, indeed, null-vectors is a computation that breaksup
into a nite number of cases(basedon the form of the array). We give an example of
how this computation works, and leave the remainingveri cations to the interestedreader.
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Theorem 5.1.
1. The sumof the entries alongany column or diagonalof the vectors z(n; p) vanishes.
2. The vectors z(n; p) lie in the kernel of the adjacency matrix.

Proof. Statemert (1) is a trivial computation. Statemen (2) is veried by explicitly
computing the action of the adjacencymatrix A on z(n;p) . We give the proof for the
antisymmetric vectorsz(n; p) ; the proof for the symmetric vectorsis only slightly more
complicatedand involvesno new ideas.

The rst stepisto breakz = z(n;p) up into regionssuggestedy the structure shavn
in Figure 12:

(A) the uppertriangle fz; jj p 1g;
(B) therowof (p n)sfz; jj = p;i> 1g;
(C) thex ati= 1;j = p;

(D) therectangleof 1'sfz; jp+1 j n+1 p;;1 j i p 2g
(E) the columnof (2 p)sfz; jp+1 j n+1 p;jj i=p I1g
(F) therowof (p 1)sfz; jj=n+2 p;1 j 1 p 20

(G) the lower box of O'sfz; jn+3 p j nl1 j i p 2g;

(H) the certral triangle of O'sfz; jp+1 j n+1 p;p i jog

(I) the O appearingbelov 2 p andto theright ofp 1.

By symmetryit su ces to shav that any componert of Az in any of theseregionsvanishes.
We do this by breakingthe sum (Az); into three parts, correspnding to the three types
of reversalsas in the proof of Proposition 3.0.3. We will be somewhatbrief and leave
most details to the reader.

Case A: Typeland2reversalscortribute 0to (Az); . Type 3reversalsalsocortribute
0 sincethe sum of all ertries in a columnis 0.

Case B: Therearei 1typelreversals,eat cortributing p n. The type 2 reversals
cortribute x andthenj i 1 copiesof p n. The total from thesetwo typesis 0, and it
is not hard to seethat the type 3 reversalscortribute (p n)+ (n 2p+1)+p 1=0.

Case C: There are no reversalsof type 1. Rewersalsof type 2 cortribute x + (p
2)(p n). Rewrsalsoftype3givex+ (p 2)(1 p)+ (2 p)(n 2p+ 1), andthe total
is 0.

Case D: This region,togetherwith E, G, and H, arethe mostcomplicated. The region
D must be subdivided into two subregions,an isoscelegight triangle and a trapezoid
(Figure 3). The top edgeof the trapezoidisi = p. In the trapezoid,type 1 givesi 1,
type 2 givesO, and type 3 gives(p n)+n p i+ 1,for atotal of zero.
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In the triangle, type 2 reversalsgive a nonzerocortribution; the cortribution of type
1 and type 2 dependson how far z; is above the diagonal. If z; is on the dth diagonal
band, then i = p d, and the cortributions from type 1 and type 2 are respectively
i 1=p d landl p+ d, which total 0. The type 3 reversalsgive a whole column
sum, and thus the total is 0.

Case E: As in caseD we must considertwo cases,an upper rectangleand a lower
rectangle;moreover the upper rectanglemust be brokeninto boxesexactly asD is broken
into bands (Figure 3). The computations are essehally the sameas for caseD.

N

Figure 3: The trapezoidand triangle for caseD, with three diagonalbands. Three boxes
for caseE. Three bandsfor caseH.

Case F: Typelgives(i 1)(p 1), type2gives x+(j i 1) (p 2),andtype3
gives(p n)+( i 1), which sumto 0.

Case G: Consider Figure 4. By symmetry, the certral diagonal band is forced to
vanish, and we only have to ched the ertries above the diagonal. Temporarily number
the ertries in the squaresothat zs denotesthe ertry on row s up from the bottom and
columnt from the left. All type 1 cortributions vanish. The type 2 cortributions are the
sum of t rightmost ertries in the row cortaining zi;. The type 3 cortributions are the
sum of the s ertries from the top of the column containing zg. It is easyto seethat these
cancel,and sothe total is O.

length s
Zst
\1, |
S N |
length t
2
1
1:::t

Figure 4: CaseG
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Case H: This triangle must be broken into bandsalong the oblique edge,just asfor
caseD (Figure 3). In this casethe cortribution of the type 1 reversalsis 0, and the
cortribution from type 2 exactly cancelsthat from type 3.

Case I This ertry is forcedto be zeroby the antisymmetry.

This completesthe proof.

6 Promotion

In this section, we descrile the remaining eigervectors. Note that the standard eigen-
vectors w(n; m) and the zero eigervectors z(n; k) determine a complete basis for W,
in dimensionsn = 2;3;4. For n 4 we usea \promotion stheme" to create for eath
m-eigervector in dimensionn, a (m+ 1)-eigervector in dimensionn+ 3. The construction
is basedon the obsenation that X .3 contains an induced subgraphthat is isomorphic
to X, but with an extra loop addedto ead vertex.

Givenagraph G, welet G denotethe samegraph G, but with an extra loop addedto
eadt vertex. Sinceadding a loop to ead vertex correspndsto adding 1 to the adjacency
operator, the eigervaluesof G are the sameasthe eigervaluesof G, but shifted up by 1.
Given a subsetK of verticesin a graph G, we let G[K ] denotethe induced subgraphon
the setK.

We partition V, .3 into the following subsets:

S=ff 1,29;f1;3g;:::fL,n+ 3gg[ ff n+ 2;n+ 399

C=ffi;jgj2 i<j) n+2j i 20

With respect to our triangular represetation of X 43 (asin Figure 1), S correspndsto
the verticesalongthe hypotenuse,L correspndsto the verticesalongthe left side (minus
the top and bottom vertices), B correspndsto the verticesalongthe bottom row (minus
the left and right vertices),and C correspndsto the \central" verticesin the interior of
the triangle.

We then de ne bijections | :L! I,, g:B! I,,and ¢:C! V, by

L(firjg=1i 1
s(fiijg=1 1
cfiijg=fi Lj 2g

Recall that the image sets |, and V, are the vertex sets for the graphs Y, and X,,,
respectively. With respect to the induced subgraphsof X 13 correspnding to the setsL,
B, and C, it turns out that the maps ., g, and ¢ inducegraph isomorphisms(once
loops are added to the target graphs). We state this preciselyin the next proposition.
Figure 5 illustrates the n = 4 case.
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Prop osition 6.1. X,+3 S decomposesinto three components, X+3[L], Xn+3[B], and
Xn+3[C]. Moreover,themaps , g, and ¢ induce graphisomorphismsX,.3[L] =Y, ,
Xn+3[B]l = Y,, and X,+3[C] = X,,, resectively.

/o X7LI=Y,

X7[C] = X,

Figure 5: The induced subgraphonV; S (elemerts of S are the \op en dots")

Proof. The proofis straightforward (using, for example,the \balls in boxes" interpretation
asin the proof of Proposition 3.1.) We sketch the proof that ¢ is an isomorphismand
leave the rest to the reader. Start with v = fi;jg 2 C (the vertex set of X,.3[C]). We
canlist the neighbors of v in X .3 that are alsoneighborsin X .3 [C] as follows.

1. All i 1 neighbors of type 1.

2. All neighbors of type 2 exceptthe onecomingfrom the reversalw;. Hencethere are
j 1 1lofthese.

3. All neighbors of type 3 exceptthe one coming from the reversal w;. Hencethere
aren+ 3 | of these.

Thereforethe degreeof X 43 [C] is n+ 1, which is the degreeof X ,,. Moreover, a closerlook
at the casesabove shows that the map ¢ inducesa bijection from N,(v) to Np( c(V))
where the former is understood to be the neighbors of v = fi; j g of type p computed in
Xn+3[C], and the latter is the neighborsof c(v) = fi 1;j 2g of type p compute in
X, (weregardthe extra loop in X, astype1). It followsthat ( isanisomorphism. O

Givena vector x 2 Wiz = L2(Vass), let Xji, Xjg, and xjc denotethe restrictions to
L, B, and C, respectively. We regard theserestrictions as functionson Y,,, Y,, and X,,,
respectively.

Prop osition 6.2. Supmsex 2 W,z vanisheson S. Then x is an eigenvetor of X .3
with eigenvaluem if and only if
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(i) xj_ is either zer or an eigenvetor of Y, with eigenvaluem 1
(i) xjg is either zem or an eigenvetor of Y,, with eigenvaluem 1
(i) Xjc is either zew or an eigenvetor of X,, with eigenvaluem 1

(iv) for each (diagonal) vertexf 1; kg, the correspnding row and column sumsof x sum
to zemo: i.e.,
X 1 nxg k
X(f]; kg) + x(fi;j +k 19 = 0

i=1 j=1

Proof. The necessiy of the rst three conditions follows from Proposition 6.1. The neces-
sity of (iv) follows from the fact that the vertex v = f 1;kg is adjacern preciselyto those
verticesin the samerow and column asv. Hencein order for the adjacencyoperator
to take x to a vector that still vanisheson v, this sum must be zero. It is also clear
from Proposition 6.1, that thesefour conditions are su cient to guarartee that x is an
eigervector of X 43 O

We usethis proposition to build the remaining eigervectors. First supposexjc = 0.
It followsfrom (iv) and the list of eigervectorsfor Y, that the only possibilitiesare when
nisevlen,m=n=2 1 and

Xjg = XjL = u(n;m) = (?;_{Z_: ; 1;1;P;_{Z_;?)
m m
We let y(n+ 3)" denotethis vector (it is symmetric). The vectory(n)* is the k = 0 case
of Figure 19;it haseigervaluem = (n  3)=2.

Next supposeXjc is not zero. Then it must be an eigervector for X,,. We consider
the following cases.

Case 1. xjc is one of the (nonstandard) zero eigenvectors z(n;p) . In this
case,all of the row sumsare zeroand all of the column sumsare zero, so condition (iv)
will be satis ed if and only if the restrictions xj_. and xjg are zero. Thus, for eat z(n; p) ,
there is a unique eigervector x in W3 obtained by placing zerosdown the diagonal, left
side, and bottom (we shall refer to this procedurehenceforthas extensionby zew). The
new eigervector will have eigervalue 1. Moreover, sincethe new eigervector will have
the samerow sumsand column sums,we can cortinue to extend by zero. In general,we
dene %z(n;p) = z(n;p) anddene kz(n;p) (inductively) to be the extensionby
zeroof ¥ 1z(n;p) (respectively). The newvector Xz(n;p) is an eigervectorin Wy.3y
with eigervalue k.

Case 2a: Xjc is one of the even standard eigenvectors w(n;m)* of left type.
Thesecan be extendedas shown in Figure 17. The vector shavn is the k + 1st extension

K+1w(n; m)*. It is an eigervector in W,3,+3 With eigervaluem+ k+ 1. (The pattern is
establishedafter the rst extension,which canbe seenby removing the k outside\la yers"
of the triangle.)
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Case 2b: Xjc is one of the even standard eigenvectors w(n; m)* of right type.
Thesecan be extendedas shown in Figure 18. The vector shavn is the k + 2nd extension
K*2w(n; m)*, and the displayed form for this vector is valid aslongask 2m n. For
k=2m n, row and columnsumsof **1w(n;m)* will all be zero,hencefor k > 2m n,
we de ne  *2w(n;m)* inductively to be the extensionby zeroof ***w(n;m)*. Thus
kw(n;m)* isde ned for all k 1 andis an eigervector in W,.3, with eigervalue m+ k.

Case 3a: Xxjc is one of the odd standard eigenvectors w(n;m) of left type.
These can be extendedto an eigervector *w(n;m) in W,.3 as shown in Figure 15.
After this initial extension, the row sumsand column sums are all zero (this is easy
to seeby inspection), hencewe can cortinue to extend by zero. That is, we de ne

Kw(n; m) (inductively) to be the extensionby zeroof * w(n;m) forallk 2. The
new eigervector “w(n; m) will have eigervalue m + k.

Case 3b: xjc is one of the odd standard eigenvectors w(n;m) of right type.
These can be extendedto an eigervector ‘w(n;m) in W,.3 as shown in Figure 16.
After this initial extension, the row sumsand column sums are all zero (again, easy
to seeby inspection), hencewe can cortinue to extend by zero. That is, we de ne

Kw(n;m) (inductively) to be the extensionby zeroof * w(n;m) forallk 2. The
new eigervector “w(n; m) will have eigervalue m + k.

Case 4: Xxjc is one of the even eigenvectors y(n)® de ned above. Thesecan
be extendedas shavn in Figure 19. The vector shown is the k extension Ky(n)*. It is
an eigervector in Wy.3¢ and haseigervaluem = (n  3)=2+ k.

7 The main theorem

In this section we shawv that the eigervectors we have descrited so far are su cien't
to determine a basisfor W,,. Given an eigervalue m (for A,), we let W" denote the
correspnding eigenspace.

De ne the numbersa(n;m), 0 m n,n 2inductively asfollows:
Initial values:

a2;00=0; a(2;,1)=0; a(2;2)=1

a3;0)=1 a3;1)=0; a3;2) =1, a3;3)=1
a4;00=1 a4;1)=2 a(4,2)=0; a(4;3)= 2, a4;4)=1
an;0)=n 3 ann 1)=2 alnn)=1foraln 5

Inductiv e form ula:

3 aln 3m 1) if m=bn=2candn 5

aln 3m 1)+ 3 ifm=bn=2c 1,nisodd, andn
2 an 3m 1)+1 ifm=bn=2c+ 1,nisodd, andn
“aln 3m 1)+ 2 otherwise.

62

a(n;m) =

1

A small table of a(n; m) is givenin Table 1.
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01 23456 7 89 10
210 01

31 011

411 2 0 21
512 3 0 2 21

63 3 213 21

714 3503 3 21
8545 2 2 4321
916 555144321
1007 6 5 7 2 3 5 4 3 2 1

Table 1: The multiplicities a(n; m). Readtop to bottom for increasingn, left to right for
increasingm.

X
Prop osition 7.1. Forn 2, wehave a(nh;m) = 2 = dimW,.
m=0

Proof. This is obviousforn 4. Forn 5, we have

a(n;0)+ a(n;n 13+ a(n;n) + P " 2 a(n;m)
(n 3)+2+1+ "2an 3Im 1) +2(n 3)

3n 6+ "° (by induction)
n

2 -

Our main result is the following.

Theorem 7.2. The spectrum of A, is contained in f0;1;:::;ng with eigenvaluemulti-
plicities given by dimW_" = a(n; m). In particular, for n 8, the set of eigenvaluess
preciselyf0;1;:::;ng.

Proof. In light of Proposition 7.1, it su ces to shav that dimW_/" = a(n; m). For 2
n 4, all of the eigervectors are standard eigervectors w(n; m), so this can be veri ed
directly. For m = 0 (and all n), the vectorsz(n; p) arelinearly independen andthere are
a(n;0)=n 3ofthem. Form = n 1 (and all n) the standard eigervectorsw(n;n 1)
are linearly independent and there area(n;n 1) = 2 of them. For m = n (and all n),
the constart function 1 is an eigervector with eigervalue n, sodimWw, 1= a(n;n).
For the remaining eigenspacewith n 5, we proceedby induction to show that there
are a(n; m) linearly independen eigervectors of the form *z , kw , or *y* (where
we adopt the corvertion v = %). Any eigervector of the form ¥z , kw , or Xy* in
dimensionn 3 can be promotedto an eigervector (also of this form) by the promotion
shemedetailed in Section6. Since promotion preseneslinear independenceand shifts
eigervaluesby 1, we have by induction dimW/" a(n 3;m 1).
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When m 6 bn=2c there are two new standard eigervectorsw(n;m) (= °w(n;m) )
to consider. Thesewill almost always be linearly independen from the promoted eigen-
vectorssincestandard eigervectors are not zerodown the main diagonal while promoted
vectors are. The only exception to this is when n is odd and m = bn=2c + 1, in
which caseonly the odd projection has nonzero erntries on the diagonal. This gives
dimw/" aln 3m 1)+ 1 = a(n;m) whenn is odd and m = bn=2c+ 1. On
the other hand, the additional vector y(n)* addsa new eigervector when n is odd and
m = bn=2c 1, givingdimW" a(n 3m 1)+ 3= a(n;m) in this case. We then
have W a(n 3m 1)+ 2= a(n;m) in the remaining casesand theseinequalities
now all becomesharpin light of the dimensioncourt in Proposition 7.1. O
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Figure 8: Left type/even, small m: w(n;m)™ with x = 1+ 2m
(The casem = 0 reducesto the shadedtriangle in the middle.)
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Figure 15: Left type/odd: *w(n; m)
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Figure 17: Left type/even: ¥*Tw(n;m)* with x = 1+ 2m
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