
Tilings of the spherewith right trianglesIII:
the asymptoticallyobtusefamilies

Robert J. MacG. Dawson�

Department of Mathematics and Computing Science
Saint Mary's University

Halifax, Nova Scotia, Canada

Blair Doyle y

HB Studios Multimedia Ltd.
Lunenburg, Nova Scotia, CanadaB0J 2C0

Submitted: Feb 7, 2007;Accepted: Jun 28,2007;Published: Jul 5, 2007
Mathematics Subject Classi�cation: 05B45

Abstract

Sommerville and Davies classi�ed the spherical triangles that can tile the sphere
in an edge-to-edgefashion. However, if the edge-to-edgerestriction is relaxed, there
are other such triangles; here, we continue the classi�cation of right triangles with
this property begun in our earlier papers. We consider six families of triangles
classi�ed as \asymptotically obtuse", and show that they contain two non-edge-to-
edgetiles, one(with anglesof 90� , 105� and 45� ) believed to be previously unknown.
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1 In tro duction

A tiling is called monohedral (or homohedral) if all tiles are congruent, and edge-to-edge
(or normal) if two tiles that intersect do so in a singlevertex or an entire edge. In 1923,
D.M.Y. Sommerville[8] classi�ed the edge-to-edgemonohedraltilings of the spherewith
isoscelestriangles, and those with scalenetriangles in which the anglesmeeting at any
one vertex are congruent. H.L. Davies [1] completed the classi�cation of edge-to-edge
monohedraltilings by triangles in 1967(apparently without knowledgeof Sommerville's
work), allowing any combination of anglesat a vertex. Davies' work omitted many details;
thesewere �lled in recently by Uenoand Agaoka [9].

Non-edge-to-edgetilings were apparently �rst consideredin [2], where a complete
classi�cation of isoscelesspherical triangles that tile the spherewas given. In [3], it was
shown that, with one exception, every triangle that tiles the spherebut doesnot do so
edge-to-edgehasat least onecombination of anglesother than two right anglesthat add
to 180� . This paper and its companionpapers[4, 5, 6] continue the programof classifying
the triangles that tile the sphere.A more completedescription of the program is given in
[4].

An important and still open problem involving monohedraltilings of the sphereis the
question,recordedby Ruziewiczin the \Scottish Book" [7, problem60]in the late 1930'sor
early 1940's,of whether such tilings exist with tiles of arbitrarily small diameter. Noneof
the tiles exhibited in this sequenceof paperso�ers any improvement on the (90� ; 60� ; 36� )
triangle, with diameter 37:3774: : :� , which was already known [8] by the time Ruziewicz
raisedthe problem.

In [4] we introduced the idea of the vertex signature VT of a triangle T with angles
(� ; � ; 
 ), de�ned to be the set of triples f (a;b;c) : a� + b� + c
 = 360� g. Such a vector
with a < 2 will be called reduced; if b > a;c it is a beta source and if c > a;b, a gamma
source.

It was shown in [4] that, for triangles with � = 90� , � � 
 that tile but do not do so
edge-to-edge,the a�ne hull of this set is always two-dimensional,and we may choosea
basisfor it consistingof the vectors f (4; 0; 0); (a;b;c); (a0; b0; c0)g wherethe secondvector
is a reduced � sourceand the third a reduced 
 source. Conversely, any such triple
determineda unique set of angles(not necessarilycorresponding to a spherical triangle,
or even all positive.)

It should be noted that this is not always true for triangles that tile edge-to-edge.In
particular, there is a continuous family of tiles with � + � + 
 = 360� , all of which tile
the sphereedge-to-edgewith four copies[1]. A typical member of this family has only
onevector, (1; 1; 1), in its vertex signature;however, all three anglesof any such triangle
must be obtuse.

For any reduced� source(a;b;c) and for �xed a0; b0, let � (n) and 
 (n) be the angles
determinedby the vectors f (4; 0; 0); (a;b;c); (a0; b0; n)g. It is easyto seethat

lim
n!1


 (n) = 0 (1)
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while

lim
n!1

� (n) =
(360� 90a) �

b
(2)

and this is independent of a0 and b0 (and, indeed,of c).
We can thus classify the � sources(a;b;c), and the families of triangles with those �

sources,asasymptotically acute, asymptotically right, or asymptotically obtuse, depending
on the limiting valueof � (n). (There is someoverlap betweenthesefamilies, asa triangle
may have morethan one� sourcein its vertex signature.) It turns out that this classi�ca-
tion is useful in characterizing the triangles that tile the sphere;di�erent strategieswork
for the three typesof � source. The tiles in asymptotically right families were classi�ed
in [4] and [5]. In this paper we classify the tiles in asymptotically obtuse families. We
shall include for completenessthe isoscelestiles and edge-to-edgetilings alreadyclassi�ed
in [1], [2], and [8]. For someterminology the reader is referredto our previouspaper [4].

2 Classi�cation of tiles

Theorem 1 The only right triangles in asymptotically obtusefamilies that tile the sphere
are the (90� ; 120� ; 90� ), (90� ; 120� ; 60� ), (90� ; 90� ; 90� ), (90� ; 90� ; 45� ), (90� ; 108� ; 54� ), and
(90� ; 105� ; 45� ) triangles.

The �rst four tiles (Figure 1) are familiar, three being in the list of Sommerville [8]
and all in that of Davies [1]. The �rst three of theseadmit only oneedge-to-edgetiling,
and the fourth has two. All of them admit various non-edge-to-edgetilings; thesewill be
consideredbrie
y in the last section.

Figure 1: edge-to-edgetilings

The �nal two triangles tile only in a non-edge-to-edgefashion, with ten and twelve
copiesrespectively. The (90� ; 108� ; 54� ) triangle was introduced and described in [3]; it
admits three di�erent tilings. As will be shown below, the (90� ; 105� ; 45� ) triangle admits
(up to re
ection) only onetiling. All af thesetilings have chiral symmetry groups;this is
common(though not universal) amongnon-edge-to-edgetilings.

Interestingly, if we extend the edgesde�ning the 45� angleof the (90� ; 105� ; 45� ) trian-
gle till they meetagain (a construction that alsoappearsin the proof of the next lemma),
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Figure 2: Non-edge-to-edgetilings: (90� ; 108� ; 54� ), and (90� ; 105� ; 45� )

the complementary (90� ; 75� ; 45� ) triangle also tiles the sphere([2], x3.vii) . There is no
obvious relation betwen the two tilings, and the observation is probably best considered
as a coincidence.

3 Pro of of Theorem 1

The proof of Theorem1 follows, roughly, the pattern establishedin [4]; we considereach
possiblereduced� sourcein turn, determine what 
 sourcescould work with each, and
then classifythe tiles (if any) that arise. However, for asymptotically obtusefamilies, the
following lemma makesthe processmuch simpler than was the casethere.

Lemma 1 For any right spherical triangle


 � � < 
 + 90� (3)

Proof: The �rst inequality is by de�nition and is included only for easeof reference.The
secondfollows by extending the two edgesde�ning the 
 angle until they meet again,
forming a triangle with angles(90� ; 180� � � ; 
 ), and noting that the anglesof this trian-
gle must add to more than 180� .

Lemma 2 The reduced � sources generating asymptotically obtusefamilies are (0; 3; 2),
(0; 3; 1), (0; 3; 0), (0; 2; 1), (1; 2; 1) and (1; 2; 0).

Proof: By de�nition, a < 2 and b > c. If the right hand side of (2) is obtuse, we have
a + b � 3. Finally, (0; 2; 0) is ruled out, as we must have � 6= 180� ; the remaining possi-
bilities are as listed.

If a � sourceis asymptotically obtuse, it follows from (1) and (2) that (3) is only
satis�ed for �nitely many triangles in that family. (This contrasts with the situation for
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asymptotically right triangles, for which in�nite families must often be considered: see
[4, 5].)

The following lemma will be usedthroughout the proof.

Lemma 3 For every right triangle T in an asymptotically obtusefamily that tiles the
sphere, one of the following holds:

1. T tiles edge-to-edge(and is listed in [1]);

2. T is the (90� ; 108� ; 54� ) triangle (given in [3]);

3. VT contains a reduced vector V 0 = (0; d;e) with both d and e even,and a � source
V1, suchthat f (4; 0; 0); V1; V 0g is a basis for VT .

Proof: Assumethat the triangle tiles the spherebut does not tile edge-to-edge.It was
proved in [3] that the (90� ; 108� ; 54� ) triangle is the only such right triangle that has no
secondsplit vector. Any other right triangle T thus hasa vector (p;q; r ) 2 VT that splits.
Either p = 0 or p = 2. In the �rst caseV 0 = (0; q; r ); in the latter case2(p;q; r ) � (4; 0; 0) =
(0; 2q; 2r ) is in VT and we may take this to be V 0.

Any reducedvector (a;b;c) in the a�ne hull of (4; 0; 0) and V 0 must be V 0 itself or
of the form 1

4(4; 0; 0) + 3
4V 0. In the �rst caseb and c would both be even; in the second

case,they would be divisible by 3 and a would be greater than 0. None of the possible
reduced� sourcesV1 listed in Lemma 2 meet thesecriteria; thus the three vectors are
independent and generateVT .

Note that the (90� ; 108� ; 54� ) triangle has VT = f (4; 0; 0); (1; 2; 1); (1; 1; 3); (1; 0; 5)g.
Only oneof thesevectors,(1; 2; 1), is a � source;we may thus assumethat if a triangle T
doesnot have this � source,it tiles edge-to-edgeor hasa reducedsplit vector.

Prop osition 1 The only right triangle with V1 = (0; 3; 2) that tiles the sphere is the
(90� ; 90� ; 45� ) triangle.

Proof: From Davies' list [1] or from corollary 3 of [9] we can establish that the
(90� ; 90� ; 45� ) triangle is the only triangle in this family that tiles normally; and the
(90� ; 108� ; 54� ) triangle is not in the family. Thus, any other tile would, by the preceding
lemma, have to have a reducedvector V = (0; d;e) with d;e even.

If d � 8 we have 
 � � � 45� and the triangle is not spherical. If d = 6 we clearly
have e < 2 (hence0), � = 60� , and 
 = 90� ; but this contradicts our assumption that
� � 
 . For d = 4 we have again e = 0, and we get the (90� ; 90� ; 45� ) triangle, discussed
above.

When d = 2, 
 = 360�

3e� 4, � = 360(e� 2)�

3e� 4 , and � � 
 = 360(e� 3)�

3e� 4 which satis�es (3) only
for 3 � e < 8. Of the two V consistent with this, (0; 2; 4) givesthe (90� ; 90� ; 45� ) triangle
again,and (0; 2; 6) givesthe (90� ; 1026

7
� ; 255

7
� ) triangle whoseareadoesnot divide that of

the sphere.
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If d = 0, we have 
 = 360�

e and thus � = 360(e� 2)�

3e . These satisfy (3) only for
5 � e < 20; and the excess� + � + 
 � 180� divides 720� only when e + 4j96. This
gives a solution only for e = 8 or 12. In the �rst casewe obtain the (90� ; 90� ; 45� )
triangle once more. For e = 12 we get the (90� ; 100� ; 30� ) triangle, which has VT =
f (4; 0; 0); (3; 0; 3); (2; 0; 6); (1; 0; 9); (0; 3; 2); (0; 0; 12)g. This has(0; 3; 2) asits only � source
and no � split; and the 
 splits have at least three 
 angles.

For there to be as many � anglesas 
 angles,there must exist a (0; 3; 2) vertex. All
�v e of the anglesat such a vertex have hypotenuseedges;at least oneof these�v e edges
must be unpaired, and in the absenceof � splits such an unpaired edgemust have its �
endat the (0; 3; 2) vertex (A in Figure 3). The other end is a 
 split with at least3 excess

 angles(B ,in Fig. 3) The 
 angleon the unpairededgemust be adjacent to the overhang
at B , so at most two (0; 3; 2) vertices can sharea split. (In fact, it may be shown that
no sharing is possible;but we do not needthis.) Associating oneor two (0; 3; 2) vertices
with at least three additional 
 anglesgivesan overall excessof 
 anglesin the supposed
tiling.

A
B

Figure 3: Con�guration at a (0; 3; 2) vertex

Prop osition 2 The only right triangles with V1 = (0; 3; 1) that tile the sphere are the
(90� ; 90� ; 90� ) triangle and the (90� ; 105� ; 45� ) triangle.

Proof: The (90� ; 90� ; 90� ) triangle tiles edge-to-edge;as before,any other tile in this
family must have a reducedvertex vector V = (0; d;e) with d;e both even. For d > 4 we
can never have � � 
 . When d = 4 we can only have � � 
 for e = 0, when we get the
(90� ; 90� ; 90� ) triangle.

When d = 2, � = 360(e� 1)�

3e� 2 and 
 = 360�

3e� 2. This satis�es (3) only for e � 4; when e = 4
the excessdoesnot divide 720� and when e = 2 we get the (90� ; 90� ; 90� ) triangle again..

Finally, when d = 0, we get 
 = 360�

e and � = 120(e� 1)�

e . The area of such a triangle
divides that of the sphereonly when e + 8j192, and (3) is satis�ed when 4 � e � 16.
Together,theserule out every triangle except the (90� ; 105� ; 45� ) triangle when e = 8.

Prop osition 3 The only right triangles with V1 = (0; 3; 0) that tile the sphere are the
(90� ; 120� ; 60� ) triangle and the (90� ; 120� ; 90� ) triangle.
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Proof: The two triangles given tile edge-to-edge;any other tile would have to have a
reducedvertex vector V = (0; d;e) with d;e both even. We have � = 120� , sod < 3. For
d = 2, (3) is only satis�ed whene = 2, which givesthe (90� ; 120� ; 60� ) triangle. For d = 0
we have 
 = 360�

e , satisfying (3) if 4 � e � 10. For e = 4 and 6 we get the tiles already
mentioned; and when e = 8 or 10 the areadoesnot divide that of the sphere.

Prop osition 4 No right triangle with V1 = (1; 2; 0) tiles the sphere.

Proof: We have � = 135� ; this allows all normal tiles to be ruled out. Any tile would thus
have to have a vertex vector (0; d;e) with d;e even, and evidently d < 3. When d = 2 the
inequalities(3) are never satis�ed. When d = 0 they are satis�ed only for e = 4 or 6, and
in neither casedoesthe areaof the triangle divide that of the sphere.

Prop osition 5 The only right triangles with V1 = (1; 2; 1) that tile the sphere are the
(90� ; 90� ; 90� ) and (90� ; 108� ; 54� ) triangles.

Proof: The trianglesmentioned areknown to tile [1, 3]; any other tile would have a vertex
vector (0; d;e) with d and e even. We cannot satisfy (3) for d > 4; and when d = 4 or
d = 2 those inequalities are satis�ed only by vectorsyielding the (90� ; 90� ; 90� ) triangle.
When d = 0 they are satis�ed for 4 � e < 12; but the only e for which the area of the
triangle divides that of the sphereis 4, yielding the (90� ; 90� ; 90� ) triangle oncemore.

Prop osition 6 No right triangle with V1 = (0; 2; 1) tiles the sphere.

Proof: No tile listed in [1] or [3] is in this family, so oncemore we may assumea vertex
vector with d and e even. It is easily seenthat d = 0, and (3) is only satis�ed for e = 4;
the areaof the resulting (90� ; 135� ; 90� ) triangle doesnot divide that of the sphere.

4 Classi�cation of tilings

Sometiles yield more than one tiling. Davies [1] classi�ed all normal tilings (and more
details were given by Uenoand Agaoka [9]).

We will brie
y examine the non-normal tilings with triangles that also tile edge-to-
edge. We note that when a tiling has a subsetsuch that the symmetry group G of the
subsetis a proper subgroupof the symmetry group H of its union, the action of H=G on
that subsetof the tiling generallyyields a new tiling.

� The (90� ; 90� ; 90� ) and (90� ; 120� ; 90� ) triangles have continuous families of tilings,
derived from thosein Figure 1 by rotating onehemisphererelative to the other, and
no other tilings.
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� The (90� ; 120� ; 60� ) triangle tiles the hemispherein three distinct ways, two of these
with a left-handed and right-handed form. Up to re
ection, then, there are nine
distinct continuous families of tilings (with somespecial casesin common). There
arealsotwo distinct tilings without a great circle in the union of the tile boundaries.

� For the (90� ; 90� ; 45� ) triangle, there are 252essentially distinct tilings obtained by
subdividing the edge-to-edgetiling with (90� ; 90� ; 90� ) triangles [2]. Each of these
yields three continuous families of tilings, not necessarilydistinct. There are also
other tilings, including somewith no great circle in the union of the boundaries.We
conjecturethat any tiling with this tile can be obtained from any other by repeated
rotation of subsetswith symmetric union - a processreminiscent of Rubik's Cube,
though perhapsimpractical to realizemechanically as a puzzle.

It was shown in [3] that the (90� ; 108� ; 54� ) triangle tiles in three essentially di�erent
ways, noneedge-to-edge.

Prop osition 7 The (90� ; 105� ; 45� ) triangle admits only one tiling (up to re
ection).

Proof: For this triangle, VT = f (4; 0; 0); (3; 0; 2); (2; 0; 4); (1; 0; 6); (0; 3; 1); (0; 0; 8)g. The
only � sourceis (0; 3; 1), which must thereforeappear in any tiling; and there areno splits
involving � angles. At a (0; 3; 1) vertex (O in Figure 4a), then, the hypotenuse of the
triangle (1) contributing the 
 anglemust be paired, to avoid a � split at the other end
(A). Triangle 2 is thus asshown.

O

A
B

C

DE
O

A B

C

D
1

2

3

4

1
2

3

4

5

6
F

a b

7

Figure 4: Tiling with the (90� ; 105� ; 45� ) triangle

As the vertex A can have neither a right angle nor another 
 , the edgeAB cannnot
be matched and there is an overhang at B . Triangle 3 is forced; by the sameargument
there is an overhangat C and we have triangle 4.

The edgeCD cannot be coveredas in Figure 4a, as that would require a � split at E.
We thus have triangles 5,6 and 7 as shown in Figure 4b. Repeating this con�guration at
A and F givesthe entire tiling, as shown in Figure 2.
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