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Abstract

In this paper we determine a closedformula for the number of corvex permu-
tominoes of size n. We reach this goal by providing a recursive generation of all
convex permutominoesof sizen+ 1 from the objects of sizen, accordingto the ECO
method, and then translating this construction into a systemof functional equations
satis ed by the generatingfunction of convex permutominoes. As a consequenceave
easily obtain alsothe enumeration of someclassesf corvex polyominoes,including
stadk and directed corvex permutominoes.

1 Basic de nitions and contents of the paper

A polyominois a nite union of elememary cellsof the lattice Z Z, whoseinterior is
connected(seeFigure 1 (a)). Polyominoesare de ned up to atranslation. A polyominois
saidto be column convex(resp. row convey if all its columns(resp. rows) are connected
(seeFigure 1 (b)). A polyominois saidto be convex if it is both row and column convex
(seeFigure 1 (c)).

Delestand Viennot [13] determinedthe number ¢, of convex polyominoeswith semi-
perimetern + 2,

G = 2N+ 114 4(2n+ 1) 2: N 0 G=l =2 1)
sequenced005436in [18], the rst few terms being:
1,2,7,28 120 528 2344 10416 :::
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Figure 1: (a) a polyomino; (b) a column corvex polyomino; (c) a corvex polyomino.

In the last two decadescorvex polyominoes, and seeral conmbinatorial objects ob-
tained as a generalizationsof this class,have beenstudied by various points of view. For
the main resultsconcerningthe erumeration and other combinatorial propertiesof convex

polyominoeswe referto [6, 7, 8, 10].

1.1 Permutomino es

Let P be a polyomino, having n rows and columns,n  1; we assumewithout lossof
generalily that the south-westcornerof its minimal bounding rectangleis placedin (1; 1).

p,=(2,5,6,1,7,3,4) p,=(56,7,2,4,1,3)
Figure 2: A permutomino and the two assaiated permutations.
The two permutations assaiated with P; and P, are indicated by ; and ,, re-

spectively (seeFigure 2). While it is clear that any permutomino of size n uniquely
individuates two distinct permutations ; and , of [n + 1], sud that

) 1(1)6 2(),1 i n+1,
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i) 1(1) < 2(1),and y(n+ 1)> »(n+ 1)

not all the pairs of permutations ( 1; ») of n+ 1satisfyingi) andii) de ne a permutomino;
Figure 3 depictsthe two problemswhich may occur.

From the de nition we have that in any permutomino P, for eat abscissgordinate)
there is exactly onevertical (horizontal) sidein the boundary of P with that coordinate.
It is simple to obsene that the previous property is also a su cient condition for a
polyomino to be a permutomino.

O
p1:(2,l,3,4,5,7,6) pl:(2,5,l,6,7,3,4)
P,=(3,2,1,5,7,6,4) p,=(4,1,6,7,3,25)

(a) (b)

Figure 3: The two main casesvhen a pair of permutations ; and , of [n + 1] may not
de ne a permutomino: (a) two disconnectedsetsof cells; (b) the boundary crossestself.

Permutominoes were introduced by F. Incitti in [17] while studying the problem of
determining the R-polynomials (related with the Kazhdan-Lusztig R-polynomials) asso-
ciated with a pair ( 1; ») of permutations. Concerningthe classof polyominoes, our
de nition (though dierent) turns out to be equivalert to Incitti's one, which is more
generalbut usessomealgebraicnotions not necessaryn this paper.

In [15], using bijective techniques, it was proved that the number of parallelogram
permutomincesof sizen is equalto the nth Catalan numter,

1 2n
n+1 n

and moreover, that the number of directed-convexpermutomincesof sizen is equalto half
the nth central binomial coe cient ,

}Zn
2 n

In this paper we deal with the erumeration of corvex polyominoes which are also
permutominoes,the so called convexpermutominces We read this goal by determining
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a direct recursiwe construction for the convex permutominoesof a given size,basedon the
application of the ECO method, which easilyleadsto the generatingfunction, and nally
prove that the number of corvex permutominoesof sizen is:

n 2n

2 n

We point out that the sameerumerative result has beenrecerly obtained, indepen-
dertly, and with di erent techniques,by Boldi et al. [5].

fo= 2(n+ 3)4" 2 1: (2)

1.2 ECO metho d

In this sectionwe will recall somebasicsabout the ECO method, where ECO stands
for Enumeration of Combinatorial Objects. Sud a method, introduced by Pinzani and
his collaborators in [3], is a constructive method to produce all the objects of a given
class,accordingto the growth of a certain parameter (the size) of the objects. Basically,
the ideais to perform \lo cal expansions"on eat object of sizen, thus constructing a set
of objects of the successi® size (see[3] for more details).

The application of the ECO method often leadsto an easysolution for problemsthat
arecommonlybelieved\hard" to solve. For example,in [14] the authors give an ECO con-
struction for the classe®f convex polyominoesand column-corvex polyominoesaccording
to the semi-perimeter. A simple algebraiccomputation leadsthen to the determination
of generatingfunctions for the two classes.

In [1] it is alsoshown that an ECO construction easilyleadsto an e cien t algorithm
for the exhaustive generationof the examinedclass. Moreover, an ECO construction can
often produceinteresting conmbinatorial information about the classof objects studied, as
shown in [3] using analytic methods, or in [4], using bijective techniques. In [2], Banderier
et al. reintroducedthe kernel methal in order to determine the generatingfunction of
various typesof ECO systems.

Going deefer into formalism, let p be a parameterp: O ! N*, sud that jO,j =
jTO2 O :p(O) = ngj is nite. An operator # on the classO is a function from O, to
200+ where2°"+t is the power set of Op.1 .

Prop osition 1 Let # be an operator on O. If # satis es the following conditions:
1. for each Q%2 O,,1, there existsO 2 O, suchthat O°2 #(0O),

2. for eachO;0°2 O, suchthat O 8 O° then #(0)\ #(09Y = ;,

then the family of setsf#(O) : O 2 O,qg is a partition of O,y .

This method was successfullyapplied to the erumeration of various classef walks,
permutations, and polyominoes. We refer to [3], and [16] for further details and results.

The recursive construction determinedby # can be suitably described through a gen-
erating tree, i.e. a rooted tree whosevertices are objects of O. The objects having the
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samevalue of the parameter p lie at the samelewvel, and the sonsof an object are the
objects it producesthrough #.

If the construction determined by the ECO operator # is regular enoughit is then
possibleto descrike it by meansof a suaessionrule of the form:

8
< (b
(3)
(d) (co)(c) :ii(Cya):

whereb;d;c 2 N, andg: N* ! N*. To eath object O in the generatingtree of # is
assaiated a degree d(O) (brie y, d) which explains how many objects are produced by
O through #. In practice, the successionule (3) readsthat the object at the root of the
generatingtree hasdegreeb, and every object O with degreed in the generatingtree has
q(d) objects OY;:: :;Og(d), whereead O; hasdegreec,, 1 i g(d). A successionule
de nes a sequencd f g, 1 of positive integers,wheref, is the number of nodesat level

n of the generatingtree, assumingthat the root is at level 1.

2 Generation of convex permutomino es

Let G, be the set of convex permutominoes of sizen. In order to de ne the ECO
construction for corvex permutominoes, we needto point out a simple property of their
boundary, related to reentrant and salient points. Solet us brie y recall the de nition of
theseobjects.

Let P be a polyomino; starting from the leftmost point having minimal ordinate, and
moving in a clockwise sensethe boundary of P canbe encaled asa word in a four letter
alphabet, fN;E;S;Wg, whereN (resp. E, S, W) represeis a north (respeast, south
wes) unit step. Any occurrenceof asequenceNE, ES, SW, or WN in the word encaling
P de nes a salient point of P, while any occurrenceof a sequenc€EN, SE, WS, or NW
de nes a reentrant point of P (seefor instance, Figure 4).

Reertrant and saliert points were consideredn [12], and successiely in [9], in a more
general context, and it was proved that in any polyomino the di erence between the
number of saliert and reertrant points is equalto 4.

Let usturn to considerthe classof corvex permutominoes. In a corvex permutomino
of sizen the length of the word coding the boundary is 4n, and we have n + 3 saliert
points and n 1 reertrant points; moreoser we obsene that a reertrant point cannot lie
on the minimal bounding rectangle. This leadsto the following remarkable property:

Prop osition 2 The set of reentrant points of a convexpermutomino of sizen de nes a
permutation matrix of [n 1], n 2

For simplicity of notation, and to clarify the de nition of the upcoming ECO con-
struction, we agreeto group the reertrant points of a convex permutomino in four classes;
namely we chooseto represenh a reertrant point determined by a sequenceEN (resp.
SE, WS, NW) with the symbol (resp. , , ). Usingthis notation we can state that
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Figure 4: The coding of the boundary of a polyomino, starting from A and moving in a
clockwise sensejts saliert (resp. reertrant) points have beenevidencedby a bladk (resp.
white) square.

eath convex permutomino of sizen 2 can be uniquely represeted by the permutation
matrix de ned by its reertrant points, which hasdimensionn 1, and usesthe synbols

(0a000] 4 = a
a0000

000b0 - = b
0000g - > g
100d00 0

Figure 5: The reertrant points of a cornvex permutomino uniquely de ne a permutation
matrix in the symbols , , and

2.1 The ECO operator

Let P 2 G,; the number of cellsin the rightmost column of P is called the degree of
P. Forany n 1 we partition the classG, into three distinct classes.In orderto de ne
theseclasseslet us considerthe following conditions on a corvex permutomino:

Ul : the uppermost cell of the rightmost column of the polyomino has the maximal
ordinate amongall the cells of the polyomino;

U2 : the lowest cell of the rightmost column of the polyomino hasthe minimal ordinate
amongall the cells of the polyomino.

We sa&y that a corvex permutomino P belongsto class:
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(B) (R) (R) G)

Figure 6: Convex permutominoesin classesB, R, and G.

- B, if it satis es both conditions Ul and U2 (i.e. P hasdegreen, seeFigure 6, (B));
we obsene that the single cell permutomino belongsto classB.

- R, if it satis es only oneamongconditions U1, U2 (seeFigure 6, (R));

- G, if it satis es noneof conditions U1, U2 (seeFigure 6, (G)).

For simplicity sake, eaty permutomino in classB (resp. R, G) and degreek is repre-
serted by the label (k), (resp. (k). (k)g). For instance,the four permutominoesdepicted
in Figure 6 have labels (4),, (3)r, (2);, (1)4, respectively. In particular the single cell
permutomino hasthe label (1)p.

Our aim is now to usethe property stated in Proposition 2 to de ne an ECO operator
#:G, ! 2%+ which de nes a recursiwve construction of all the corvex permutominoes of
sizen + 1 in a unique way from the objects of sizen. The operator # acts on a corvex
permutomino performing somelocal expansionson the cells of its rightmost column. In
order to de ne theseoperationslet us considera genericpermutomino P of sizen, let us

indicate by c;;:::; ¢, (resp. rq;:::;ry) the columns(resp. rows) of P numberedfrom left
to right (resp. bottom to top), and by "(ci) (resp. (ri)) the number of cellsin the ith
column (resp. ith row), with 1 i n. The four operations of # will be denotedby

, and , and belowv we give a detailed description of eat of them:

(4)b ST ] (5)b

(@)

Figure 7: Operation ( ) performedon a permutomino of classB. The addedcolumn has
beenhighlighted.

the electr onic journal of combinatorics 14 (2007), #R57 7



( ) if P satis es condition U1, then ( ) addsa new column madeof c, + 1 cellson the
right of ¢,, accordingto Figure 7.

It is clearthat the obtained polyomino is a corvex permutomino of sizen + 1, still

satisfying condition U1; the rightmost reertrant point in sud new permutomino is
of type (this is the reasonwhy we have calledthe reertrant points with the same
name of the operations on permutominoes).

( ) it canbe performedon ead cell of ¢c,; solet d; bethe ith cell of ¢,, from bottom to
top, with 1 i  “(c,). Operation ( ) addsa new row above the row cortaining
d; (of the samelength), and a new column on the right of ¢,, made of i cells, as
illustrated in Figure 8.

Obsene that, sincethe new addedrow is long asthe row below it, we ensurethat
the obtained polyomino has a unique horizortal side at level i, while adding the
new column from bottom to level i we ensurethat the obtained polyomino has a
unique vertical sideat abscissan 1, hencethe basicproperty of permutominoesis
presened.

@, - )

E b E
i ® -

Figure 8: Operation ( ) performedon a cell d; of the rightmost column of a polyominoin
classB. The cell d; is lled in black, the addedrow and column have beenhighlighted.

Then it is clearthat, for any i, the obtained polyomino is a convex permutomino of
sizen + 1, and its rightmost reertrant point is of type

( ) it canbe performedon ead cell of ¢,; solet d; be the ith cell of ¢,, from bottom to
top, with 1 i “(¢). Operation ( ) addsa newrow below the row cortaining d
(of the samelength), and a new column on the right of ¢c,, madeofn i+ 1cells,
asillustrated in Figure 9.

It is clearthat, for any i, the obtained polyomino is a corvex permutomino of size
n+ 1, and its rightmost reertrant point is of type

( ) if P satis es condition U2, then ( ) addsa new column madeof ¢, + 1 cellson the
right of ¢,, accordingto Figure 10.

It is clearthat the obtained polyomino is a corvex permutomino of sizen + 1, still
satisfying condition U2 ; the rightmost reertrant point in sud new permutomino is
of type .
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Figure 9: Operation ( ) performedon a cell d; of the rightmost column of a polyomino in
classB. The cell d; is lled in black, the addedrow and column have beenhighlighted.

o

@y e

Figure 10: Operation ( ) performeda polyominoin classB.

As we already mertioned, the operations performedby # on a convex permutomino
P depend on the family to which P belongs. Solet us considerthe di erent cases:

1. P belongsto the classB. The operator # performson P operations( ), ( ) and
one application of ( ) and ( ) for any cell in ¢,. So,let k be the degreeof P, the
application of # to P produceszk + 2 di erent cornvex permutominoesof sizen + 1
(seeFigure 11).

More formally, applying # to a corvex permutomino of label (k),, we have 2(k + 1)
di erent permutominoes,two for ead of the labels (1),; (2),;::: (k);, and two with
label (k + 1),. This can be formalized by the production:

Ko ) s @) (D) 222 (K)r (K)r (k+ D)p(k + D

2. P belongsto the classR. There are two possibilities:

i. P satisesU1 (and not U2). The operator # performson P operation ( ), and
one application of operations( ) and ( ) for any cellin c,.

ii. P satisesU2 (and not Ul). The operator # performson P operation ( ), and
oneapplication of operations( ) and ( ) for any cellin ¢, (seeFigure 12).

In both casespeingk be the degreeof P, the application of # to P produceszk + 1
di erent corvex permutominoesof sizen+ 1. More formally, applying # to a corvex
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Figure 11: The operator # applied to a permutomino of classB; the added rows and
columnsare highlighted, and the applied operation is mertioned below.

permutomino of label (k),, we have 2k + 1 di erent permutominoes,for ead of the
labels (1),; (2)r;:::(K)r; (kK + 1), and (1)g; (2)g; ::: (K)g. This can be formalized by
the production:

K (Dr g (D) (Q)g 22 (K)r (K)g (k+ 1)

3. P belongsto the classG. The operator # performson P an application of operations
( )and( ) for any cellin c¢,. So,let k be the degreeof P, the application of # to P
produces2k di erent corvex permutominoesof sizen + 1. More formally, applying
# to a corvex permutomino of label (k)g4, we have 2k di erent permutominoes, two
for eat of the labels (1)4; (2)g;::: (K)g. This can be formalized by the production:

(K)g (1)g(1)g(2)g (2)g ::: (K)g (K)g:

Prop osition 3 The operator # satis es conditions 1. and 2. of Proposition 1.

Pro of. We haveto provethat any corvex permutomino of sizen 2 is uniquely obtained
through the application of the operator # to a corvex permutomino of sizen 1. So
let P 2 G, and considerthe rightmost reertrant point of P, which is unique due to
Proposition 2. We have the following four possibilities:

1. the rightmost reertrant point of P is of type , i.e. "(cy) = n; due to the per-
mutomino de nition, it is clearthat "(r,) = 1, then P hasbeenproducedthrough
the application of operation ( ) to the permutomino P°2 G, ;, obtained removing
columnc, from P (seeFigure 7);
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Figure 12: The operator # applied to a permutomino of classR, satisfying U2 (and not
U1); the addedrows and columnsare highlighted, and the applied operation is mertioned
below.

2. the rightmost reertrant point of P is of type , andthen necessarilyl "(c,) < n;
let P° be the permutomino of G, 1 obtained by removing the column ¢, and the
row r,)+1 from P. Is is then clearthat P is producedthrough the application of
operation ( ) to the “(c,)-th cell (from bottom to top) of P°(seeFigure 8);

3. the rightmost reertrant point of P is of type , and then necessarilyl.  "(c,) < n;
let P° be the permutomino of G, ; obtained by removing the column ¢, and the
row rn () from P. It is then clearthat P is producedthrough the application of
operation ( ) to the (n  “(c,))-th cell (from bottom to top) of P°(seeFigure 9);

4. the rightmost reertrant point of P is of type , alsowith "(c,) = n; due to the
permutomino de nition, it isclearthat “(r,) = 1, then P hasbeenproducedthrough
the application of operation ( ) to the permutomino P°2 G, i, obtained removing
columnc, from P (seeFigure 10).

The growth of corvex permutominoesde ned by the ECO operator # can be suitably

represeted in terms of the successionule :
8

§ (Lo
Kp @) Q) i (K (K (k+ Dp(k+ 1)

ERCY (Dg 22 (K)r (K)g (k+ 1)

(K)g  (L)g(L)g ::: (K)g(K)g:

The root of the tree is (1),, which is the label of the one-cellpolyomino.
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| 1) Q@) (@) @)@ @) 1)) (), B) (3), 1) (1)}(2} () B), B3),

Figure 13: The rst three levels of the generatingtree of the rule .

3 Enumeration of convex permutomino es

In this sectionwe will determine the generating function of cornvex permutominoes
accordingto various parameters,using the simple remark that the number f,, of convex
permutominoes of sizen is given by the number of objects at level n of the generating
treeof , n 1, assumingwithout lossof generality that the root of the tree is at level 1.

Let F denotethe setof all convex permutominoes. Moreover, for any corvex permutomino
P, let d(P) (briey, d) be the degreeof P, and n(P) (briey, n) be the sizeof P. Our
aim is to determinethe generatingfunction:

X
F(s;t) = sIPIN(P) = st + (2s+ 25?)t2 + (8s+ 6% + 4sd)t3 + 1::;
P2F

beingin particular F (1;t) the generatingfunction of corvex permutominoesaccordingto
the size. To do this we needto considerthe following auxiliary generatingfunctions:

P . . .

- B(sit) = p,p S¥PIt"(P) je. the generatingfunction of B,
P . : .

- R(s;t) = 5,5 s¥P)t"(P) e, the generatingfunction of R,
P d(P)+n(P) ; - :

- G(sit) = p,e SUPI(P) e, the generatingfunction of G.

Clearly, F(s;t) = B(s;t) + R(s;t) + G(s;t). From the productions of  we obtain the
following relations concerningB (s;t):

X
B(s;t) = st+  2s*1 "™,
P2B
hencewe have that

st ot
1 2st B(l't)_l 2t ()

B(s;t) =
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Then we are able to write down the equation for R(s;t):

X
R(s;t) = 2 st 4+ i+ SOt 4 st"*l 4+ o4 gigntt
P2B P2R
X 1 d X 1 d+1
= 2st 1 S t" + st 1 > t"
P2B S P2R S
2st st
= —— (B(;t) B(s;t)) + R(1;t) sR(s;t)):
s (BN B@i) + 7 (RLY  SR(si)

Let B(s;t) = B(1;t) B(s;t); the previousequation can be re-written as:

st 2st
. + = : +
R(s;t) 1 1 s 1 s B(s;t) 1
Equation (5) hastwo unknowns: R(s;t), and R(1;t). Applying the kernel methal (as
explained in detail in [2]) we look for the value of s for which the factor on the left

multiplying R(s;t) is equalto zero,i.e. the solution of the kernel

st R(1;1): (5)

S

1 s+ts?=0:

Of the two solutions we obsene that only

1p1 4t

2t
is a formal power serieswith positive coe cien ts. Substituting s = sg in (5) we have:

So =

123";0 B(so;t) + 1SOtso R(L;t) = O;
which leadsto: 1
RAD=P—F 1 20
Replacingthe value of R(1;t) into (5) we obtain
st 1 1

R(s;t) = p——
0= T+ "1 4t 1 2st
Finally, from the productions of  we derive the following equation for G(s;t):

X

G(s;t) = st 4 4 SO 4+ 2 st"l 44 gt
P2R P2N
X 1 X 1 o
= st t" + 2st t"
P2R 1 P2N 1
st 2st
= — (R(1;t R(s;t)) + G(1;t G(s;t)):
T RWY R + 7 (GLY)  G(sit)
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Again, we setR(s;t) = R(1;t) R(s;t); the previousequation can be re-written as:

2st st —
. + = . +
G(s;t) 1 T s T s R(s;t)

2st
1

< G(1;1): (6)

As for equation (5), also(6) can be solved using the kernel method. Here the kernel has

a unique solution:
1
S1= ———;
T1 o

replacings with s; in (6) we have:

st — 25t
E_R(sit) + =

1-t = .
1 S; 1 S1 G( ’ ) 0’

which leadsto:
1 1 2t)? 1 3t

20 20 201 42 (1 4=
Replacingthe expressionof G(1;t) in (6) we can obtain also G(s;t),

G(1;t) =

(7)

st (s+2)t 1 4st® 2(s®+ 4s+ 2)t2+ (3s+ 4)t 1
s+ st (1 4t)32 (1 2st)(1 4t)2 '

G(s;t) = 1

Finally we have the generatingfunction:

st 125%t3 2(3s2+ 4s 2)t2+ (s?+5s 4t+1 s . st?(s  2) _
(1 2ts)(1 s+ts2)(1 4t1)2 1 40)%2(ts?2 s+ 1)
8)

F(s;t) =

and the generatingfunction of convex permutominoesaccordingto the size:

_2t(1 3y t
1 4t @ ap¥?

F(1;t) 9)

Starting from (9) and performing standard calculationswe have the following closedform
for the number f, of corvex permutominoesof sizen:

2
f,= 2(n+ 3)4" 2 % n” N1 (10)

The rst terms of the sequenceare
1;4;18 84,394 18368468 : ::

We remark that while both the left and the right summandsof (10) werein [18] (sequence
A079028and A002457 respectively), the sequencd f g, o wasnot preser in the Sloane
database before this work (now it appears as sequenceA126020). Using the Stirling
appraximation formula we have that f, n4".
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Finally we obsene that alsothe number of stackand directed convexpermutominoes
can be easily obtained from the previous computation.

In fact a stack permutomino can be uniquely represeted by a permutomino in class
B having the samesize. Hencethe generatingfunction of stadk permutominoesis given
by B(1;t), and then the number of stadk permutominoesof sizen, as already stated in
[15],is equalto 2".

Similarly, a directed convex permutomino can be uniquely represeted by a permu-
tomino in classB or onein classR satisfying U1, having the samesize. Hencethe
generatingfunction of directed corvex permutominoesis given by

t 1 1 1 1 P 1 4t
—+ - P = P
1 2t 21 4t 1 2t 2 1 4
and then the number of directed corvex permutominoes of sizen, as already stated in
[15],is equalto

B(LY + SR =

= ; (11)

4 Further work

In this paper we solve the problem of determining a closedformula for the number
of convex permutominoeswith a xed size. We read this goal by de ning a recursive
construction of all the permutominoesof sizen + 1 starting from those of sizen, for any
n 1.

Seeral problemson the classof permutominoes however remain still open. Below
we proposea small list of the problemswhich we are interestedin, and we would like to
tackle in somefuture work:

1. to give a combinatorial interpretation of the closedformula (10) for the number of con-
vex permutominoes. We remark that the expressionof f,, reseniblesthe expression
(1) for the number ¢, of convex polyominoes of semi-perimeter equalto n + 2; in
particular it is easyto ched that the numbersc, andf, arerelated by the following
simple relation:

2n 1)

1 +4"2 n 2 (12)

Chez = fn +
which requiresa combinatorial proof.

2. we beliewe that the ECO construction of convex permutominoes can be extendedto
the classof column-corvex permutominoes. One of the problemswith this classis
that here Proposition 2 doesnot hold as shown in Figure 14.

3. erumerate corvex permutominoes accordingto the area, i.e. the number of cells of
the permutomino. The ECO construction we have determined easily leadsto a
functional equation satis ed by the generatingfunction of convex permutominoes
accordingto the areaand the sizeof the permutomino; howewer, then we have not
beenable to solwe this equation.
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Figure 14: A column-corvex permutomino: its reertrant points do not satisfy the state-
mert of Proposition 2.
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