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Abstract

Each m by m symmetric matrix M over 0;1; , de nes a partition problem, in
which an input graph G is to be partitioned into m parts with adjacenciesgoverned
by M, in the sensethat two distinct verticesin (possibly equal) parts i and j are
adjacert if M (i;j) = 1, and nonadjacen if M (i;j) = 0. (The entry implies no
restriction.)

We ask which matrix partition problemsadmit a characterization by a nite set
of forbidden induced subgraphs. We prove that matrices containing a certain two
by two diagonal submatrix S never have such characterizations. We then dewelop a
recursive technique that allows us (with someextra e ort) to verify that matrices
without S of size v e or lessalways have a nite forbidden induced subgraph char-
acterization. Howewver, we exhibit a six by six matrix without S which cannot be
characterized by nitely many induced subgraphs. We also explore the connection
between nite forbidden subgraph characterizations and related questionson the
descriptive and computational complexity of matrix partition problems.

1 Intro duction

Many graph partition problems(especially thosearising from the study of perfect graphs
[6, 7, 16]) canbe formulated in the following terms. Let M be a symmetric m by m matrix

sudh that for distinct verticesu 2 Vi, v 2 V;, we have uv 2 E(G) if M(i;j) = 1, and
uv 62E(G) if M(i;j) = 0. Note that we admit i = j; in particular, if M (i;i) = 0O, the
setV; is independent in G, and if M(i;i) = 1, it is a clique. Also note that means
no restriction. For eadr xed matrix M we obtain the M -partition problem- to decide
whether or not an input graph G admits an M -partition. For instance, for the idertity
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matrix, the I, -partition problem askswhether or not G is a union of at most m disjoint
cliqueswith no edgegoining them. If C,, is the matrix in which the diagonalertries are 0
and all other ertries are , then the C,,-partition problemaskswhetheror not the graph G
is m-colourable,in the usualsense.Many other examplesaredescritedin [16, 25, 27)]; they
include problemssud asH -colourability (alsoknown asthe homomorphismproblem) [26],
the existenceof a clique cutset or a skew cutset [7, 29], or being a split graph [23]. The
homomorphismlanguageis particularly appropriate here, and the M -partition problem
can be cast as a homomorphism problem to a suitable structure H, called a trigraph
[19, 25, 27, 31].

We note in passingthat there are many variants of the basic M -partition problem,
including partitioning digraphs (M is not necessarilysymmetric) [19], equippingthe ver-
ticesof G with lists (of parts in which the vertex is allowed to be placed)[4, 16, 12,13, 14,
22,25, 27, requiring all parts to be nonempty [9, 30], generalizingto certain constrairt
satisfaction problems[10, 25, or restricting the input graphsto have special structure
[11,17, 20, 24, 25, 27).

The | ,-partition problemis clearly sohablein polynomial time - it su ces to compute
the connectedcomponerts of G and chedk whether ead is a clique, and whether there
are at most m of them. On the other hand, for m > 2, the C,,-partition problem is well
known to be NP-complete. There are many other matricesM for which the M -partition
problem hasbeenshownn to be polynomial or NP-complete[4, 16, 18,22, 26, 27|, including
for instanceall matrices of sizem < 5. Howeer, in general,we do not know how to tell,
for a given matrix M, what is the complexity of the M -partition problem. In fact, we
do not know whether ead M -partition problem is polynomial or NP-complete [17]. If
this were the case,it would imply the validity of the so-calleddichotomy conjecture of
Feder and Vardi [21, 17]. Moreover, we cannot decidethe complexity of someconcrete
M -partition problemswith small matrices M ; for instance if we consider M -partitions
with lists, one sudh problem with m = 4 is descriked in [4]; seealso[10, 25|.

Eadh M -partition problem can be descriked in monadic second-orderogic [8] (and
hencesolvede cien tly on graphson boundedtreewidth or cliquewidth). Howeer, certain
M -partition problemscanbe descritedin rst-order logic (and hencesolwed e cien tly on
all graphs). For instance, it is easyto seethat a graph G admits an I ,,-partition if and
only if if doesnot cortain an induced path with three vertices, P3, or an induced union
of m + 1 isolatedvertices,(m + 1)K ;. Sincem is xed, having sud an induced subgraph
can be descriked by a rst-order sertence,and henceso can being | ,-partitonable.

Thus there are three basic questionswe may ask, for a given matrix M:
Can M -partitionable graphsbe recognizedin polynomial time?
Can M -partitionable graphsbe descrited by a rst-order serience?

Can M -partitionable graphsbe characterizedby a nite set of forbidden induced
subgraphs?

Note that the questionshave beenorderedsothat a positive answer to a later question
implies a positive answer to an earlier question. As we have argued above, the rst
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guestion seemshard to answer in full generalit. If M hasno 1's, it is known that the
last two questionshave the sameanswer (even in the more generalcontext of constrairt
satisfaction problems)[1, 28]. In this note we focuson the last question.

The complementM of amatrix M hasthe ertries 0 and 1 interchanged,i.e., M (i;j) =
1 M(i;j), wherel is de ned to be . Clearly a graph G admits an M -partition if
and only if its complemen G admits an M -partition.

In the remainder of the note we shall assumethat all M (i;i) 6 . Indeed,if some
M (i; i) = , then ewery graph G would be M -partitionable, and all three questionswould
be trivial. By simultaneously permuting the rows and columns of M, we may assume
that M (1;1) = =M((k;k)=0OM(k+ Lk+ 1) = = M(m;m) = 1. Let A denote

We de ne two verticesu; Vv in a graph G to be similar, if they have exactly the same
neighboursotherthan u andv. Note that similar verticesmay be adjacern or non-adjacen;
in the former casethey will be called c-similar, and in the latter casei-similar. (Other
terms usedin the literature arejoined duplicates,joined twins and true twins for c-similar
vertices, and unjoined duplicates, unjoined twins and false twins for i-similar vertices.)
Clearly, both i-similarity and c-similarity are equivalencerelationson V(G). Moreover, it
is easyto ched that similarity itself is alsoan equivalencerelation. Each similarity class
is an independent setor a clique, while i-similarity classesre just independen sets,and
c-similarity classesare just cliques.

2 Friendly and Unfriendly Matrices

We say that a matrix M is friendly if it hasno ertries in A and in B. A matrix is
unfriendly if it is not friendly. Note that a matrix is unfriendly if and only if it cortains
a diagonaltwo by two submatrix S with S(1;1) = S(2;2)6 and S(1;2)= S(2;1) =

We shall prove that if M is an unfriendly matrix, then M -partitionable graphscan-
not be characterizedby a nite set of forbidden induced subgraphs. We shall cast our
discussionin the following terms.

A minimal obstructionto M -partition is a graph G which is not M -partitionable, and
sud that for ead vertex v 2 V(G) the graph G v is M -partitionable. To prove the
above claim for an unfriendly matrix M, we shall exhibit in nitely many non-isomorphic
minimal obstructionsto M -partition. For instance,the matrix C, is unfriendly, and there
are in nitely many minimal obstructions to C,-partition, namely all odd cycles. (C,-
partitionabilit y is the sameastwo-colourability.) It is clearthat this meansthat it is not
possibleto characterizethe property by nitely many forbidden subgraphs. Note that
C,-partitionable graphscan newerthelessbe recognizedin polynomial time.

Theorem 2.1 If M is an unfriendly matrix, then there are in nitely many minimal
obstructionsfor M -partitionability.
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Pro of. Let M be an unfriendly matrix of sizem, with k de ned as above to be the
number of 0's on the main diagonal. By taking the complemen if necessarywe may

assumewithout lossof generality that M cortains the diagonal submatrix S 0

We rst considerthe casethat m = k, i.e., M hasonly zeroson the main diagonal.
This means,in particular, that ead M -partitionable graph is k-colourable. If k = 2,
i.e.,, if M = S, then a graph is M -partitionable if and only if it is bipartite; henceead
odd cycle is a minimal obstruction. In general,we shall appeal to the well-known fact
[27] that there exist graphswith arbitrarily high chromatic number and odd girth. We
let Gy be any graph with chromatic number greater than k; as noted above Gg is not
M -partitionable, and hencecortains someminimal M -obstruction G§. SupposeG§ has
odd circumferencecy. (The odd circumferene of a graph is the maximum length of an
odd cycle; since GJ is not M -partitionable it must cortain an odd cycle.) We proceed
recursively, assumingthat we have already constructeda minimal M -obstruction G? with
odd circumferencec;. Let Gj.; be a graph with chromatic number greater than k and
odd girth greater than ¢. It is again the casethat G;i.; is not M -partitionable, and
hencecortains a minimal M -obstruction G?,; ; of courseG?,; must again cortain and
odd cycle, and hencean odd cycle of length greater than any Gj0 with j < i. Therefore
we have in nitely many minimal M -obstructions G%i = 0;1;:::; moreover, our graphs
G? have the additional property that the odd girth of ead G? is greater than the odd
circumferenceof any G%;j < i. By complememation, this proof coversalsothe casewhen
k=0, ie.,whenM hasonly oneson the main diagonal.

If m> k > 0, we proceedrecursiwely, letting M ° be obtained from M by deleting the
m-th row and column, and assumingwe have already constructedin nitely many minimal
M %obstructionsG%i = 0;1;::: with the property that the odd girth of G is greaterthan
the odd circumferenceof any Gjo;j < i. We note that the disjoint union of two copiesof
any GP cannot be M -partitionable: at most one copy can usethe m-th part (the set Vp,
from the de nition of M -partition), sinceM (m; m) = 1 implies that all verticesin this
part are adjacen to eah other. Thus the disjoint union of two copiesof G? cortains a
minimal M -obstruction G Now we obsene that the odd girth of Gis at leastthe odd
girth of GP, and the odd circumferenceof GXis at most the odd circumferenceof G?, thus
the additional property is maintained, and the graphs G®are not isomorphic. t

We have se\eral classef friendly matricesM for which M -partitionable graphsare
known to have a characterization by nitely many forbidden subgraphs. The simplest
caseoccurswhenM hasno ertries at all. In [15] we have shown the following fact.

Theorem 2.2 [15] If M hasno entries, then a minimal M -obstruction has at most
(k+ 1)(m k+ 1) vertices; moreover, there are at most two minimal M -obstructionswith
precisely (k + 1)(m k+ 1) vertices.

The proof of the above theoremis quite involved [15]. However, it is not dicult to

prove directly that the number of minimal M -obstructionsis nite [31]. (This fact also
follows from a more generalresult for constrairt satisfaction problems[2].)
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Prop osition 2.1 If M hasno entries, then a minimal M -obstruction has at most
m(2k°+ 2) + 1 vertices, whee k%= max(k;m k).

Pro of. Supposea minimal M -obstruction G hasat leastm(2k% 2)+ 2 vertices. Then for
any vertexv, the graphG v admits an M -partition; sinceG v hasat leastm(2k%+ 2)+ 1
vertices, someset S of at least 2k°+ 3 vertices belongsto the samepart - either a clique
or an independert set. In either case,all theseverticesare similar to eat otherin G v.

Suppose rst S is an independent set: then any two vertices of S have exactly the
sameneighboursin G v, and hencethere is a subsetT of at leastk®+ 2 independen
verticesthat have exactly the sameneighboursin G. Lett 2 T: asbefore,G t hasan
M -partition. Note that exactly m k  k°of the parts are cliques; thus of the k®+ 1
verticesof T t, at leastonemust be placedinto a part that is an independert set; clearly,
t can be placedinto the samepart, asit hasthe sameneighoours.

If S is a clique, then the argumert is analogous:any two verticesof S have the same
neighboursin G v, hencea subsetT of at leastk®+ 2 verticeshave the sameneigtbours
in G. In any M -partition of G t;t 2 T, somevertex of T t must be placedinto a part
that is a clique, and t can be placedinto the samepart. t

We can extend the validity of this result by applying the so-calledsparse-densgech-
nique from [11, 16. We formulate it here speci cally for the application at hand; its
derivation from the generalsparse-denséchniqueis easyto see.(In the notation of [11],
we set S to be all A-partitionable graphsand D to be all B-partitionable graphs.)

We claim that for any xed M there existsan integerr sud that any graph G that is
both A-partitionable and B -partitionable hasat mostr vertices. Indeed,sut a graph G
is, in particular, k-colourableand hencecortains no clique of sizek+ 1, and its complemen
Gis(m Kk)-colourableand hencecortains no clique of sizem k+ 1. Thusthe existence
of sudh an integer r follows from Ramsey'stheorem. This integer r will be usedin
all applications of the sparse-dens¢echnique - both in Theorem 2.3 below, and alsoin
Theorem5.2 later on.

A lakeled graph G is a graph in which ead vertex has a label, either A or B. Label

A lakeled M -partition of G is an M -partition of G that satis es these constrairnts. A
minimal lakeled M -obstruction is a labeled graph G which has no labeled M -partition,
sud that for ead vertex v 2 V(G) the graph G v (with the inherited labels) has a
labeled M -partition.

Note that we have usedA and B before,to denotethe two diagonal submatricesof
M. Sincethe label A (respectively B) actually restricts the vertex to be placedinto a
part from the submatrix A (respectively B), this ambiguity will not causea problem.

For the number r derived above, Theorem3.1from [11] (proved usingthe sparse-dense
technique) allows us to make the following conclusion.

Theorem 2.3 [11] Supmseeach minimal lakeled M -obstruction has at most p vertices.
Then each minimal M -obstruction to M -partition hasat most 2p**! vertices. t
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Now supposeM is a matrix in which C hasonly ertries. In this casea labeled
graph G is M -partitionable if and only if its subgraphon the vertices labeled A is A-
partitionable and its subgraph on the vertices labeled B is B-partitionable. Sincethe
submatricesA and B of a friendly matrix have no ertries, Proposition 2.1 (or Theorem
2.2) implies that for friendly matrices M, there are only nitely many minimal labeled
M -obstructions. Thus we concludefrom Theorem 2.3 that there are only nitely many
minimal M -obstructions.

Corollary 2.4 If M is afriendly matrix in whichthe submatrixC hasonly entries, then
M -partitionable graphscan be characterized by a nite setof forbiddeninduced sulgraphs.
u

Note that the sameconclusionapplieswhen C hasno ertries, by Proposition 2.1.
We singleout a few exampleconsequencesf Corollary 2.4.

The following classesf graphscan be characterized by a nite setof forbiddeninduced
sulgraphs.

Graphspartitionable into an independen setand a clique. Theseare known assplit
graphs and the (exactly three) forbidden induced subgraphsare known [23].

Graphs patrtitionable into a complete k-partite graph and a graph which is the
complemen of a complete -partite graph (i.e., is a union of * disjoint cliqueswith
no other edges). Theseare known as polar graphs[5]; we have parametrizedthem
by the number of independernt setsand cliques. Recognizingpolar graphs without
xing thesenumbersis NP-complete[5].

Graphs partitionable into one clique and one graph which is the disjoint union of
k complete bipartite graphswith no other edges. Theseare a variant of k-bisplit
graphs|[3, 18].

Theorem2.3showsthat if thereareonly nitely many minimal labeledM -obstructions,
then there are only nitely many minimal M -obstructions. This statemert has an easy
corverse.

Prop osition 2.2 If there are only nitely many minimal M -obstructions, then there are
alsoonly nitely many labkeled minimal M -obstructions.

Pro of. We shall prove, speci cally, that if every minimal M -obstruction has at most p
vertices,then every minimal labeledM -obstruction hasalsoat mostp vertices. Otherwise,
someminimal labeledM -obstruction G hasmorethan p vertices. Let G°be obtained from
G by replacing ea vertex labeled A by an independent setof m k + 1 vertices, and
eat vertex labeled B by a clique of k + 1 vertices. It is easyto seethat the unlabeled
graph G° doesnot admit an M -partition, asat least one vertex from the independen set
replacing a vertex of G labeled A must be placedinto a part that is an independen set
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(there areonly m  k parts that are cliques), and at least one vertex from ead clique
replacing a vertex of G labeled B must be placedinto a part that is a clique. (Henceif
GPadmited an M -partition, then sowould the labeledgraph G.) ThereforeG°cortains a
minimal M -obstruction G%with at most p vertices. Let G be the subgraphof G obtained
by taking all the (at most p) verticesof G which correspnd to verticesin G Clearly, if
the labeledgraph G admitted an M -partition, then sowould the graph G% therefore G

is a proper subgraphof G which doesnot admit an M -partition, cortradicting the fact
that G is a minimal M -obstruction. t

3 A Recursiv e Technique

For a matrix M, we denote by M (i) the submatrix obtained from M by deleting the
i-th row and i-th column. Note that if M is a friendly matrix, then sois eat matrix
M(@i);i=1,2:::;m.

Our main technique is the following recursive method.

Theorem 3.1 SupmseM is a friendly matrix suchthat all rowsof its submatrix A are
distinct, or suchthat all rowsof its submatrix B are distinct.

If there are only nitely many minimal lakeled M (i)-obstructionsfor eachi = 1;:::;m,
then there are alsoonly nitely many minimal lakeled M -obstructions.

Pro of. Without loss of generality, we shall focus on the casewhen the rows of the
submatrix A are distinct. Somerows of the submatrix B may be the same- we partition
them krowsinton;, m Kk dierent groupsof equal rows. For symmetry, we also
imagine A partitioned into ng = k groupsof equalrows (in this caseead group hasjust
onerow).

Supposeall minimal labeled M (i)-obstructions (i = 1;2;:::;m) have at most p ver-
tices, and considera minimal labeled M -obstruction G. Let G, be the subgraphof G
induced by the verticeslabeled A, and let Gg the subgraphinduced by vertices labeled
B. Let np denotethe number of i-similarity classesn G,, and let ng denotethe number
of c-similarity classesn Gg.

We rst prove that G cannot be too big if it hasnay > ng. Indeed, in this case,
considerthe labeled subgraphG° of G induced by taking just onevertex ead from no+ 1
i-similarity classeof G, (with the inherited labels A). We claim that the labeled graph
Glisitself not M -partitionable, sinceit hasny+ 1 non-i-similar verticeslabeledA: placing
sud verticeswould require ng + 1 parts correspnding to distinct rows of the matrix A.
SinceG is a minimal labeled M -obstruction, we must have G°= G, i.e., G has at most
no + 1 vertices. A similar argumen shaws that G cannot be too big if it hasng > ny; in
that caseG hasat mostn; + 1 vertices.

Next we focus on the casewhen na < ng. In this situation, G, cannot admit an
A-partition in which eadt of the ng groupsof parts cortains a nonempty part. Otherwise,
two i-similar verticesv; v° of Go would be placedinto two parts corresmnding to di erent
rows i; i° of A: if the two rows dier in columnj, then the vertex of G, placedinto the
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j -th part (or a part correspnding to the samegroup) would have di erent adjacencyto
the two supposedlyi-similar verticesv; v% This cortradiction shavs that G must cortain
a minimal labeled M (i)-obstruction for every i = 1;2;:::;k. Moreover, if G%is a labeled
subgraphof G cortaining a minimal labeled M (i)-obstruction for every i = 1;2;:::;Kk,
then GP already cannot be M -partionable, by the sameargumert; sinceG is a minimal
labeled M -obstruction, we would again have to have G = G° It now follows that G can
have at most kp vertices. A similar argumern appliesin the casewhenng < ng; in this
caseG canhave at most(m  k)p vertices.

It remainsto considerminimal labeled M -obstructions G that have na = ng and
ng = n;. According to the previous argumers, any M -partition of G must place all
vertices of an i-similarity classC of G, into one part P correspnding to a row of A,
and place all vertices of a c-similarity classD of Gz to a set of parts correspnding to
a group Q of equalrows into B. Let W be the set of sud assignmets, in which the
placemen of the verticesof G, is an A-partition and the placemen of the verticesof Gg
correspndsto a B-partition (by selecting,for ead d 2 D one of the parts in the group
to which it was assigned). Clearly, W must be nonempty: otherwise,the labeled graph
obtained from G, by selectingonevertex in ead i-similarity classhasno M -patrtition, or
the labeled graph obtained from Gg by selectingone vertex from ead c-similarity class
hasno M -partition, implying that the minimal labeledM -obstruction G is actually equal
to one of thesetwo labeled graphs, and hencehas at most ng, or ny, vertices. On the
other hand, W has at most ng!n;! assignmets. We now considerhow many vertices of
G are necessaryin order to ensurethat none of the assignmets w 2 W arisesfrom an
actual M -partition of G. Supposethat w 2 W assignsead i-similarity classC, of Gp
to the part corresnding to a row a, in A, and ead c-similarity classDy of Gg to a set
of parts correspnding to a group Q, of equal rows of B. Note that the assignmeh w
completely determinesthe placemens of all verticesof G,. If w doesnot arise from an
actual M -partition, then it must be impossibleto placethe verticesof somec-similarity
classDy. In other words, for somevertex d 2 Dy, no row of Q, hasthe right ertries in
M in the columnscorrespndingto A. SinceQy hasat mostm k rows, and for ead of
them we needonly onevertex in G, placedby w into a part correspndingto a row in A
with the wrong ertry, the assignmeh w is disquali ed on the basisof the vertex d plus at
mostm  k verticesof G,. Let the labeledgraph G° be the induced subgraphof G (with
the inherited labels) on the set of vertices usedfor disqualifying any assignmetbw 2 W.
Then G%hasat mostng!n,!(1+ m k) vertices,and doesnot admit an M -partition. Since
G is a minimal labeled M -obstruction, we must have G = G% and henceG has at most
no!ni!(1+ m k) vertices. Sincein ewery caseG hasa number of verticesboundedby a
function of the xed matrix M, the number of minimal labeled M -obstructionsis nite.

u

Proposition 2.2 allows us to state Theorem3.1in a simpler form.

Corollary 3.2 SupmseM is a friendly matrix suchthat all rowsof its submatrix A are
distinct, or suchthat all rowsof its submatrix B are distinct.
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there are also only nitely many minimal M -obstructions. t

4 Small Friendly Matrices

In this section, a matrix M is smal if it hassizem;m 5. We prove that all small
friendly matricesM have nitely many minimal M -obstructions, and henceadmit a char-
acterization of M -partitionabilit y by a nite set of forbidden induced subgraphs.

Theorem 4.1 If M is asmall friendly matrix thenthe numker of minimal M -obstructions
is nite.

Pro of. We rst considerthe casethat no = 1 and n; = 1. This meansthat A is the
all-zero matrix and B is the all-one matrix. In this case,if the matrix M cortains a
then a graph is M -partitionable if and only if it is a split graph i.e., can be partitioned
into an independer setand a clique. Sud graphshave a nite forbidden subgraphchar-
acterization by [23] (seealso Corollary 2.4 and its consequences)Otherwise, the matrix
M hasno , andthen M -partitionabilit y hasa nite forbidden subgraphcharacterization
by Proposition 2.1 (or Theorem2.2).

Next considerthe casethat k = 0 or k = m: then the fact that M is friendly implies
that M hasno , and henceonly nitely many minimal M -obstructions by Proposition
2.1 (or Theorem2.2).

Thus we may now assumethat 1 k m l1land3 ng+n; m. A matrix M
with m = 3 must have eitherk = 1 orm k = 1, and Theorem 3.1 and Theorem 2.3
imply there are only nitely many minimal M -obstructions. The sameargumert applies
to a matrix M with m = 4, sincein the casek = 2 we can usethe fact that ng+ n; 3.

In casem = 5, we can again make the same argumer, unlesswe have (up to

complemetation) k = 2 and np = 1;n; = 2. This meansthat A = 8 8 and
0 1
110
B=@1 1 0A;
001

In this casewe make a separateargumern, akin to the proof of Theorem 3.1. Note
that the matrix A hasrows 1 and 2 equal, forming one group of rows, while matrix B has
two groups- the equalrows 3; 4, and the separategroup cortaining just row 5. As in the
proof of Theorem 3.1, we may assumethat the minimal labeledM -obstruction G hasone
i-similarity classC in Ga, and two c-similarity classesD;D°%in Gg. There are just two
possibleassignmets of the classesf G to the groupsof M sinceC must be assignedto
rows 1; 2, and either D to rows 3;4 and D°to row 5, or corversely We shall estimate how
marny verticesof G are necessaryo prevert oneof theseassignmets from beinga labeled
M -partition. Without lossof generality, considerD being assignedto parts (rows) 3;4
and D°to part (row) 5.
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Suppose rst that M (1;5) = M(2;5) = 0. If thereis a vertex v 2 C and a vertex
w 2 D%which are adjacen, then thesetwo vertices already prevert the assignmen so
only two vertices of G are neededfor it. Otherwise, all vertices of D° can be placedinto
part 5, and sothe only verticesof G that canprevent the assignmen are verticesensuring
that G DPdoesnot admit a labeled Ms-partition. (Recall that M5 is obtained from
M by eliminating row and column 5.) This meansthat G DP°is a minimal labeled
Ms-obstruction, and hencehasa boundednumber of vertices;theseare the only vertices
G needsto prevert the assignmen If M (1;5) = M (2;5) = 1, the argumern is analogous.

If oneof M (1;5); M (2;5) is 0 and the other 1, say if M(1;5) = O;M(2;5) = 1, we
argueasfollows. If somevertex x 2 C is adjacen to somevertex of D°and nonadjacett
to another, then these three vertices are all that G needsto prevert the assignmenh
Otherwise, the vertices of C are partitioned into C,, the set of thosex 2 C that are
nonadjacen to all verticesof D and C,, the setof thosex 2 C that are adjacert to eath
vertex of D® We have now e ectively assignedC; to 1, C, to 2, D to 3;4,and D°to 5, and
can proceedasin the proof of Theorem3.1. Speci cally, if eat v 2 D canbe placedinto
3 or in 4, we would have an M -partition of G; thus there must exist somevertex v 2 D
which cannot be placedinto 3 or in 4. The former is ensuredby a vertex u in C having
the wrong kind of connectionto v (there are four ways to have sud a wrong connection,
for instanceu 2 C; adjacen to v while M (1;3) = 0), and the latter is similarly ensured
by another vertex w 2 C having the wrong kind of connectionto v. It is now clear that
G only needsu; v;w to preven the assignmenh

If M(1;5) = M(2;5) = ,thenG D°must be a minimal labeled Ms-obstruction
as above, and hencehas a bounded number of vertices- and G only needsthe vertices
of G DO%to prewvent the assignmeh If only one of M (1;5); M (2;5) is , we argue as
follows. Without lossof generality, assumeM (1;5) = ;M (2;5) = 1. Note that C is
an independen set, and D; D° are cliqueswith no edgesjoining them; the assumption
M (2;5) = 1 implies that any vertex of C that is nonadjacen to a vertex of D° must be
placedinto part 1. If sud a vertex doesnot exist, then C hasall possibleedgesto D°, and
henceG only needsthe verticesof the minimal labeled Ms-obstruction G D°to prevert
the assignmety whenceG has a bounded number of vertices. Otherwise, let C; be the
set of all verticesof C that have a nonneigtbour in D% If M(1;3) = or M(1;4) =
then G would admit an M -partition - placing all verticesof C to part 1, all verticesof D
to part 3 (respectively 4), and all verticesof D°to part 5.

It remainsto considerthe following cases.
1. M(2;3)= M(1;4)= 0

2. M(1;3)=M(1;4)=1

3.M(1;3)= 1;M(1;4)= 0

4. M(1;3)= O;M(1;4)= 1

Considercasel. If someu 2 C; is adjacen to somev 2 D, then u;v; and any
non-neigtbour w 2 DO of u, already prevert the assignmeh Otherwise, G C; must
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not admit a labeled M -partition accordingto this assignmety sinceC, 6 ; and G is a
minimal labeled M -obstruction, we have a cortradiction. CaseZ2 is analogous.

In case3, any labeled M -partition of G must partition the verticesof D into those
adjacen to all verticesof C,, forming a set D, (and being placedinto part 3), and those
not adjacer to any verticesof C,, forming a setD, (and being placedinto part 4). Thus
if there is a vertex v 2 D adjacert to somev 2 C; and nonadjacen to somev®2 C;,
then this assignmen of vertices, together with w 2 D° nonadjacen to v, and w®2 D?
nonadijacen to v° is impossible. We have now placedall verticesof D (into part 5), all
vertices of D (thosein D; to part 3 and thosein D, to part 4), and all vertices of C;
(into part 1). The remaining vertices,in C C,, should be placedinto part 3 or part
4, but a placemen is not possible. Thus somevertex u 2 C  C; cannot be placedinto
part 1 becauseof its connectionto somev 2 D (this meansu is adjacen to vandv 2 D,
or u is nonadjacem to v and v 2 D,), and cannot be placedinto part 2 becauseof some
vP2 D (the reasondor this dependon M (2; 3) and M (2; 4), but in any casethey concern
just onevertex v9. Then u;v;Vv® and any onevertex of C, form a labeled M -obstruction.
Case4 is again analogous.

Sincea boundednumber of verticesis neededto prevert this assignmety and there is
just onemore analogousassignmenh the minimal labeledM -obstruction G hasa bounded
number of vertices. t

5 Larger Friendly Matrices

It may seemthat all friendly matricesadmit characterizationsby nite setsof forbidden
induced subgraphs.However, for m > 5 we have a courterexample.

Let Mg be the matrix

0 1
1 O 0 O
1 0 1 0O O
0O 1 0 O
O 1 0 1
0O O O 1 O
0O O 1 0 1

Theorem 5.1 We havethe following facts.
The matrix Mg is friendly.

The Mg-partition problemcannot be characterized by a nite setof forbiddeninduced
sulgraphs.

Pro of. The rst statemert is obvious. The secondstatemert will be proved by exhibiting
in nitely many non-isomorphicminimal labeled M g-obstructions G, n = 3;4;:::. These
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A; B. The vertex v, is moreover adjacert to all v; with odd i > 1, and all verticesy; with
evenj < 2n are adjacert to eat other. Then Proposition 2.2 implies that there are also
in nitely many minimal Mg-obstructions, and hencethe M g-partition problem cannot be
characterizedby a nite set of forbidden induced subgraphs. (With a bit more e ort, it
can be shavn that the graphs G, in the gure are themsehes minimal Mg-obstructions
even without the labels[31].)

Figure 1: The minimal labeled obstruction G,

An Mg-partition of a graph G hassix parts, correspnding to the six rows/columns of
Me. Sincerows 1 and 3 coincidein A, the subgraphG, inducedby A hastwo i-similarity
classesthe rst one,A;, consistingof parts 1 and 3, and the secondone, A,, consisting
of part 2. Sincerows 4 and 6 coincidein B, we also have two c-similarity classesn the
subgraphGg inducedby B, the rst one,B, consistingof parts 4 and 6 and the second
one, B,, consistingof part 5. Amongstthe A-labeledverticesof the graph G,,, the vertex
v, is adjacen to all the others, which are not adjacer to eat other. This meansthat

either v, is placedinto A; and all the othersinto A,, or
vy is placedinto A, and all the othersinto A;.

Similarly, amongsttwo B -labeled verticesof G, the vertex v,, is hon-adjacen to all
the others, and the others are all adjacen to ead other. Thus

either vy, is placedinto B; and all the othersin B, or

Vo, is placedinto B, and all the othersin B;.

Note that M (2;5) = 0: this meansthat of the four possibilities implicit in the above
choices,v; must be placedinto A; (i.e., in part 2), and v,, must be placedinto B, (i.e.,
in part 5). (Otherwise someadjacer vertices v;;Vv; of G, would be placedinto parts
2; 5 respectively, which is impossible.) On the other hand, if v; is in part 2, then vertex
Vv, must be placedinto part 4, vertex vs into part 1, vertex v4 into part 4, and so on,
implying that v,, 1 isin part 1, cortrary to the fact that its neighbour v,, is in part 5
(and M (1;5) = 0). Thusthe labeledgraphsG, do not admit a labeled Mg-partition.
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Consider now the labeled graph G, v;;j = 1;2;:::;2n. This graph does ad-

2,4;1,4,1;::: respectively, while vertices Von; Von 1;Von 2; 1115 Vj+1 Can be placed into
parts 5; 3; 6; 3;6: :: respectively. Thuseadt graph G, isaminimal labeledM g-obstruction.
t

It turns out that the Mg-partition problem can be solved in polynomial time. In fact,
we have the following obsenation.

Theorem 5.2 If M is a friendly matrix in which neither A nor B has three identical
rows, then the M -partition problemis polynomial time solvable.

Pro of. First we choosewhich parts of A and B will actually have vertices of the input
graph G placedinto them. There are only nitely many possiblechoices,and we shall
test eadh. Clearly, it su ces to explain how to test the casewhen all parts of A and all
parts of B are nonempty. We next apply the sparse-densenethod from [16], using the
sameintegerr derived before Theorem 2.3. Theorem 3.1 from [16] implies that a graph
G on n verticeshasat most n?r possiblepartitions into induced subgraphsGa, Gg, sud
that G, is A-partitionable and Gg is B-partitionable. Moreover, these partitions can
be found in polynomial time, sinceA and B are matriceswithout (see[16]). We shall
test ead sud partition separately viewing all vertices of G, as labeled by A, and all
vertices of Gg aslabeledby B. Thus we may assumethat the graph G is labeled. We
now nd the i-similarity classesof G, and the c-similarity classesof Gg. Considerthe
groupsofidertical rowsin A andin B. Sincewe areassumingthat no parts areempty, the
number of groupsof rowsin A must equalthe number of i-similarity classe®f G, andthe
number of groups of rows in B must equal the number of c-similarity classesf Gg. We
shall considerseparatelyead of the bijective assignmets betweenthe i-similarity classes
of Go and c-similarity classesof Gg to the groups of idertical rows of A and groups of
identical rows of B. For ead sud assignmeh we shall decidewhether a correspnding
M -partition of G is possible.Next we usethe fact that A and B don't have three idertical
rows. If v is a vertex assignedo a group of rows (parts), the only decisionleft is to choose
oneof thoserows. Sincethere areat mosttwo possibilities,we canassaiate to ead vertex
v a booleanvariable x,. It is clearthat the resulting constrairts (betweenthe vertices of
Ga and the vertices of Gg) can be expressedoy clauseswith at most two literals ead.
Thus this problem can be solved in polynomial time using a 2-satis ability algorithm. t

There are, howewer, friendly matrices (in which A or B have three idertical rows),
sud that the M -partition problem is NP-complete.
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Let Mg be the matrix

0 1
O 0 O O O O 0
O 0 O O O O 0
0O 0 0O O o o0 O
0O 0 0 O 1 1 0
0O 0 0 1 o0 1 0
0O 0 o0 1 1 0 O
0 o 1 1 1
0 0 1 1 1
0 0 1 1 1

Theorem 5.3 We havethe following facts.

The matrix Mg is friendly.

The Mg-partition problemis NP-complete.

Pro of. The rst statemert is obvious. To prove the NP-completenesswe obsene that
M(@;7) = M(7;2) = M(2;8) = M(8;3) = M(3;9) = M(9;1) = while all other
ertries in rows 1; 2; 3 and columns7; 8; 9 are 0; thus parts 1; 7; 2; 8; 3; 9 are connectedin a
hexagonalfashion (and similarly for parts 4; 7;5; 8; 6; 9).

The following problem has beenproved NP-completein [13]. Let H be the hexagon
a;b;c;d;e;f (with edgesab;bc;cd;de;ef;f a). Givena bipartite graph G cortaining H as
an induced subgraph, can the vertices of G be mapped to the verticesof H by an edge-
preservingmapping (a homomorphism)in which ead vertex of H is mapped to itself (a
retraction)? We reducethis problemto the Mg-partition problem. First of all, we rename
the vertices of the hexagonH to 1;7;2;8;3;9, instead of a;b;c;d;e;f, in this order (to
better correspnd to the parts of M g-partitions). We may assumehat the bipartite graph
G is two-colouredsothat vertices1; 2; 3 are white, and vertices7; 8; 9 are black. It is then
easyto seethat the desired mapping must take white vertices of G to 1;2;3 and black
verticesof G to 7;8; 9.

We rst join all the black verticesto ead other, to form a large clique. Additionally,
we also add the three edgesjoining the white vertices 1; 2; 3 to ead other. Finally, we
replace eaty white vertex by four independen vertices, and eat bladk vertex by four
vertices in a clique. (The replacing vertices have the same adjacenciesas the original
verticesthey replaced.) We call the resulting graph G°. It is easyto ched that G admits
aretraction to H if and only if G®hasan Mg-partition. Indeed,if f is an edge-preserving
mapping of V(G) to V(H) in which f(i) = i fori = 1;2;3;7;8;9, then G° admits an
M -partition in which all vertices of G° replacinga blad vertex x of G or a white vertex
x not in H are placedin part f (x), while all vertices of G° replacing a white vertex y of
H are placedin part f (y) + 3. Conversely if G° has an Mg-partition, then at least one
of any four verticesreplacing a white vertex x must be placedin parts 1, 2; 3; 4;5; 6, and

the electr onic journal of combinatorics 14 (2007), #R58 14



at least one of any four verticesreplacinga black vertex y must be placedin parts 7; 8; 9.
Moreover, any vertex replacing a white vertex x of H must be placedin parts 1;2;3. It
is now easyto concludethat this implies that G admits a retraction to H. t

Note that the matrix Mg hasthree idertical rowsin both A and B.

6 Conclusions

Unfriendly matriceslead to problemsthat cannot be characterizedby nitely many for-
bidden induced subgraphs. While many friendly matrices allow sud characterizations,
including all small matrices (up to size v e), we have shavn that there are friendly ma-
trices for which sud characterizationsare not possible,and friendly matrices for which
the partition problemsare NP-complete.

All three of our basic questionsremain open. The problem of whether the last two
guestionsare equivalent for all matricesM is alsoopen (for matriceswithout 1's equiva-
lencefollows from [1, 28]).
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