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Abstract

Each m by m symmetric matrix M over 0; 1; � , de�nes a partition problem, in
which an input graph G is to be partitioned into m parts with adjacenciesgoverned
by M , in the sensethat two distinct vertices in (possibly equal) parts i and j are
adjacent if M (i; j ) = 1, and nonadjacent if M (i; j ) = 0. (The entry � implies no
restriction.)

We ask which matrix partition problemsadmit a characterization by a �nite set
of forbidden induced subgraphs. We prove that matrices containing a certain two
by two diagonal submatrix S never have such characterizations. We then develop a
recursive technique that allows us (with someextra e�ort) to verify that matrices
without S of size�v e or lessalways have a �nite forbidden induced subgraph char-
acterization. However, we exhibit a six by six matrix without S which cannot be
characterized by �nitely many induced subgraphs. We also explore the connection
between �nite forbidden subgraph characterizations and related questions on the
descriptive and computational complexity of matrix partition problems.

1 In tro duction

Many graph partition problems(especially thosearising from the study of perfect graphs
[6, 7, 16]) canbe formulated in the following terms. Let M bea symmetric m by m matrix
over f 0; 1; �g . An M -partition of a graph G is a partition of V(G) into parts V1; V2; : : : ; Vm

such that for distinct vertices u 2 Vi , v 2 Vj , we have uv 2 E(G) if M (i; j ) = 1, and
uv 62E(G) if M (i; j ) = 0. Note that we admit i = j ; in particular, if M (i; i ) = 0, the
set Vi is independent in G, and if M (i; i ) = 1, it is a clique. Also note that � means
no restriction. For each �xed matrix M we obtain the M -partition problem- to decide
whether or not an input graph G admits an M -partition. For instance, for the identit y

� 268 Waverley St., Palo Alto, CA 94301,USA; tomas@theory.stanford.edu
ySchool of Computing Science, Simon Fraser University, Burnaby, B.C., Canada, V5A 1S6;

pavol@cs.sfu.ca
zSchool of Computing Science, Simon Fraser University, Burnaby, B.C., Canada, V8W 3P4;

wingx@cs.sfu.ca

the electr onic journal of combina torics 14 (2007), #R58 1



matrix, the I m -partition problem askswhether or not G is a union of at most m disjoint
cliqueswith no edgesjoining them. If Cm is the matrix in which the diagonalentries are0
and all other entries are� , then the Cm -partition problemaskswhetheror not the graphG
is m-colourable,in the usualsense.Many other examplesaredescribedin [16,25, 27]; they
includeproblemssuch asH -colourability (alsoknown asthe homomorphismproblem) [26],
the existenceof a clique cutset or a skew cutset [7, 29], or being a split graph [23]. The
homomorphismlanguageis particularly appropriate here, and the M -partition problem
can be cast as a homomorphism problem to a suitable structure H , called a trigraph
[19, 25, 27, 31].

We note in passingthat there are many variants of the basic M -partition problem,
including partitioning digraphs (M is not necessarilysymmetric) [19], equipping the ver-
ticesof G with lists (of parts in which the vertex is allowed to be placed)[4, 16, 12,13, 14,
22, 25, 27], requiring all parts to be nonempty [9, 30], generalizingto certain constraint
satisfaction problems [10, 25], or restricting the input graphs to have special structure
[11, 17, 20, 24, 25, 27].

The I m -partition problemis clearly solvable in polynomial time - it su�ces to compute
the connectedcomponents of G and check whether each is a clique, and whether there
are at most m of them. On the other hand, for m > 2, the Cm -partition problem is well
known to be NP-complete. There are many other matricesM for which the M -partition
problemhasbeenshown to bepolynomial or NP-complete[4, 16,18,22, 26,27], including
for instanceall matrices of sizem < 5. However, in general,we do not know how to tell,
for a given matrix M , what is the complexity of the M -partition problem. In fact, we
do not know whether each M -partition problem is polynomial or NP-complete [17]. If
this were the case,it would imply the validit y of the so-calleddichotomy conjecture of
Feder and Vardi [21, 17]. Moreover, we cannot decidethe complexity of someconcrete
M -partition problems with small matrices M ; for instance if we considerM -partitions
with lists, onesuch problem with m = 4 is described in [4]; seealso [10, 25].

Each M -partition problem can be described in monadic second-orderlogic [8] (and
hencesolvede�cien tly on graphson boundedtreewidth or cliquewidth). However, certain
M -partition problemscan be described in �rst-order logic (and hencesolved e�cien tly on
all graphs). For instance, it is easyto seethat a graph G admits an I m -partition if and
only if if doesnot contain an induced path with three vertices, P3, or an induced union
of m + 1 isolatedvertices,(m + 1)K 1. Sincem is �xed, having such an inducedsubgraph
can be described by a �rst-order sentence,and henceso can being I m -partitonable.

Thus there are three basicquestionswe may ask, for a given matrix M :

� Can M -partitionable graphsbe recognizedin polynomial time?

� Can M -partitionable graphsbe described by a �rst-order sentence?

� Can M -partitionable graphs be characterizedby a �nite set of forbidden induced
subgraphs?

Note that the questionshave beenorderedsothat a positive answer to a later question
implies a positive answer to an earlier question. As we have argued above, the �rst
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question seemshard to answer in full generality. If M has no 1's, it is known that the
last two questionshave the sameanswer (even in the more generalcontext of constraint
satisfaction problems) [1, 28]. In this note we focuson the last question.

The complementM of a matrix M hasthe entries 0 and 1 interchanged,i.e., M (i; j ) =
1 � M (i; j ), where1 � � is de�ned to be � . Clearly a graph G admits an M -partition if
and only if its complement G admits an M -partition.

In the remainder of the note we shall assumethat all M (i; i ) 6= � . Indeed, if some
M (i; i ) = � , then every graph G would be M -partitionable, and all three questionswould
be trivial. By simultaneously permuting the rows and columns of M , we may assume
that M (1; 1) = � � � = M (k; k) = 0; M (k + 1; k + 1) = � � � = M (m; m) = 1. Let A denote
the submatrix of M with rows 1; : : : ; k and columns1; : : : ; k; let B denotethe submatrix
with rows k + 1; : : : ; m and columnsk + 1; : : : ; m; and let C denote the submatrix with
rows 1; : : : ; k and columnsk + 1; : : : ; m.

We de�ne two verticesu; v in a graph G to be similar, if they have exactly the same
neighboursother than u andv. Note that similar verticesmay beadjacent or non-adjacent;
in the former casethey will be called c-similar, and in the latter casei-similar . (Other
terms usedin the literature are joined duplicates,joined twins and true twins for c-similar
vertices, and unjoined duplicates, unjoined twins and false twins for i-similar vertices.)
Clearly, both i-similarit y and c-similarity are equivalencerelations on V(G). Moreover, it
is easyto check that similarity itself is alsoan equivalencerelation. Each similarity class
is an independent set or a clique, while i-similarit y classesare just independent sets,and
c-similarity classesare just cliques.

2 Friendly and Unfriendly Matrices

We say that a matrix M is friendly if it has no � entries in A and in B. A matrix is
unfriendly if it is not friendly. Note that a matrix is unfriendly if and only if it contains
a diagonal two by two submatrix S with S(1; 1) = S(2; 2) 6= � and S(1; 2) = S(2; 1) = � .

We shall prove that if M is an unfriendly matrix, then M -partitionable graphs can-
not be characterizedby a �nite set of forbidden induced subgraphs. We shall cast our
discussionin the following terms.

A minimal obstruction to M -partition is a graph G which is not M -partitionable, and
such that for each vertex v 2 V(G) the graph G � v is M -partitionable. To prove the
above claim for an unfriendly matrix M , we shall exhibit in�nitely many non-isomorphic
minimal obstructionsto M -partition. For instance,the matrix C2 is unfriendly, and there
are in�nitely many minimal obstructions to C2-partition, namely all odd cycles. (C2-
partitionabilit y is the sameas two-colourability.) It is clear that this meansthat it is not
possibleto characterize the property by �nitely many forbidden subgraphs. Note that
C2-partitionable graphscan neverthelessbe recognizedin polynomial time.

Theorem 2.1 If M is an unfriendly matrix, then there are in�nitely many minimal
obstructionsfor M -partitionability.
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Pro of. Let M be an unfriendly matrix of size m, with k de�ned as above to be the
number of 0's on the main diagonal. By taking the complement if necessary, we may

assumewithout lossof generality that M contains the diagonalsubmatrix S
�

0 �
� 0

�
.

We �rst considerthe casethat m = k, i.e., M has only zeroson the main diagonal.
This means, in particular, that each M -partitionable graph is k-colourable. If k = 2,
i.e., if M = S, then a graph is M -partitionable if and only if it is bipartite; henceeach
odd cycle is a minimal obstruction. In general,we shall appeal to the well-known fact
[27] that there exist graphs with arbitrarily high chromatic number and odd girth. We
let G0 be any graph with chromatic number greater than k; as noted above G0 is not
M -partitionable, and hencecontains someminimal M -obstruction G0

0. SupposeG0
0 has

odd circumferencec0. (The odd circumference of a graph is the maximum length of an
odd cycle; sinceG0

0 is not M -partitionable it must contain an odd cycle.) We proceed
recursively, assumingthat we have alreadyconstructeda minimal M -obstruction G0

i with
odd circumferenceci . Let Gi +1 be a graph with chromatic number greater than k and
odd girth greater than ci . It is again the casethat Gi +1 is not M -partitionable, and
hencecontains a minimal M -obstruction G0

i+1 ; of courseG0
i+1 must again contain and

odd cycle, and hencean odd cycle of length greater than any G0
j with j < i . Therefore

we have in�nitely many minimal M -obstructions G0
i ; i = 0; 1; : : : ; moreover, our graphs

G0
i have the additional property that the odd girth of each G0

i is greater than the odd
circumferenceof any G0

j ; j < i . By complementation, this proof coversalsothe casewhen
k = 0, i.e., when M hasonly oneson the main diagonal.

If m > k > 0, we proceedrecursively, letting M 0 be obtained from M by deleting the
m-th row and column, and assumingwe have alreadyconstructedin�nitely many minimal
M 0-obstructionsG0

i ; i = 0; 1; : : : with the property that the odd girth of G0
i is greaterthan

the odd circumferenceof any G0
j ; j < i . We note that the disjoint union of two copiesof

any G0
i cannot be M -partitionable: at most one copy can usethe m-th part (the set Vm

from the de�nition of M -partition), sinceM (m; m) = 1 implies that all vertices in this
part are adjacent to each other. Thus the disjoint union of two copiesof G0

i contains a
minimal M -obstruction G00

i . Now we observe that the odd girth of G00
i is at least the odd

girth of G0
i , and the odd circumferenceof G00

i is at most the odd circumferenceof G0
i ; thus

the additional property is maintained, and the graphsG00
i are not isomorphic. ut

We have several classesof friendly matrices M for which M -partitionable graphsare
known to have a characterization by �nitely many forbidden subgraphs. The simplest
caseoccurswhen M hasno � entries at all. In [15] we have shown the following fact.

Theorem 2.2 [15] If M has no � entries, then a minimal M -obstruction has at most
(k + 1)(m � k + 1) vertices; moreover, there are at most two minimal M -obstructionswith
precisely (k + 1)(m � k + 1) vertices.

The proof of the above theorem is quite involved [15]. However, it is not di�cult to
prove directly that the number of minimal M -obstructions is �nite [31]. (This fact also
follows from a more generalresult for constraint satisfaction problems[2].)
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Prop osition 2.1 If M has no � entries, then a minimal M -obstruction has at most
m(2k0+ 2) + 1 vertices, where k0 = max(k; m � k).

Pro of. Supposea minimal M -obstruction G hasat leastm(2k0+ 2)+ 2 vertices. Then for
any vertex v, the graphG� v admits an M -partition; sinceG� v hasat leastm(2k0+ 2)+ 1
vertices,someset S of at least 2k0+ 3 verticesbelongsto the samepart - either a clique
or an independent set. In either case,all theseverticesare similar to each other in G � v.

Suppose�rst S is an independent set: then any two vertices of S have exactly the
sameneighbours in G � v, and hencethere is a subsetT of at least k0+ 2 independent
vertices that have exactly the sameneighbours in G. Let t 2 T: as before,G � t has an
M -partition. Note that exactly m � k � k0 of the parts are cliques; thus of the k0 + 1
verticesof T � t, at leastonemust beplacedinto a part that is an independent set; clearly,
t can be placedinto the samepart, as it has the sameneighbours.

If S is a clique, then the argument is analogous:any two verticesof S have the same
neighbours in G � v, hencea subsetT of at least k0+ 2 verticeshave the sameneighbours
in G. In any M -partition of G � t; t 2 T, somevertex of T � t must be placedinto a part
that is a clique, and t can be placedinto the samepart. ut

We can extend the validit y of this result by applying the so-calledsparse-densetech-
nique from [11, 16]. We formulate it here speci�cally for the application at hand; its
derivation from the generalsparse-densetechnique is easyto see.(In the notation of [11],
we set S to be all A-partitionable graphsand D to be all B -partitionable graphs.)

We claim that for any �xed M there existsan integer r such that any graph G that is
both A-partitionable and B-partitionable hasat most r vertices. Indeed,such a graph G
is, in particular, k-colourableandhencecontains no cliqueof sizek+ 1, and its complement
G is (m � k)-colourableand hencecontains no cliqueof sizem � k + 1. Thus the existence
of such an integer r follows from Ramsey's theorem. This integer r will be used in
all applications of the sparse-densetechnique - both in Theorem 2.3 below, and also in
Theorem5.2 later on.

A labeled graph G is a graph in which each vertex has a label, either A or B . Label
A meansthat the vertex has to be placedinto parts V1; : : : ; Vk , label B meansthe vertex
has to be placed into parts Vk+1 ; : : : ; Vm . (Thus the labels are lists of a restricted kind.)
A labeled M -partition of G is an M -partition of G that satis�es these constraints. A
minimal labeled M -obstruction is a labeled graph G which has no labeled M -partition,
such that for each vertex v 2 V(G) the graph G � v (with the inherited labels) has a
labeledM -partition.

Note that we have usedA and B before, to denote the two diagonal submatricesof
M . Sincethe label A (respectively B) actually restricts the vertex to be placed into a
part from the submatrix A (respectively B), this ambiguity will not causea problem.

For the number r derived above, Theorem3.1 from [11] (proved usingthe sparse-dense
technique) allows us to make the following conclusion.

Theorem 2.3 [11] Supposeeach minimal labeled M -obstruction has at most p vertices.
Then each minimal M -obstruction to M -partition hasat most 2p2r +1 vertices. ut
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Now supposeM is a matrix in which C has only � entries. In this casea labeled
graph G is M -partitionable if and only if its subgraph on the vertices labeled A is A-
partitionable and its subgraph on the vertices labeled B is B-partitionable. Since the
submatricesA and B of a friendly matrix have no � entries, Proposition 2.1 (or Theorem
2.2) implies that for friendly matrices M , there are only �nitely many minimal labeled
M -obstructions. Thus we concludefrom Theorem 2.3 that there are only �nitely many
minimal M -obstructions.

Corollary 2.4 If M is a friendly matrix in whichthe submatrixC hasonly � entries, then
M -partitionable graphscan be characterized by a �nite set of forbiddeninduced subgraphs.

ut

Note that the sameconclusionapplies when C has no � entries, by Proposition 2.1.
We singleout a few exampleconsequencesof Corollary 2.4.

The following classesof graphscan be characterized by a �nite setof forbiddeninduced
subgraphs.

� Graphspartitionable into an independent set and a clique. Theseare known assplit
graphs, and the (exactly three) forbidden induced subgraphsare known [23].

� Graphs partitionable into a complete k-partite graph and a graph which is the
complement of a complete`-partite graph (i.e., is a union of ` disjoint cliqueswith
no other edges). Theseare known as polar graphs[5]; we have parametrized them
by the number of independent setsand cliques. Recognizingpolar graphswithout
�xing thesenumbers is NP-complete[5].

� Graphs partitionable into one clique and one graph which is the disjoint union of
k completebipartite graphs with no other edges. Theseare a variant of k-bisplit
graphs[3, 18].

Theorem2.3showsthat if thereareonly �nitely many minimal labeledM -obstructions,
then there are only �nitely many minimal M -obstructions. This statement has an easy
converse.

Prop osition 2.2 If there are only �nitely many minimal M -obstructions, then there are
also only �nitely many labeled minimal M -obstructions.

Pro of. We shall prove, speci�cally, that if every minimal M -obstruction has at most p
vertices,then every minimal labeledM -obstruction hasalsoat most p vertices. Otherwise,
someminimal labeledM -obstruction G hasmorethan p vertices. Let G0 beobtainedfrom
G by replacing each vertex labeled A by an independent set of m � k + 1 vertices, and
each vertex labeled B by a clique of k + 1 vertices. It is easyto seethat the unlabeled
graph G0 doesnot admit an M -partition, asat least onevertex from the independent set
replacing a vertex of G labeled A must be placed into a part that is an independent set
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(there are only m � k parts that are cliques), and at least one vertex from each clique
replacing a vertex of G labeled B must be placed into a part that is a clique. (Henceif
G0 admited an M -partition, then sowould the labeledgraph G.) ThereforeG0 contains a
minimal M -obstruction G00with at most p vertices. Let G� be the subgraphof G obtained
by taking all the (at most p) verticesof G which correspond to verticesin G00. Clearly, if
the labeledgraph G� admitted an M -partition, then sowould the graph G00; thereforeG�

is a proper subgraphof G which doesnot admit an M -partition, contradicting the fact
that G is a minimal M -obstruction. ut

3 A Recursiv e Technique

For a matrix M , we denote by M (i ) the submatrix obtained from M by deleting the
i -th row and i -th column. Note that if M is a friendly matrix, then so is each matrix
M (i ); i = 1; 2; : : : ; m.

Our main technique is the following recursive method.

Theorem 3.1 SupposeM is a friendly matrix such that all rowsof its submatrix A are
distinct, or suchthat all rowsof its submatrix B are distinct.

If there are only �nitely many minimal labeled M (i )-obstructionsfor eachi = 1; : : : ; m,
then there are also only �nitely many minimal labeled M -obstructions.

Pro of. Without loss of generality, we shall focus on the casewhen the rows of the
submatrix A are distinct. Somerows of the submatrix B may be the same- we partition
the m � k rows into n1 � m � k di�erent groups of equal rows. For symmetry, we also
imagine A partitioned into n0 = k groupsof equal rows (in this caseeach group has just
onerow).

Supposeall minimal labeled M (i )-obstructions (i = 1; 2; : : : ; m) have at most p ver-
tices, and considera minimal labeled M -obstruction G. Let GA be the subgraph of G
induced by the vertices labeled A, and let GB the subgraphinduced by vertices labeled
B. Let nA denotethe number of i-similarit y classesin GA , and let nB denotethe number
of c-similarity classesin GB .

We �rst prove that G cannot be too big if it has nA > n0. Indeed, in this case,
considerthe labeledsubgraphG0 of G inducedby taking just onevertex each from n0 + 1
i-similarit y classesof GA (with the inherited labels A). We claim that the labeledgraph
G0 is itself not M -partitionable, sinceit hasn0+ 1 non-i-similar verticeslabeledA: placing
such verticeswould require n0 + 1 parts corresponding to distinct rows of the matrix A.
SinceG is a minimal labeled M -obstruction, we must have G0 = G, i.e., G has at most
n0 + 1 vertices. A similar argument shows that G cannot be too big if it hasnB > n1; in
that caseG hasat most n1 + 1 vertices.

Next we focus on the casewhen nA < n0. In this situation, GA cannot admit an
A-partition in which each of the n0 groupsof parts contains a nonempty part. Otherwise,
two i-similar verticesv; v0 of GA would be placedinto two parts corresponding to di�erent
rows i; i 0 of A: if the two rows di�er in column j , then the vertex of GA placed into the
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j -th part (or a part corresponding to the samegroup) would have di�erent adjacencyto
the two supposedlyi-similar verticesv; v0. This contradiction shows that G must contain
a minimal labeledM (i )-obstruction for every i = 1; 2; : : : ; k. Moreover, if G0 is a labeled
subgraph of G containing a minimal labeled M (i )-obstruction for every i = 1; 2; : : : ; k,
then G0 already cannot be M -partionable, by the sameargument; sinceG is a minimal
labeledM -obstruction, we would again have to have G = G0. It now follows that G can
have at most kp vertices. A similar argument applies in the casewhen nB < n1; in this
caseG can have at most (m � k)p vertices.

It remains to consider minimal labeled M -obstructions G that have nA = n0 and
nB = n1. According to the previous arguments, any M -partition of G must place all
vertices of an i-similarit y classC of GA into one part P corresponding to a row of A,
and place all vertices of a c-similarity classD of GB to a set of parts corresponding to
a group Q of equal rows into B. Let W be the set of such assignments, in which the
placement of the verticesof GA is an A-partition and the placement of the verticesof GB

corresponds to a B-partition (by selecting,for each d 2 D one of the parts in the group
to which it was assigned). Clearly, W must be nonempty: otherwise, the labeled graph
obtained from GA by selectingonevertex in each i-similarit y classhasno M -partition, or
the labeled graph obtained from GB by selectingone vertex from each c-similarity class
hasno M -partition, implying that the minimal labeledM -obstruction G is actually equal
to one of these two labeled graphs, and hencehas at most n0, or n1, vertices. On the
other hand, W has at most n0!n1! assignments. We now considerhow many vertices of
G are necessaryin order to ensurethat none of the assignments w 2 W arisesfrom an
actual M -partition of G. Supposethat w 2 W assignseach i-similarit y classCx of GA

to the part corresponding to a row ax in A, and each c-similarity classD y of GB to a set
of parts corresponding to a group Qy of equal rows of B . Note that the assignment w
completely determinesthe placements of all vertices of GA . If w doesnot arise from an
actual M -partition, then it must be impossibleto place the verticesof somec-similarity
classDy. In other words, for somevertex d 2 D y , no row of Qy has the right entries in
M in the columnscorresponding to A. SinceQy hasat most m � k rows, and for each of
them we needonly onevertex in GA placedby w into a part corresponding to a row in A
with the wrong entry, the assignment w is disquali�ed on the basisof the vertex d plus at
most m � k verticesof GA . Let the labeledgraph G0 be the inducedsubgraphof G (with
the inherited labels) on the set of verticesusedfor disqualifying any assignment w 2 W.
Then G0 hasat most n0!n1!(1+ m� k) vertices,and doesnot admit an M -partition. Since
G is a minimal labeled M -obstruction, we must have G = G0, and henceG has at most
n0!n1!(1 + m � k) vertices. Sincein every caseG hasa number of verticesboundedby a
function of the �xed matrix M , the number of minimal labeledM -obstructions is �nite.

ut

Proposition 2.2 allows us to state Theorem3.1 in a simpler form.

Corollary 3.2 SupposeM is a friendly matrix suchthat all rowsof its submatrix A are
distinct, or suchthat all rowsof its submatrix B are distinct.
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If there are only �nitely many minimal M (i )-obstructions for each i = 1; : : : ; m, then
there are also only �nitely many minimal M -obstructions. ut

4 Small Friendly Matrices

In this section, a matrix M is small if it has size m; m � 5. We prove that all small
friendly matricesM have �nitely many minimal M -obstructions,and henceadmit a char-
acterization of M -partitionabilit y by a �nite set of forbidden induced subgraphs.

Theorem 4.1 If M is a small friendly matrix then the number of minimal M -obstructions
is �nite.

Pro of. We �rst considerthe casethat n0 = 1 and n1 = 1. This meansthat A is the
all-zero matrix and B is the all-one matrix. In this case,if the matrix M contains a � ,
then a graph is M -partitionable if and only if it is a split graph, i.e., can be partitioned
into an independent set and a clique. Such graphshave a �nite forbidden subgraphchar-
acterization by [23] (seealso Corollary 2.4 and its consequences).Otherwise, the matrix
M hasno � , and then M -partitionabilit y hasa �nite forbidden subgraphcharacterization
by Proposition 2.1 (or Theorem2.2).

Next considerthe casethat k = 0 or k = m: then the fact that M is friendly implies
that M has no � , and henceonly �nitely many minimal M -obstructions by Proposition
2.1 (or Theorem2.2).

Thus we may now assumethat 1 � k � m � 1 and 3 � n0 + n1 � m. A matrix M
with m = 3 must have either k = 1 or m � k = 1, and Theorem 3.1 and Theorem 2.3
imply there are only �nitely many minimal M -obstructions. The sameargument applies
to a matrix M with m = 4, sincein the casek = 2 we can usethe fact that n0 + n1 � 3.

In case m = 5, we can again make the same argument, unless we have (up to

complementation) k = 2 and n0 = 1; n1 = 2. This means that A =
�

0 0
0 0

�
and

B =

0

@
1 1 0
1 1 0
0 0 1

1

A :

In this casewe make a separateargument, akin to the proof of Theorem 3.1. Note
that the matrix A hasrows 1 and 2 equal, forming onegroup of rows, while matrix B has
two groups- the equal rows 3; 4, and the separategroup containing just row 5. As in the
proof of Theorem3.1, we may assumethat the minimal labeledM -obstruction G hasone
i-similarit y classC in GA , and two c-similarity classesD; D 0 in GB . There are just two
possibleassignments of the classesof G to the groupsof M sinceC must be assignedto
rows 1; 2, and either D to rows 3; 4 and D 0 to row 5, or conversely. We shall estimatehow
many verticesof G arenecessaryto prevent oneof theseassignments from beinga labeled
M -partition. Without lossof generality, considerD being assignedto parts (rows) 3; 4
and D 0 to part (row) 5.
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Suppose�rst that M (1; 5) = M (2; 5) = 0. If there is a vertex v 2 C and a vertex
w 2 D 0 which are adjacent, then thesetwo vertices already prevent the assignment, so
only two verticesof G are neededfor it. Otherwise,all verticesof D 0 can be placedinto
part 5, and sothe only verticesof G that canprevent the assignment areverticesensuring
that G � D 0 does not admit a labeled M 5-partition. (Recall that M 5 is obtained from
M by eliminating row and column 5.) This meansthat G � D 0 is a minimal labeled
M5-obstruction, and hencehasa boundednumber of vertices;theseare the only vertices
G needsto prevent the assignment. If M (1; 5) = M (2; 5) = 1, the argument is analogous.

If one of M (1; 5); M (2; 5) is 0 and the other 1, say if M (1; 5) = 0; M (2; 5) = 1, we
argueas follows. If somevertex x 2 C is adjacent to somevertex of D 0 and nonadjacent
to another, then these three vertices are all that G needsto prevent the assignment.
Otherwise, the vertices of C are partitioned into C1, the set of those x 2 C that are
nonadjacent to all verticesof D 0, and C2, the set of thosex 2 C that are adjacent to each
vertex of D 0. We have now e�ectively assignedC1 to 1, C2 to 2, D to 3; 4, and D 0 to 5, and
can proceedas in the proof of Theorem3.1. Speci�cally, if each v 2 D can be placedinto
3 or in 4, we would have an M -partition of G; thus there must exist somevertex v 2 D
which cannot be placed into 3 or in 4. The former is ensuredby a vertex u in C having
the wrong kind of connectionto v (there are four ways to have such a wrong connection,
for instanceu 2 C1 adjacent to v while M (1; 3) = 0), and the latter is similarly ensured
by another vertex w 2 C having the wrong kind of connectionto v. It is now clear that
G only needsu; v; w to prevent the assignment.

If M (1; 5) = M (2; 5) = � , then G � D 0 must be a minimal labeled M 5-obstruction
as above, and hencehas a bounded number of vertices - and G only needsthe vertices
of G � D 0 to prevent the assignment. If only one of M (1; 5); M (2; 5) is � , we argue as
follows. Without loss of generality, assumeM (1; 5) = � ; M (2; 5) = 1. Note that C is
an independent set, and D; D 0 are cliques with no edgesjoining them; the assumption
M (2; 5) = 1 implies that any vertex of C that is nonadjacent to a vertex of D 0 must be
placedinto part 1. If such a vertex doesnot exist, then C hasall possibleedgesto D 0, and
henceG only needsthe verticesof the minimal labeledM 5-obstruction G � D 0 to prevent
the assignment, whenceG has a boundednumber of vertices. Otherwise, let C1 be the
set of all vertices of C that have a nonneighbour in D 0. If M (1; 3) = � or M (1; 4) = � ,
then G would admit an M -partition - placing all verticesof C to part 1, all verticesof D
to part 3 (respectively 4), and all verticesof D 0 to part 5.

It remainsto considerthe following cases.

1. M (1; 3) = M (1; 4) = 0

2. M (1; 3) = M (1; 4) = 1

3. M (1; 3) = 1; M (1; 4) = 0

4. M (1; 3) = 0; M (1; 4) = 1

Consider case1. If some u 2 C1 is adjacent to some v 2 D, then u; v; and any
non-neighbour w 2 D 0 of u, already prevent the assignment. Otherwise, G � C1 must
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not admit a labeled M -partition accordingto this assignment; sinceC1 6= ; and G is a
minimal labeledM -obstruction, we have a contradiction. Case2 is analogous.

In case3, any labeled M -partition of G must partition the vertices of D into those
adjacent to all verticesof C1, forming a set D1 (and being placedinto part 3), and those
not adjacent to any verticesof C1, forming a set D2 (and being placedinto part 4). Thus
if there is a vertex v 2 D adjacent to somev 2 C1 and nonadjacent to somev0 2 C1,
then this assignment of vertices, together with w 2 D 0 nonadjacent to v, and w0 2 D 0

nonadjacent to v0, is impossible. We have now placedall verticesof D 0 (into part 5), all
vertices of D (those in D1 to part 3 and those in D2 to part 4), and all vertices of C1

(into part 1). The remaining vertices, in C � C1, should be placed into part 3 or part
4, but a placement is not possible. Thus somevertex u 2 C � C1 cannot be placed into
part 1 becauseof its connectionto somev 2 D (this meansu is adjacent to v and v 2 D 2

or u is nonadjacent to v and v 2 D1), and cannot be placedinto part 2 becauseof some
v0 2 D (the reasonsfor this depend on M (2; 3) and M (2; 4), but in any casethey concern
just onevertex v0). Then u; v; v0; and any onevertex of C1 form a labeledM -obstruction.
Case4 is again analogous.

Sincea boundednumber of verticesis neededto prevent this assignment, and there is
just onemoreanalogousassignment, the minimal labeledM -obstruction G hasa bounded
number of vertices. ut

5 Larger Friendly Matrices

It may seemthat all friendly matrices admit characterizationsby �nite setsof forbidden
induced subgraphs.However, for m > 5 we have a counterexample.

Let M 6 be the matrix

0

B
B
B
B
B
B
@

0 1 0 � 0 0
1 0 1 � 0 0
0 1 0 0 � �
� � 0 1 0 1
0 0 � 0 1 0
0 0 � 1 0 1

1

C
C
C
C
C
C
A

Theorem 5.1 We havethe following facts.

� The matrix M 6 is friendly.

� The M 6-partition problemcannot be characterized bya �nite setof forbiddeninduced
subgraphs.

Pro of. The �rst statement is obvious. The secondstatement will beprovedby exhibiting
in�nitely many non-isomorphicminimal labeledM 6-obstructionsGn , n = 3; 4; : : : . These
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are described in Figure 1: there is a path of 2n verticesv1; v2; : : : ; v2n , alternately labeled
A; B . The vertex v1 is moreover adjacent to all vi with odd i > 1, and all verticesvj with
even j < 2n are adjacent to each other. Then Proposition 2.2 implies that there are also
in�nitely many minimal M 6-obstructions,and hencethe M 6-partition problem cannot be
characterizedby a �nite set of forbidden induced subgraphs. (With a bit more e�ort, it
can be shown that the graphs Gn in the �gure are themselves minimal M 6-obstructions
even without the labels [31].)

B
...

v v v v v v vv1 2 3 4 5 2n-2 2n-1 2n

A B A AB B A

Figure 1: The minimal labeledobstruction Gn

An M 6-partition of a graph G hassix parts, corresponding to the six rows/columnsof
M6. Sincerows 1 and 3 coincidein A, the subgraphGA inducedby A hastwo i-similarit y
classes,the �rst one, A1, consistingof parts 1 and 3, and the secondone, A2, consisting
of part 2. Sincerows 4 and 6 coincide in B, we also have two c-similarity classesin the
subgraphGB induced by B, the �rst one,B1, consistingof parts 4 and 6 and the second
one,B2, consistingof part 5. Amongst the A-labeledverticesof the graph Gn , the vertex
v1 is adjacent to all the others, which are not adjacent to each other. This meansthat

� either v1 is placedinto A1 and all the others into A2, or

� v1 is placedinto A2 and all the others into A1.

Similarly, amongsttwo B-labeledverticesof Gn , the vertex v2n is non-adjacent to all
the others, and the others are all adjacent to each other. Thus

� either v2n is placedinto B1 and all the others in B2, or

� v2n is placedinto B2 and all the others in B1.

Note that M (2; 5) = 0: this meansthat of the four possibilities implicit in the above
choices,v1 must be placedinto A2 (i.e., in part 2), and v2n must be placedinto B2 (i.e.,
in part 5). (Otherwise someadjacent vertices vi ; vj of Gn would be placed into parts
2; 5 respectively, which is impossible.) On the other hand, if v1 is in part 2, then vertex
v2 must be placed into part 4, vertex v3 into part 1, vertex v4 into part 4, and so on,
implying that v2n� 1 is in part 1, contrary to the fact that its neighbour v2n is in part 5
(and M (1; 5) = 0). Thus the labeledgraphsGn do not admit a labeledM 6-partition.
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Consider now the labeled graph Gn � vj ; j = 1; 2; : : : ; 2n. This graph does ad-
mit a labeled M 6-partition as follows: vertices v1; v2; : : : ; vj � 1 can be placed into parts
2; 4; 1; 4; 1; : : : respectively, while vertices v2n ; v2n� 1; v2n� 2; : : : ; vj +1 can be placed into
parts 5; 3; 6; 3; 6: : : respectively. Thuseach graphGn is a minimal labeledM 6-obstruction.

ut

It turns out that the M 6-partition problem can be solved in polynomial time. In fact,
we have the following observation.

Theorem 5.2 If M is a friendly matrix in which neither A nor B has three identical
rows, then the M -partition problemis polynomial time solvable.

Pro of. First we choosewhich parts of A and B will actually have vertices of the input
graph G placed into them. There are only �nitely many possiblechoices,and we shall
test each. Clearly, it su�ces to explain how to test the casewhen all parts of A and all
parts of B are nonempty. We next apply the sparse-densemethod from [16], using the
sameinteger r derived beforeTheorem 2.3. Theorem 3.1 from [16] implies that a graph
G on n verticeshasat most n2r possiblepartitions into inducedsubgraphsGA , GB , such
that GA is A-partitionable and GB is B-partitionable. Moreover, these partitions can
be found in polynomial time, sinceA and B are matrices without � (see[16]). We shall
test each such partition separately, viewing all vertices of GA as labeled by A, and all
vertices of GB as labeled by B. Thus we may assumethat the graph G is labeled. We
now �nd the i-similarit y classesof GA and the c-similarity classesof GB . Consider the
groupsof identical rowsin A and in B. Sinceweareassumingthat no parts areempty, the
number of groupsof rows in A must equalthe number of i-similarit y classesof GA , and the
number of groupsof rows in B must equal the number of c-similarity classesof GB . We
shall considerseparatelyeach of the bijective assignments betweenthe i-similarit y classes
of GA and c-similarity classesof GB to the groups of identical rows of A and groups of
identical rows of B . For each such assignment, we shall decidewhether a corresponding
M -partition of G is possible.Next we usethe fact that A and B don't have three identical
rows. If v is a vertex assignedto a group of rows (parts), the only decisionleft is to choose
oneof thoserows. Sincethereareat most two possibilities,wecanassociate to each vertex
v a booleanvariable xv. It is clear that the resulting constraints (betweenthe verticesof
GA and the vertices of GB ) can be expressedby clauseswith at most two literals each.
Thus this problem can be solved in polynomial time using a 2-satis�abilit y algorithm. ut

There are, however, friendly matrices (in which A or B have three identical rows),
such that the M -partition problem is NP-complete.
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Let M 9 be the matrix
0

B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 0 0 � 0 �
0 0 0 0 0 0 � � 0
0 0 0 0 0 0 0 � �
0 0 0 0 1 1 � 0 �
0 0 0 1 0 1 � � 0
0 0 0 1 1 0 0 � �
� � 0 � � 0 1 1 1
0 � � 0 � � 1 1 1
� 0 � � 0 � 1 1 1

1

C
C
C
C
C
C
C
C
C
C
C
C
A

Theorem 5.3 We havethe following facts.

� The matrix M 9 is friendly.

� The M 9-partition problemis NP-complete.

Pro of. The �rst statement is obvious. To prove the NP-completeness,we observe that
M (1; 7) = M (7; 2) = M (2; 8) = M (8; 3) = M (3; 9) = M (9; 1) = � while all other
entries in rows 1; 2; 3 and columns7; 8; 9 are 0; thus parts 1; 7; 2; 8; 3; 9 are connectedin a
hexagonalfashion(and similarly for parts 4; 7; 5; 8; 6; 9).

The following problem has beenproved NP-complete in [13]. Let H be the hexagon
a;b;c;d;e;f (with edgesab;bc;cd;de;ef ; f a). Given a bipartite graph G containing H as
an induced subgraph,can the vertices of G be mapped to the verticesof H by an edge-
preservingmapping (a homomorphism)in which each vertex of H is mapped to itself (a
retraction)? We reducethis problem to the M 9-partition problem. First of all, we rename
the vertices of the hexagonH to 1; 7; 2; 8; 3; 9, instead of a;b;c;d;e;f , in this order (to
better correspond to the parts of M 9-partitions). We may assumethat the bipartite graph
G is two-colouredsothat vertices1; 2; 3 are white, and vertices7; 8; 9 are black. It is then
easyto seethat the desiredmapping must take white vertices of G to 1; 2; 3 and black
verticesof G to 7; 8; 9.

We �rst join all the black vertices to each other, to form a large clique. Additionally ,
we also add the three edgesjoining the white vertices 1; 2; 3 to each other. Finally, we
replace each white vertex by four independent vertices, and each black vertex by four
vertices in a clique. (The replacing vertices have the sameadjacenciesas the original
verticesthey replaced.) We call the resulting graph G0. It is easyto check that G admits
a retraction to H if and only if G0 hasan M 9-partition. Indeed,if f is an edge-preserving
mapping of V(G) to V(H ) in which f (i ) = i for i = 1; 2; 3; 7; 8; 9, then G0 admits an
M9-partition in which all verticesof G0 replacinga black vertex x of G or a white vertex
x not in H are placedin part f (x), while all verticesof G0, replacinga white vertex y of
H are placed in part f (y) + 3. Conversely, if G0 has an M 9-partition, then at least one
of any four verticesreplacinga white vertex x must be placedin parts 1; 2; 3; 4; 5; 6, and
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at least oneof any four verticesreplacinga black vertex y must be placedin parts 7; 8; 9.
Moreover, any vertex replacing a white vertex x of H must be placed in parts 1; 2; 3. It
is now easyto concludethat this implies that G admits a retraction to H . ut

Note that the matrix M 9 has three identical rows in both A and B.

6 Conclusions

Unfriendly matrices lead to problemsthat cannot be characterizedby �nitely many for-
bidden induced subgraphs. While many friendly matrices allow such characterizations,
including all small matrices (up to size�v e), we have shown that there are friendly ma-
trices for which such characterizationsare not possible,and friendly matrices for which
the partition problemsare NP-complete.

All three of our basic questionsremain open. The problem of whether the last two
questionsare equivalent for all matricesM is alsoopen (for matriceswithout 1's equiva-
lencefollows from [1, 28]).

References

[1] A. Atserias, \On digraph coloring problemsand treewidth duality", Proceedingsof
the 20th Annual IEEE Symposium on Logic in Computer Science(LICS 2005)106-
115.

[2] R. N. Ball, J. Ne�set�ril, and A. Pultr, \Dualities in full homomorphisms",mansucript
2006.

[3] A. Brandst•adt, P.L. Hammer,V. BangLe, and V.V. Lozin, \Bisplit graphs", Discrete
Math. 299(2005) 11 - 32.

[4] K. Cameron,E. E. Eschen, C. T. Hoangand R. Sritharan, \The list partition prob-
lem for graphs," Proc. 15th Annual ACM-SIAM Symposium on DiscreteAlgorithms
(SODA) 2004,391{399.

[5] Z.A. Chernyak andA.A. Chernyak, "Ab out recognizing(a;b)-classesof polar graphs",
DiscreteMath. 62 (1986) 133- 138.

[6] M. Chudnovsky, N. Robertson, P. Seymour, and R. Thomas, \The strong perfect
graph theorem", Annals of Math. 164(2006) 51 229.

[7] V. Chv�atal, \Star-cutsets and perfect graphs", J. Combinatorial Theory B 39 (1985)
189{199.

[8] Bruno Courcelle,\Graph Operations and Monadic Second-OrderLogic: A Survey",
LPAR 2000,20{24.

[9] S. Dantas, C.M.H. de Figueiredo, S. Gravier and S. Klein, \Finding H-partitions
e�cien tly", Theoret. Informatics Appl. 39 (2005) 133{144.

the electr onic journal of combina torics 14 (2007), #R58 15



[10] T. Federand P. Hell, \F ull constraint satisfactionproblems", SIAM J. on Computing
36 (2006) 230{246.

[11] T. Federand P. Hell, \Matrix partitions of perfect graphs", DiscreteApplied Math.
306(2006) 2450{ 2460.

[12] T. Feder and P. Hell, \List homomorphismsto re
exive graphs", J. Combinatorial
Theory B 72 (1998) 236{250.

[13] T. Feder, P. Hell, and J. Huang, \List homomorphismsand circular arc graphs",
Combinatorica 19 (1999) 487{505.

[14] T. Feder,P. Hell, and J. Huang, \Bi-arc graphsand the complexity of list homomor-
phisms", J. Graph Theory 42 (2003) 61{80.

[15] T. Federand P. Hell, \On realizationsof point determining graphs,and obstructions
to full homomorphisms",Discrete Math., in pressdoi:10.1016/j.disc.2006.11.026.

[16] T. Feder,P. Hell, S. Klein, and R. Motwani, \Complexit y of list partitions," SIAM
J. Discrete Mathematics16 (2003) 449{478.

[17] T. Feder, P. Hell, S. Klein, L. Nogueira, and F. Protti, \List matrix partitions of
chordal graphs", Theoretical Computer Science 349(2005) 52{66.

[18] T. Feder,P. Hell, D. Kr�al', and J. Sgall, \Tw o algorithms for list matrix partitions."
Proc. 16th Annual ACM-SIAM Symposium on Discrete Algorithms (SODA) 2005,
870{876.

[19] T. Feder, P. Hell, and K. Tucker-Nally, \Digraph matrix partitions and trigraph
homomorphisms",Discrete Applied Math. 154(2006) 2458{2469.

[20] T. Feder,P. Hell, and W. Hochst•attler, \Generalized colourings(matrix partitions)
of cographs",in Graph Theory in Paris (A. Bondy et al. editors), Trend in Math-
ematics,Birkh•auserVerlag, Basel(2006) 149{167.

[21] T. Federand M.Y. Vardi, \The computational structure of monotonemonadicSNP
and constraint satisfaction: a study through Datalog and group theory," SIAM J.
Comput. 28 (1998) 236{250.

[22] C. M. H. de Figueiredo,S. Klein, Y. Kohayakawa and B. Reed,\Finding skew par-
titions e�cien tly", J. Algorithms 37 (2000) 505{ 521.

[23] S. Foldesand P. Hammer, \Split graphs", Congr. Numer. 19 (1977) 311{315.

[24] P. Hell, S. Klein, L. Tito Nogueira,and F. Protti, \P artitioning chordal graphsinto
independent setsand cliques", Discrete Applied Math. 141(2004) 185-194.

[25] P. Hell, \F rom graph colouring to constraint satisfaction: there and back again", in
Topics in Discrete Mathematics , SpringerVerlagAlgorithms and Combinatorics
Series26 (2006) 407{ 432.

[26] P. Hell and J. Ne�set�ril, \On the complexity of H -coloring," J. Combinatorial Theory,
SeriesB 48 (1990), 92{110.

[27] P. Hell and J. Ne�set�ril, Graphs and Homomorphisms , Oxford University Press
2004.

the electr onic journal of combina torics 14 (2007), #R58 16



[28] B. Rossman,\Existential positive types and preservation under homomorphisms",
20th IEEE LICS (2005).

[29] R. E. Tarjan, \Decomposition by clique separators",Discrete Math. 55 (1985) 221{
232.

[30] N. Vikas, \Computational complexity of compaction to re
exive cycles," SIAM J.
on Computing 32 (2003) 253{ 280.

[31] W. Xie, \Obstructions to trigraph homomorphisms",M.Sc. Thesis,School of Com-
puting Science,Simon FraserUniversity 2006.

the electr onic journal of combina torics 14 (2007), #R58 17


