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Abstract

A at of a matroid is cyclic if it is a union of circuits; such ats form a lattice
under inclusion and, up to isomorphism, all lattices can be obtained this way. A
lattice is a Tr-lattice if all matroids whose lattices of cyclic ats are isomorphic
to it are transversal. We investigate somesu cien t conditions for a lattice to be
a Tr-lattice; a corollary is that distributiv e lattices of dimension at most two are
Tr-lattices. We give a necessarycondition: ead elemert in a Tr-lattice hasat most
two covers. We also give constructions that produce new Tr-lattices from known
Tr-lattices.

1 Intro duction

A at X of a matroid M is cyclic if the restriction M jX has no isthmuses. Ordered
by inclusion, the cyclic ats form a lattice, which we denoteby Z(M). Every lattice
is isomorphic to the lattice of cyclic ats of some (bi-transversal) matroid [4, 8]. (All
lattices consideredin this paper are nite.) Although M is determinedby its cyclic ats
and their ranks, in most casesZ (M), viewed as an abstract lattice, revealslittle about
M. Howeer, for certain lattices L, it is shavn in [1, 2] that if Z(M) is isomorphicto L,
then M is transversal; lattices with this property are transversallattices or Tr-lattices
In [4], lattices of width at most two are shovn to be Tr-lattices. In this paper we treat
more generalsu cien t conditionsfor a lattice to be a Tr-lattice and we prove a necessary
condition. More speci cally, Section 3 introducesMIl-orderable lattices (which include
distributiv e lattices of dimensionat most two) and shaws they are Tr-lattices; Section4
shows that ead elemen of a Tr-lattice has at most two covers. Lastly, Section5 gives
ways to construct new MI-orderable lattices (resp., Tr-lattices) from known Mil-orderable
lattices (resp., Tr-lattices).
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2 Background

We assumefamiliarity with basic matroid theory. Our notation and terminology for
matroid theory-follow [7]; for ordered sgtswe mostlyst;ollow [1(§. For a collection F of
sets,we write  (F) for the intersection ,,. X and (F) for , - X.

Recallthat any orderedsetP canbe enbeddedin a product of chains; the dimension
of P is the least number of chains for which there is sud an embedding. An antichain in
P is a collection of mutually incomparableelemernts of P. The width of P is the maximal
cardinality amongthe antichainsof P. We say y is a cover of x in P if x < y and there is
nozin P with x < z<y. An ideal in P isasubsetl of P sudhthat if x 2 |1 andy X,
theny 2 |; dually, F P isa lter if whenewerx 2 F andy x,theny 2 F. The
leastand greatestelemetts in a lattice are denoted and 1, respectively. The atoms of a
lattice are the elemerts that cover 0; dually, the coatoms are the elemers that 4 covers.

The lattice Z (M) of cyclic ats of M has the samejoin operation as the lattice of
ats: A_B = cl(A[ B). In cortrast to the lattice of ats, the meetoperation of Z (M)
might not be intersection: X ~ Y is the union of the circuits that are cortainedin X \ Y.

A matroid on a given setis determinedby its collection of cyclic ats and their ranks.
In somecaseswe will ignore the cyclic ats and instead focus on the ranks assignedto
the elemers of an abstract lattice; this is justied by the following special caseof [8,
Theorem1].

Prop osition 2.1 LetL be alattice. Given :L ! Z with

@ ®=0

(b) (x) < (y) wheneverx <y, and

) (x_y)+ (x"y) (x) + (y) wheneverx andy are incomparable,
there is a matroid M and an isomorphism :L! Z(M) with (X)=r (X) .

A key result we useto prove that certain lattices are (or are not) Tr-lattices is the
following characterization of transversal matroids, which was rst formulated by Mason
using cyclic setsand later re ned to cyclic ats by Ingleton [5]. (The statemert in [5] uses
all nonemply collectionsof cyclic ats, but an elemeiary argumen showsthat it su ces
to considernonempty antichains of cyclic ats.)

Prop osition 2.2 A matroid M is transversalif and only if for everynonemptyantichain
r (A) ( DFr o (F): (M1)
FA

It follows from the description of joins in Z (M) that the right sidein this inequality
can be replacedby the correspnding alternating sum of ranks of joins of cyclic ats.
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Sincethe complemetts of the ats of a matroid are the unions of its cocircuits, X is
acyclic at of M if andonlyif E(M) X isacyclic at ofthe dual, M . Thus,Z(M )
is isomorphicto the order dual of Z (M).

Let S and E be the least and greatestcyclic ats of M. Note that for X 2 Z (M),
the lattice Z (M jX) is the interval [S;X] in Z(M); dually, Z (M=X) is isomorphicto the
interval [X;E] in Z(M) via the isomorphismY 7! Y [ X. (The lattices of cyclic ats of
other minors are not as simple to descrike.)

3 Sucien t conditions for a lattice to be a Tr-lattice

The main result of this section, Theorem 3.2, implies that if the ordering property in the
following de nition holds for all antichains of a lattice L, then L is a Tr-lattice.

De nition 3.1 For an antichain A in a lattice L, an MI-ordering of A is a permutation

() a_a+1_ _a=a_aforl i<k tand

(i) (™ @™ "a)_aw = a_ & for 1< k<t.
An antichain is Ml-orderable if it hasan Ml-ordering. A lattice is MI-orderable if each
of its antichains is Ml-orderable.

Theorem 3.2 Let M be a matroid.
(i) Each Ml-orderableantichain in Z (M) satis es inequality (MI).

(i) If Z(M) is Ml-orderable,then M and all of its minors are transversal.

We prove Theorem 3.2 via a sequenceof lemmas. (The meetand join operationsin
the next lemmaand other resultsarein Z(M).)

(AL AN N AK) _ Aksr = Ax _ Ax+1 Wheneverl k< t. Thenfor k with k  t,
Xk X1
r(As\ A\ Ay r(Ai) r(Ai [ Ai): 1)
i=1 i=1
Proof. Induct on k. Equality holdsfor k = 1. For the inductive step, inequality (1) and
the semimalular inequality appliedto A;\ A\ \ A¢ and Ayg41 give
Kl K1
r(A;\ Az\ \ Akar) +r (AN Az \ A [ Ak r(A) r(Ai[ Ai+1);
i=1 i=1

soif weshavr (Ap\ A\ \ AW [ Ax+s1 = r(Ax[ Ak+1), then the inequality we want
follows. This equality holds sinceA; » A, » NA AL\ AN \ Ay, Ay and
(AN AN NAK) _ A = Ak _ Aga . 2
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Lemma 3.4 An antichain A in Z(M) satis es inequality (MI) if it can be ordered as

@ Ai _ A1 _ A=A _Agwheneverl i<k tand
, Py Py
@) r(Az\ Ax\ \ AY) -1 T(A) iz1 T(A [ Aji).
Proof. Assumeproperties (i) and (i) hold. For1 i | t, set
Aj =fF :F A;i=min(k : Ac2 F); andj = max(k : Ax 2 F)g:

S
Thus,if F 2 Ajj, thencl (F) = A;j_A;. Ifj > i+ 1, then the terms on the right side
of inequality (MI) that arisefrom the setsin A;; cancelsincethere is a parity-switching
involution of Aj;: x kwith i < k< j andlet

(F) = F [ fAcg, if A 62F;
B F fAkg; IfAk2F

Thus, inequality (MI) reducesto the inequality that is assumedn property (ii). 2

The lemmas above shov that MI-orderable lattices are Tr-lattices. To prove the
stronger assertionin part (ii) of Theorem 3.2, we shav in Lemma 3.6 that if the an-
tichains in Z (M) satisfy the hypothesesof Lemma 3.4, then the sameis true for any
single-elemendeletion M nx or cortraction M =x. (Unlik e the hypothesesof Theorem3.2,
condition (ii) in Lemma3.4is not a lattice-theoretic property.) We will usethe following
lemma about the cyclic ats of M nx and M=x; the statemen is evidert for M nx and
follows for M=x by an elememary duality argumert.

Lemma 3.5 For an elementx of M and a cyclic at A of either M nx or M =x, the at
A = cly (A) of M s cyclic; furthermore, A is either A or A[ X.

Lemma 3.6 If eachantichain in Z(M) can be ordered so that properties (i) and (ii) of
Lemma 3.4 hold, then the sameis true for each antichain in Z (M nx) and each antichain
in Z(M=x).

Proof. We usethe notation A of Lemma3.5. Let A bean antichainin Z (M =x). Note that

of A sothat the following properties hold:
Ai _ A _ _A=A A forl i<k (2)

X1 Xt
rm (AN AN\ A+ rm (Ai [ A1) rm (Aj): 3)

i=1 i=1
SinceA; = cly (A;) and sincethe join A_B in Z(M) iscly (A [ B), by equation (2)
Ai [ Ais [ [ Ax and A; [ A have the sameclosurein M, and soin M=x; thus,
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asneeded,A;i Ajs1 . _Ac = A _A¢in Z(M=x). The rank inequality in M=x is
immediateif x is aloop of M, soassumethis is not the case.Assumex is in exactly h of

Xt Xt
h+  ru=(A) = v (Aj):
i=1 i=1
That x must bein at leasth of the setsA;\ As\ \ A and A; [ Aj.1 gives
X 1
h+ ru=(A1\ A\ Ay + Fma=x(Ai [ Ajs)
i=1
x 1
rm (AN A\ VA + rm (Ai [ Ajsr):

i=1

The last two conclusionsand inequality (3) give the courterpart of inequality (3) in M =x

We omit the (similar) proof for Z(Mnx). (Deletions of transversal matroids are
transversal, so only the result about Z (M =x) is neededto prove Theorem3.2.) 2

The lemmasabove completethe proof of Theorem 3.2.

Corollary 3.7 If each sublattiee of Z(M) that is geneated by an antichain of Z(M) is
distributive and hasdimensionat mosttwo, then M and all of its minors, aswel astheir
duals, are transversal.

Proof. Recallthat Z(M ) is isomorphicto the order dual of Z(M), soM satis es the
hypothesesif and only if M does. Thus, it su ces to show that for a lattice L, if ead
sublattice that is generatedby an antichain is distributiv e and has dimensionat most
two, then L is Ml-orderable. Let A be an antichain of L. View the sublattice A generates

X1 > Xo > > X;; thus,y; < y, < < y. Clearly a _aj:1 _ a & a.
Let & _ a be (p;g). Thus,p x;andq VYi, so(p;q) (X;:;y) fori k, and
S0a _ &+ _  _ & = & _ a, asneeded. By the distributiv e law, property (ii) of
De nition 3.1canbewritten as(a; _ ak+1) " (a2 _ ax+1) N N (e ak+1) = A _ A1,
this holdssincea;  ax+1 = @ _ @+1 & as1 & _axsg forl i k. 2

We closethis sectionby noting that if N is a minor of M and Z (M) is Ml-orderable,
Z (N) neednot be MI-orderable; indeed,Z (N) might not even be a Tr-lattice. Consider
the matroid M in Figure 1. The isomorphiclattices Z(M) and Z (M ) are Ml-orderable.
A direct chedk (or Theorem 5.1) shows that Z(M=x) (also shavn in Figure 1) is MI-
orderable. Howewer, by Theorem 4.1, its order dual, Z (M nx), is not a Tr-lattice. This
examplealso shaws that the minor-closedclassesof matroids descrited in Theorems3.2
and Corollary 3.7 are not determined by lattice-theoretic properties that apply to the
lattices of cyclic ats of all matroids in theseclasses.
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Figure 1: The lattice of cyclic ats of a matroid M and that of M =x.

M Z(M) Z(M/x)

4 A necessary condition for alattice to be a Tr-lattice

Property (ii) in De nition 3.1 forcesead elemen of an Ml-orderable lattice to have no
more than two covers. We now shaw that the sameis true of any Tr-lattice.

Theorem 4.1 Eachelementof a Tr-lattice has at most two covers.

Proof. Let the elemen x of a lattice L have at leastthree covers. We prove that L is not
a Tr-lattice by de ning afunction :L ! Z sothat properties(a){(c) in Proposition 2.1
hold and inequality (MI) fails. Fory 2 L, let F, be the principal lter fu :u ygin L.
Thus, the sublattice F, of L hasat leastthree atoms.

Dene %:L! Zby qQy)= L F,. It follows easilythat ° satis es properties
(@){(c) in Proposition 2.1. For u;v;w 2 F, fxg, let

m(u;viw) = qu)+ W)+ w)  u_v) Yu_w)  v_w)+ Qu_v_w)  Yx):
By inclusion-exclusionm(u;v;w) = jF,  (Fu[ Fv[ Fw)j. Set
k= minfm(u;v;w) : u;v;w> xg=jFyj maxt F,[ F,[ Fy : u;v;w> Xg:

Thus, k is the minimal sizeof the complemem, in F,, of the union of three proper principal
Iters in Fx. Note that if k = m(u;v;w), then u;v;w are distinct covers of x. De ne
L' Zhby

_ Ay ify x,
(v) = Ay) k 1, otherwise

Clearly satis es property (a) of Proposition 2.1. Properties (b) and (c) for follow from
thesepropertiesfor °exceptin two cases:

h (W< (oify<z,y x,andz6 x, and
iy )+ (2 (y_20+ (yr2)ify6 x,z6 x,andy™z X.
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(a) (b) (c)

Figure 2: (a) The lattice Lg. (b) An exampleof the generalizationof Lg. (c) A lattice L,
obtained from an ideal in a product of two three-elemenh chains.

Similar argumerts apply in these cases,so we addressjust the second. Thus, assume
y6 x,z6 x,andy”™ z x. The inequality in statemen (ii), when simpli ed, is
jFy».  (Fy[ F2)j k+ 1. That (Fy[ F,)\ Fy is the union of two principal lters, F,
and F, 4, both properly cortained in Fy, givesjF, (Fy[ F;)j k+ 1; the required
inequality follows sinceFy  Fya,.

Let M be a matroid arising from L and asin Proposition 2.1. Fix u;v;w with
k = m(u;v;w) andlet U, V, andW bethe correspndingcyclic ats of M. The de nitions
ofmand give

FU)+ r(V)+r(W) r(U[V) r(U[W) r(V[W)+r(U[ V[ W)=r(X) L

Sincer(X) r(U\ V\ W), it follows that the antichain fU;V;Wg of Z(M) doesnot
satisfy inequality (MI). Thus, M is not transversal,soL is not a Tr-lattice. 2

A matroid M is nestal if Z(M) is a chain. Thesematroids have arisen many times
in a variety of cortexts (see[3, Section 4] for more information). That Z(M N) is
isomorphicto the product Z(M) Z(N) givesthe following corollary.

Corollary 4.2 If Z(M) is a Tr-lattice, then the matroid obtained from M by deleting
all loops and isthmusesis either a direct sum of at most two nestel matroids or it is
connected.

5 Examples and constructions

Acketa [2] proved that the lattice Lg in Figure 2(a) is a Tr-lattice but its order dual is
not. (This and the other results and conjecturesin [1, 2] are easily addressedby the
results above.) Note that Lg and the lattice in Figure 2(b) are in an in nite family of
Ml-orderable lattices, the de ning properties of which arethat the interval between and
any coatomis a chain, and for oneof thesechains (e.g.,the left-most chain in Figure 2(b)),
all other sud chainsintersectit in di erent initial segmets.

Sublattices of MI-orderable lattices are clearly MI-orderable. The next result gives
another simple construction for Ml-orderable lattices. (SeeFigure 2(c).)
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F,

Figure 3: Three nonplanar Tr-lattices; only D¢ is MI-orderable.

Theorem 5.1 For anyideal I in an Ml-orderablelattice L, the lattice L, induced on the
setl [ fig by the sameorder is Ml-orderable.

Proof. Each antichain A of L, is an antichain of L; order A sothat properties (i) and (i)

z 2 |, then z is the join of eat of thesesetsin L, otherwiseboth setshave join 1in L, .
Thus, property (i) holdsin L,. The sameideasshawv that property (i) holdsin L, since
the meet operationsare idertical in L and L. 2

Recallthat the linear (or ordinal) sum of partial ordersP and Q, whereP and Q are
disjoint, is the orderon P [ Q in which the restriction to P (resp., Q) is the order on P
(resp., Q) and all elemens of P are lessthan all elemens of Q. Note that the classof
MI-orderable lattices is closedunder linear sumsand under the closely-relatedoperation
that, given lattices L and L° forms the Hassediagram of the new lattice from those of
L and L%by identifying the greatestelemen of L with the leastelemen of LC It follows
from Theorem 5.4 below that the sameresults hold for Tr-lattices. By Theorem4.1, the
classof MI-orderable lattices and that of Tr-lattices are not closedunder direct products.

We next treat three particular Tr-lattices of dimension 3, only one of which is MI-
orderable. Theselattices, which are shavn in Figure 3, are amongthe forbidden sublat-
ticesfor planar lattices (see[6]). (No other forbidden sublatticesfor planar lattices satisfy
the necessarycondition for Tr-lattices given in Theorem4.1.)

Theorem 5.2 The lattice D¢ is Ml-orderable. The lattices Fo and C are Tr-lattic es but
are not Ml-orderable.

Proof. Note that ead antichain with one or two elemens is MI-orderable. From this
remark, the MI-orderablelattice in Figure 2(c), and the MI-ordering b;a; c of the antichain
fa;b;cg of DY, it follows that DY is Ml-orderable.

In the lattice Fy, the only antichains with more than two elemets are fA; S;X g,
fX;T;Dg, and fX;A;Dg. The rst two are Ml-orderable (ordered as written), so we
needonly show that in any matroid M for which Z (M) is isomorphicto Fy, the ats that
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correspnd to X; A; D (for which we usethe samenotation) satisfy inequality (Ml), that
is,r(X)+r(A)+r(D) r(R) r(E) r(X\ A\ D). By semimalularity,

r(A)+r(S) r(E)+r(A\ 9S):
The inclusionsT A\ S Sgivecl (A\ S)[ X =R, so
r(A\ S)+r(X) r(R)+r(A\ S\ X):
The inclusionsU A\ S\ X Sgivecl (A\ S\ X)[ D =S, so
r(A\ S\ X)+r(D) r(S)+r(A\ S\ X\ D):

Note that A\ S\ X\ D isA\ X \ D. Adding the three inequalities and simplifying
yields the desiredinequality.

A similar argumen appliesto the lattice C, for which it su ces to considerthe an-
tichains fA;B;Yg, fA;W;Yq, fB;V;Yqg, and fV;W;Yg. The last three are listed in
Mi-orderings. For fA;B;Yg, apply semimalularity to the pairs fA; Sg, fA\ S;Bg,
and fA\ S\ B;Yg; the inclusionsV A\ S SandT A\ S\ B S give
cl (A\ S)[ B = Eandcl (A\ S\ B)[ Y = S; add the resulting inequalities and
cancelthe commonterms to get inequality (MI) for fA; B;Yg. 2

We now considertwo operations for producing new Tr-lattices. Given lattices L, and
L,, let L; L, bethe lattice on (L1[ Lo[ f0;%g) %, ;% ,9with x vy if and only if
() y = 1%, or (i) x = 0, or (iii) for somei 2 f1;2g, both x andy arein L; andx vy in
L;. Figure 4(a) illustrates this operation; note that the unique four-elemen antichain in
this lattice is not Ml-orderable.

Theorem 5.3 If L; and L, are Tr-lattices,thensois L; L.

The proofs of Theorems5.3 and 5.4 are similar, so we prove only the latter, which
concerndexicographicsums|[10, Section1.10]. Let L bealattice andletL = (Ly : x 2 L)
be a family of lattices that is indexedby the elemerts of L. The lexicographicsumL L
is de ned onthe setf(x;a) : x 2 L; a2 Lyg; the orderis givenby (x;a) (y;b if and
only if either (i) x < yinL or (i) x=yanda bin L. Figure 4(b) illustrates this
operation. It is easyto seethat L L is not necessarilyMI-orderable even if all of the
constituert lattices are.

Theorem 5.4 If L haswidth at mosttwo and if L = (Ly : x 2 L) is a family of
Tr-lattices,thenL L is a Tr-lattice.

Proof. Let :Z(M)! L L beanisomorphism. We must shav that any antichain A
in Z (M) satis es inequality (MI).

ForF 2 Z(M), let ((F) bethe rst componert of (F); thus, 1(F) 2 L. For
x2 1(A), setAy,=fF : F 2 A; 1(F) = xg. SinceL haswidth at mosttwo and A is
an antichain in Z (M), there are at most two sud sets;thesesetspartition A.
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(@) (b)

Figure 4: (a) The lattice L; L, whereL; and L, are Booleanlattices on two elemeits.
(b) A lexicographicsum;the indexing lattice is a Booleanlattice on two elemeits.

Foru2 L, let Z, and E, bethe leastand greatest ats F 2 Z(M) with (F) = u.
Thus,if ;(A)=uand 1(B)=vwithué v,thenA_B =27, ,andA”" B = Ey, by
the de nition of L L.

Letx bein ;(A). Notethat Z (M jE,=Z) isisomorphicto Ly, SOM jJE,=Z, istransver-
sal. Applying Proposition 2.2to the antichainfA Z, : A 2 A,gof Z(MjE,=Z), writing
the resulting inequality in terms of the rank function of M, and simplifying gives

\ X o
r (A ( DF%r o (F): (4)

FA x

This is inequality (MI) for A if j 1(A)] = 1. Assume,instead, ;(A) = fx;yg. The
courterpart of inequality (4) holdswith Ay in placeof A,. Sincer(X [ Y) = r(Z4 y) for
any X 2 LyandY 2 Ly,

| | X |
( DF%r o (F) ( DFr o (F) + ( DFr o (F)
FA FA x FAy

X o [
+ (PRI T (RO (Fy)

Fx A x;Fx6;
Fy A y,Fy6;

X | X |
=T (YT R+ (DT (R)
FA FAYy
X o X o
r(Zx_y) ( 1Fd (1)
Fx A x;Fx6; Fy A y,Fy6;

soinequality (4) and semimalularity give

\ \ \
( DFr [ (F) r (A) +r (Ay) r(Zy) r (A):
FA
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Thus, inequality (MI) holds, as needed. 2

We closeby noting that, by duality, if L haswidth at mosttwoandif L = (Ly : x 2 L)
is a family of bi-transversal lattices (i.e., all lattices in L and their order duals are Tr-
lattices), then L L is bi-transversal.
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