
TransversalLattices

JosephE. Bonin
Department of Mathematics

The GeorgeWashington University
Washington, D.C. 20052,USA

jbonin@gwu.edu

Submitted: Sep26, 2007;Accepted: Jan 7, 2008;Published: Jan 14, 2008
Mathematics Subject Classi�cation: 05B35

Abstract

A 
at of a matroid is cyclic if it is a union of circuits; such 
ats form a lattice
under inclusion and, up to isomorphism, all lattices can be obtained this way. A
lattice is a Tr-lattice if all matroids whose lattices of cyclic 
ats are isomorphic
to it are transversal. We investigate somesu�cien t conditions for a lattice to be
a Tr-lattice; a corollary is that distributiv e lattices of dimension at most two are
Tr-lattices. We give a necessarycondition: each element in a Tr-lattice has at most
two covers. We also give constructions that produce new Tr-lattices from known
Tr-lattices.

1 In tro duction

A 
at X of a matroid M is cyclic if the restriction M jX has no isthmuses. Ordered
by inclusion, the cyclic 
ats form a lattice, which we denote by Z (M ). Every lattice
is isomorphic to the lattice of cyclic 
ats of some(bi-transversal) matroid [4, 8]. (All
lattices consideredin this paper are �nite.) Although M is determinedby its cyclic 
ats
and their ranks, in most casesZ (M ), viewed as an abstract lattice, reveals little about
M . However, for certain lattices L, it is shown in [1, 2] that if Z (M ) is isomorphic to L,
then M is transversal; lattices with this property are transversallattices or Tr-lattices.
In [4], lattices of width at most two are shown to be Tr-lattices. In this paper we treat
more generalsu�cien t conditions for a lattice to be a Tr-lattice and we prove a necessary
condition. More speci�cally, Section 3 introducesMI-orderable lattices (which include
distributiv e lattices of dimensionat most two) and shows they are Tr-lattices; Section4
shows that each element of a Tr-lattice has at most two covers. Lastly, Section 5 gives
ways to construct new MI-orderable lattices (resp.,Tr-lattices) from known MI-orderable
lattices (resp., Tr-lattices).
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2 Background

We assumefamiliarit y with basic matroid theory. Our notation and terminology for
matroid theory follow [7]; for ordered sets we mostly follow [10]. For a collection F of
sets,we write

T
(F ) for the intersection

T
X 2F X and

S
(F ) for

S
X 2F X .

Recall that any orderedset P can be embeddedin a product of chains; the dimension
of P is the least number of chains for which there is such an embedding. An antichain in
P is a collection of mutually incomparableelements of P. The width of P is the maximal
cardinality amongthe antichains of P. We say y is a cover of x in P if x < y and there is
no z in P with x < z < y. An ideal in P is a subsetI of P such that if x 2 I and y � x,
then y 2 I ; dually, F � P is a �lter if whenever x 2 F and y � x, then y 2 F . The
least and greatestelements in a lattice are denoted0̂ and 1̂, respectively. The atoms of a
lattice are the elements that cover 0̂; dually, the coatoms are the elements that 1̂ covers.

The lattice Z (M ) of cyclic 
ats of M has the samejoin operation as the lattice of

ats: A _ B = cl(A [ B). In contrast to the lattice of 
ats, the meet operation of Z (M )
might not be intersection: X ^ Y is the union of the circuits that are contained in X \ Y .

A matroid on a given set is determinedby its collection of cyclic 
ats and their ranks.
In somecaseswe will ignore the cyclic 
ats and instead focus on the ranks assignedto
the elements of an abstract lattice; this is justi�ed by the following special caseof [8,
Theorem1].

Prop osition 2.1 Let L be a lattice. Given � : L ! Z with

(a) � (0̂) = 0,

(b) � (x) < � (y) wheneverx < y, and

(c) � (x _ y) + � (x ^ y) � � (x) + � (y) wheneverx and y are incomparable,

there is a matroid M and an isomorphism� : L ! Z (M ) with � (x) = r
�
� (x)

�
.

A key result we use to prove that certain lattices are (or are not) Tr-lattices is the
following characterization of transversal matroids, which was �rst formulated by Mason
usingcyclic setsand later re�ned to cyclic 
ats by Ingleton [5]. (The statement in [5] uses
all nonempty collectionsof cyclic 
ats, but an elementary argument shows that it su�ces
to considernonempty antichains of cyclic 
ats.)

Prop osition 2.2 A matroid M is transversalif and only if for everynonemptyantichain
A in Z (M ),

r
� \

(A )
�

�
X

F �A

(� 1)jF j+1 r
� [

(F )
�
: (MI)

It follows from the description of joins in Z (M ) that the right side in this inequality
can be replacedby the corresponding alternating sum of ranks of joins of cyclic 
ats.
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Sincethe complements of the 
ats of a matroid are the unions of its cocircuits, X is
a cyclic 
at of M if and only if E(M ) � X is a cyclic 
at of the dual, M � . Thus, Z (M � )
is isomorphic to the order dual of Z (M ).

Let S and E be the least and greatest cyclic 
ats of M . Note that for X 2 Z (M ),
the lattice Z (M jX ) is the interval [S;X ] in Z (M ); dually, Z (M =X) is isomorphicto the
interval [X ; E] in Z (M ) via the isomorphismY 7! Y [ X . (The lattices of cyclic 
ats of
other minors are not as simple to describe.)

3 Su�cien t conditions for a lattice to be a Tr-lattice

The main result of this section,Theorem3.2, implies that if the ordering property in the
following de�nition holds for all antichains of a lattice L, then L is a Tr-lattice.

De�nition 3.1 For an antichain A in a lattice L, an MI-ordering of A is a permutation
a1; a2; : : : ; at of A so that

(i) ai _ ai +1 _ � � � _ ak = ai _ ak for 1 � i < k � t and

(ii) (a1 ^ a2 ^ � � � ^ ak) _ ak+1 = ak _ ak+1 for 1 < k < t.

An antichain is MI-orderable if it has an MI-ordering. A lattice is MI-orderable if each
of its antichains is MI-orderable.

Theorem 3.2 Let M be a matroid.

(i) Each MI-orderableantichain in Z (M ) satis�es inequality (MI).

(ii) If Z (M ) is MI-orderable, then M and all of its minors are transversal.

We prove Theorem 3.2 via a sequenceof lemmas. (The meet and join operations in
the next lemma and other results are in Z (M ).)

Lemma 3.3 Let A1; A2; : : : ; A t be an antichain of cyclic 
ats in a matroid M such that
(A1 ^ A2 ^ � � � ^ Ak) _ Ak+1 = Ak _ Ak+1 whenever1 � k < t. Then for k with k � t,

r (A1 \ A2 \ � � � \ Ak) �
kX

i =1

r (A i ) �
k� 1X

i =1

r (A i [ A i +1 ): (1)

Proof. Induct on k. Equality holds for k = 1. For the inductive step, inequality (1) and
the semimodular inequality applied to A1 \ A2 \ � � � \ Ak and Ak+1 give

r (A1 \ A2 \ � � � \ Ak+1 ) + r
�
(A1 \ A2 \ � � � \ Ak) [ Ak+1

�
�

k+1X

i =1

r (A i ) �
k� 1X

i =1

r (A i [ A i +1 );

so if we show r
�
(A1 \ A2 \ � � � \ Ak) [ Ak+1

�
= r (Ak [ Ak+1 ), then the inequality we want

follows. This equality holds since A1 ^ A2 ^ � � � ^ Ak � A1 \ A2 \ � � � \ Ak � Ak and
(A1 ^ A2 ^ � � � ^ Ak) _ Ak+1 = Ak _ Ak+1 . 2
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Lemma 3.4 An antichain A in Z (M ) satis�es inequality (MI) if it can be ordered as
A1; A2; : : : ; A t with

(i) A i _ A i +1 _ � � � _ Ak = A i _ Ak whenever1 � i < k � t and

(ii) r (A1 \ A2 \ � � � \ A t ) �
P t

i =1 r (A i ) �
P t � 1

i =1 r (A i [ A i +1 ).

Proof. Assumeproperties (i) and (ii) hold. For 1 � i � j � t, set

A i;j = fF : F � A ; i = min(k : Ak 2 F ); and j = max(k : Ak 2 F )g:

Thus, if F 2 A i;j , then cl
� S

(F )
�

= A i _ A j . If j > i + 1, then the terms on the right side
of inequality (MI) that arise from the setsin A i;j cancelsincethere is a parity-switching
involution � of A i;j : �x k with i < k < j and let

� (F ) =
�

F [ f Akg; if Ak 62F ;
F � f Akg; if Ak 2 F .

Thus, inequality (MI) reducesto the inequality that is assumedin property (ii). 2

The lemmas above show that MI-orderable lattices are Tr-lattices. To prove the
stronger assertion in part (ii) of Theorem 3.2, we show in Lemma 3.6 that if the an-
tichains in Z (M ) satisfy the hypothesesof Lemma 3.4, then the sameis true for any
single-element deletion M nx or contraction M =x. (Unlike the hypothesesof Theorem3.2,
condition (ii) in Lemma3.4 is not a lattice-theoretic property.) We will usethe following
lemma about the cyclic 
ats of M nx and M =x; the statement is evident for M nx and
follows for M =x by an elementary duality argument.

Lemma 3.5 For an elementx of M and a cyclic 
at A of either M nx or M =x, the 
at
�A = clM (A) of M is cyclic; furthermore, �A is either A or A [ x.

Lemma 3.6 If each antichain in Z (M ) can be ordered so that properties (i) and (ii) of
Lemma 3.4 hold, then the sameis true for each antichain in Z (M nx) and each antichain
in Z (M =x).

Proof. Weusethe notation �A of Lemma3.5. Let A bean antichain in Z (M =x). Note that
f �A : A 2 Ag is an antichain in Z (M ). By hypothesis,there is an ordering A1; A2; : : : ; A t

of A so that the following properties hold:

�A i _ �A i +1 _ � � � _ �Ak = �A i _ �Ak ; for 1 � i < k � t; (2)

rM ( �A1 \ �A2 \ � � � \ �A t ) +
t � 1X

i =1

rM ( �A i [ �A i +1 ) �
tX

i =1

rM ( �A i ): (3)

Since �A j = clM (A j ) and since the join A _ B in Z (M ) is clM (A [ B), by equation (2)
A i [ A i +1 [ � � � [ Ak and A i [ Ak have the sameclosure in M , and so in M =x; thus,
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as needed,A i _ A i +1 _ � � � _ Ak = A i _ Ak in Z (M =x). The rank inequality in M =x is
immediate if x is a loop of M , soassumethis is not the case.Assumex is in exactly h of
the cyclic 
ats �A1; �A2; : : : ; �A t of M . Thus,

h +
tX

i =1

rM =x(A i ) =
tX

i =1

rM ( �A i ):

That x must be in at least h of the sets �A1 \ �A2 \ � � � \ �A t and �A i [ �A i +1 gives

h + rM =x(A1 \ A2\ � � � \ A t ) +
t � 1X

i =1

rM =x(A i [ A i +1 )

� rM ( �A1 \ �A2 \ � � � \ �A t ) +
t � 1X

i =1

rM ( �A i [ �A i +1 ):

The last two conclusionsand inequality (3) give the counterpart of inequality (3) in M =x
for A1; A2; : : : ; A t , as needed.

We omit the (similar) proof for Z (M nx). (Deletions of transversal matroids are
transversal,so only the result about Z (M =x) is neededto prove Theorem3.2.) 2

The lemmasabove completethe proof of Theorem3.2.

Corollary 3.7 If each sublattice of Z (M ) that is generated by an antichain of Z (M ) is
distributive and hasdimensionat most two, then M and all of its minors, as well as their
duals, are transversal.

Proof. Recall that Z (M � ) is isomorphic to the order dual of Z (M ), so M � satis�es the
hypothesesif and only if M does. Thus, it su�ces to show that for a lattice L, if each
sublattice that is generatedby an antichain is distributiv e and has dimension at most
two, then L is MI-orderable. Let A be an antichain of L. View the sublattice A generates
as a suborder of N2 and list the elements of A as a1; a2; : : : ; at where ai = (x i ; yi ) with
x1 > x2 > � � � > xt ; thus, y1 < y2 < � � � < yt . Clearly ai _ ai +1 _ � � � _ ak � ai _ ak .
Let ai _ ak be (p;q). Thus, p � x i and q � yk , so (p;q) � (x j ; yj ) for i � j � k, and
so ai _ ai +1 _ � � � _ ak = ai _ ak , as needed. By the distributiv e law, property (ii) of
De�nition 3.1 can be written as (a1 _ ak+1 ) ^ (a2 _ ak+1 ) ^ � � � ^ (ak _ ak+1 ) = ak _ ak+1 ;
this holds sinceai _ ak+1 = ai _ ai +1 _ � � � _ ak _ ak+1 � ak _ ak+1 for 1 � i � k. 2

We closethis sectionby noting that if N is a minor of M and Z (M ) is MI-orderable,
Z (N ) neednot be MI-orderable; indeed,Z (N ) might not even be a Tr-lattice. Consider
the matroid M in Figure 1. The isomorphic lattices Z (M ) and Z (M � ) are MI-orderable.
A direct check (or Theorem 5.1) shows that Z (M =x) (also shown in Figure 1) is MI-
orderable. However, by Theorem 4.1, its order dual, Z (M � nx), is not a Tr-lattice. This
examplealso shows that the minor-closedclassesof matroids described in Theorems3.2
and Corollary 3.7 are not determined by lattice-theoretic properties that apply to the
lattices of cyclic 
ats of all matroids in theseclasses.
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Figure 1: The lattice of cyclic 
ats of a matroid M and that of M =x.

4 A necessary condition for a lattice to be a Tr-lattice

Property (ii) in De�nition 3.1 forceseach element of an MI-orderable lattice to have no
more than two covers. We now show that the sameis true of any Tr-lattice.

Theorem 4.1 Each elementof a Tr-lattice hasat most two covers.

Proof. Let the element x of a lattice L have at least three covers. We prove that L is not
a Tr-lattice by de�ning a function � : L ! Z sothat properties (a){(c) in Proposition 2.1
hold and inequality (MI) fails. For y 2 L, let Fy be the principal �lter f u : u � yg in L.
Thus, the sublattice Fx of L hasat least three atoms.

De�ne � 0 : L ! Z by � 0(y) =
�
�L � Fy

�
� . It follows easily that � 0 satis�es properties

(a){(c) in Proposition 2.1. For u; v; w 2 Fx � f xg, let

m(u; v; w) = � 0(u) + � 0(v) + � 0(w) � � 0(u _ v) � � 0(u _ w) � � 0(v _ w) + � 0(u _ v _ w) � � 0(x):

By inclusion-exclusion,m(u; v; w) = jFx � (Fu [ Fv [ Fw)j. Set

k = minf m(u; v; w) : u; v; w > xg = jFx j � maxf
�
�Fu [ Fv [ Fw

�
� : u; v; w > xg:

Thus,k is the minimal sizeof the complement, in Fx , of the union of threeproper principal
�lters in Fx . Note that if k = m(u; v; w), then u; v; w are distinct covers of x. De�ne
� : L ! Z by

� (y) =
�

� 0(y); if y � x,
� 0(y) � k � 1; otherwise:

Clearly � satis�es property (a) of Proposition 2.1. Properties(b) and (c) for � follow from
theseproperties for � 0 except in two cases:

(i) � (y) < � (z) if y < z, y � x, and z 6� x, and

(ii) � (y) + � (z) � � (y _ z) + � (y ^ z) if y 6� x, z 6� x, and y ^ z � x.
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Figure 2: (a) The lattice L 8. (b) An exampleof the generalizationof L 8. (c) A lattice L I

obtained from an ideal in a product of two three-element chains.

Similar arguments apply in these cases,so we addressjust the second. Thus, assume
y 6� x, z 6� x, and y ^ z � x. The inequality in statement (ii), when simpli�ed, is
jFy^ z � (Fy [ Fz)j � k + 1. That (Fy [ Fz) \ Fx is the union of two principal �lters, Fy_ x

and Fz_ x , both properly contained in Fx , gives jFx � (Fy [ Fz)j � k + 1; the required
inequality follows sinceFx � Fy^ z.

Let M be a matroid arising from L and � as in Proposition 2.1. Fix u; v; w with
k = m(u; v; w) and let U, V , andW bethe correspondingcyclic 
ats of M . The de�nitions
of m and � give

r (U) + r (V) + r (W) � r (U [ V) � r (U [ W) � r (V [ W) + r (U [ V [ W) = r (X ) � 1:

Sincer (X ) � r (U \ V \ W), it follows that the antichain f U;V; Wg of Z (M ) doesnot
satisfy inequality (MI). Thus, M is not transversal, soL is not a Tr-lattice. 2

A matroid M is nested if Z (M ) is a chain. Thesematroids have arisen many times
in a variety of contexts (see[3, Section 4] for more information). That Z (M � N ) is
isomorphic to the product Z (M ) � Z (N ) givesthe following corollary.

Corollary 4.2 If Z (M ) is a Tr-lattice, then the matroid obtained from M by deleting
all loops and isthmusesis either a direct sum of at most two nested matroids or it is
connected.

5 Examples and constructions

Acketa [2] proved that the lattice L 8 in Figure 2(a) is a Tr-lattice but its order dual is
not. (This and the other results and conjecturesin [1, 2] are easily addressedby the
results above.) Note that L 8 and the lattice in Figure 2(b) are in an in�nite family of
MI-orderable lattices, the de�ning propertiesof which are that the interval between0̂ and
any coatomis a chain, and for oneof thesechains(e.g., the left-most chain in Figure 2(b)),
all other such chains intersect it in di�erent initial segments.

Sublattices of MI-orderable lattices are clearly MI-orderable. The next result gives
another simple construction for MI-orderable lattices. (SeeFigure 2(c).)
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Figure 3: Three nonplanar Tr-lattices; only D d is MI-orderable.

Theorem 5.1 For any ideal I in an MI-orderablelattice L, the lattice L I induced on the
set I [ f 1̂g by the sameorder is MI-orderable.

Proof. Each antichain A of L I is an antichain of L; order A sothat properties (i) and (ii)
of De�nition 3.1 hold in L. Let z be the join of f ai ; ai +1 ; : : : ; akg and of f ai ; akg in L. If
z 2 I , then z is the join of each of thesesetsin L I , otherwiseboth setshave join 1̂ in L I .
Thus, property (i) holds in L I . The sameideasshow that property (ii) holds in L I since
the meet operations are identical in L and L I . 2

Recall that the linear (or ordinal) sum of partial ordersP and Q, whereP and Q are
disjoint, is the order on P [ Q in which the restriction to P (resp., Q) is the order on P
(resp., Q) and all elements of P are lessthan all elements of Q. Note that the classof
MI-orderable lattices is closedunder linear sumsand under the closely-relatedoperation
that, given lattices L and L 0, forms the Hassediagram of the new lattice from those of
L and L0 by identifying the greatestelement of L with the least element of L 0. It follows
from Theorem 5.4 below that the sameresults hold for Tr-lattices. By Theorem4.1, the
classof MI-orderable lattices and that of Tr-lattices are not closedunder direct products.

We next treat three particular Tr-lattices of dimension 3, only one of which is MI-
orderable. Theselattices, which are shown in Figure 3, are amongthe forbidden sublat-
tices for planar lattices (see[6]). (No other forbidden sublatticesfor planar lattices satisfy
the necessarycondition for Tr-lattices given in Theorem4.1.)

Theorem 5.2 The lattice D d is MI-orderable. The lattices F0 and C are Tr-lattices but
are not MI-orderable.

Proof. Note that each antichain with one or two elements is MI-orderable. From this
remark, the MI-orderable lattice in Figure 2(c), and the MI-ordering b;a;c of the antichain
f a;b;cg of D d, it follows that D d is MI-orderable.

In the lattice F0, the only antichains with more than two elements are f A; S;X g,
f X ; T; Dg, and f X ; A; Dg. The �rst two are MI-orderable (ordered as written), so we
needonly show that in any matroid M for which Z (M ) is isomorphicto F0, the 
ats that
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correspond to X ; A; D (for which we usethe samenotation) satisfy inequality (MI), that
is, r (X ) + r (A) + r (D) � r (R) � r (E) � r (X \ A \ D). By semimodularit y,

r (A) + r (S) � r (E) + r (A \ S):

The inclusionsT � A \ S � S give cl
�
(A \ S) [ X

�
= R, so

r (A \ S) + r (X ) � r (R) + r (A \ S \ X ):

The inclusionsU � A \ S \ X � S give cl
�
(A \ S \ X ) [ D

�
= S, so

r (A \ S \ X ) + r (D) � r (S) + r (A \ S \ X \ D):

Note that A \ S \ X \ D is A \ X \ D. Adding the three inequalities and simplifying
yields the desiredinequality.

A similar argument applies to the lattice C, for which it su�ces to considerthe an-
tichains f A; B ; Yg, f A; W; Yg, f B ; V; Yg, and f V; W; Yg. The last three are listed in
MI-orderings. For f A; B ; Yg, apply semimodularit y to the pairs f A; Sg, f A \ S;Bg,
and f A \ S \ B ; Yg; the inclusions V � A \ S � S and T � A \ S \ B � S give
cl

�
(A \ S) [ B

�
= E and cl

�
(A \ S \ B) [ Y

�
= S; add the resulting inequalities and

cancelthe commonterms to get inequality (MI) for f A; B ; Yg. 2

We now considertwo operations for producing new Tr-lattices. Given lattices L 1 and
L2, let L1 � L2 be the lattice on (L 1 [ L2 [ f 0̂; 1̂g) � f 1̂L 1 ; 1̂L 2g with x � y if and only if
(i) y = 1̂, or (ii) x = 0̂, or (iii) for somei 2 f 1; 2g, both x and y are in L i and x � y in
L i . Figure 4(a) illustrates this operation; note that the unique four-element antichain in
this lattice is not MI-orderable.

Theorem 5.3 If L 1 and L2 are Tr-lattices, then so is L 1 � L2.

The proofs of Theorems5.3 and 5.4 are similar, so we prove only the latter, which
concernslexicographicsums[10, Section1.10]. Let L bea lattice and let L = (L x : x 2 L)
be a family of lattices that is indexedby the elements of L. The lexicographicsum L � L
is de�ned on the set f (x; a) : x 2 L; a 2 L xg; the order is given by (x; a) � (y; b) if and
only if either (i) x < y in L or (ii) x = y and a � b in L x . Figure 4(b) illustrates this
operation. It is easyto seethat L � L is not necessarilyMI-orderable even if all of the
constituent lattices are.

Theorem 5.4 If L has width at most two and if L = (L x : x 2 L) is a family of
Tr-lattices, then L � L is a Tr-lattice.

Proof. Let � : Z (M ) ! L � L be an isomorphism. We must show that any antichain A
in Z (M ) satis�es inequality (MI).

For F 2 Z (M ), let � 1(F ) be the �rst component of � (F ); thus, � 1(F ) 2 L. For
x 2 � 1(A ), set A x = f F : F 2 A ; � 1(F ) = xg. SinceL has width at most two and A is
an antichain in Z (M ), there are at most two such sets;thesesetspartition A .
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Figure 4: (a) The lattice L 1 � L2 whereL1 and L2 are Booleanlattices on two elements.
(b) A lexicographicsum; the indexing lattice is a Booleanlattice on two elements.

For u 2 L, let Zu and Eu be the least and greatest 
ats F 2 Z (M ) with � 1(F ) = u.
Thus, if � 1(A) = u and � 1(B ) = v with u 6= v, then A _ B = Zu_ v and A ^ B = Eu^ v by
the de�nition of L � L .

Let x bein � 1(A ). Note that Z (M jEx =Zx) is isomorphicto L x , soM jEx =Zx is transver-
sal. Applying Proposition 2.2to the antichain f A� Zx : A 2 A xg of Z (M jEx=Zx), writing
the resulting inequality in terms of the rank function of M , and simplifying gives

r
� \

(A x)
�

�
X

F �A x

(� 1)jF j+1 r
� [

(F )
�
: (4)

This is inequality (MI) for A if j� 1(A )j = 1. Assume, instead, � 1(A ) = f x; yg. The
counterpart of inequality (4) holds with A y in placeof A x . Sincer (X [ Y) = r (Zx_ y) for
any X 2 L x and Y 2 L y ,

X

F �A

(� 1)jF j+1 r
� [

(F )
�

=
X

F �A x

(� 1)jF j+1 r
� [

(F )
�

+
X

F �A y

(� 1)jF j+1 r
� [

(F )
�

+
X

F x �A x ; F x 6= ;
F y �A y ; F y 6= ;

(� 1)jF x j+ jF y j+1 r
� [

(F x) [
[

(F y)
�

=
X

F �A x

(� 1)jF j+1 r
� [

(F )
�

+
X

F �A y

(� 1)jF j+1 r
� [

(F )
�

� r (Zx_ y)
X

F x �A x ; F x 6= ;

(� 1)jF x j
X

F y �A y ; F y 6= ;

(� 1)jF y j ;

so inequality (4) and semimodularit y give
X

F �A

(� 1)jF j+1 r
� [

(F )
�

� r
� \

(A x )
�

+ r
� \

(A y)
�

� r (Zx_ y) � r
� \

(A )
�
:
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Thus, inequality (MI) holds, as needed. 2

Wecloseby noting that, by duality, if L haswidth at most two and if L = (L x : x 2 L)
is a family of bi-transversal lattices (i.e., all lattices in L and their order duals are Tr-
lattices), then L � L is bi-transversal.
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