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Abstract

Computations with Barvinok's short rational generatingfunctions are tradition-
ally being performed in the dual space,to avoid the combinatorial complexity of
inclusion{exclusion formulas for the intersecting proper facesof cones. We prove
that, on the level of indicator functions of polyhedra, there is no need for using
inclusion{exclusion formulas to account for boundary e�ects: All linear identities in
the spaceof indicator functions can be purely expressedusing partially open vari-
ants of the full-dimensional polyhedra in the identit y. This givesrise to a practically
e�cien t, parametric Barvinok algorithm in the primal space.

1 In tro duction

We considera family of polytopesPq = f x 2 R d : Ax � q g parameterizedby a right-
hand side vector q 2 Q � R m , where the set of right-hand sidesis restricted to some

� The �rst author wassupported by a 2006/2007Feodor Lynen Research Fellowship from the Alexander
von Humboldt Foundation. He also acknowledgesthe hospitalit y of Jes�us De Loera and the Department
of Mathematics of the University of California, Davis, where a part of this work was completed.
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polyhedron Q. For this family of polytopes,we de�ne the parametric counting function
c: Q ! N by

c(q) = #
�
Pq \ Zd

�
: (1)

Note that this includes vector partition functions c(� ) = # f x 2 N d : A0x = � g as a
specialcase.It is well-known that the counting function (1) is a piecewisequasipolynomial
function, i.e., a function that, within each of a �nite set of polyhedra Qi that form a
subdivision of Q and for each residueclassmodulo a lattice in Qi , behavesasa polynomial.
Weare interestedin computing an e�cien t algorithmic representation of the function that
allows to e�cien tly evaluate c(q) for any given q. This paper builds on varioustechniques
described in the literature, which we review in the following.

1.1 Barvinok's short rational generating functions

The foundation of our method is an algorithmically e�cien t calculusof rational generating
functions of the integer points in polyhedra developed by Barvinok [3]; seealso [5]. Let
P = Pq � R d be a rational polyhedron. By elimination of variableswe may assumethat
P is full-dimensional. The generating function of P \ Zd is de�ned asthe formal Laurent
series

~gP (z) =
X

� 2 P \ Z d

z� 2 Z[[z1; : : : ; zd; z� 1
1 ; : : : ; z� 1

d ]];

using the multi-exponent notation z� =
Q d

i=1 z� i
i . If P is bounded, ~gP is a Laurent

polynomial, which we consider as a rational function gP . If P is not bounded but is
pointed (i.e., P doesnot contain a straight line), there is a non-empty opensubsetU � C d

such that the seriesconvergesabsolutely and uniformly on every compactsubsetof U to
a rational function gP . If P contains a straight line, the seriesdoes not converge, and
we set gP = 0; this turns out to be the right choice to make the mapping P 7! gP

a (rational-function-valued) valuation, i.e., a �nitely additive measure[8]. The rational
function gP 2 Q(z1; : : : ; zd) de�ned in this way is called the rational generating function
of P \ Zd.

By Brion's Theorem[8], the rational generatingfunction of a polyhedronP is the sum
of the rational generatingfunctions of its vertex cones,i.e., for each vertex v of P, the
a�ne polyhedral conef v + � y 2 R d : � 2 R; � � 0; v + y 2 P g. Thus the computation
of a rational generating function can be reducedto the caseof a�ne polyhedral cones.
Moreover, as mentioned above, the mapping P 7! gP is a valuation: Let [P] denote the
indicator function of P, i.e., the function

[P] : R d ! R ; [P](x) =

(
1 if x 2 P

0 otherwise:

The valuation property is that any (�nite) linear identit y
P

i 2 I " i [Pi ] = 0 with " i 2 Q car-
ries over to a linear identit y

P
i 2 I " i gPi (z) = 0. Hence,it is possibleto usethe inclusion{

exclusionprinciple to break a polyhedral cone into piecesand to add and subtract the
resulting generatingfunctions. Indeed,by triangulating the vertex cones,onecan reduce
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the problem to the caseof simplicial cones, i.e., conesC � R d generatedby d linearly
independent ray vectorsb1; : : : ; bd 2 Zd.

The index of a (full-dimensional) simplicial coneis de�ned asthe index of the point lat-
tice generatedby b1; : : : ; bd in the standard lattice Zd; we have ind C =

�
�det(b1; : : : ; bd)

�
�.

Using Barvinok's signed decomposition technique, it is possibleto write a coneas

[C] =
X

i 2 I 1

" i [Ci ] +
X

i 2 I 2

" i [Ci ] with " i 2 f� 1g;

with at mostd full-dimensionalsimplicial conesCi of lower index in the sumover i 2 I 1 and
O(2d) lower-dimensionalsimplicial conesCi in the sumover i 2 I 2. The lower-dimensional
conesarise due to the inclusion{exclusion principle applied to the intersecting facesof
the full-dimensional cones. The signeddecomposition is then recursively applied to the
conesCi , until oneobtains unimodular (index 1) cones,for which the rational generating
function can be written down trivially . Since the indices of the full-dimensional cones
descendquickly enoughat each level of the decomposition, one can prove the depth of
the decomposition tree is doubly logarithmic in the index of the input cone. This gives
rise to a polynomiality result in �xed dimension:

Theorem 1 (Barvinok [3]). Let the dimension d be �xed. There exists a polynomial-
time algorithm for computing the rational generating function of a polyhedron P � R d

given by rational inequalities.

Despite the polynomiality result, the algorithm was widely consideredto be practi-
cally ine�cien t becausetoo many, O(2d), lower-dimensionalconeshad to be created at
every level of the decomposition. Later the algorithm was improved by making use of
Brion's \p olarization trick", see[8] and [5, Remark 4.3]: The computations with rational
generatingfunctions are invariant with respect to the contribution of non-pointed cones
(conescontaining a non-trivial linear subspace).The reasonis that the rational generat-
ing function of every non-pointed cone is zero. By operating in the dual space,i.e., by
computing with the polars of all cones,lower-dimensionalconescan be safelydiscarded,
becausethis is equivalent to discarding non-pointed conesin the primal space. Thus at
each level of the decomposition, only at most d conesare created. This dual variant of
Barvinok's algorithm has e�cien t implementations in LattE [10, 11, 12] and the library
barvinok [21].

1.2 Parametric polytop es and generating functions

The vertices of a parametric polytope Pq = f x 2 R d : Ax � q g, with q 2 Q � R m

are a�ne functions of the parametersq and can be computed as follows. A set B of d
linearly independent rows of the inequality systemAx � q is called a simplexbasis. The
associated basic solution x(B) is the unique solution of the equation AB x = qB . Note
that di�erent simplex basesmay give rise to the samebasic solution. A simplex basis
(and the corresponding basicsolution) is called (primal) feasible if Ax(B) � q holds for
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someq 2 Q. The vertices of Pq correspond to the feasiblebasic solutions and they are
said to be active on the subsetof Q for which the basicsolutions are feasible.

A chamber of the parameterizedinequality systemAx � q is an inclusion-maximal
set of right-hand side vectors q that have the sameset of primal feasiblesimplex bases.
The chamber complex of Pq is the commonre�nement of the projections into Q of the
n-facesof the polyhedron P̂ = f (x; q) 2 R d � Q : Ax � q g, where n is the dimension
of the projection of P̂ onto Q [17, 22]. Alternativ ely, the problem may be translated into
a vector partition problem, for which the chambers can be computed either directly [2]
or as the regular triangulations of its Gale transform [14, 19]. However, thesealternative
computations, discussedin more detail in [13, 21], may lead to many chambers that do
not meet Q and that hencehave to be discarded.

Within each (open) chamber of the chamber complex, the combinatorial type of Pq

remainsthe sameand Barvinok's algorithm can be applied to the vertices active on the
chamber [5, Theorem 5.3]. As we will explain in more detail in Section 3.1, the result
is a parametric rational generating function where the parametersonly appear in the
numerator. In practice, it is su�cien t to apply Barvinok's algorithm in the closuresof
the chambers of maximal dimension [9, Section 4.2]. On intersectionsof theseclosures
oneobtains possiblydi�erent representations of the sameparametric rational generating
function.

Example 2. As a trivial example, consider the one-dimensionalparametric polytope
Pq = f x 2 R 1 : x � 0; 2x � q + 6; x � qg. Its vertices are 0, q=2 + 3 and q, active on
f q � 0g, f q � 6g and f q � 6g, respectively. The full-dimensional (open) chambers are
f 0 < q < 6g and f q > 6g and the resulting parametric counting function is

c(q) =

(
q+ 1 if 0 � q � 6
� q

2

�
+ 4 if 6 � q:

As in the non-parametric case,Pq can be assumedto be full-dimensional for all pa-
rameter values in the chambers of maximal dimension. Note that a reduction to the
full-dimensional casemay involve a reduction of the parameters to the standard lat-
tice [18, 24]. This parametric versionof the dual variant of Barvinok's algorithm hasalso
beenimplemented in barvinok [21] and is explainedin more detail in [22, 23, 24].

1.3 Irrational decomp ositions and primal algorithms

Recently, Beck and Sottile [6] introduced irr ational triangulations of polyhedral cones
as a technique for obtaining simpli�ed proofs for theoremson generatingfunctions. Let
v + C � R d be a full-dimensional a�ne polyhedral cone; it can be triangulated into
simplicial full-dimensional conesv + Ci . Then there exists a vector ~v 2 R d such that

(~v + C) \ Zd = (v + C) \ Zd (2)

and
@(~v + Ci ) \ Zd = ; ; (3)

the electr onic journal of combina torics 15 (2008), #R16 4



that is, the a�ne cones~v + Ci do not have any integer points in common. Thus, without
using the inclusion{exclusionprinciple, oneobtains an identit y on the level of generating
functions,

gv + C (z) = g~v + C (z) =
X

i

g~v + Ci (z): (4)

K•oppe [15] consideredboth irrational triangulations and irr ational signed decomposi-
tions. He constructeda uniform irrational shifting vector ~v which ensuresthat (3) holds
for all cones~v + Ci that are createdduring the courseof the recursive Barvinok decom-
position method. The implementation of this method in a versionof LattE [16] was the
�rst practically e�cien t variant of Barvinok's algorithm that works in the primal space.

The bene�ts of a decomposition in the primal spaceare twofold. First, it allows to
e�ectively usethe method of stopped decomposition [15], wherethe recursive decomposi-
tion of the conesis stopped beforeunimodular conesare obtained. For certain classesof
polyhedra, this technique reducesthe running time by several ordersof magnitude.

Second,for someclassesof polyhedra such as the cross-polytopes, it is prohibitiv ely
expensive to compute triangulations of the vertex conesin the dual space.An all-primal
algorithm [15] that computesboth triangulations and signeddecompositionsin the primal
spaceis therefore able to handle problem instancesthat cannot be solved with a dual
algorithm in reasonabletime.

1.4 The contribution of this pap er

The irrationalization technique of [6, 15] can be viewed as a method of translating an
inexact identity (i.e., an identit y modulo the contribution of lower-dimensionalcones)of
indicator functions of full-dimensional cones,

X

i 2 I

" i [v i + Ci ] � 0 (mod lower-dimensionalcones) (5)

to an exact identit y of rational generatingfunctions,
X

i 2 I

" i g~v i + Ci (z) = 0: (6)

Weremark that this identit y is not valid on the level of indicator functions. In contrast, in
Section2.1weprovide a generalconstructive method of translating an inexact identit y (5)
of indicator functions of full-dimensionalconesto an exact identit y of indicator functions
of full-dimensional partial ly open cones,

X

i 2 I

" i [v i + ~Ci ] = 0; (7)

without increasingthe number of summandsin the identit y.
This generalresult givesrise to methods of exact polyhedral subdivision of polyhedral

cones(Section 2.2) and exact signed decomposition of partially open simplicial cones
(Section2.3).
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Sincethe rational generatingfunction of partially open simplicial conesof low index
can be written down easily (Section 3.1), we obtain new primal variants of Barvinok's
algorithm. The new variants have simpler implementations than the primal irrational
variant [15, Algorithm 5.1]and the all-primal irrational variant [15, Algorithm 6.4]because
computationswith largerational numberscanbe replacedby simple,combinatorial rules.

The new variants basedon exact decomposition in the primal spaceare particularly
usefulfor parametric problems. The reasonis that the method of constructingthe partially
open polyhedral conesonly depends on the facet normals and is independent from the
location of the parametric vertex. In contrast, the irrationalization technique needsto
shift the parametric vertex by a vector s which needsto depend on the parameters.This
is of particular importance for the caseof the irrational all-primal algorithm, where the
irrational shifting vector s needsto beconstructedby solvinga parametric linear program.

Moreover, the technique of exact decomposition can alsobe applied to the parameter
spaceQ, obtaining a partition into partially open chambers ~Qi . This givesrise to useful
new representations of the parametric generating function gPq (z) (Section 3.2) and the
counting function c(q) (Section 3.3). We also introduce algorithmic representations of
gPq (z) andc(q) that makeuseof partially openactivit y domainsof the parametricvertices.
Its bene�t is that it is of polynomial sizeand haspolynomial evaluation time even when
the dimensionm of the parameterspacevaries.

Taking all together, we obtain the �rst practically e�cien t parametric Barvinok algo-
rithm in the primal space.

2 Exact triangulations and signed decomp ositions
in to partially open polyhedra

2.1 Iden tities in the algebra of indicator functions, or:
Inclusion{exclusion is not hard for boundary e�ects

We �rst show that identities of indicator functions of full-dimensional polyhedra modulo
lower-dimensionalpolyhedra can be translated to exact identities of indicator functions
of full-dimensional partially open polyhedra.

Theorem 3. Let X

i 2 I 1

" i [Pi ] +
X

i 2 I 2

" i [Pi ] = 0 (8)

be a (�nite) linear identity of indicator functions of closed polyhedra Pi � R d, where the
polyhedra Pi are full-dimensional for i 2 I 1 and lower-dimensionalfor i 2 I 2, and where
" i 2 Q. Let each closed polyhedron be given as

Pi =
�

x : hb �
i;j ; x i � � i;j for j 2 J i

	
: (9)
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Let y 2 R d be a vector such that hb �
i;j ; y i 6= 0 for all i 2 I 1 [ I 2, j 2 Ji . For i 2 I 1, we

de�ne the partial ly open polyhedron

~Pi =
n

x 2 R d : hb �
i;j ; xi � � i;j for j 2 J i with hb �

i;j ; y i < 0,

hb �
i;j ; xi < � i;j for j 2 J i with hb �

i;j ; y i > 0
o

:
(10)

Then X

i 2 I 1

" i [ ~Pi ] = 0: (11)

Proof. We will show that (11) holds for an arbitrary �x 2 R d. To this end, �x an arbitrary
�x 2 R d. We de�ne

x � = �x + � y for � 2 [0; + 1 ):

Considerthe function

f : [0; + 1 ) 3 � 7!
� X

i 2 I 1

" i [ ~Pi ]
�

(x � ):

We need to show that f (0) = 0. To this end, we �rst show that f is constant in a
neighborhood of 0.

First, let i 2 I 1 such that �x 2 ~Pi . For j 2 J i with hb �
i;j ; y i < 0, we have hb �

i;j ; �x i �
� i;j , thus hb �

i;j ; x � i � � i;j . For j 2 J i with hb �
i;j ; y i > 0, we have hb �

i;j ; �x i < � i;j , thus
hb �

i;j ; x � i < � i;j for � > 0 small enough.Hence,x � 2 ~Pi for � > 0 small enough.
Second,let i 2 I 1 such that �x =2 ~Pi . Then either there existsa j 2 J i with hb �

i;j ; y i < 0
and hb �

i;j ; �x i > � i;j . Then hb �
i;j ; x � i > � i;j for � > 0 small enough.Otherwise, there exists

a j 2 Ji with hb �
i;j ; y i > 0 and hb �

i;j ; �x i � � i;j . Then hb �
i;j ; x � i � � i;j . Hence,in either

case,x � =2 ~Pi for � > 0 small enough.
Next we show that f vanisheson someinterval (0; � 0). We considerthe function

g: [0; + 1 ) 3 � 7!
� X

i 2 I 1

" i [Pi ] +
X

i 2 I 2

" i [Pi ]
�

(x � );

which is constantly zeroby (8). Since[Pi ](x � ) for i 2 I 2 vanisheson all but �nitely many
� , we have

g(� ) =
� X

i 2 I 1

" i [Pi ]
�

(x � )

for � from someinterval (0; � 1). Also, [Pi ](x � ) = [ ~Pi ](x � ) for someinterval (0; � 2). Hence
f (� ) = g(� ) = 0 for someinterval (0; � 0).

Hence,sincef is constant in a neighborhood of 0, it is also zero at � = 0. Thus the
identit y (11) holds for �x.

Remark 4. Theorem 3 can be easily generalizedto a situation wherethe weights " i are
not constants but continuous real-valued functions. In the proof, rather than showing
that f is constant in a neighborhood of 0, oneshows that f is continuousat 0.
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2.2 The exact polyhedral subdivision of a closed polyhedral cone

For obtaining an exactpolyhedral subdivision of a full-dimensionalclosedpolyhedral cone
C = conef b1; : : : ; bng,

[C] =
X

i 2 I 1

[ ~Ci ];

we �rst computea standard polyhedral subdivision,

[C] �
X

i 2 I 1

[Ci ] (mod lower-dimensionalcones);

where the lower-dimensionalconesare proper facesof the full-dimensional cones. Then
we apply the above theorem using an arbitrary vector y 2 int C that avoids all facetsof
the conesCi , for instance

y =
nX

i =1

(1 + 
 i )b i

for a suitable 
 > 0.

2.3 The exact signed decomp osition of partially open simplicial
cones

Let ~C � R d be a partially open simplicial full-dimensional conewith the double descrip-
tion

~C =
n

x 2 R d : hb �
j ; x i � 0 for j 2 J� and hb �

j ; x i < 0 for j 2 J<

o
(12)

~C =
n P d

j =1 � j b j : � j � 0 for j 2 J� and � j > 0 for j 2 J<

o
(13)

whereJ< [ J� = f 1; : : : ; dg, with the biorthogonality property for the outer normal vectors
b �

j and the ray vectorsb i ,

hb �
j ; b i i = � � i;j =

(
� 1 if i = j ;

0 otherwise:
(14)

In the following we introduce a generalizationof Barvinok's signed decomposition [3] to
partially opensimplicial conesCi , which will givean exact identit y of partially opencones.
To this end, we �rst computethe usualsigneddecomposition of the closedconeC = cl ~C,

[C] �
X

i

" i [Ci ] (mod lower-dimensionalcones) (15)

using an extra ray w, which has the representation

w =
dX

i =1

� i b i where� i = �h b �
i ; wi . (16)
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Each of the conesCi is spannedby d vectors from the set f b1; : : : ; bd; wg. The signs
" i 2 f� 1g are determinedaccordingto the location of w, see[3].

An exact identit y
[ ~C] =

X

i

" i [ ~Ci ] with " 2 f� 1g;

can now be obtained from (15) as follows. We de�ne cones ~Ci that are partially open
counterparts of Ci . We only needto determine which of the de�ning inequalities of the
cones ~Ci should be strict. To this end, we �rst show how to construct a vector y that
characterizeswhich de�ning inequalities of ~C are strict by the meansof (10).

Lemma 5. Let

� i =

(
1 for i 2 J� ,

� 1 for i 2 J< ,
(17)

and let y 2 R = int conef � 1b i ; : : : ; � dbdg be arbitrary. Then

J� =
�

j 2 f 1; : : : ; dg : hb �
j ; y i < 0

	
;

J< =
�

j 2 f 1; : : : ; dg : hb �
j ; y i > 0

	
:

We remark that the construction of such a vector y is not possiblefor a partially open
non-simplicial conein general.

Proof of Lemma5. Such a y has the representation

y =
X

i 2 J �

� i b i �
X

i 2 J<

� i b i with � i > 0:

Thus

hb �
j ; y i =

(
� � j for j 2 J� ,

+ � j for j 2 J< ,

which provesthe claim.

Now let y 2 R be an arbitrary vector that is not orthogonal to any of the facetsof
the cones ~Ci . Then such a vector y can determine which of the de�ning inequalities of
the cones ~Ci are strict.

In the following, we give a speci�c construction of such a vector y . To this end, let
bm be the unique ray of ~C that is not a ray of ~Ci . Then we denote by ~b �

0;m the outer
normal vector of the unique facet of ~Ci not incident to w. Now considerany facet F of a
cone ~Ci that is incident to w. Since ~Ci is simplicial, there is exactly oneray of ~Ci , say b l ,
not incident to F . The outer normal vector of the facet is thereforecharacterizedup to
scaleby the indices l and m; thus we denote it by ~b �

l ;m . SeeFigure 1 for an exampleof
this naming convention.
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Let b0 = w. Then, for every outer normal vector ~b �
l ;m and every ray b i , i = 0; : : : ; d,

we have

� i ;l ;m := �h ~b �
l ;m ; b i i

8
><

>:

> 0 for i = l,

= 0 for i 6= l; m,

2 R for i = m.

(18)

Now the outer normal vector has the representation

~b �
l ;m =

dX

i =1

� i ;l ;m b �
i :

The conditions of (18) determine the outer normal vector ~b �
l ;m up to scale. For the

normals ~b �
0;m , we can choose

~b �
0;m = � m b �

m : (19)

For the other facets~b �
l ;m , we can choose

~b �
l ;m = j� m j b �

l � sign� m � � lb �
m : (20)

Now consider

y =
dX

i =1

� i (j� i j + 
 i )b i ; (21)

which lies in the coneR for every 
 > 0. We obtain

h~b �
0;m ; y i = � � m � m (j� m j + 
 m ) (22)

and

h~b �
l ;m ; y i = j� m j hb �

l ; y i � sign� m � � lhb �
m ; y i

= � j� m j � l (j� l j + 
 l ) + sign� m � � l � m (j� m j + 
 m )

= (sign(� l � m )� m � � l ) j� l j j� m j

� � l j� m j 
 l + sign(� l � m )� m j� l j 
 m ; (23)

for l 6= 0. The right-hand side of (23), as a polynomial in 
 , only has �nitely many
roots. Thus there are only �nitely many valuesof 
 for which a scalarproduct h~b �

l ;m ; y i
can vanish for any of the �nitely many facet normals ~b �

l ;m . Let 
 > 0 be an arbitrary
number for which noneof the scalarproducts vanishes.Then the vector y de�ned by (21)
determineswhich of the de�ning inequalities of the cones ~Ci should be strict.

Remark 6. It is possibleto construct an a-priori vector y that is suitable to determine
which de�ning inequalities are strict for all the conesthat arise in the hierarchy of tri-
angulations and signed decompositions of a cone C = conef b1; : : : ; bng in Barvinok's
algorithm. The construction usesthe methods from [15]. Let 0 < r 2 Z and ŷ 2 1

r Zd and
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such that the open cube ŷ + B1 ( 1
r ) is contained in C. (For instance,chooseŷ =

P n
i=1 b i

and chooser largeenough.) Let D bean upper boundon the determinant of any simplicial
conethat can arise in a triangulation of C, for instance

D =
�
maxn

i=1 kb i k
2� n=2

(24)

by Lemma 16 of [15]. Let C = maxn
i=1 kb i k1 . Using the data from Theorem11 of [15],

k =

$

1 +
log2 log2 D

log2
d

d� 1

%

; M = 2(d � 1)!(dkC)d� 1;

we de�ne

s =
1
r

�
�

1
(2M )1

;
1

(2M )2
; : : : ;

1
(2M )d

�
:

Finally let y = ŷ + s. Then hb � ; y i 6= 0 for any of the facet normals b � that can arise in
the hierarchy of triangulations and signeddecompositions of the coneC.

Remark 7. For performing the exactsigneddecomposition in a software implementation,
it is not actually necessaryto construct the vector y and to evaluate scalarproducts. In
the following, we show that we can devisesimple, \combinatorial" rules to decidewhich
de�ning inequalitiesshould be strict. To this end, let 
 > 0 in (21) be small enoughthat
noneof the signs

� l ;m = � signh~b �
l ;m ; y i

given by (23) change if 
 is decreasedeven more. We can now determine � l ;m for all
possiblecases.

Case0: � m = 0. The conewould be lower-dimensionalin this case,sincew lies in the
spacespannedby the ray vectorsexceptbm , and is hencediscarded.
Case1: l = 0. From (22), we have

� 0;m = sign(� m )� m :

Case2: l 6= 0, � l = 0, � m 6= 0. Here we have h~b �
l ;m ; y i = � � l j� m j 
 l , thus

� l ;m = � l :

Case3: l 6= 0, � l � m > 0. In this case(23) simpli�es to

h~b �
l ;m ; y i = (� m � � l ) j� l j j� m j � � l j� m j 
 l + � m j� l j 
 m : (25)

Case3a: � l = � m . Here the �rst term of (25) cancels,so

� l ;m = � signh~b �
l ;m ; y i =

(
1 if l < m,

� 1 if l > m.
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0;1

b �
3;1

b �
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Figure 1: Signeddecomposition of a partially open 3-dimensionalsimplicial cone. Each
cone is represented by a vertex �gure. Closed facets (� = 1) are shown in solid lines,
while open facets(� = � 1) are shown in broken lines.

Case3b: � l 6= � m . Here the �rst term of (25) dominates,so

� l ;m = � signh~b �
l ;m ; y i = � l :

Case4: l 6= 0, � l � m < 0. In this case(23) simpli�es to

h~b �
l ;m ; y i = � (� m + � l ) j� l j j� m j � � l j� m j 
 l � � m j� l j 
 m : (26)

Case4a: � l = � m . Here the �rst term of (26) dominates,so

� l ;m = � l = � m :

Case4b: � l 6= � m . Here the �rst term of (26) cancels,so

� l ;m = � signh~b �
l ;m ; y i =

(
� l if l < m,

� m if l > m.

Example 8. Consider (the vertex �gure of) the three-dimensional cone on the left
of Figure 1. The open and closedfacetscan be described as

� 1 = � 1 � 2 = 1 � 3 = � 1;

while the extra ray w =
P d

i=1 � i b i is such that

� 1 < 0 � 2 > 0 � 3 > 0:

For the facetsof the conesin the decomposition we have

� 0;3
1= � 3 = � 1 � 0;2

1= � 2 = 1 � 0;1
1= � � 1 = 1

� 1;3
4a= � 1 = � 1 � 1;2

4b= � 1 = � 1 � 2;1
4b= � 1 = � 1

� 2;3
3b= � 2 = 1 � 3;2

3b= � 3 = � 1 � 3;1
4a= � 1 = � 1:

The result is shown on the right of Figure 1.

Remark 9. Other constructionsof y are possible,giving rise to di�erent combinatorial
rules. For instance,the implementation barvinok [21] usesa set of rules that correspond
to a modi�cation of (21), wherefor all i 2 J� the coe�cien t 
 i is replacedby 
 i + d.
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Remark 10. After submissionof this paper to the journal, we becameaware that the
aboveexactsigneddecomposition techniqueis relatedto a signeddecomposition algorithm
in the primal spacebasedon Brion and Vergne[9]. The techniqueis basedon an identit y of
indicator functions of simplicial conesmodulo indicator functions of conescontaining lines
and wasrecently usedby Berline and Vergnein their implementation of the computation
of the � -functions in their local Euler{Maclaurin formulae [1, 7]. Using our technique, we
canobtain a similar primal signeddecomposition of closedconesasfollows. Let usconsider
the exact signeddecomposition [ ~C] =

P
i " i [ ~Ci ] of a partially open simplicial cone ~C into

partially open simplicial cones ~Ci . On the level of rational generatingfunctions (but not
on the level of indicator functions), it is possibleto replaceeach partially open cone in
the identit y by a closedconeas follows. Let ~C be a partially open simplicial coneand
let hb �

j ; xi < 0 be one of its strict inequalities. By replacing the strict inequality by the
weak inequality hb �

j ; x i � 0, we de�ne a cone ~C0. Since ~C [ ~C0 is a non-pointed cone,we
have g~C0(z) = � g~C (z). By iterating this procedure,we obtain a closedconeC0. Thus
we can construct an identit y of rational generating functions of closedsimplicial cones,
gC0(z) =

P
i "0

i gC0
i
(z) with modi�ed signs" 0 2 f� 1g.

3 Parametric Barvinok algorithm using exact decom-
positions in the primal space

In the previous section, we have shown how to both triangulate a closed polyhedral
cone(Section2.2) and apply Barvinok's decomposition (Section2.3) in the primal space
without introducing (indicator functions of) lower-dimensionalpolytopes. The result is
a signedsum of partially open simplicial cones. The �nal remaining step in obtaining a
generatingfunction for a polytope is thereforethe computation of the generatingfunction
of such a cone.

3.1 The generating function of a partially open simplicial ratio-
nal cone

If v (q) + C is a closed simplicial a�ne cone where C = f
P d

j =1 � j b j : � j � 0g with
b j 2 Zd, then it is well known [20] that the generatingfunction gv (q)+ C of v(q) + C is

gv (q)+ C (z) =

P
� 2 � \ Z d z�

Q d
j =1 (1 � zb j )

; (27)

with

� = v(q) +
� dX

j =1

� j b j : 0 � � j < 1
�
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the fundamental parallelepiped of v(q) + C. For a partially open conev(q) + ~C given
by (13), the sameformula holds with

� = v(q) +
� dX

j =1

� j b j : 0 � � j < 1 for j 2 J� and 0 < � j � 1 for j 2 J<

�
:

To enumerate all points in � \ Zd and compute the numerator of (27), we follow the
technique of [4, Lemma 5.1], which we adapt for the caseof partially open cones.

Lemma 11. Let B be the matrix with the b j as columns and let S be the Smith normal
form of B , i.e., BV = WS, with V and W unimodular matricesand S a diagonalmatrix
S = diags. Then,

� \ Zd = f � (k) : kj 2 Z; 0 � kj < sj g;

with

� (k) = v(q) +
X

j 2 J �

�

b �

j ; v(q) � Wk
�	

b j +
X

j 2 J<

� � 

b �

j ; v (q) � Wk
�	 	

b j

= Wk �
X

j 2 J �

�

b �

j ; v (q) � Wk
��

b j �
X

j 2 J<

�

b �

j ; v(q) � Wk
�

� 1
�

b j ;

with f�g the (lower) fractional part f xg = x � bxc and ff�gg the (upper) fractional part
ff xgg = x � dx � 1e = 1 � f� xg.

Proof. It is clear that each � (k) 2 � \ Zd. To seethat all integer points in � are
exhausted,note that detB = detS and that all � (k) are distinct. The latter follows
from the fact that � (k) can be written as � (k) = Wk + B
 = Wk + WSV � 1
 for some

 2 Zd. If � (k1) = � (k2), we must thereforehave k1 � k2 (mod s), i.e., k1 = k2.

3.2 Represen tations of the generating function of a parametric
polytop e

Let Q1; : : : ; Qk � Q be the chambers of the parameterizedinequality system Ax � q
of maximal dimension. For all parametersq from any given chamber Qi , the parametric
polytopePq = f x 2 R d : Ax � q g hasthe samesetof primal feasiblesimplexbases.Due
to a�ne-linear dependenciesin the set Q of parameters,several primal feasiblesimplex
basescan yield the samevertex of the polytope Pq on the whole chamber Qi . By this
mapping we obtain a set Vi of parametric verticesv j (q) for j 2 Vi and associated vertex
conesv j (q) + Cj . Let us denoteby gv j (q)+ Cj (z) the parametric generatingfunction of the
vertex coneat v j (q).

By Brion's Theorem,we obtain the expression

gPq (z) =
X

v j 2 Vi

gv j (q)+ Cj (z) (28)
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for the generatingfunction of the parametric polytopePq , valid for all parametersq 2 Qi .
It turns out [9, Section4.2] that the formula (28) is alsovalid on the closurecl Qi of the
chamber Qi . In this way, we obtain the usual representation of the parametric generating
function as a piecewisefunction de�ned on the whole parameterspaceQ:

gPq (z) =

8
><

>:

P
j 2 V1

gv j (q)+ Cj (z) if q 2 cl Q1
...

P
j 2 Vk

gv j (q)+ Cj (z) if q 2 cl Qk :

(29)

As explained in Section 1.2, this yields possibly di�erent expressionsfor valuesof q on
the intersectingboundariesof two or more chambers.

We are now interestedin a di�erent representation of the parametric generatingfunc-
tion,

gPq (z) =

8
><

>:

P
j 2 V1

gv j (q)+ Cj (z) if q 2 ~Q1
...

P
j 2 Vk

gv j (q)+ Cj (z) if q 2 ~Qk ;

(30)

wherethe sets ~Qi form a partition of the parameterspace,

Q = ~Q1 [ � � � [ ~Qk with ~Qi \ ~Q0
i = ; for i 6= i 0: (31)

The bene�t of representation (30) is that it can be rewritten in the form of a closed
formula using indicator functions,

gPq (z) =
kX

i =1

[ ~Qi ](q)
X

j 2 Vi

gv j (q)+ Cj (z): (32)

Clearly, representations (30) and (32) can be obtained by taking the chambers of all
dimensions,sincethey form a partition of Q. However, we can do better:

Lemma 12. We can construct representations (30) and (32), where k is the number
of chambers of Ax � q of maximal dimension. When the dimension d of the polytopes
and the dimension m of the parameter space are �xed, the construction is possiblein
polynomial time.

Proof. Again, we can apply the technique of Theorem 3 to de�ne partially open polyhe-
dra ~Qi that satisfy (31), wherey is now an arbitrary vector from the relative interior of
oneof the chambersof maximal dimension. The complexity in �xed dimensionsm and d
follows from the fact that there are only polynomially many full-dimensionalchambers in
this case.

Note that the generatingfunction of a parametric vertex may appear multiple times
in representation (32) sincea vertex v j (q) may be active on morethan onechamber. The
multiple occurrencescan be removed by consideringthe activity regions

A j = f q : Av j (q) � q g
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of individual vertices instead of the chambers. Then, by introducing their partially open
counterparts ~A j constructedby Theorem3, we obtain another representation of the para-
metric generatingfunction,

gPq (z) =
X

j 2 V

[ ~A j ](q) gv j (q)+ Cj (z): (33)

whereV = V1[ � � �[ Vk is the index setof all appearingparametricvertices. Oneadvantage
of this representation is that it canbecomputedin polynomial time, even if the dimension
m of the parameterspacevaries:

Lemma 13. The representation (33) can be constructed in polynomial time when the
dimensiond of the polytopesis �xed (but the dimensionm of the parameterspace varies).

Proof. This followsfrom the abovediscussion;the number of parametricverticesis polyno-
mial whenthe dimensiond of the polytopesis �xed and the dimensionm of the parameter
spacevaries.

3.3 From the generating function to the counting function

After computing the parametric generatingfunction gPq (z) of Pq , an explicit representa-
tion of the parametric counting function c(q) = #( Pq \ Zd) canbe obtainedby evaluating
the generatingfunction at 1, i.e., c(q) = gPq (1). Careneedsto be taken in this evaluation
since1 is a poleof each term in gPq (z). Onetypically evaluatestheserational functions on
a curve t 7! z(t) with z(0) = 1 that meetssingularities only in �nitely many points and
then computesthe constant terms of the Laurent expansionsof the resulting univariate
meromorphicfunctions about t = 0; see[3, 5, 11, 24].

Applying this processto (32) and (33), oneobtains the counting formulas

c(q) =
kX

i =1

[ ~Qi ](q)
X

v j 2 Vi

cv j (q)+ Cj

and
c(q) =

X

v j

[ ~A j ](q) cv j (q)+ Cj ;

wherecv j (q)+ Cj is the sum of the constant terms in the Laurent expansionsof the terms
in gv j (q)+ Cj (z).

3.4 The resulting algorithms

The completeresulting algorithm, basedon a chamber decomposition, is shown below.

Algorithm 14 (Primal parametric Barvinok algorithm).
Input: full-dimensional parametric polytope Pq = f x 2 R d : Ax � q g, with q 2 Q �
R m ; the maximum enumeratedconeindex `
Output: parametric counting function c: Q ! N with c(q) = #

�
Pq \ Zd

�
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1. Computethe chamber decomposition Q � 2Q of Pq and for each Qi 2 Q of maximal
dimension,the corresponding active verticesVi = f v j (q) gj (seeSection1.2)

2. For each vertex conev j (q) + Cj of Pq , with v j (q) 2
S

Q i 2Q Vi

(a) Triangulate Cj into partially open full-dimensional simplicial cones [Cj ] =P
k [ ~Cj k ] (seeSection2.2)

(b) For each ~Cj k , apply Barvinok's signeddecomposition into partially open full-
dimensionalcones[ ~Cj k ] =

P
l " j kl [ ~Cj kl ] of index at most ` (seeSection2.3)

(c) For each ~Cj kl , write down the generating function gv j (q)+ ~Cj k l
(z) (27) of the

a�ne conev j (q) + ~Cj kl (seeSection3.1)

(d) Write down gv j (q)+ Cj (z) =
P

k

P
l " j klgv j (q)+ ~Cj k l

(z)

3. Compute partially open chambers ~Qi from Qi and write down the generatingfunc-
tion gPq (z) (32) of the parametric polytope Pq (seeSection3.2)

4. Specialize the generating function gPq (z) to obtain the counting function c(q) =
gPq (1) (seeSection3.3)

We omit the variation basedon activit y regions,as it is nearly identical.
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