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Abstract

A graph G is maximal nontraceable (MNT) if G doesnot have a hamiltonian path
but, for every e 2 E

�
G

�
, the graph G + e has a hamiltonian path. A graph G is

1-tough if for every vertex cut S of G the number of components of G� S is at most
jSj. We investigate the structure of MNT graphs that are not 1-tough. Our results
enableus to construct several interesting new classesof MNT graphs.
Keyw ords: maximal nontraceable, hamiltonian path, traceable, nontraceable,
toughness

1 In tro duction

We consider only simple, �nite graphs. We denote the vertex set, the edge set, the
order and the sizeof a graph G by V(G), E(G), v(G) and e(G), respectively. The open
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neighbourhood of a vertex v in G is the set NG(v) = f x 2 V(G) : vx 2 E(G)g. If
NG(v) [ f vg = V(G); we call v a universal vertex of G. If U is a nonempty subsetof
V(G) then hUi denotesthe subgraphof G induced by U.

A graph G is hamiltonian if it has a hamiltonian cycle (a cycle containing all the
verticesof G), and traceable if it hasa hamiltonian path (a path containing all the vertices
of G).

If a graphG hasa hamiltonian path with endverticesx andy, wesay that G is traceable
from x to y. If G is traceablefrom each of its vertices,we say that G is homogeneously
traceable.

A graph G is maximal nonhamiltonian (MNH) if G is nonhamiltonian, but G + e is
hamiltonian for each e 2 E(G), whereG denotesthe complement of G.

A graph G is maximal nontraceable(MNT) if G is not traceable,but G+ e is traceable
for each e 2 E(G):

A noncompletegraph G is t-tough if t � jSj=� (G � S) for every vertex-cut S � V(G),
where� (G � S) denotesthe number of components in G � S and t is a nonnegative real
number. The maximum real number t for which G is t-tough is called the toughnessof G
and is denotedby t(G).

In 1998Zelinka [14] presented two constructions,which each yielded an in�nite class
of MNT graphs. We call the graphs in theseclassesZelinka graphs, and we call MNT
graphs that cannot be constructed by one of Zelinka's constructions non-Zelinka MNT
graphs. By consulting [10] we canseethat all MNT graphsof order lessthan 8 areZelinka
graphs. (Zelinka originally conjectured that all MNT graphs can be constructed by his
methods, but he later retracted this conjecture.)

All Zelinka graphshave toughnesslessthan one. The �rst non-Zelinka MNT graphs
constructed are all 1-tough. (Claw-free, 2-connectedonesare presented in [2] and cubic
ones in [7].) However, not all MNT graphs with toughnessless than one are Zelinka
graphs, becauseDudek, Katona and Wojda [6] recently constructed an in�nite classof
non-Zelinka MNT graphs that have cut-vertices and hencehave toughnessat most 1=2.
We shall call thesegraphsDKW graphs.

In this paper we investigatethe structure of MNT graphswith toughnesslessthan 1.
Our resultsenableus to construct several new classesof MNT graphswith toughnessless
than 1. For example,we construct an in�nite family of non-Zelinka MNT graphshaving
two cut-verticesand three blocks, with the middle block being hamiltonian. (The DKW
graphs also have three blocks and 2 cut-vertices, but in their casethe middle block is
MNH). We also construct an in�nite family of non-Zelinka MNT graphs with only two
blocks. Among theseis a graph of order 8 and size15. This turns out to be a non-Zelinka
MNT graph of smallestpossibleorder and size. Finally, we construct in�nite families of
2-connectednon-Zelinka MNT graphswith toughnesslessthan 1.
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2 The Zelink a Constructions

The constructions given by Zelinka [14] provide two important classesof MNT graphs
with toughnesslessthan one. We describe the constructionsbrie
y .

Zelink a T yp e I graphs
Supposep is a non-negative integer and a1; :::; ak , wherek = p + 2, are positive integers.
Let U0; U1; :::; Uk be pairwise disjoint setsof verticessuch that jU0j = p and jUi j = ai for
i = 1; :::; k. Let the graph G have V(G) =

S k
i=0 Ui and E(G) be such that the induced

subgraphshU0 [ Ui i for i = 1; :::; k arecompletegraphs. We call such a graph G a Zelinka
Type I graph.

This construction is represented diagrammatically in Figure 1.

PSfrag replacements

U0

Up+2

U1
U2

K p+ a1

K p

K a2

K p+ a2

K ap+2

K p+ ap+2

Figure 1: Zelinka Type I graph

Zelink a T yp e I I graphs
Supposep;q; r; a1; :::; ap; b1; :::; bq; c1; :::; cr are positive integersand s a non-negative inte-
ger.
Let U0; U1; :::; Up; V0; V1; :::; Vq; W0; W1; :::; Wr ; X be pairwise disjoint setsof verticessuch
that jU0j = p; jUi j = ai for i = 1; :::; p; jV0j = q; jVi j = bi for i = 1; :::; q; jW0j = r; jWi j = ci

for i = 1; :::; r and jX j = s:
Let the graph G have V(G) = (

S p
i=0 Ui ) [ (

S q
i=0 Vi ) [ (

S r
i =0 Wi ) [ X and E(G) be such

that the induced subgraphshU0 [ Ui i for i = 1; :::; p;hV0 [ Vi i for i = 1; :::; q; hW0 [ Wi i
for i = 1; :::; r; and hU0 [ V0 [ W0 [ X i are all completegraphs. We call such a graph G
a Zelinka Type II graph.

This construction is represented diagrammatically in Figure 2.
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Figure 2: Zelinka Type II graph

Remark 2.1 By consulting [10] we see that all MNT graphswith fewer than 8 vertices
are Zelinka graphs.

If G is the graph in Figure 1, then � (G � U0) = jU0j + 2, while if G is the graph in
Figure 2, then � (G � U0) = jU0j + 1. Thus all Zelinka graphs have toughnesslessthan
one.

3 Maximal nontraceable graphs with toughness less
than one

SupposeP is a path in a graph G, with endverticesa and z. If we regardP asgoing from
a to z, we denote it by P[a;z], and if we reversethe direction we denote it by P[z; a]: If
u; v 2 V (P), then P[u; v] denotesthe subpath of P that starts at u and endsat v, and
P(u; v) = P[u; v] � f u; vg:

If a graph G has two vertex disjoint paths, F 1and F 2, such that V(G) = V (F 1) [
V (F 2), then F 1; F 2 is called a 2-path cover of G.

If G is an MNT graph with t(G) < 1, then it is easyto seethat G has a vertex-cut
S such that � (G � S) = jSj + 2 or � (G � S) = jSj + 1. We now characterizethe �rst of
thesetwo cases.

Theorem 3.1 G is an MNT graph havinga subsetS suchthat � (G � S) = jSj + 2 if and
only if G is a Zelinka Type I graph.

Pro of. Let G bea Zelinka TypeI graphasdepictedin Figure 1. Then � (G� U0) = jU0j+ 2.
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Conversely, supposethat � (G � S) = k = jSj + 2 and A1; A2; :::; Ak are the k compo-
nents of G � S. Supposethat for somei the graph hS [ A i i hastwo nonadjacent vertices,
u and v. Then S is a vertex-cut of G + uv and (G + uv) � S has jSj + 2 components.
But then G + uv is not traceable. This contradiction provesthat hS [ A i i is completefor
i = 1; 2; :::; k, and henceG is a Zelinka Type I graph.

If G is a Zelinka Type II graph as depicted in Figure 2, then � (G � U0) = jU0j + 1
and every component of G � U0 except for one is complete. We suspected at �rst that
the Zelinka Type II graphsare the only oneswith this property. However, the following
theoremenabledus to �nd non-Zelinka graphswith this property.

3.1 The case where G � S has one noncomplete comp onent

Theorem 3.2 Let G be a connected graphwith a minimum vertex-cutS suchthat jSj = k
and G � S has k + 1 components G1; G2; :::; Gk ; H , all of which are completeexcept for
H . Then G is MNT if and only if the following conditions hold:

(i) hS [ V(Gi )i is complete,for i = 1; 2; :::; k.

(ii) H is traceablefrom each vertex in V(H ) � NH (S) :

(iii) H is not traceablefrom any vertex in NH (S), but for everypair u; v of nonadjacent
vertices in H , the graph H + uv is traceablefrom a vertex in NH (S).

(iv) Every vertex in S is adjacent to everyvertex in NH (S):

(v) For every a 2 NH (S) the graph H has a 2-path cover F 1[a;b]; F 2[c;d] where d 2
NH (S) ; b;c 2 V (H ) :

Pro of. SupposeG is MNT. We show that G satis�es (i) - (v).

(i) If x; y 2 S such that xy =2 E(G), then any path in G + xy containing xy contains
vertices from at most k components of G � S; which implies that G + xy has no
hamiltonian path. This contradiction implies that hSi is a completegraph. Now
supposethat for somej 2 f 1; : : : ; kg there is a vertex x 2 S and a vertex v 2 V(Gj )
such that xv =2 E(G). Let P be a hamiltonian path of G + xv. Since� (G � S) =
jSj+ 1, the path P visits each component of Gj exactly once. If P hasan endvertex in
Gj , then P hasa subpath containing all the verticesof G� V (Gj ), endingin x. But
then, sincex is adjacent to somevertex in Gj and Gj is complete,G is traceable,a
contradiction. We may thereforeassumethat k � 2 and P hasa subpath xP [v; w]y
such that y 2 S and P[v; w] is a hamiltonian path of Gj . If NG j (x) [ NG j (y) = f wg;
then (S � f x; yg) [ f wg is a vertex-cut of G, contradicting the minimalit y of S.
HenceGj has two distinct vertices, u and z such that xu; zy 2 E(G). SinceGj is
complete, Gj has a hamiltonian path Q[u; z]: If in P we replacethe path P[v; w]
with the path Q[u; z], we obtain a hamiltonian path of G, a contradiction. This
provesthat hS [ V(Gi )i is complete,for i = 1; 2; :::; k.
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(ii) Let v 2 V(H ) � NH (S) and x 2 S. Then G + xv hasa hamiltonian path P. Since
P visits H only once,H is traceablefrom v.

(iii) It follows from (i) that G � V(H ) is homogeneouslytraceable. Hence,H is not
traceable from any vertex in NH (S), otherwise G would be traceable. If u; v 2
V (H ) ; then G + uv has a hamiltonian path which visits H only once,and hence
H + uv is traceablefrom a vertex in NH (S).

(iv) If there existsa vertex u 2 NH (S) and x 2 S such that ux =2 E(G), then G+ ux has
a hamiltonian path, which implies that H is traceablefrom u; contradicting (iii).

(v) Let a 2 hNH (S)i and let v 2 G1. Then G + av has a hamiltonian path P. Since
H is not traceablefrom a, it follows that P visits H more than once. Hence,since
� (G � S) = k + 1, it follows that P visits H exactly twice. Thus H has a 2-path
cover F 1[a;b]; F 2[c;d] whered 2 NH (S) ; b;c 2 V (H ) :

To prove the converse,supposeG satis�es (i) - (v). If G is traceable,then our assumption
that jSj = k and � (G � S) = k + 1 implies that any hamiltonian path of G visits each
component of G � S exactly onceand that the endverticesof the path are in two di�erent
components of G� S. Thus H is traceablefrom a vertex in NH (S). This contradicts (iii).
HenceG is not traceable. However, it follows from (i) that G � V(H ) is homogeneously
traceable.

To show that G is MNT we needto show that G + uv is traceablefor all u; v 2 V(G),
whereuv =2 E(G).

Case 1. u; v 2 V(H ) :
It follows from (i) and (iii) that G + uv is traceable.

Case 2. u 2 V(H ), v 2 S:
By (iv) u 2 V(H ) � NH (S); henceit follows from (i) and (ii) that G + uv is traceable.

Case 3. u 2 V(H ) � NH (S), v 2 V(Gi ), i = 1; :::; k:
According to (i) and (ii) G + uv is traceable.

Case 4. u 2 NH (S), v 2 V(Gi ), i = 1; :::; k:
It follows from (i) that G � V(H ) has a hamiltonian path P[x; v]; where x 2 S: By
(v), H has a 2-path cover F 1[u; b]; F 2[c;d], where d 2 NH (S) ; b;c 2 V (H ). The path
F 1[c;d]P[x; v]F 2[u; b] is a hamiltonian path of G.

Case 5. Considerk � 2. Let u 2 V(Gi ) and v 2 V(Gj ), i 6= j , i; j = 1; :::; k:
It follows from (i) that (G + uv) � V (H ) hasa hamiltonian path P[x; y], wherex; y 2 S.
By (vi), H has a 2-path cover F 1[a;b]; F 2[c;d] wherea;d 2 NH (S) ; b;c 2 V (H ) : Thus
F 2[c;d]P[x; y]F 1[a;b] is a hamiltonian path of G + uv.

The following corollary is useful when attempting to construct MNT graphs having
the structure described in Theorem3.2.
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Corollary 3.3 Let G be an MNT graph that has the structure as described in Theo-
rem 3.2. Then the noncompletecomponent H has no universal vertices.

Pro of. Supposeb is a universal vertex of H .
If b 2 NH (S) then, by (v), H has a 2-path cover F 1[a;b]; F 2[c;d], where d 2

NH (S) ; a;c 2 V (H ) : But then, sincebc2 E (H ) ; the path F 1[a;b]F 2[c;d] is a hamilto-
nian path of H with endvertex d 2 NH (S), contradicting (iii).

If b =2 NH (S), then, by (ii), H has a hamiltonian path Q[b;z], for somez 2 V (H ).
Sincezb 2 E (H ), it then follows that H has a hamiltonian cycle. But then H is homo-
geneouslytraceable,contradicting (iii).

Remark 3.4 Suppose G is an MNT graph that has the structure as described in The-
orem 3.2. Then either every vertex in S is a universal vertex of G and H is MNT,
or no vertex in S is a universal vertex of G and H is traceable (from every vertex in
V(H ) � NH (S)). We shall presentexamplesof both cases.

If each cut-vertex of a graph G lies in exactly two blocks of G, we say that G has a
linear block structure. We now show that Theorem3.2 appliesto every MNT graph with
a linear block structure.

Lemma 3.5 SupposeG is a connected MNT graph with a cut-vertex x such that G � x
hasexactlytwo components. Then exactlyoneof the two componentsis a completegraph.

Pro of. Let A and B be the components of G � x. Then A and B cannot both be
complete,otherwiseG would be traceable. SupposeA is not completeand let u; v be two
nonadjacent verticesin A. Then, sinceG + uv is traceable,B is traceablefrom x. If B is
alsonot complete,then A is also traceablefrom x. But then G is traceable.

Corollary 3.6 SupposeG is an MNT graph with a linear block structure. Then G either
has only two blocks, of which exactly one is complete,or G has exactly two cut-vertices
and three blocks, in which case the two end-blocks are completeand the middle block is
not complete.

Pro of. Apply Theorem3.2(i) to each cut-vertex of G.

Let G be an MNT graph with exactly two blocks. Denote the noncompleteblock by
B, the cut-vertex by x and let H = B � x. By Corollary 3.3, H hasno universalvertices.
By Remark 3.4, either x is a universalvertex of G and H is MNT, or H is traceable,but
not from NH (x).

Every Zelinka Type II graph, in which p = 1; q � 2; r � 2; is an MNT graph with
exactly two blocks, in which the cut-vertex x is not a universalvertex. The smallestsuch
graph is depicted in Figure 3.
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PSfrag replacements

x

Figure 3: SmallestZelinka MNT graph with two blocks

We now present non-Zelinka MNT graphswith this property.

Example 3.7 The tarantula, depicted in Figure 4, is a non-Zelinka graph with exactly
two blocks, in which the cut-vertex x is not a universal vertex. We note that in the
tarantula both hx; u1; u2; u3i and hx; w1; w2; w3i are completegraphs.

PSfrag replacements
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x
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Figure 4: Tarantula

We generalizethe tarantula asdepicted in Figure 5.
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Figure 5: Generalizedtarantula
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A generalizedtarantula contains three complete graphs, A (of order at least 2), W
and U (both of order at least4) which sharea singlecommonvertex x, and four mutually
disjoint completegraphs,C, D, E and F which have no verticesin commonwith V(A) [
V(W) [ V(U). The subgraph W has three distinguished vertices w1; w2; w3 and U has
three distinguishedverticesu1; u2; u3. The graph hasthe following additional adjacencies:
w1 and w2 are adjacent to all vertices in C, w1 and w3 are adjacent to all vertices in D,
u1 and u2 are adjacent to all vertices in E, u1 and u3 are adjacent to all vertices in F ,
and w1 is adjacent to u1.

It is easyto check that generalizedtarantulas satisfy the conditions of Theorem 3.2.
Thus we have an in�nite family of non-Zelinka MNT graphswith exactly two blocks, in
which the cut-vertex is not a universal vertex.

Next we present MNT graphs with exactly two blocks, in which the cut-vertex is a
universalvertex.

Example 3.8 The propeller, shown in Figure 6, is an MNT graph with two blocks, in
which the cut-vertex x is a universal vertex. Let B denotethe noncompleteblock of the
propeller. Then H = B � x is the net, which is the smallestMNT graph without universal
vertices. Sinceall MNT graphs of order lessthan 8 are Zelinka graphs, the propellor is
a non-Zelinka MNT graph of smallest order. We do not know of any other non-Zelinka
MNT graph of order 8.

PSfrag replacements

x

x

�=

Figure 6: The propeller, a non-Zelinka MNT graph of smallestorder

The noncompleteblock B of the propeller canalsobe described asthe graph obtained
from a K 4 by subdividing the three edgesincident with a �xed vertex x and then adding
the relevant edgesto make x a universal vertex. This description allows us to generalize
the propellor to obtain an MNT graph of order n � 8, asdepicted in Figure 7. We let A
be a completegraph of arbitrary order, and for B we replacethe three triangles incident
with x with completegraphsof arbitrary order.
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Figure 7: A generalizedpropeller

The construction given above can be further generalizedby starting with any K n ,
with n � 5, instead of K 4, and replacing any three edgesincident with x 2 V(K n ) with
completegraphs.

It follows directly from Theorem3.2 that the generalizedpropellersare MNT.

Now suppose G is an MNT graph with exactly three blocks, B1, B and B2 and
two cut-vertices, x and y, with B being the middle block and x 2 V(B1) \ V(B) and
y 2 V(B2) \ V (B). Then, obviously, xy 2 E (G) and, by Corollary 3.6 B1 and B2 are
completegraphs,while B is not complete. Moreover, it is obvious that B doesnot have
a hamiltonian path with endverticesx and y, but, for any e 2 E

�
G

�
the graph G + e has

such a hamiltonian path. This implies that either the middle block B is MNH, or B is
hamiltonian but no hamiltonian cyclecontains the edgexy.

Every Zelinka Type II graph with p = q = 1; r � 2 is an MNT graph with two
cut-verticesand three blocks, in which the middle block is MNH. The smallestsuch graph
is depicted in Figure 8.

PSfrag replacements

x

y

Figure 8: SmallestZelinka MNT graph with three blocks

As shown in the next example,the middle block B may be chosenfrom variousMNH
graphsto producenon-Zelinka MNT graphswith three blocks and two cut-vertices.

Example 3.9 (Dudek, Katona and Wojda [6]):
Considera cubic MNH graph B with the properties that
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D(1): there is an edgexy of B , such that N (x) \ N (y) = ; , and

D(2): B + e hasa hamiltonian cyclecontaining xy for every e 2 E(B).

Take two graphs B1 and B2, with B1
�= K 1 and B2

�= K 1 or B2
�= K 2 and join each

vertex of B1 to x and each vertex of B2 to y. The resulting graph, which we call a
DKW-graph, is an MNT graph with three blocks and two cut-vertices.

In [4], [5] and [8] constructionsof cubic MNH graphswith properties D(1) and D(2)
are given. It transpires that such graphs of order n exist for each even n � 52 and
n 2 I = f 10; 20; 28; 36; 38; 40; 44; 46; 48g. This yields DKW-graphs of order n for every
n � 54 and each n = i + 2 or n = i + 3, where i 2 I . It is shown in [8] that every MNT
graph of order n � 10 hassizeat leastd3n� 2

2 e: The DKW graphsrealisethis lower bound.
By consulting [10] we seethat the Petersengraph is the smallest cubic MNH graph

satisfying D(1) and D(2).
Figure 9 depicts a DKW-graph constructedfrom the Petersengraph.

PSfrag replacements
x y

Figure 9: An MNT graph with the Petersengraph as the middle block

DKW-graphs can be generalizedby replacing each of B1 and B2 with an arbitrarily
large completegraph. Each such graph is an MNT graph with exactly three blocks and
two cut-vertices, in which the middle block is MNH.

Next we present MNT graphs with 3 blocks and 2 cut-vertices in which the middle
block is hamiltonian.

Example 3.10 The sputnik, depictedin Figure 10(a), is a smallestMNT graph that has
exactly three blocks and two cut-verticesin which the middle block is hamiltonian. (It is
proved in [11] that no such graph has order lessthan 10 and that every MNT graph of
order 10 hasat least 15 edges.)

By replacingeach triangle aswell aseach endblock of the sputnik by a completegraph
of arbitrary order, in the manner shown in Figure 10(b), we obtain, for every n � 10; an
MNT graph of order n that has three blocks and two cut-vertices in which the middle
block is hamiltonian. We call such a graph a generalized sputnik.
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Figure 10: The sputnik and a generalizedsputnik

3.2 The case where G � S has more than one noncomplete com-
ponent

There alsoexist MNT graphshaving a subsetS such that jSj = k and � (G � S) = k + 1
such that more than one component of G � S is noncomplete. By Theorem 3.2(i), such
graphshave no cut-vertices, i.e. they are 2-connected.We considerhereonly those that
have connectivity equal to 2. We �rst prove the following.

Lemma 3.11 SupposeG is a graph with a minimal vertex-cut S such that jSj = 2 and
G � S has three components G1; G2; G3. If G is MNT then either exactly two of the
componentsare completeor none of the components is complete.

Pro of. Let S = f x1; x2g. If all three components are completethen G is traceable.
Assumethat exactly one of the components, say G3, is complete. Then, as in the

proof of the �rst part of (i) in Theorem3.2, the graph hS [ V(G3)i is complete. Now not
both hV(G1) [ f x i gi and hV(G2) [ f x j gi , f i; j g = f 1; 2g are traceable,respectively, from
x i and x j , otherwiseG is traceable.

Supposeu; v 2 V(G1) and uv =2 E(G). Then, sinceG + uv is traceable,

(i) hV(G1) [ f x1gi + uv is traceablefrom x1 and hV(G2) [ f x2gi is traceablefrom x2;
or

(ii) hV(G1) [ f x2gi + uv is traceablefrom x2 and hV(G2) [ f x1gi is traceablefrom x1.

Without lossof generality we assumethe �rst caseis true. Now supposez; w 2 V(G2)
and zw =2 E(G). Then hV(G2) [ f x1gi + zw is traceablefrom x1 and hV(G1) [ f x2gi is
traceablefrom x2. (If hV(G1) [ f x1gi was traceablefrom x1, then G would be traceable.)
So hV(Gi ) [ f x2gi , i = 1; 2 is traceable from x2. Also, Gi is not traceable from any
vertex in N i (x1) = NG(x1) \ V(Gi ) for i = 1; 2. ConsiderG + uv, whereu 2 N1(x1) and
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v 2 N2(x1). SinceG1 and G2 are not traceable,respectively, from u and v, a hamiltonian
path in G + uv visits each of G1 and G2 at least twice and G3 at least onceand this is
impossible.

Zelinka Type II graphs with p = 2; q � 2 and r � 2 are MNT graphs satisfying the
conditions of Lemma 3.11with exactly two of the components of G � S being complete.
(Take S = U0, for example).

We now investigate the casewhere G is an MNT graph satisfying the conditions of
Lemma 3.11 in which all three components of G � S are noncomplete.We �rst consider
the casewherex and y have disjoint neighbourhoods, and then we considera casewhere
x and y have the sameopen neighbourhood. At present we know of no examplesin which
NG i (x) and NG i (y) are neither disjoint nor equal for somei .

Theorem 3.12 Let G be a graph with a minimal vertex-cut S = f x; yg suchthat G � S
consists of three noncompletecomponents G1; G2; G3 and NG i (x) \ NG i (y) = ; , for i =
1; 2; 3. Let X i = hV(Gi ) [ f x; ygi .

Then G is maximal nontraceable if and only if the following hold.

(i) xy 2 E(G).

(ii) For each i = 1; 2; 3 there is no hamiltonian cycle in X i containing the edgexy, but
X i + e has a hamiltonian cyclecontaining xy for each e 2 E(X i ).

Pro of. SupposeG is MNT.

(i) If xy =2 E(G), then a longest path in G + xy contains vertices from at most two
components of G � S, and henceG + xy is nontraceable.

(ii) Suppose,without lossof generality, that X 2 hasa hamiltonian cyclecontaining xy.
Let e 2 E(G2). Since G + e is traceable there is a hamiltonian path in X 1 � y
with endvertex x and a hamiltonian path in X 3 � x with endvertex y. SinceX 2

has a hamiltonian path with endvertices x and y, it follows that G is traceable,a
contradiction. Thus no X i has a hamiltonian cycle containing xy. Now consider
G + e, wheree 2 E(X i ). Then a hamiltonian path in G + e contains a hamiltonian
path in X i + e with endvertices x and y, and thus a hamiltonian cycle containing
xy.

To prove the converse,supposeG satis�es conditions (i) and (ii). If G were traceable,
then someX i would contain a hamiltonian path with endverticesx and y and henceX i

would contain a hamiltonian cycle containing the edgexy, a contradiction. Thus G is
nontraceable.

SinceS is a minimal vertex-cut of G it follows that x and y each have at least one
neighbour in each Gi , i = 1; 2; 3. Hence,sinceNG i (x) \ NG i (y) = ; , there is at least one
vertex in Gi not adjacent to x and at least one vertex in Gi not adjacent to y. Suppose
v 2 V(Gi ) is not adjacent to x. Then, by (ii), X i + vx hasa hamiltonian cyclecontaining
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vxy, soGi hasa hamiltonian path with v and w asendvertices,wherew is adjacent to y.
Similarly, if u 2 V(Gi ) is not adjacent to y, then Gi has a hamiltonian path with u and
z as endvertices,wherez is adjacent to x. Thus each Gi has two hamiltonian paths, one
with endvertex adjacent to x and the other with endvertex adjacent to y.

We now prove that G + uv is traceablefor u; v 2 V(G) and uv =2 E(G).

Case 1. u; v 2 V(X i ), say i = 2.
Then G + uv has a hamiltonian path obtained from a hamiltonian path in G1 with one
endvertex adjacent to x, followed by a hamiltonian path in X 2 + uv with endvertices x
and y, followed by a hamiltonian path in G3 with endvertex adjacent to y.

Case 2. u 2 V(Gi ), v 2 V(Gj ), i 6= j , say i = 1 and j = 2.
Suppose,without lossof generality, that v is not adjacent to x. Sinceu is nonadjacent to
x or y, it follows from condition (ii) that G1 has a hamiltonian path ending at u. Also,
G2 has a hamiltonian path P with oneendvertex v and the other endvertex adjacent to
y. Then G + uv has a hamiltonian path obtained from a hamiltonian path in G1 with
endvertex u, followedby P, then y; x, followedby a hamiltonian path in G3 with endvertex
adjacent to x.

It follows from condition (ii) of the above theorem that each graph X i , i = 1; 2; 3 is
either hamiltonian (but no hamiltonian cyclecontains the edgexy) or MNH. We present
two examplesof graphs that satisfy the conditions of Theorem 3.12, the �rst in which
all the graphs X i are MNH (seeFigure 11) and the secondin which all the graphs X i

are hamiltonian (see Figure 12). Note that in Figure 11 each X i = hV(Gi ) [ f x; ygi
is isomorphic to the Petersengraph and in Figure 12 each X i = hV(Gi ) [ f x; ygi is
isomorphic to the middle block of the sputnik.

PSfrag replacements
x y

G1 G2

G3

Figure 11: First exampleof graph satisfying the conditions of Theorem3.12
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PSfrag replacements

x y

G1 G2

G3

Figure 12: Secondexampleof graph satisfying the conditions of Theorem3.12

A graph G is hamiltonian-connected (Hc) if for every two distinct verticesx; y 2 V(G)
there is a hamiltonian path in G from x to y. If G is not Hc, but G + e is Hc for every
e 2 E(G), then G is said to be maximal nonhamiltonian-connected (MnHc).

If X is a nonhamiltonian MnHc graph and xy is any edgein X , then X + e has a
hamiltonian cycle containing xy for each e 2 E(X ). Thus we can replaceeach X i in the
graphsdepicted in Figures 11 and 12, with any nonhamiltonian MnHc graph, to obtain
an MNT graph satifying the conditions of Theorem3.12.

Z. Skupie�n brought to our attention that the Petersengraph, the Coxeter graph and
the Isaacs'snarks Jk for odd k � 7 are examplesof nonhamiltonian MnHc graphs (see
[9], [12] and [13]), so that the graphsX i can be chosenfrom thesegraphs,with x and y
corresponding to two adjacent vertices in each X i . Any X i may also be replacedby the
middle block of a generalizedsputnik, with x and y chosenas in Figure 10. Although the
middle block of a generalizedsputnik is not MnHc, it doessatisfy the condition required
by the Gi with respect to the chosenx and y.

Next, we considerthe casewherex and y have the sameneighbourhood.

Theorem 3.13 Let G be a graph with a minimum vertex-cutS = f x; yg suchthat G � S
consistsof three noncompletecomponentsG1; G2; G3 and NG i (x) = NG i (y) = N i 6= V(Gi ),
for i = 1; 2; 3.

Then G is maximal nontraceable if and only if the following hold:

(i) xy 2 E(G).

(ii) X i = hV(Gi ) [ f xgi is MNH for i = 1; 2; 3.

(iii) At most one of the graphshN i i has a universal vertex.

(iv) All three graphsGi are traceableand at least two of them are homogeneously trace-
able.
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(v) If u is a universal vertex of hN i i for somei 2 f 1; 2; 3g, then Gi is traceablefrom u.

Pro of. SupposeG is MNT.

(i) As in the proof of Theorem3.12 it follows that xy 2 E(G).

(ii) Let u; v 2 V (X 2); uv =2 E (G). Then G + uv has a hamiltonian path, P. If X 2

is hamiltonian, then G2 has a hamiltonian path Q with both endvertices in N2.
But then, replacing the subpath of P in G2 with Q, we obtain a hamiltonian path
of G. This contradiction proves that X 2 is nonhamiltonian and that G2 has no
hamiltonian path with both endvertices in N2. Similarly, for i = 1; 3 the graph X i

is non-hamiltonian and Gi doesnot have a hamiltonian path with both endvertices
in N i . This implies that P hasoneendvertex in G1 and the other in G3, and hence
P has a subpath which is a hamiltonian path of G2 + uv; with both endvertices in
N2. Thus X 2 + uv is hamiltonian. HenceX 2 and, similarly, X 1 and X 3; are MNH.
It also follows similarly that Yi = hV (Gi ) [ f ygi is MNH for i = 1; 2; 3:

(iii) ConsiderG+ v1v2; v1 2 N1, v2 2 N2. SinceGi doesnot havea hamiltonian path with
both endvertices in N i ; i = 1; 2; 3, it follows that a hamiltonian path P in G + v1v2

has the structure shown in Figure 13, in which G1 and G2 can be interchanged.
PSfrag replacements

v1
v2

u w
z s

x y

G1 G2 G3

N1

Figure 13: Sketch for Theorem3.13

In the caseshown, G2 hasa 2-path cover, F 1[v2; u]; F 2[w; z], with v2; u; w; z 2 N2.

Supposevi is a universal vertex of hN i i , for i = 1; 2. Then v2 is adjacent to w. If
in P we replace the subpath P[v1; z] with the path v1xF 1[u; v2]F 2[w; z], then we
obtain a hamiltonian path in G, which is a contradiction. This provesthat, for any
choiceof i and j , i 6= j , i; j 2 f 1; 2; 3g, at leastoneof hN i i and hN j i hasno universal
vertices. Henceat most oneof the graphshNk i ; k = 1; 2; 3; hasa universal vertex.

(iv) If v 2 V(Gi ) � N i ; i 2 f 1; 2; 3g; then Gi + vx has a hamiltonian path; henceGi is
traceablefrom v. Supposeone of the Gi , say G2, is not homogeneouslytraceable.
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Then there is a vertex v2 2 N2 such that G2 is not traceable from v2. Now let
v1 2 N1. Then G + v1v2 has a hamiltonian path with the structure shown in
Figure 13 and so G1 has a hamiltonian path with v1 as endvertex. HenceG1 is
homogeneouslytraceable. Similarly, G3 is homogeneouslytraceable.

(v) Supposeone of the induced subgraphshN i i , say hN2i , has a universal vertex v2,
but G2 is not traceable from v2. Then, as before, it follows that G + v1v2, where
v1 2 N1, has a hamiltonian path with the structure shown in Figure 13. As in the
proof of (iii) it follows that G has a hamiltonian path, a contradiction. Thus G2 is
traceablefrom v2.

Conversely, supposeG satis�es conditions (i)-(v). It follows from (ii) that Gi has no
hamiltonian path with both endvertices in N i ; i = 1; 2; 3, and henceG is not traceable.

If v 2 V(Gi ) � N i ; i 2 f 1; 2; 3g then (ii) implies that X i + vx is hamiltonian, and hence
has a hamiltonian path with v and x as endvertices. Thus each graph X i is traceable
from each vertex in G � N i to x. Similarly, each graph Yi is traceablefrom every vertex
in G � N i to y.

Now let u; v 2 V(G) and uv =2 E(G). We show that G + uv is traceable.

Case 1. u; v 2 V(Gi ) [ f x; yg, say i = 2.
From (ii) and our assumptionthat NG i (x) = NG i (y) it follows that hV(Gi ) [ f x; ygi hasa
hamiltonian cyclecontaining the edgexy and hencehasa hamiltonian path Q[x; y]: Since
G1 is traceableto x and G3 is traceablefrom y, it follows that G + uv is traceable.

Case 2. u 2 V(Gi ) � N i , v 2 V(Gj ) � N j , i 6= j , say i = 1 and j = 2.
G1 is traceablefrom u; and X 2 is traceablefrom v to x; and G3 is traceablefrom y; hence
G + uv is traceable.

Case 3. u 2 N i , v 2 N j , i 6= j , say i = 1 and j = 2.
At least oneof G1 and G2, say G1, is homogeneouslytraceable. HenceG1 hasa hamilto-
nian path P1[a;u] for somea 2 V (G1). If v is not a universal vertex of G2, let w 2 N2

such that vw =2 E (G). Then, by (ii), X 2 + vw is hamiltonian and henceX 2 hasa hamil-
tonian path P2[v; w]. But G3 has a hamiltonian path P 3[y; z] for somez 2 V (G3). The
path P1[a;u]P2[v; w]P3[y; z] is a hamiltonian path of G + uv.

Now supposev is a universalvertex of N2. In this caseit followsfrom (v) that G2 hasa
hamiltonian path Q2[b;u] for someb2 V(G2) and by (iii) u is not a universalvertex of G1,
so G1 has a hamiltonian path P 1[u; t] for somet 2 N1: The path Q2[b;v]Q1[u; t]xP 3[y; z]
is a hamiltonian path of G + uv:

Case 4. u 2 N i , v 2 V(Gj ) � N j , i 6= j , say i = 1 and j = 2.
If u is a universal vertex of hN1i , then G1 is traceable from u. If u is not a universal
vertex of hN1i , then, as shown in Case3, X 1 is traceablefrom u. In either caseG + uv
has a hamiltonian path, Y2 is traceablefrom v to y and G3 is traceablefrom a vertex in
N3.

An exampleof a graph that satis�es the conditions of Theorem 3.13 is depicted in
Figure 14. In this graph, G1

�= G2
�= G3 is homogeneouslytraceableand hV(Gi ) [ f xgi
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is isomorphic to the Petersengraph, which is MNH.

PSfrag replacements

x y

G1 G2 G3

Figure 14: Graph that satis�es the conditions of Theorem3.13

A graph G is hypohamiltonian if G is nonhamiltonian, but G � v is hamiltonian for
all v 2 V(G). A graph that is MNH as well as hypohamiltonian is called maximal hy-
pohamiltonian (MHH ). We can replace any of the graphs hV(Gi ) [ f xgi in the graph
depicted in Figure 14 by an MHH graph. (Then Gi is hamiltonian, and hencehomoge-
neouslytraceable.) Examplesof MHH graphsare the Petersengraph, the Coxeter graph,
Chisala'sG3-snark, and the Isaacs'snarksJk for odd k � 5 (seee.g. [1], [3], [4] and [11]
for de�nitions).
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