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We consider only simple, nite graphs. We denote the vertex set, the edge set, the
order and the sizeof a graph G by V(G), E(G), v(G) and & G), respectively. The open
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neightourhood of a vertex v in G is the set Ng(v) = fx 2 V(G) : vx 2 E(G)g. If
Ng(v) [ fvg = V(G); we call v a universal vertex of G. If U is a nonempty subsetof
V (G) then hUJi denotesthe subgraphof G induced by U.

A graph G is hamiltonian if it has a hamiltonian cycle (a cycle cortaining all the
verticesof G), and traceableif it hasa hamiltonian path (a path cortaining all the vertices
of G).

If agraph G hasa hamiltonian path with endwerticesx andy, we say that G is traceable
from x to y. If G is traceablefrom ead of its vertices, we say that G is homamen@usly
traceable.

A graph G is maximal nonhamiltonian (MNH) if G is nonhamiltonian, but G + e is
hamiltonian for ead e 2 E(G), where G denotesthe complemen of G.

A graph G is maximal nontraceable (MNT) if G is not traceable,but G+ eis traceable
for eath e 2 E(G):

A noncompletegraph G ist-toughif t jSj= (G S) for every vertex-cutS V(G),
where (G S) denotesthe number of componeris in G S andt is a nonnegatiwe real
number. The maximum real number t for which G is t-tough is called the toughnessof G
and is denotedby t(G).

In 1998Zelinka [14] presened two constructions, which ead yielded an in nite class
of MNT graphs. We call the graphsin these classesZelinka graphs and we call MNT
graphsthat cannot be constructed by one of Zelinka's constructions non-Zelinka MNT
graphs. By consulting [10] we canseethat all MNT graphsof order lessthan 8 are Zelinka
graphs. (Zelinka originally conjecturedthat all MNT graphs can be constructed by his
methods, but he later retracted this conjecture.)

All Zelinka graphs have toughnesslessthan one. The rst non-Zelinka MNT graphs
constructed are all 1-tough. (Claw-free, 2-connectedonesare presered in [2] and cubic
onesin [7].) Howewer, not all MNT graphs with toughnesslessthan one are Zelinka
graphs, becauseDudek, Katona and Wojda [6] recerly constructed an in nite classof
non-Zelinka MNT graphsthat have cut-vertices and hencehave toughnessat most 1=2.
We shall call thesegraphsDKW graphs.

In this paper we investigatethe structure of MNT graphswith toughnesslessthan 1.
Our resultsenableusto construct seweral new classeof MNT graphswith toughnesdess
than 1. For example,we construct an in nite family of non-Zelinka MNT graphshaving
two cut-vertices and three blocks, with the middle block being hamiltonian. (The DKW
graphs also have three blocks and 2 cut-vertices, but in their casethe middle block is
MNH). We also construct an in nite family of non-Zelinka MNT graphswith only two
blocks. Among theseis a graph of order 8 and size15. This turns out to be a non-Zelinka
MNT graph of smallestpossibleorder and size. Finally, we construct in nite families of
2-connectednon-Zelinka MNT graphswith toughnesslessthan 1.
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2 The Zelink a Constructions

The constructions given by Zelinka [14] provide two important classesof MNT graphs
with toughnesslessthan one. We descrike the constructionsbrie y .

Zelink a Type | graphs
Supposep is a hon-negatiwe integer and a;; ::;; ax, wherek = p+ 2, are positive integers.
Let Up; Uy; :::; U be pairwise disjoint setsofgertlcessudw that jUpj = pandjU;j = g for

i = 1,:5k. Let the graph G have V(G) = [, Uy and E(G) be sud that the induced
subgraphshUy [ U;i fori = 1;:::;k are completegraphs. We call sud a graph G a Zelinka
Type | graph.

This construction is represeted diagrammatically in Figure 1.

Figure 1: Zelinka Type | graph

Zelink a Type Il graphs
Supposep;q; r; as; i ap; by i by ¢ il ¢ are positive integersand s a non-negatie inte-
ger.
Let Up; Uy; ::2; Up; Vo, Va; ::"Vq,Wo,Wl, Wi X be pairwise disjoint setsof vertices sut
that jUoj = p;jUij = & fori = 1;::5p;)Voj = qJV. b fori= 1,50 jWo = r;jWij = ¢
fori=1;:5randjXj=s: S
Let the graph G have V(G) = ( I, U) [ ( V)[ ( oW [ X and E(G) be sudh
that the induced subgraphshUy [ Ui for i = 1 PV [ Vil fori = 1 g W [ Wi
fori= 1 :nr;andhUg[ Vo[ Wo[ Xi areall completegraphs We call such agraph G
a Zelinka Type Il graph.

This construction is represetted diagrammatically in Figure 2.
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Kp+q+r+s

Figure 2: Zelinka Type Il graph

Remark 2.1 By consulting [10] we see that all MNT graphswith fewer than 8 vertices
are Zelinka graphs.

If G isthe graphin Figure 1, then (G Up) = jUyj + 2, while if G is the graph in
Figure 2, then (G Up) = jUgj + 1. Thus all Zelinka graphs have toughnesslessthan
one.

3 Maximal nontraceable graphs with toughness less
than one

SupposeP is a path in agraph G, with endwerticesa and z. If we regard P asgoingfrom
ato z, we denoteit by P[a;z], and if we reversethe direction we denoteit by P[z; a]: If
u;v 2 V (P), then P[u;v] denotesthe subpath of P that starts at u and endsat v, and
P(u;v) = Plu;v] fu;vg:

If a graph G has two vertex disjoint paths, F'and F?, sud that V(G) = V (F?) [
V (F?), then F1;F2 is called a 2-path cover of G.

If G is an MNT graph with t(G) < 1, then it is easyto seethat G has a vertex-cut
Ssuhthat (G S)=jSj+2o0r (G S)=]Sj+ 1. We now characterizethe rst of
thesetwo cases.

Theorem 3.1 G is an MNT graphhavinga subsetS suchthat (G S) = jSj+ 2if and
only if G is a Zelinka Type | graph.

Pro of. Let G beaZelinkaTypel graphasdepictedin Figurel. Then (G Up) = jUgj+ 2.
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Conversely supposethat (G S) = k= jSj+ 2and Ay; Ay; ;A arethe k compo-
nerts of G S. Supposethat for somei the graph hS|[ A;i hastwo nonadjacen vertices,
uandv. Then S is a vertex-cut of G+ uv and (G+ uv) S hasjSj+ 2 componerts.
But then G + uv is not traceable. This cortradiction provesthat hS[ A;i is completefor
i = 1,2;:::;k, and henceG is a Zelinka Type | graph. [ ]

If G is a Zelinka Type Il graph as depictedin Figure 2, then (G Ug) = jUgj + 1
and ewvery componert of G Uy except for one is complete. We suspected at rst that
the Zelinka Type Il graphsare the only oneswith this property. Howeer, the following
theoremenabledusto nd non-Zelinka graphswith this property.

3.1 The casewhere G S has one noncomplete comp onent

Theorem 3.2 Let G be a connected graphwith a minimum vertex-cutS suchthat jSj = k
and G S hask + 1 compnents Gq; Gy; :::; Gk; H, all of which are complete exept for
H. Then G is MNT if and only if the following conditions hold:

(i) hS[ V(Gj)i is complete,for i = 1;2;:::;k.
(i) H is traceablefrom eachvertexin V(H) Ny (S):

(i) H is not traceablefrom any vertexin Ny (S), but for everypair u;v of nonadjaent
verticesin H, the graphH + uv is traceablefrom a vertexin Ny (S).

(iv) Every vertexin S is adjaent to everyvertexin Ny (S):

(v) For everya 2 Ny (S) the graph H has a 2-path cover F[a;b]; F2?[c;d] where d 2
Ny (S); b;c2 V(H):

Pro of. SupposeG is MNT. We show that G satis es (i) - (V).

() If x;y 2 S sud that xy 2 E(G), then any path in G + xy corntaining xy cortains
vertices from at most k componerts of G S; which implies that G + xy hasno
hamiltonian path. This cortradiction implies that hSi is a complete graph. Now

sudh that xv 2 E(G). Let P be a hamiltonian path of G+ xv. Since (G S) =
jSj+ 1, the path P visits ead componert of G; exactly once. If P hasan endwertexin
G;j, then P hasa subpath cortaining all the verticesof GV (G;), endingin x. But
then, sincex is adjacert to somevertex in G; and G; is complete,G is traceable,a
cortradiction. We may thereforeassumethat k 2 and P hasa subpath xP [v; w]y
sud that y 2 S and P[v; w] is a hamiltonian path of G;. If Ng; (X)[ Ng, (y) = fwg;
then (S fx;yg) [ fwg is a vertex-cut of G, cortradicting the minimality of S.
HenceG; hastwo distinct vertices, u and z sud that xu; zy 2 E(G). SinceG; is
complete, G; has a hamiltonian path Q[u;z]: If in P we replacethe path P[v;w]
with the path Qlu;z], we obtain a hamiltonian path of G, a cortradiction. This
provesthat S| V(G;)i is complete,fori = 1;2;:::;k.
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(i) Letv2V(H) Ny (S)andx 2 S. Then G+ xv hasa hamiltonian path P. Since
P visits H only once,H is traceablefrom v.

(i) It follows from (i) that G V(H) is homogeneouslytraceable. Hence,H is not
traceable from any vertex in Ny (S), otherwise G would be traceable. If u;v 2
V (H); then G + uv hasa hamiltonian path which visits H only once,and hence
H + uv is traceablefrom a vertex in Ny (S).

(iv) If thereexistsavertexu 2 Ny (S) andx 2 S sud that ux 2 E(G), then G+ ux has
a hamiltonian path, which implies that H is traceablefrom u; cortradicting (iii).

(v) Leta2 Ny (S)i andlet v2 G;. Then G + av hasa hamiltonian path P. Since

H is not traceablefrom a, it follows that P visits H more than once. Hence,since

(G S)=k+ 1,it follows that P visits H exactly twice. Thus H hasa 2-path
cover F[a;b; F?[c;d] whered 2 Ny (S); b;c2 V (H):

To prove the corverse,supposeG satis es (i) - (v). If G istraceable,then our assumption
that jSj = kand (G S) = k+ 1impliesthat any hamiltonian path of G visits eat
componert of G S exactly onceand that the endwerticesof the path arein two di erent
componerts of G S. ThusH is traceablefrom a vertex in Ny (S). This cortradicts (iii).
HenceG is not traceable. Howeer, it follows from (i) that G V(H) is homogeneously
traceable.

To shav that G is MNT we needto show that G + uv is traceablefor all u;v 2 V(G),
whereuv 2 E(G).

Case 1. u;v2 V(H) :
It follows from (i) and (iii) that G + uv is traceable.
Case 2. U2V(H),v2S:
By (iv) u2 V(H) Ny (S); henceit follows from (i) and (ii) that G + uv is traceable.
Case 3. u2V(H) Ngx(S),v2V(G), i=1:;k:
Accordingto (i) and (i) G+ uv is traceable.
Case 4. U2 Ny (S),v2 V(G)),i=1;:k:
It follows from (i) that G V(H) has a hamiltonian path P[x;Vv]; wherex 2 S: By
(v), H hasa 2-path cover F[u; b; F?[c;d], whered 2 Ny (S); b;c2 V (H). The path
Fl[c;d]P[x; V]F?[u; b] is a hamiltonian path of G.
Case 5. Considerk 2. Letu2 V(Gj) andv2 V(G;), 16 ],i ] = 1,5kt
It followsfrom (i) that (G + uv) V (H) hasa hamiltonian path P[x;y], wherex;y 2 S.
By (vi), H hasa 2-path cover F[a;b]; F?[c;d] wherea;d 2 Ny (S); b;c2 V (H): Thus
F2[c;d]P[x; y]JF }[a; ] is a hamiltonian path of G + uv.
|

The following corollary is useful when attempting to construct MNT graphs having

the structure descrited in Theorem 3.2.
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Corollary 3.3 Let G be an MNT graph that has the structure as descriled in Theo-
rem 3.2. Then the noncompletecompnent H has no universal vertices.

Pro of. Supposebis a universalvertex of H.

If b 2 Ny (S) then, by (v), H has a 2-path cover F'[a;b; F?[c;d], whered 2
Ny (S); a;c2 V (H): But then, sincebc2 E (H); the path F1[a;blF?[c;d] is a hamilto-
nian path of H with endwertex d 2 Ny (S), cortradicting (iii).

If b2 Ny (S), then, by (ii), H hasa hamiltonian path Q[b;z], for somez 2 V (H).
Sincezb 2 E (H), it then follows that H hasa hamiltonian cycle. But then H is homo-
geneouslytraceable, cortradicting (iii). [ ]

Remark 3.4 SupmseG is an MNT graph that has the structure as descriled in The-
orem 3.2. Then either every vertex in S is a universal vertex of G and H is MNT,
or no vertexin S is a universal vertex of G and H is traceable (from every vertex in
V(H) Ny (S)). We shal presentexamplesof both cases.

If ead cut-vertex of a graph G lies in exactly two blocks of G, we say that G hasa
linear black structure. We now shav that Theorem 3.2 appliesto every MNT graph with
a linear block structure.

Lemma 3.5 SupmseG is a connected MNT graph with a cut-vertexx suchthat G x
hasexactlytwo components. Then exactlyone of the two componentsis a completegraph.

Proof. Let A and B be the components of G x. Then A and B cannot both be
complete,otherwiseG would be traceable. SupposeA is not completeand let u; v be two
nonadjacen verticesin A. Then, sinceG + uv is traceable,B is traceablefrom x. If B is
alsonot complete,then A is alsotraceablefrom x. But then G is traceable. [ ]

Corollary 3.6 SupmseG is an MNT graphwith a linear black structure. Then G either
has only two blacks, of which exactly one is complete,or G has exactly two cut-vertices
and three blacks, in which case the two end-bla@ks are complete and the middle black is
not complete.

Pro of. Apply Theorem3.2(i) to ead cut-vertex of G. [ ]

Let G be an MNT graph with exactly two blocks. Denote the noncompleteblock by
B, the cut-vertex by x andlet H = B x. By Corollary 3.3, H hasno universalvertices.
By Remark 3.4, either x is a universalvertex of G and H is MNT, or H is traceable,but
not from Ny (x).

Every Zelinka Type Il graph, in which p= 1,9 2;r 2;is an MNT graph with
exactly two blocks, in which the cut-vertex x is not a universalvertex. The smallestsud
graph is depictedin Figure 3.

the electr onic journal of combinatorics 15 (2008), #R18 7



Figure 3: SmallestZelinka MNT graph with two blocks

We now preseit non-Zelinka MNT graphswith this property.

Example 3.7 The tarantula, depictedin Figure 4, is a non-Zelinka graph with exactly
two blocks, in which the cut-vertex x is not a universal vertex. We note that in the
tarantula both hx; uy; uy; usi and hx; wq; wy; wsi are completegraphs.

a
d f
W3 W u U, Us
C e

Figure 4: Tarantula

We generalizethe tarantula asdepictedin Figure 5.

Figure 5: Generalizedtarantula
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A generalizedtarantula cortains three complete graphs, A (of order at least 2), W
and U (both of order at least4) which sharea singlecommonvertex x, and four mutually
disjoint completegraphs,C, D, E and F which have no verticesin commonwith V(A) [
V(W) [ V(U). The subgraphW has three distinguished vertices w;;w,; ws and U has
three distinguishedverticesus; u,; uz. The graph hasthe following additional adjacencies:
w; and w, are adjacen to all verticesin C, w; and ws are adjacert to all verticesin D,
u; and u, are adjacern to all verticesin E, u; and us are adjacer to all verticesin F,
and w; is adjacern to uj.

It is easyto ched that generalizedtarantulas satisfy the conditions of Theorem 3.2.
Thus we have an in nite family of non-Zelinka MNT graphswith exactly two blocks, in
which the cut-vertex is not a universal vertex.

Next we presen MNT graphswith exactly two blocks, in which the cut-vertex is a
universal vertex.

Example 3.8 The propeller, shavn in Figure 6, is an MNT graph with two blocks, in
which the cut-vertex x is a universal vertex. Let B denotethe noncompleteblock of the
propeller. ThenH = B x isthe net, which is the smallestMNT graph without universal
vertices. Sinceall MNT graphsof order lessthan 8 are Zelinka graphs, the propellor is
a non-Zelinka MNT graph of smallestorder. We do not know of any other non-Zelinka
MNT graph of order 8.

Figure 6: The propeller, a non-Zelinka MNT graph of smallestorder

The noncompleteblock B of the propeller canalsobe descriked asthe graph obtained
from a K4 by subdividing the three edgesincidert with a xed vertex x and then adding
the relevant edgesto make x a universal vertex. This description allows us to generalize
the propellor to obtain an MNT graph of ordern 8, asdepictedin Figure 7. We let A
be a completegraph of arbitrary order, and for B we replacethe three triangles incidert
with x with completegraphsof arbitrary order.
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X2

Figure 7: A generalizedpropeller

The construction given above can be further generalizedby starting with any K,
with n 5, instead of K4, and replacingany three edgesincidert with x 2 V(K ) with
completegraphs.

It follows directly from Theorem 3.2 that the generalizedpropellersare MNT.

Now suppose G is an MNT graph with exactly three blocks, B;, B and B, and
two cut-vertices, x and y, with B being the middle block and x 2 V(B,)\ V(B) and
y 2 V(B,)\ V(B). Then, obviously, xy 2 E (G) and, by Corollary 3.6 B; and B, are
completegraphs, while B is not complete. Moreover, it is obvious that B doesnot have
a hamiltonian path with endwerticesx andy, but, forany e2 E G the graph G+ e has
sud a hamiltonian path. This implies that either the middle block B is MNH, or B is
hamiltonian but no hamiltonian cycle cortains the edgexy.

Every Zelinka Type Il graph with p= gq= 1;r 2 is an MNT graph with two
cut-verticesand three blocks, in which the middle block is MNH. The smallestsud graph
is depictedin Figure 8.

Figure 8: SmallestZelinka MNT graph with three blocks

As shown in the next example,the middle block B may be chosenfrom various MNH
graphsto producenon-Zelinka MNT graphswith three blocks and two cut-vertices.

Example 3.9 (Dudek, Katona and Wojda [6]):
Considera cubic MNH graph B with the properties that
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D(1): thereis anedgexy of B, sud that N(x)\ N(y) =;, and

D(2): B + ehasa hamiltonian cycle cortaining xy for every e 2 E(B).

Take two graphsB; and B,, with B; = K; and B, = K; or B, = K, and join eah
vertex of B; to x and ead vertex of B, to y. The resulting graph, which we call a
DKW-graph, is an MNT graph with three blocks and two cut-vertices.

In [4], [5] and [8] constructions of cubic MNH graphswith properties D(1) and D(2)
are given. It transpires that sud graphs of order n exist for eath even n 52 and
n 2| = 10 20,28, 36, 38,40, 44; 46, 48y. This yields DKW-graphs of order n for every
n 54andeahin=1i+2o0orn=1i+ 3,wherei 2 1. It isshown in [8] that every MNT
graphof ordern 10hassizeat Ieastd3”—22e: The DKW graphsrealisethis lower bound.

By consulting [10] we seethat the Petersengraph is the smallestcubic MNH graph
satisfying D(1) and D(2).

Figure 9 depictsa DKW-graph constructedfrom the Petersengraph.

Figure 9: An MNT graph with the Petersengraph asthe middle block

DKW-graphs can be generalizedby replacing eat of B; and B, with an arbitrarily
large completegraph. Each sud graphis an MNT graph with exactly three blocks and
two cut-vertices,in which the middle block is MNH.

Next we presen MNT graphswith 3 blocks and 2 cut-verticesin which the middle
block is hamiltonian.

Example 3.10 The sputnik, depictedin Figure 10(a), is a smallestMNT graphthat has
exactly three blocks and two cut-verticesin which the middle block is hamiltonian. (It is
proved in [1]] that no sudh graph has order lessthan 10 and that every MNT graph of
order 10 hasat least 15 edges.)

By replacingead triangle aswell aseadh endblock of the sputnik by a completegraph
of arbitrary order, in the mannershown in Figure 10(b), we obtain, for everyn 10, an
MNT graph of order n that has three blocks and two cut-vertices in which the middle
block is hamiltonian. We call sud a graph a genealized sputnik.
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(@)

Figure 10: The sputnik and a generalizedsputnik

3.2 The casewhere G S has more than one noncomplete com-
ponent

There alsoexist MNT graphshaving a subsetS sud that jSj= kand (G S)=k+1
sud that more than one componert of G S is noncomplete. By Theorem 3.2(i), sud
graphshave no cut-vertices, i.e. they are 2-connected.We considerhere only those that
have connectivity equalto 2. We rst prove the following.

Lemma 3.11 SupmseG is a graph with a minimal vertex-cutS suchthat jSj = 2 and
G S hasthree components G1;G,; Gs. If G is MNT then either exactly two of the
components are completeor none of the componentsis complete.

Pro of. Let S = fxy;x,0. If all three componerts are completethen G is traceable.
Assumethat exactly one of the componerts, say Gs, is complete. Then, asin the
proof of the rst part of (i) in Theorem3.2,the graph hS[ V(G3)i is complete. Now not
both W (G,) [ fxjgi andhV(G,) [ fx;ai, fi;jg= f1;2g aretraceable,respectively, from
X; and x;, otherwiseG is traceable.
Supposeu;v 2 V(G;) anduv 2 E(G). Then, sinceG + uv is traceable,

(i) hV(Gy) [ fxigi + uv istraceablefrom x; and hV(G,) [ fX.gi is traceablefrom X»;
or

(i) hV(Gy) [ fxo0i + uv is traceablefrom x, and hV(G,) [ fx.gi is traceablefrom Xx;.

Without lossof generality we assumethe rst caseis true. Now supposez;w 2 V(G,)
and zw 2 E(G). Then W (G,) [ fx.gi + zw is traceablefrom x; and hV(G,) [ fXx»gi is
traceablefrom x,. (If hV(G,) [ fx;gi wastraceablefrom x;, then G would be traceable.)
Soh(Gj) [ fxpqi, i = 1,2 is traceable from x,. Also, G; is not traceable from any
vertex in Nj(X1) = Ng(X1)\ V(G;j) fori = 1;2. ConsiderG + uv, whereu 2 N(x;) and
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v 2 Ny(X1). SinceG; and G, are not traceable,respectively, from u and v, a hamiltonian
path in G + uv visits ead of G; and G, at least twice and G; at least onceand this is
impossible. ]

Zelinka Type Il graphswith p= 2;q 2andr 2 are MNT graphssatisfying the
conditions of Lemma 3.11 with exactly two of the componerts of G S being complete.
(Take S = Uy, for example).

We now investigate the casewhere G is an MNT graph satisfying the conditions of
Lemma3.11in which all three componerts of G S are noncomplete. We rst consider
the casewherex and y have disjoint neighbourhoods, and then we considera casewhere
x andy have the sameopen neighbourhood. At presen we know of no examplesin which
Ng, (X) and Ng, (y) are neither disjoint nor equal for somei.

Theorem 3.12 Let G be a graph with a minimal vertex-cutS = fx;yg suchthat G S
consists of three noncomplete components G;; G2; Gz and Ng, (X) \ Ng,(y) = ;, for i =
1,2;3. Let X; = hV(Gj) [ fx;yai.

Then G is maximal nontraceableif and only if the following hold.

(i) xy 2 E(G).

(i) For eachi = 1;2; 3 there is no hamiltonian cyclein X; containing the edgexy, but
Xi + e hasa hamiltonian cycle containing xy for eache 2 E(X;).

Pro of. SupposeG is MNT.

(i) If xy 2 E(G), then a longestpath in G + xy cortains vertices from at most two
componerts of G S, and henceG + xy is nontraceable.

(i) Suppose,without lossof generalily, that X, hasa hamiltonian cycle cortaining xy.
Let e 2 E(G,). SinceG + e is traceablethere is a hamiltonian path in X; vy
with endwertex x and a hamiltonian path in X3 x with endwertex y. Since X,
has a hamiltonian path with endwerticesx andy, it follows that G is traceable,a
cortradiction. Thus no X; has a hamiltonian cycle cortaining xy. Now consider
G+ e, wheree2 E(X;). Then a hamiltonian path in G + e cortains a hamiltonian
path in X; + e with endwerticesx and y, and thus a hamiltonian cycle cortaining

Xy.

To prove the corverse, suppose G satis es conditions (i) and (ii). If G were traceable,
then someX; would cortain a hamiltonian path with endwerticesx and y and henceX;
would cortain a hamiltonian cycle cortaining the edgexy, a cortradiction. Thus G is
nontraceable.

Since S is a minimal vertex-cut of G it follows that x and y eat have at least one
neighbour in eah G;, i = 1;2; 3. Hence,sinceNg, (x)\ Ng,(y) = ;, thereis at leastone
vertex in G; not adjacen to x and at least one vertex in G; not adjacen to y. Suppose
v 2 V(Gj) is not adjacent to x. Then, by (ii), X;+ vx hasa hamiltonian cycle cortaining
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vXxy, soG; hasa hamiltonian path with v and w asendwertices,wherew is adjacern to y.
Similarly, if u 2 V(G;) is not adjacen to y, then G; hasa hamiltonian path with u and
z asendwertices,wherez is adjacert to x. Thus eat G; hastwo hamiltonian paths, one
with endwertex adjacert to x and the other with endwertex adjacer to y.

We now prove that G + uv is traceablefor u;v 2 V(G) and uv 2 E(G).

Case 1. u;v2 V(X)), say i = 2.

Then G + uv has a hamiltonian path obtained from a hamiltonian path in G; with one
endwertex adjacen to x, followed by a hamiltonian path in X, + uv with endwertices x
andy, followed by a hamiltonian path in G3; with endwertex adjacer to y.

Case 2. U2 V(Gj),v2V(G),i6j,syi=1andj = 2.

Suppose,without lossof generality, that v is not adjacer to x. Sinceu is honadjacen to
x ory, it follows from condition (ii) that G; hasa hamiltonian path ending at u. Also,
G, hasa hamiltonian path P with one endwertex v and the other endwertex adjacer to
y. Then G + uv has a hamiltonian path obtained from a hamiltonian path in G; with
endwertex u, followed by P, theny; x, followed by a hamiltonian path in Gz with endwertex
adjacen to x. n

It follows from condition (ii) of the above theoremthat ead graph X;, i = 1;2;3is
either hamiltonian (but no hamiltonian cycle cortains the edgexy) or MNH. We presen
two examplesof graphsthat satisfy the conditions of Theorem 3.12, the rst in which
all the graphs X; are MNH (seeFigure 11) and the secondin which all the graphs X;
are hamiltonian (seeFigure 12). Note that in Figure 11 eadh X; = hW(G;) [ fX;yaqi
is isomorphic to the Petersengraph and in Figure 12 eah X; = hV(G;j) [ fx;ygi is
isomorphicto the middle block of the sputnik.

Figure 11: First exampleof graph satisfying the conditions of Theorem 3.12
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Figure 12: Secondexampleof graph satisfying the conditions of Theorem 3.12

A graph G is hamiltonian-connected (Hc) if for every two distinct verticesx;y 2 V(G)
there is a hamiltonian path in G from x to y. If G is not Hc, but G + e is Hc for every
e 2 E(G), then G is said to be maximal nonhamiltonian-connected (MnHc).

If X is a nonhamiltonian MnHc graph and xy is any edgein X, then X + e hasa
hamiltonian cycle cortaining xy for eac e 2 E(X). Thus we can replaceeadh X; in the
graphsdepictedin Figures 11 and 12, with any nonhamiltonian MnHc graph, to obtain
an MNT graph satifying the conditions of Theorem 3.12.

Z. Skupien brought to our attention that the Petersengraph, the Coxeter graph and
the Isaacs'snarksJy for odd k 7 are examplesof nonhamiltonian MnHc graphs (see
[9], [12] and [13]), sothat the graphsX; can be chosenfrom thesegraphs,with x andy
correspnding to two adjacert verticesin ead X;. Any X; may also be replacedby the
middle block of a generalizedsputnik, with x andy chosenasin Figure 10. Although the
middle block of a generalizedsputnik is not MnHc, it doessatisfy the condition required
by the G; with respect to the chosenx andy.

Next, we considerthe casewherex and y have the sameneighbourhood.
Theorem 3.13 Let G be a graph with a minimum vertex-cutS = fx;yg suchthat G S
consistsof three noncompletecompnentsG;; G,; Gz and Ng, (x) = Ng, () = N; 6 V(Gi),
fori=1;23.
Then G is maximal nontraceableif and only if the following hold:
) xy 2 E(G).
(i) Xi=hV(Gj)[ fxgiis MNH fori = 1;2;3.

(i) At most one of the graphshN;i hasa universal vertex.

(iv) All three graphsG; are traceable and at least two of them are homaen@usly trace-
able.
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(v) If uis a universalvertexof hN;i for somei 2 f 1;2; 3g, then G; is traceablefrom u.
Pro of. SupposeG is MNT.

(i) Asin the proof of Theorem3.12it followsthat xy 2 E(G).

(i) Let u;v 2 V (Xy); uv 2 E(G). Then G + uv has a hamiltonian path, P. If X,
is hamiltonian, then G, has a hamiltonian path Q with both endwerticesin N,.
But then, replacing the subpath of P in G, with Q, we obtain a hamiltonian path
of G. This cortradiction provesthat X, is nonhamiltonian and that G, has no
hamiltonian path with both endwerticesin N,. Similarly, for i = 1;3 the graph X;
is non-hamiltonian and G; doesnot have a hamiltonian path with both endwertices
in N;. This impliesthat P hasoneendwertex in G; and the other in Gz, and hence
P hasa subpath which is a hamiltonian path of G, + uv; with both endwerticesin
N,. Thus X, + uv is hamiltonian. HenceX, and, similarly, X, and X3; are MNH.
It alsofollows similarly that Y; = WV (Gj) [ fygi is MNH fori = 1;2;3:

(i) ConsiderG+ vyVv,; vi 2 N1, V> 2 N». SinceG; doesnot have a hamiltonian path with
both endwerticesin N;i; i = 1;2; 3, it follows that a hamiltonian path P in G + v,v,
hasthe structure shavn in Figure 13, in which G; and G, can be interchanged.

Figure 13: Sketch for Theorem 3.13

In the caseshawn, G, hasa 2-path cover, F [v,; u]; F2[w; z], with vo; u;w;z 2 No.

Supposey; is a universal vertex of hN;i, for i = 1;2. Then v, is adjacert to w. If
in P we replacethe subpath P[vy; z] with the path vixF [u; v,]F 2[w; z], then we
obtain a hamiltonian path in G, which is a cortradiction. This provesthat, for any
choiceofi andj,i 6 j,i;j 2 f1;2;3g, at leastoneof N;i and hN;i hasno universal
vertices. Henceat most one of the graphshNyi; k = 1; 2; 3; hasa universal vertex.

(iv) If v2 V(Gj) N;;i 2 f1;2;3g; then G; + vx hasa hamiltonian path; henceG; is
traceablefrom v. Supposeone of the G;, say G,, is not homogeneousltraceable.
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Then there is a vertex v, 2 N, sud that G, is not traceable from v,. Now let
vi 2 N;. Then G + viv, has a hamiltonian path with the structure shown in
Figure 13 and so G; has a hamiltonian path with v; as endwertex. HenceG; is
homogeneouslyraceable. Similarly, Gz is homogeneouslyraceable.

(v) Supposeone of the induced subgraphshN;i, say hN,i, has a universal vertex v,
but G, is not traceablefrom v,. Then, as before, it follows that G + v,v,, where
v1 2 N4, hasa hamiltonian path with the structure shavn in Figure 13. As in the
proof of (iii) it followsthat G hasa hamiltonian path, a cortradiction. Thus G, is
traceablefrom v,.

Conversely supposeG satis es conditions (i)-(v). It follows from (ii) that G; hasno
hamiltonian path with both endwerticesin N;j; i = 1;2;3, and henceG is not traceable.

If v2 V(Gj) N;;i2f1;2;3gthen (i) impliesthat X; + vx is hamiltonian, and hence
has a hamiltonian path with v and x as endwertices. Thus ead graph X; is traceable
from ead vertexin G N; to x. Similarly, ead graphY; is traceablefrom ewery vertex
inG N;toy.

Now let u;v 2 V(G) and uv 2 E(G). We show that G + uv is traceable.

Case 1. u;v2 V(G) [ fx;yg, say i = 2.

From (ii) and our assumptionthat Ng, (x) = Ng, (y) it followsthat W (G;) [ fx; ygi hasa
hamiltonian cycle cortaining the edgexy and hencehasa hamiltonian path Q[x; y]: Since
G, is traceableto x and G; is traceablefrom vy, it followsthat G + uv is traceable.

Case 2. u2V(Gj) N;,v2V(G]) N;,i6j,ssyi=1landj = 2.
G is traceablefrom u; and X, is traceablefrom v to x; and G3 is traceablefrom y; hence
G + uv is traceable.

Case 3. U2 N;,v2N;,i6j,syi=1landj = 2.

At leastoneof G; and G,, say G;, is homogeneouslyraceable. HenceG; hasa hamilto-
nian path P1[a;u] for somea 2 V (G,). If v is not a universal vertex of G,, let w 2 N,
sud that vw 2 E (G). Then, by (i), X, + vw is hamiltonian and henceX, hasa hamil-
tonian path P2[v;w]. But Gz hasa hamiltonian path P3[y; z] for somez 2 V (G3). The
path P1[a;u]P?[v; w]P3[y; z] is a hamiltonian path of G + uv.

Now supposev is a universalvertex of N,. In this caseit followsfrom (v) that G, hasa
hamiltonian path Q?[b;u] for someb 2 V (G,) and by (iii) u is not a universalvertex of G,
so G; hasa hamiltonian path P1[u;t] for somet 2 N1: The path Q?[b;v]Q[u; t]xP 3[y; z]
is a hamiltonian path of G + uv:

Case 4. u2N;,v2V(Gj) N;,i6j,syi=1andj= 2.

If u is a universal vertex of N;i, then G, is traceablefrom u. If u is not a universal
vertex of iN1i, then, asshown in Case3, X is traceablefrom u. In either caseG + uv
has a hamiltonian path, Y, is traceablefrom v to y and Gj is traceablefrom a vertex in
N3. |

An example of a graph that satis es the conditions of Theorem 3.13is depicted in
Figure 14. In this graph, G; = G, = Gz is homogeneouslyraceableand hvV (G;) [ fxgi
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is isomorphicto the Petersengraph, which is MNH.

Figure 14: Graph that satis es the conditions of Theorem 3.13

A graph G is hyphamiltonian if G is nonhamiltonian, but G v is hamiltonian for
all v2 V(G). A graphthat is MNH aswell as hypohamiltonian is called maximal hy-
pohamiltonian (MHH). We can replace any of the graphshv(G;) [ fxgi in the graph
depicted in Figure 14 by an MHH graph. (Then G; is hamiltonian, and hencehomoge-
neouslytraceable.) Examplesof MHH graphsare the Petersengraph, the Coxeter graph,
Chisala's Gs-snark, and the Isaacs'snarksJy for odd k 5 (seee.qg. [1], [3], [4] and [11]
for de nitions).
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