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Abstract

A nite collection C of closedconvex setsin RY is said to have a (p;q)-property
if among any p menbers of C someq have a non-empty intersection, and jCj  p.
A piercing numtber of Cis de ned asthe minimal number k such that there exists
a k-elemen set which intersects every member of C. We focus on the simplest
non-trivial casein R?, i.e., p = 4 and g = 3. It is known that the maximum
possiblepiercing number of a nite collection of closedcorvex setsin the plane with
(4; 3)-property is at least 3 and at most 13. We considerthe following three special
types of collections of closed corvex sets: segmets in RY, unit discsin the plane
and positively homothetic triangles in the plane, in ead caseonly those satisfying
(4; 3)-property. We prove that the maximum possiblepiercing number is 2 for the
collections of segmeits and 3 for the collections of the other two types.

In tro duction

nite collection C of closedcornvex setsin d-dimensionalEuclideanspaceis saidto have
a (p;g)-property if amongany p membersof C someq have a non-empty intersection,and
p. A piercing numkber of Cis de ned asthe minimal number k sud that there exists

k-elemen set which intersectsevery menber of C,

The well-known Helly Theorem[9] statesthat the piercing number of any nite collec-
tion of closedcorvex setsin RY with (d+ 1, d+ 1)-property is equalto 1. By consideringa
collectionof hyperplanesin RY in generalposition, we getthat for g  d the piercing num-
ber is unbounded. Hadwiger and Debrunner [6] conjecturedthat for everyp g
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Figure 1: Collections of six setswith (4; 3)-property and the piercing number 3. Left:

six triangles ACD, BCD, CEF, DEF, EAB, FAB. Right: four rectanglesand two
segmets, two of the rectanglesare disjoint.

the piercing number of any nite collection of closedcorvex setsin RY with (p;g)-property
is boundedby a constart, which dependsonly on the valuesof p;qand d. This conjecture
hasbeenproved by Alon and Kleitman [1, 2].

Now, we can ask the following question: what is the exact value of M (p;q; d), the
maximum possiblepiercing number of a nite collection of closedcorvex setsin RY with
(p; )-property? The generalargumeris [1, 2] do not give any reasonableupper bounds
on M (p;q;d). The simplest non-trivial caseof this problem occursfor p= 4;q= 3 and
d= 2. It is easyto construct a collection of six trianglesin the plane with (4; 3)-property
and the piercing number 3 (for an example, seeFigure 1, left). There also exists sud
collection with two disjoint sets;seeFigure 1, right. In this paper we construct two more
exampleswith anotherrestrictions on the involved sets. But a collectionwith the piercing
number 4 has not beenfound yet. The best known upper bound, M (4;3;2) 13, has
beenestablishedby Kleitman, Gyarfasand Toth [11].

It seemsto be quite dicult to improve theseboundssigni cantly. So, we approad
the problem from a di erent direction: we try to nd the exact value of the maximum
possiblepiercing number for somerestricted collectionsof closedcornvex setswhich satisfy
(4; 3)-property. In particular, we considercollectionsof segmets in RY, unit discsin the
plane and positively homothetic triangles in the plane. We prove that the maximum
possiblepiercing number is equalto 2 for segmets and 3 for discsand triangles. Similar
results were proved for d-dimensionalboxesin RY with edgesparallel to the coordinate
axes[7, 8]; it is known that for2 g p 29 2 the maximum piercing number is
p q+ 1.1t isalsoknown that the maximum piercing number is 6 for the collectionsof
unit discssatisfying (3; 2)-property [13], 4 for the collectionsof pairwise intersectingdiscs
(i.e., with (2;2)-property) [3], and at most 3 for the collections of pairwise intersecting
translatesof a corvex set[10]. Seethe survey by Eckho [4] for other related results. The
surwey [4] alsorefersto the paper of Wegner[13], who claims that the piercing number
of the collection of unit discswith (4; 3)-property is 3, but he doesnot give a proof of
that. He only statesthat one can prove it similarly asthe upper bound for the caseof
(3; 2)-property, but it may be not so easy Sowe beliew it is worth giving the proof in
this paper.
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2 Preliminaries

In this sectionwe introduce notation and somepropositions usedthroughout the paper.

Let RY be a d-dimensionalEuclideanspace.Let x 2 R andS  RY. We will say that
X pierces S if x 2 S.

Let C be a collection of subsetsof RY and let X be a set of points in RY. We will say
that X pierces Cif every C 2 Cis intersectedby X.

For a nite collection S of setsde ne P (S) asthe piercing number of S, i. e.,

P(S) = minfj Xj; X piercesSg:
Now for a collection C de ne
Mc = maxfP(S)jS is a nite subcollection of C with the (4; 3)-propertyg:

Our aim is to determine precisevaluesof M ¢ for the three collectionsC mertioned in
the introduction.

Now we formulate Helly's Theorem [9], and then introduce two lemmaswidely used
throughout the paper.

Theorem 1 (Helly). Letd 1beanintegerandletC= fCy;Cy;:::;Ckg, k d+ 1,
be a collection of convexsubsetsof RY. If the intersection of everyd+ 1 elementsof Cis
non-empty, then the intersection of all the elementsof C is non-empty.

Lemma 2. Let S be a collection of subsetsof RY satisfying (4; 3)-property.

1. There are no three pairwise disjoint setsS;, S,, S; 2 S.

2. If A;B 2 S are two disjoint sets,then one of thesesetsintersects all the setsfrom
SnfA;Bg.

Proof.

1. For cortradiction, supposethat there exist pairwise disjoint setsS;, S,, S; 2 S.
According to (4; 3)-property, |[Sj 4, sothere existsS 2 SnfS;;S;; S:0. By using
(4, 3)-property for the quadruple S;, S,, Sz, S we obtain a cortradiction.

2. For cortradiction, supposethat thereexistC;; C, 2 SnfA; Bgsud that C;\ A = ;
and C,\ B = ;. According to the rst part of this lemma, C; 6 C,. But then
(4, 3)-property is not satis ed for A, B, C,, Co,.

O

Let S R?andv 2 R2 Wewill usethe notaton S =f sjs2Sg, andS+ v =
fs+ vjs2 Sg.

Lemma 3. Let S R? be an arbitrary set and let vi;V,;:::;vi 2 R? Then the sets

Proof. The statemen easily follows from the following equivalence:v 2 S+ v; , v 2
S v, vi2 S+v. O
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Figure 2: No two segmets lie on a commonline.

3 Segments

Let G be a collection of all segmets in RY.
Theorem 4. Mg, = 2.

Proof. To shov that Mg, 2, considera collection of four segmets wherethree of them
have a commonpoint and are disjoint with the fourth segmen

For the secondnequality, let S bea nite subcollectionof G; satisfying (4; 3)-property.
We will shav that P(S) 2.

In this proof, a sggmentwill always meana segmeh which is an elemen of S.

We distinguish se\eral cases:

1. No two segmets lie on a commonline.

SeeFigure 2, left, for the rst of the following subcases,and right, for the second
one.

1.1. There exist two disjoint segmets S, T.

Let U 2 S be any segmeh di erent from S and T. By Lemma 2 we obsene
that S\ U6 ; orT\ U6 ;. Notethat jS\ Uj landjT\ Uj 1,sincethere
are no two segmets lying on a commonline. If S\ U6 ;, let fxsg= S\ U,
otherwisechoosexs asan arbitrary point of S, similarly we choosea point xt.
According to the rst obsenation, the segmets S, T and U are pierced by
the points xs and xr. Let V be a segmeh di erent from S, T and U. Then
amongthe segmets S;T;U;V there is a triple with non-emply intersection.
SinceS\ T=;,wehaveS\ U\ V=; orT\ U\ V =, hencexs 2 V or
Xt 2 V. Therefore,points xs and xr pierceS.

1.2. Every two segmets intersect.

If S;\ S\ S; 6 ; for eat triple of segmets S;, S,, Sz, then by Helly's
Theorem, onepoint is su cient to pierceall the segmets.

Sowe canassumethat therearethreesegmets S, T, U sudhthat S\ T\ U = ;.
According to the assumptionsfor this subcase,we have jS\ Tj = jS\ Uj =
jTVUj=1. LetV 2 S,V 6 S;T;U. Among the segmets S, T, U, V there
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is a triple with non-emply intersection. This triple is di erent from the triple
S;T;U. Without lossof generality, we can assumethat from the remaining
triples, S;T;V is the triple with non-empty intersection. SincejS\ Tj = 1, we
have ]S\ T\ Vj=1. LetS\ T\ V = fxgand S\ U = fyg. ThenS, T,
U and V are piercedby x;y. It remainsto show that every other segmeh W
from S contains x or y. Actually, we show that ewvery suc W cortains x.
Let T\ U= fzg. Notethat x 6 y 6 z 6 X, becauseS\ T\ U = ;. From
the (4; 3)-property for the segmets S;T; U; W we getthat W contains at least
oneof the points x;y; z. Moreover, W doesnot cortain two of them, according
to the assumptionsfor this case. For cortradiction, supposethat x 2 W. By
symmetry, we can assumethat z 2 W andy 2 W, soW \ U = fzg. Then,
amongthe segmets S;V; U; W, no three have a commonpoint. This violates
the (4; 3)-property: S\ V = fxg, but x 2W [ U; similarly W\ U = fzg, but
z2S][ V. As acorollary we obtain that fx;yg piercessS.

2. Two of the segmets lie on a commonline.

2.1. There exist two disjoint segmets on a commonline p.

2.1.1. All the segmets lie on p.
Considerp being a horizontal line. Let L 2 M be a segmeh whoseright
endpoint X, is the leftmost point amongall right endpoints of the segmets.
Similarly, let R be a segmeh whoseleft endpoint X, is the rightmost point
amongall left endpoints of the segmets. Every other segmenh S intersects
L or R. By the de nition of x; and x;, S must cortain at leastoneof these
two points.

2.1.2. There existsa segmen S 6 p.
Let T, and T, be two disjoint segmets on p. By Lemma 2, S must
intersect exactly one of thesetwo segmets, say T;. Let fxg= S\ T;. By
(4; 3)-property, every other segmehn T (di erent from S;T;; T,) must pass
through x. Thus we can choosethe secondpiercing point as an arbitrary
point from T,.

2.2. Every two segmets lying on a commonline intersect.

2.2.1. There are two disjoint segmets S;T.
S and T do not lie on a commonline. Let s and t be the lines cortaining
segmets Sand T. If every segmenhlieson s or t, then every two segmeis
lying on s intersect. Hence,accordingto the one-dimensionaHelly's The-
orem, there existsa point x5 2 s which is corntained in all thesesegmets.
Similarly we can nd apoint x; 2 t which is cortained in all the remaining
segmets lying ont. In casethere exists a segmeh which doesnot lie on

any of the two lines s;t, we can choosethe required two points the same
way asin subcasel.l.
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Figure 3: Sub-sulrtase2.2.2.

2.2.2. Every two segmets intersect.

SeeFigure 3. Let p be a line containing at least two segmets. Consid-
ering p as a horizortal line, let L be the segmeh whoseright endpoint is
the leftmost point amongall right endpoints of the segmets lying on p.
Similarly, let R be the segmeh whoseleft endpoint is the rightmost point
amongall left endpoints of the segmets lying onp. Thenl = L\ Risa
non-emply interval (which may be degenerate),which is cortained in all
the segmets lying on p. Let obliquesegmeh be a segmen not lying on p.
According to the assumption of this sub-sulrase,every oblique segmeh
crosseg somewheran the interval 1. Let X bethe setof all intersections
of someoblique segmen and |. If X is empty, then an arbitrary point
from | piercesS. If jXj = 1lorjXj= 2, then every segmeh cortains at
least one point from X . We are left with the casejXj 3. Let a;b;c be
three di erent points from X and let S;; S,; S; be someoblique segmets
sud that a2 S;;b2 Sp;c2 S.. Among the segmets L; S;; Sy, S, the
triple S;; Sp; Sc is the only one which can have a non-emply intersection.
Sothere existsa point y not lying on p sud that fyg= S,\ Sy\ S.. If
ewvery oblique segmenh contains y, we can choosey and an arbitrary point
from | asthe required two piercing points. In the other casethere exists
an oblique segmeh T not cortaining y. The segmen T cortains at most
onepoint from f a;b;cg, sowe canassumethat a;b62T. But then, among
the segmets L; S;;S,; T no three have a point in common, which is a
cortradiction with (4; 3)-property.

O

4 Discs

Let D be a set of all closedunit discsin RZ2.
Theorem 5. Mp = 3:

Proof. First we establishthe upper bound.
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Figure 4: Casel, regionsL, and L?.

Let S be a nite subcollection of D satisfying (4; 3)-property. We will shav that
P(S) 3.

Let C be the set of all certers of discsin S. According to Lemma 3 we can usethe
following dual form of (4; 3)-property: amongevery four points in C somethree can be
covered by a closedunit disc. To prove that P(S) 3, it suces to showv that C canbe
covered by three unit discs.

Let r bethe largestdistancebetweentwo points of C. We will distinguish three cases:

1.r 2 (everytwo discsfrom S have a non-emply intersection).

Let a;b 2 C be the points whosedistanceis equalto r. Then all points from C
lie in the lens-like region L., which is the intersection of two closeddiscswith the
radius r certered at the points a;b; seeFigure 4. Let x be the line determined
by points a;b. Considerx as an x-axis of a Cartesian coordinate systemwith the
origin o at the certer of the segmeh ab sud that b has a positive x-coordinate.
Let (X1;y1) 2 C be a point with the largesty-coordinate, and (X5;Yy,) 2 C a point
with the leasty-coordinate. Theny; 0,y, Oandy; Yy, r. Without lossof

generalily, supposethat jyij jyzj. Thenys, 5, soall the points from C lie in
the setL%= f(x;y) 2 L,;y 50. It now su ces to prove that L2 canbe cw&red
by three closedunit discs. To nish the proof, we referto case3 (2 < r 8),

where a setlarger then L? is covered by three unit discs.

2.r>p§.

Let A; B 2 S bethe discswith the certers a;bsud that ja I = r. The discsA and
B aredisjoint, so,accordingto Lemma?2 and by the symmetry, we can assumethat
all the discsfrom S nf Ag intersectB. By (4; 3)-property and Helly's Theorem, all
the discsfrom S disjoint with A have a commonpoint by 2 B (if there are just two
sud discs,useLemma?2). Equivalertly, all the points from C whosedistancefrom
a is larger than 2 can be covered by one closedunit disc certered at by. It remains
to cover the setC°= fs 2 C;js a  2g by two closedunit discs. Except of a,
every other point s2 CPsatisesjs b 2, soit liesin the regionL, which is the
intersection of two closeddiscsof radius 2 certered at points a;b; seeFigure 5. Let
C%= COnfag. If jC% 1, then C°cortains at most two points and can be covered
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Figure 5: Case2, discsD, and D, cover all the points from C°

by at most two closedunit discs. For the rest of this casesupposethat jC% 2. By
(4; 3)-property, for every two points c;; ¢, 2 C%there exists either a closedunit disc
cortaining points a;c;; ¢; or a closedunit disc cortaining points b;c;; c,. Moreover,
we can supposethat this disc hasthe point a (or b) on its boundary:

Sincer > P 8, for every point ¢ 2 L the sizesof the anglesbacand abcare lessthan
7+ Thus for ewvery two points ¢;;¢; 2 L the anglesc;ac, and ¢;bg are acute. The
rest follows from the following fact.

Lemma 6. Let D be the smallest disc containing a triangle xyz. If the anglexyz
is acute, theny lies on the boundary of D.

Proof. Clearly, if T = xyz is an obtuseor a right triangle with the longestside xy,
then D hasthe segmen xy asits diameter. If T is acute, then D is the disc whose
boundary is the circumcircleof T. O

Considerthe samecoordinate systemasin casel and denoteby |4, |, the points
of L with the largestand the least y-coordinate. We de ne two discs,D, and Dy,
which cover all the points from C® The discsD, and Dy, will be determinedby their
diametersaa’ and bl.

Let D be a closedunit disc with diameter aa;, sud that D hasa non-emply inter-
sectionwith L. Then a; lies on the semicircleS, = fz = (z;z) 2 R%jz 4 =
2,2« > 59. If a; 2 Lnfly; 10, thenthe setL nD consistsof two connectedregions:
the upper regionD and the lower regionD.

In the other caseL nD consistsof a single connectedregion: either D, if a; hasa
negative y-coordinate, or D otherwise. We de ne an upper boundary of D asan arc,

which is a commonboundary of D and D (in casethat a; = |; we de ne the upper
boundary asfl,g). Similarly we de ne alower boundaryof D. For the points of the
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semicircleS,; we considera \v ertical” linear ordering: if u= (uy;uy);v = (vx;Vy) 2
S; anduy < vy, wewrite u v and sa that u is lower than v, or equivalertly, that
v is higherthan u. We make similar de nitions alsofor the discshaving point b on
the boundary.

Supposethat no closedunit disc with a or b on its boundary covers all the points
from C% Considerthe setM, of all closedunit discsD with diameteraa; sud that
a; lies on the semicircleS,; and the boundary of D cortains at leastonepoint from
C% Symmetrically we de ne the set My, Let

M = f(D3;Dg) 2 My Mp;DJ\ (C®nDp) =; ~ (C* DY)\ Dy = ;gg:
Clearly, M is a non-empty nite set. We choosethe pair (D5, Dp) as a maximal
elemen of M accordingto the following partial order:

For the discsD}; Di; D2; DZ with the diametersaay; aay; bly; by, we put (D1; D)
(D2;D?) if and only if

(1 &b b)_(aa ab b):

The discsD, and Dy, cover C%if and only if (D[ Da)\ (Ds[ Dp)\ C%®= ;. By
the de nition of M, it su ces to provethat Do\ Dp\ C%= ;.

From the maximality of (D,;Dy) it follows that there exists a point ¢, 2 C°n D,
on the upper boundary of D, and a point ¢, 2 C°®n D, on the lower boundary of
Dy. It cannot happen both ¢, 2 Dy, and ¢, 2 D, sincein this casethere exists no
closedunit disc with a or b on its boundary covering both points ¢, and ¢,. Thus,
without lossof generality, we can supposethat c; 2 Dy,

For cortradiction, supposethat D, and Dy, have a non-empy intersection. Let
U, and v, be the intersectionsof the boundary of D, with the semicircleS,, suth
that u, is higher than v,. Similarly we de ne u, and v, asthe intersectionsof the
boundary of D, with the semicircleS,, sothat uy, is higher than v,. The regionD,
is bounded by three arcsv,a® al,, I,va, and Dy, is bounded by the arcs uyl, K,
lyup. If B were higher than v, and u, higher than &% the regionsD, and Dy, would
be disjoint (they would be separatedby the line v,a% for example). Sincethere is
a point ¢, 2 Dy on the upper boundary of D,, either I is higher than u, or v is
higher than a° In the rst of thesetwo cases,a® must be higher than uy, in the
secondcasel’ must be lower than v,. Sincethesecasesare symmetric, it su ces to
consideronly the rst case.

We obsene that u, has larger y-coordinate than a® considera horizontal line X0
going through the point a% It crosseghe boundary of D, at the point t, with the
x-coordinate equalto 5 (the angle a%,a is right). It implies that t, lies outside
the regionL and that the line x4 crossesS;, (the left part of the boundary of L) at
a point which liesinside D ,, thus lower than u,. Similarly we get that u, haslarger
y-coordinate than P, which cortradicts the assumptionsthat & is higher than u,
and a° higher than uy,.
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Figure 6: Case3, discsD;; D»; D3 cover the region L%

3.2<r '8
SeeFigure 6.

As in case2, let A;B 2 S be the discswith the certers a;bsud that ja b =r
and all the discsfrom S exceptof A intersectB. Let C°= C nfag. All the points
from CClie in the arealL, = fz2 R%jz a r;jz L 2g. Henceit is sucient
to cover the setlL, [ S;, whereS; is the segmeh ab with three closedunit discs.
Considera Cartesian coordinate systemsud that b= (1;0), anda= (1 r;0). By
Lemmaz2, every two discsfrom S nf Ag have a non-emply intersection,soevery two
points from C°have a vertical distanceat most 2. Thus, without lossof generality,
all the points from C° have y-coordinate at least 1. Soit suces to cover the
setL®= LO[ S, whereL? ZFJE = (X2,Y2);Z2 2 L}y, 1g. Without loss of
generality, we can assumer = = 8. It is easyto seethat LBO§ covers ewery set L?
de ned in casel (r 2).

We will divide L®into three setsZ;; 26; Zs3 akpd we cover ead ofﬁhem by one unit
disc. Let u = (25%;,-}), v= (1 8+ 7. 1),w=(1 3; 1) (u;v and
W_ar%the boundary vertices of the regionL?, o= (0;0),c= ( 1,0),d= (1

8+ 8 043;043),e=(1 4 0.7%,075),andf = ( 0:35 1). The points
d;e;f lie on the boundary of L? and the segmets od, og of divide L%into three
parts Z; = odug Z, = ofvd, and Z; = oewf [ ac. Fori = 1;2;3, part Z; is covered
by the closedunit discD; certered at ¢;, wherec; = (0:1;0:9), ¢, = (0:3; 0:3), and
cs = ( 09 0:2): it is straightforward to ched that o;d;u;e2 D4, 0;f;v;d2 D,
and o;e;w;f;a;c2 Ds, which impliesZ; D; fori = 1,;2;3 (the boundary curves
of the setsZ; consistof segmets or arcs which have lesscurvature than the unit
circle).

The lower bound is establishedby the exampleof Granbaum [5], who constructednine
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Figure 7: Nine points of S and the disc D covering points by; a;; a.

pairwise intersecting unit discsthat cannot be pierced by two points. For completeness,
we descrike the construction here (at least we needto shaw that the (4; 3)-property is

satis ed). We construct a nine-point set S = fa;b;c;a;; ay; by;»; c; g in the plane,

which cannot be covered by two closedunit discsand satis es the dual version of (4; 3)-

property. SeeFigure 7.

Let a;b;c be the vertices of an equilateral triangle with side of length 2. Let A, be
the arc of the circle with certer a and radius 2, with endpoints b;c and certral angle
3. Similarly arcs A, and A are de ned. In other words, the points a;b;c and the arcs
Aa; Ap Ac form the vertices and edgesof a Reuleauxtriangle of width 2. Let " > 0
be su ciently small Let a;;¢ 2 Ay, bjar 2 A, ¢l 2 A, be sud points, that
jaa  a = ja =jh b=jk bH=ja g=jc ¢g="

Now we verlfy that both required conditions are satis ed:

Supposethat S can be covered by two closedunit discs. Then one of them, D,
must cover two points from the setfa;b;cg, say a and b. The distance betweena
and b is equalto the length of the diameter of the unit disc. Hence,D; is certered
at the certer of the segmeh ah Arcs A, and A, intersectD; only at points a and
b, soD; coversonly points a;b;a, and b,. But points c;a; and b, obviously cannot
be coveredby a closedunlt disc (the circle circumscribed to the acutetriangle ca;b,

has radius almost 2. 2.3), which is a cortradiction.

Let Q S beafour-point set. Without lossof generality, supposethat Q cortains
at least two points from the setfa;a;;a,g. If Q cortains all these three points,
then faja;;a,g  Q is a triple which is covered by a closedunit disc certered at
a. Otherwise, Q cortains exactly two of the points a;a;; a,. By symmetry, we can
supposethat a; 2 Q.

Supposethat a 2 Q. The quadruple Q cortains at least one point from the set
R = fc, ¢ ¢, b, bhg. Henceit suces to prove that ewery triple fag;a;xg,
wherex 2 R, can be covered with a closedunit disc. If x 2 fc,, ¢, ¢, bg, then
fa;,a,xg is coveredby the discwith the diameterax, sinceja xj 2 andthe angle
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aa;x is obtuse. The remaining triple fa;;a;b,g is covered by the disc D with the
diameter a;b,: let o be the circumcener of the triangle abc Then triangles oa. b,
and oabare similar and jo byjj < jo b, which impliesja; byj < 2,soD hasa
radius lessthan 1. The discD coversalsothe point a, sincea;ab, is aright triangle:
j" biaayj = j*baaj+ | bag = j* cbhj+j*biald = s+ jrabhj+jrbag = 3+ 5 = 5.
Supposethat a; 2 Q. Then all the triples fa;,a;,xg, wherex 2 fc,, ¢, ¢, by, b bg,
can be coveredby a closedunit disc: by symmetry, it su ces to prove that only for
X 2 fcp;c;ci0. In that case,fa;; ay; xg is coveredby the discwith the diameter ayx,

sinceja, xj 1 andthe angleaya;x is obtuse.
O

5 Triangles

In this sectionwe analyzethe collectionsof positively homothetic triangles.
By applying an appropriate a ne transformation, we can assumewithout loss of
generalily that all the consideredtriangles are equilateral. LetpT R? be an equilateral

triangle de ned asa corvex hull of points (0;0), (; 0)and ; 73 . Let T beacollection
of all triangles T + v, where > O andv 2 R? is an arbitrary vector. Let T, T bea
collection of all unit trianglesfrom T, i. e., the triangleswith = 1. Our aim is to show

that Mt = MT1 = 3.
For T = T +v 2 T, the line determined by points (0;0) + v and (; 0) + v is
call%dthe bottom line of T. Similarly, the right line is determinedby points ( ; 0)p+ v and
5 73 +vand (0; 0)+ v, andthe left line is determinedby points (; 0)+v, 5; 73 +v
P~ p
and (0;0)+v, ; 73 +Vv. The point 5;—- +viscalledthe top of the triangle T + v.
Now we presei the upper and the lower bound for the maximum piercing number of
positively homothetic triangles.

3

Theorem 7. Mt 3.

Proof. As usual, let S be a nite subcollection of T satisfying (4; 3)-property. We will
showv that P(S) 3.

Let T 2 S be the triangle which hasthe largesty-coordinate of its bottom line. If T
is not unique, pick one sud triangle arbitrarily. Denote by a, b, c the verticesof T so
that abis the bottom line of T. Without lossof generality, we may assumethat T = T,
i. e,a= (0;0)and b= (1;0). If S2 Sand S\ T is non-empty, then the intersection of
the segmen aband T is a nhon-empty segmeh (which may be degenerate).Let Is andrg
be the x-coordinates of the left and the right endpoint of this segmen

Considerseeral cases:

1. The triangle T doesnot intersectany other triangle.

Let U, V, W bedierent elemetts of Snf Tg. Then, accordingto the (4; 3)-property
for the quadruple T, U, V, W, the triple U, V, W has a non-empty intersection.
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Figure 8: Subcases?2.1and 2.2.

The assumptionjTj 4 impliesthat ]SnfTgj 3. Hence,by Helly's Tlrfeorem,the
intersectionof S nfTg is non-empt. Then arbitrary two points x; 2 (SnfTgQ)
and x, 2 T pierceS.

2. The triangle T intersectssomeother triangle.

Let U 2 S bethe triangle sud that ry is the smallestpossible. Similarly, letV 2 S
be the triangle sud that |\ is the largest possible. We distinguish three subcases.
SeeFigure 8 for the rst two of thesesubcases.

2.1. ly Iv.
Let x; = (ry;0). If S 2 S is a triangle intersecting T, then rg ry and
Is Iv ry, hencex; 2 S. As in casel, there exists a point X, which is in
the intersection of triangles not intersecting T (if there are at most two sut
triangles, they can be piercedby two points x, and x3).

22. ry<Ily andU\ V is empty.
Let x; = (ry;0)andx; = (Iv;0). Wewill shav that f x4, X,g piercesS. Clearly,
T and U are piercedby x; and V is piercedby x,. Let S2 SnfT;U;Vg. We
will use(4; 3)-property for the triangles S, T, U, V. SinceU\ V = ;, we have
S\T\UG6 ; orS\ T\ V6 ;. It meansthat S\ T6 ; andls ry rg
orrs |y ls, which impliesthat x; 2 Sorx, 2 S.

23.ry <ly and U\ V is non-empty.
Let Xx; = (ry;0) and x; = (ly;0). Wewill nd apoint x3 2 U\ V sud that
fX1, X2, X3Q piercesS. et M = fS2SjS\ T=9 and-[Z =M fU;Vg.
First, we establishthat Z 6 ;:If Z = fU;Vg, then Z 6 ; from the
assumptionof this subcase.If jZ] 3, thenit issu cient to shawv that Helly's
property from Theorem 1 is satised. Let X, Y, Z 2 Z. According to the
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Figure 9: Sub-sulrases2.3.1and 2.3.2.

(4; 3)-property for the quadruple X, Y, Z, T we obtain that X \ Y\ Z is
non-emply (by an easydiscussionof three casesaccordingto the cardinality
of le;Y;Zg\ fU;Vg). HenceHelly's property is satis ed. It is easyto see
that Z is atriangle or a point. In the rst casepi?k X3 asthe top of that
triangle, in the secondcasepick x3 sud that fxzg=  Z. It remainsto showv
that ewvery triangle S 2 S is piercedby someof the points X1, X, X3. We know
this for S 2 fT;U;Vg and for ewvery triangle S 2 S disjoint with T. Now, let
S 6 T;U;V be atriangle from S intersectingT. If Is ry, thenx; 2 S. If
rs |v,thenx,2 S.

Supposethat ry < s rs < ly. We will shav that x3 2 S. We have
TVU\N S=; andT\ V\ S=;. Now, distinguish two sub-sultases.

2.3.1. There existsP 2 Z sud that x3 isatop of P.
Then P 6 U;V, sincethe tops of U and V are above the bottom line of
T. Usethe (4;3)-property for the quadruple S, T, U, P. We know that
T\P=;andS\ T\ U =;, henceS\ U\ P 6 ;. In particular,
S\ P 6 ;. On the other hand, x5 is belowv the left line of V, which is
below the left line of S (Is < Iy). Similarly, x5 is below the right line of S.
Thus S\ P 6 ; impliesthat x32 S.

2.3.2. There are two distinct trianglesL; R 2 Z sud that x3 is on the left line
of R and on the right line of L.
Then the statemert easilyfollows from the (4; 3)-property for the triangles
S, T,L andR.

We have discussedhll the casessothe proof is nished. O
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Figure 10: Nine points of S and the triangle T, + ¢;.

Theorem 8. My, 3.

Proof. Similarly asin the caseof unit discs,we construct a nine-point set S = fa;b;c,
ai; a; b ; by; ¢;; g which cannot be coveredby two translated copiesof T, and satis es
a dual versionof the (4; 3)-property: amongewery four points from S somethree can be
covered by a translated copy of Tj;. %eeFigure 10.

Let a= (0;0);b= (1;0);c= %; 73 be the vertices of the equilateral triangle T;.

We put the remaining six points on the sidesab;bc;ca of this triangle: let a;;c, 2 ca,
bi;a, 2 ab ¢;;b, 2 bcbe sudh points, that ja;, aj=ja, a=jbh b =jb Q=
jaa ¢g=jc ¢ =",where" > 0issuciently small.

Supposethat S canbe coveredby two translated copiesof T;. Then oneof thesetwo
copies, T covers two of the points a;b;c. By symmetry, we can assumethat a;b2 T°
Then a and b are two verticesof T°and T°\ T = ahb sothe triangle T° covers only those
four points from S lying on abh The remaining points have to be covered by the second
translated copy of Ty, but it is obviously impossibleeven for the three points c;as; b.

It remainsto verify that S satis es the dual (4; 3)-property. Let Q be a four-point
subsetof S. Without lossof generality, we canassumethat Q cortains exactly two points
from the setfc;c;;c,gandthat ¢, 2 Q. If a; 2 Qora, 2 Q, thenthetriangle T;+c+ a,
(a translated copy of T; with the bottom vertex at a,) cortains at least three points
from Q, sinceit covers points c;c;;C;a; and a,. The casewhenb 2 Qorh, 2 Q is
symmetric. We are left with the casewhen Q contains points a; b;c, and oneof the points
c;¢. If Q = fa;b;c;cg, then points a;c,; c are covered by the triangle T; + ¢ with
the bottom vertex at a. If Q = fa;b;c,; ¢;g, then the points a;c,; c; are covered by the
triangle T; + ¢, with the upper right vertex at ¢;. O

According to the inequality M+ My, the previoustwo results imply the following
corollary.

Theorem 9. Mt = My, = 3
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