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Abstract

We analysean algorithm for �nding small dominating setsof 2-in 2-out directed
graphsusing a deprioritised algorithm and di�eren tial equations. This deprioritised
approach determinesan a.a.s.upper bound of 0:39856n on the sizeof the smallest
dominating set of a random 2-in 2-out digraph on n vertices. Direct expectation
arguments determine a corresponding lower bound of 0:3495n.

1 In tro duction

A directed multigraph G is a set V = V(G) of verticeswith a multiset E = E(G) � V � V
of (directed) edges.When E contains no repeatededgesand no loops (edgesof the form
(v; v) for somev 2 V) we say that G is simple and call G a directed graph or digraph.
The in-degree of a vertex u 2 V is the number of edgesof the form (v; u) for somev 2 V;
the out-degree of u is the number of edgesof the form (u; v) for somev 2 V. We consider
only directed multigraphs (simple or otherwise) for which every vertex has in-degree2
and out-degree2. Such graphsare called 2-in 2-out or 2-regular.

A random 2-in 2-out digraph (on n vertices) is a digraph chosenuniformly at random
from the set of all 2-in 2-out digraphs on n vertices. Often the probability of a random
graph having a certain property, such asbeingconnected,tendsto 1 asn tendsto in�nit y.
In this casewe say that a random graph hassuch a property asymptotically almost surely
(a.a.s.). For example,a.a.s. a random 2-in 2-out digraph is connected[3].

In [5] Duckworth and Wormald determined a.a.s.upper and lower bounds for domi-
nating setsof random cubic graphs. We determinesimilar boundsfor random 2-in 2-out
digraphs.
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A dominating set of a digraph G is a subsetD � V(G) of the vertices such that for
every vertex v 2 V(G), either v 2 D or for someu 2 D the edge(u; v) is present in G.
If we change(u; v) to (v; u) in the above de�nition, then we de�ne an absorbent set of G.
The results of this paper, stated in Theorem1.3, alsohold for absorbent sets.

Dominating setsof small cardinality are the most interesting. For a generaldigraph,
�nding a minimum dominating set is NP-hard (which follows from a simple reduction
from the undirected case).Someapproximation results can be found in [2]. For example,
for digraphs with in-degreeboundedby a constant B , it is NP-hard to approximate the
sizeof the minimum dominating set to within a constant lessthan B � 1 for B � 3 and
1:36 for B = 2 ([2] Theorem10).

Other resultsabout domination in digraphscanbe found in [8] and [10]. Of particular
interest are the following boundson the minimum sizeof a dominating set of an arbitrary
digraph on n vertices.

Theorem 1.1 ([8 , 10]). Let G be a digraph on n vertices.

(i) If G hasminimum in-degree � � 1 then the minimum sizeof a dominating set in G
is lessthan

� + 1
2� + 1

n + 1:

(ii) If G has maximum out-degree � then the minimum size of a dominating set in G
is greater than

1
1 + �

n:

Theorem 1.1 can be found in [8] as Theorem 15.49 and Theorem 15.57; part (i) is
originally from [10].

By Theorem 1.1, for 2-in 2-out digraphs the minimum size of a dominating set is
bounded below by n=3 and above by 3n=5. We will signi�cantly improve thesebounds
for random 2-in 2-out digraphs (seeTheorem1.3).

As far as we are aware, dominating sets of random regular digraphs have not been
studied. However domination has been studied in other models of random digraphs.
Consider the following model: start with n vertices and for each pair of vertices (u; v)
independently include (u; v) asan edgewith probability p (for somep 2 [0; 1]). Wedenote
this model by DGn;p . Leeobtained the following result.

Theorem 1.2 ([10]). Fix p with 0 < p < 1 and let k = logn � 2 loglogn + logloge where
log denotesthe logarithm to base1=(1 � p). Then the minimum sizeof a dominating set
of a random digraph G 2 DGn;p is a.a.s. bk + 1c or bk + 2c.

We study dominating sets in random 2-in 2-out digraphs using two techniques: by
consideringan algorithm for �nding dominating setsof small cardinality and usingdirect
expectation arguments. The algorithm, called DominatingSet, is described in Section2.
In Sections3, 4, and 5 we approximate DominatingSet by another algorithm, known as
a deprioritised algorithm. The behaviour of the deprioritised algorithm is then described
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by solutions to a certain system of di�erential equations. This analysis, which we call
the deprioritised approach, wasinitially introducedby Wormald in [15]. The deprioritised
approach determinesthe upper bound of the next theorem; the lower bound comesfrom
the direct expectation arguments which are described in Section6.

Theorem 1.3. Asymptotically almost surely the minimum sizeof a dominating set of a
random 2-in 2-out digraph is lessthan 0:39856n and greater than 0:3495n.

Previously, similar work has found bounds for independent dominating sets [6] and
vertex and edgepacking [1] on random regular graphs. We are not aware of any previous
work applying the deprioritised approach to directed graphs. In [6] and [1] Theorem 2
of [15] was used. However this theorem cannot be applied for all algorithms on random
regular graphs, for example [12] and [4]. Nor is it applicable for DominatingSet (and
many other algorithms on random regular digraphs). A justi�cation of this is given just
beforeSection3.1.

Further usefulde�nitions and resultsabout random graphsin generalcan be found in
[9]. When working with probabilities, we useP(A) to denotethe probability of the event
A occurring and E(X ) to denotethe expectedvalue of a random variable X .

2 Finding Small Dominating Sets

We start with someuseful notations and de�nitions. An edge(u; v) 2 E(G) is called
an edgefrom u to v; we also say that u dominates v. Given a vertex u, vertices v such
that (v; u) 2 E(G) are called in-neighbours of u. Thus the in-degreeof a vertex u is the
number of in-neighbours of u. Out-neighbours are de�ned similarly.

The pair (p;q) wherep is the in-degreeof u and q is the out-degreeof u is called the
degree pair of u. A vertex with degreepair (0; 0) is called isolated while a vertex with
degreepair (2; 2) is called saturated. Finally let V(i;j ) = V(i;j )(G) be the set of verticesof
G with degreepair (i; j ).

Now a dominating set for a given 2-in 2-out digraph G can be found by the following
algorithm. We set H := G and let D be empty. While D is empty or there are verticesof
degreepair (0; 1), (0; 2), or (1; 2) in H : selecta vertex v uniformly at random from V(p;q)

where

(p;q) = minf (i; j ) : (i; j ) 2 f (0; 1); (0; 2); (1; 2); (2; 2)g and V(i;j )(H ) 6= ;g :

Here degreepairs are orderedlexicographically. After selectingv, remove the edgesof H
incident with verticesdominated by v (in H ) and then remove the edgesincident with v.
Then add v to D as well as any newly isolated verticesof H that are not dominated by
v in G. When D 6= ; and there are no more edgesof degreepairs (0; 1), (0; 2), and (1; 2),
add any remaining non-isolatedverticesto D. Then D is a dominating set for G.
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In order to obtain results about 2-in 2-out digraphs we analysethe algorithm Dom-
inatingSet given below. DominatingSet is basedon the algorithm described above but,
insteadof taking a random 2-in 2-out digraph as input, DominatingSet constructs a ran-
dom 2-in 2-out digraph along with a dominating set. To do so we use the pairing or
con�guration model which we describe next.

2.1 Generating Random 2-in 2-out Digraphs Uniformly

We generatea random 2-in 2-out directed multigraph (on the n verticesv1; : : : ; vn ) with
the pairing model as follows. For each vertex vi we associate two in-points and two out-
points. A bijection P from the set of 2n in-points to the set of 2n out-points is called
a pairing. If P is only a partial function (from the in-points to the out-points) but still
one-to-onethen we call P a partial pairing. In both cases,a pair of P is an in-point a
and an out-point b such that P(a) = b.

Now, from a given pairing P we construct a directed multigraph G(P) (on v1; : : : ; vn );
for each in-point a in a pair of P we add to (the multiset) E(G(P)) the edge(vi ; vj ) such
that the out-point P(a) is associated with vi and the in-point a is associated with vj . By
construction G(P) will be 2-in 2-out.

Selectinga pairing P uniformly at random we obtain a random directed multigraph
G(P). Although G(P) is not distributed uniformly, by conditioning on G(P) having no
loopsor repeatededges,we obtain a simple2-in 2-out digraph uniformly at random. The
probability that G(P) is simple is boundedbelow by a constant, seeTheorem4.6 of [11].
Thus a property holding a.a.s.for random directed multigraphs generatedby the pairing
model, alsoholds a.a.s.for random 2-in 2-out digraphs.

The pairing model also allows us to use a random processto generaterandom 2-in
2-out directed multigraphs. Start with an empty partial pairing P where no in-point is
mapped to any out-point. At each step of the processwe extend the de�nition of P by
onepair in the following way: selectan in-point a, from the in-points not in the domain of
P, and an out-point b, from the out-points not in the rangeof P, wherea or b is selected
uniformly at random; then extend the de�nition of P so that P mapsa to b. The point
not selecteduniformly at random may be selectedin any way we like. The processstops
when P becomesa pairing. We call such a processa random partial pairing processand
the resulting random pairing is distributed uniformly.

When we extend a partial pairing to map a to b we say we are exposing a pair (in
particular, the pair corresponding to a and b), or exposing an in-point, or just exposing
a point (when the pair corresponding to the in-point or point is clear from the context).
Points that are not in the domain and not in the rangeof P are called free.

DominatingSet will exposepairs one at a time by determining one point of the next
pair to be exposed. At the sametime, vertices are added to a set D which will be a
dominating set when the algorithm �nishes. In this way DominatingSet generatesa 2-in
2-out directed multigraph G(P) (for somepairing P) and a dominating set for G(P).
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2.2 The Algorithm DominatingSet

Algorithms 1 and 2 de�ne DominatingSet and its auxiliary algorithm Saturate. We will
view DominatingSet as a sequenceof operations whereeach operation involvesselecting
the vertex u, adding u to D, and then calling Saturate with u. Let

P0 � P1 � � � � � PF

be the subsequenceof the random partial pairing processde�ned by DominatingSet such
that P0 is the empty partial pairing, PF is a pairing, and Pt+1 is obtained from Pt by
performing an operation. From this sequencewe obtain a corresponding sequencef GtgF

t=0
of directed multigraphs whereGt = G(Pt ). We analyseDominatingSet using the random
variablesY(i;j )(Gt ) =

�
�V(i;j )(Gt )

�
� and D(Gt ) = jD (Gt )j.

During each operation, somevertex v is added to D and the free points associated
with v, and the free points associated with the out-neighbours of v are exposedby a call
to Saturate. When all the in-points and out-points associated with a vertex v areexposed
then v hasbeensaturated. Any verticesother than v and its out-neighbours that become
saturated are calledaccidental saturates. By adding accidental saturatesto D, after each
operation, all saturated verticesare either in D or are dominated by a vertex in D.

DominatingSet�nishes whenthereareno verticesof degreepairs (1; 0), (2; 0), or (2; 1).
By equating the sum of the in-degreeswith the sum of the out-degrees,every vertex in
the �nal graph GF has degreepair (0; 0), (1; 1), or (2; 2). We complete the graph GF

to a 2-in 2-out digraph by calling Saturate on the remaining unsaturated vertices. This
will add a subsetof V(1;1)(GF ) [ V(0;0)(GF ) to D. SoD(GF ) + Y(0;0)(GF ) + Y(1;1)(GF ) will
be an upper bound on the smallest sizeof a dominating set for any 2-in 2-out digraph
containing GF as a subgraph. Note though, that we expect (but don't prove) that a.a.s.
GF hasno verticesof degreepair (0; 0) or (1; 1).

3 The Di�eren tial Equations Metho d

As mentioned above, we view DominatingSetasa sequenceof operations. Each operation
involvesselectinga vertex u uniformly at random from the verticesof a given degreepair,
adding u to the dominating set, and then saturating u and its out-neighbours. We say
that the operation processesthe vertex u. There are four types of operations, given in
Table 1, and the typesdepend solely on the degreepair of u. We also say that vertex v
is of type k if the degreepair of v is associated with an operation of type k.

DominatingSet is a prioritised algorithm in the sensethat the type of each operation
is chosendeterministically. Such algorithms on undirected graphshave beenanalysedin
[13] and [5]. Analysing prioritised algorithms on graphs is di�cult and remains so for
algorithms on digraphs. Wormald in [15] introducedthe idea of deprioritised algorithms
which are easierto analyse. Thesealgorithms usethe sameoperations as the prioritised
algorithm but choose the type of operation to perform according to a probability dis-
tribution. We are free to choosethis probability distribution however we like. With an
appropriate choicethe deprioritised algorithm will approximate the prioritised algorithm.
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Algorithm 1 DominatingSet
# Recall that V(i;j ) = V(i;j )(G(P)) and Y(i;j ) =

�
�V(i;j )

�
�

Set P to be the empty partial pairing;
Pick u uniformly at random from V(0;0);
D := f ug;
Saturate(u);
while Y(1;0) + Y(2;0) + Y(2;1) 6= 0 do

if Y(2;1) 6= 0 then
Pick u uniformly at random from V(2;1) ;

else if Y(2;0) 6= 0 then
Pick u uniformly at random from V(2;0) ;

else
Pick u uniformly at random from V(1;0) ;

end if
D := D [ f ug;
Saturate(u);

end while
return D and P;

Algorithm 2 Saturate(u)
Exposethe free points associated with u;
Exposethe free points associated with each out-neighbour of u in G(P);
Add accidental saturatesto D;

Degreepair Type
(0; 0) 0
(1; 0) 1
(2; 0) 2
(2; 1) 3

Table 1: Typesof operationsand vertices.
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Algorithm 3 The deprioritised versionof DominatingSet
Require: : � > 0 is given and su�cien tly small.

Set P to be the empty partial pairing;
D := ; ;
for i = 1; : : : ; b�n c do

Pick u uniformly at random from V(0;0);
D := D [ f ug;
Saturate(u);

end for
while Y(1;0) + Y(2;0) + Y(2;1) 6= 0 do

Set pi for i = 1; 2; 3 asde�ned in Section4.6;
Choosea operation type k accordingto the distribution P(k = i ) = pi ;
Chooseu uniformly at random from the verticesof type k in G(P);
D := D [ f ug;
Saturate(u);

end while
return D and P;

The deprioritised version of DominatingSet is given in Algorithm 3. The for loop is
called the preprocessingphase; it is required for reasonsexplained in Section 5. The
probabilities p1, p2, and p3 are derived in Section4.6. Here we note the main di�erence
betweenusing the deprioritised approach on directed and undirected graphsand why the
theoremsof [15] are not applicable. For most of the algorithms that have beenstudied
on undirected graphs, the type of operation to perform (except during the preprocessing
phase)has been randomly selectedfrom two possibletypes while we select from three
possibletypes.

3.1 The Di�eren tial Equations Theorem

We analysethe deprioritised versionof DominatingSet with Theorem3.1 given below. A
detailed introduction to this theorem can be found in [14]. Using Theorem 3.1 we show
that, until near the very end of the algorithm, a.a.s.the scaledvariablesY(i;j )(Gt )=n and
D(Gt )=n areapproximated by the solutionsz(i;j )(t=n) and z(t=n) to somesetof di�erential
equations. The di�erential equationswill be determined, in the next section, using the
expectedchangein Y(i;j ) and D due to an operation.

Beforestating the theoremwe needa few de�nitions. Let S(n) be the setof all possible
partial and complete pairings for a 2-in 2-out digraph on n vertices. A history h(n)

t of
the processafter t time units is a sequenceh(n)

t = (q(n)
0 ; : : : ; q(n)

t ) whereq(n)
i 2 S(n) for all

i = 0; 1; : : : ; t. Let S(n)+ denoteall the possiblehistories of the processafter t time units
for t = 0; 1; : : : and let H (n)

t be the history of a given run of the processover t time units.
Sincewe are interestedin the asymptotic behaviour of the processas n tends to in�nit y,
we often drop n from the notation.
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Let Y1; : : : ; Ya be random variablesde�ned on a random processG0; : : : ; GT . Given a
domain W � Ra+1 , we de�ne the stoppingtime TW to be the minimum t such that

(t=n; Y1(t)=n;: : : ; Ya(t)=n) =2 W:

A function f : Rm ! R is Lipschitz on W (for W � Rm ) with Lipschitz constant L
if, for L a positive constant, for all x and y in W,

jf (x) � f (y )j � L max
1� i � m

jx i � yi j:

The function k � k de�ned by kxk = max1� i � n jx i j is the `1 norm.
Finally, a sequenceof functions f n uniformly convergesto a function f for x 2 X if,

for every � > 0, there exists an N such that

jf (x) � f n (x)j < �

for all x 2 X and all n > N . Now we are ready to state Theorem 3.1 (which appearsas
Theorem5.1 in [14]).

Theorem 3.1 ([14]). For 1 � ` � a with a �xed, let y` : S(n)+ ! R and f ` : Ra+1 ! R,
such that for someconstant C0 and all `, we havejy` (h` )j < C0n for all h` 2 S(n)+ and
for all n. Let Y`(t) denotethe random counterpart of y` (h` ). Assumethe following three
conditions hold where W is a bounded connected open set containing the closure of

f (0; z1; : : : ; za) j P(Y`(0) = zl n; 1 � ` � a) 6= 0 for someng:

(i) (BoundednessHypothesis) For some functions � = � (n) � 1 and 
 = 
 (n), the
probability that

max
1� ` � a

jY` (t + 1) � Y`(t)j � �

conditional upon H l , is at least 1 � 
 for t < TW .

(ii) (Trend Hypothesis)For somefunction � 1 = � 1(n) = o(1), for all 1 � ` � a,

jE(Y` (t + 1) � Y`(t) j H `) � f ` (t=n; Y1(t)=n;: : : ; Ya(t)=n)j � � 1

for t < TW .

(iii) (Lipschitz Hypothesis)Each function f ` is continuous and satis�es a Lipschitz con-
dition on

W \ f (t; z1; : : : ; za) j t � 0g

with the sameLipschitz constant for each `.

Then the following are true:
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(a) For (0; ẑ1; : : : ; ẑa) 2 W the systemof di�er ential equations

dz̀
dx

= f ` (x; z1; : : : ; za) for ` = 1; : : : ; a

has a unique solution in W for z` : R ! R such that z` (0) = ẑ` for 1 � ` � a and
which extendsto points arbitrarily closeto the boundary of W.

(b) Let � > � 1+ C0n
 with � = o(1). For a su�ciently largeconstant C, with probability
1 � O(n
 + �

� exp(� n� 3

� 3 )) we have

Y` (t) = nz` (t=n) + O(�n )

uniformly for 0 � t � � n, for each `, where z` (x) is the solution in (a) with
ẑ` = Y` (0)=n and � = � (n) is the supremum of thosex to which the solution can be
extended before reaching within `1 -distance C� of the boundary of W.

4 Determining the Di�eren tial Equations

First we determinefunctions f (r )
(i;j ) and f (r ) such that, for 0 � i; j � 2 and r 2 f 0; 1; 2; 3g,

f (r )
(i;j )(t=n; Y(0;0)(t)=n;: : : ; Y(2;2)(t)=n;D(t)=n) + o(1)

is the expectedchangein Y(i;j ) due to an operation of type r at time t and

f (r )(t=n; Y(0;0)(t)=n;: : : ; Y(2;2)(t)=n;D(t)=n) + o(1)

is the expectedchangein D due to an operation of type r at time t.
During an operation there are �v e sorts of vertices:

� verticesthat have noneof their associated free points exposed,

� the vertex u chosenat the start of the operation and addedto the dominating set,

� the out-neighbours of u from exposingthe free out-points associated with u, called
rems,

� vertices,other than u and its out-neighbours, that have an associated in-point ex-
posed,called in-incs, and

� vertices, other than u and its out-neighbours, that have an associated out-point
exposed,called out-incs.

We determine the expected change in the random variables (and thus the di�erential
equations)by consideringthe contribution from the di�erent sorts of vertices. Sincemore
than one edgemay be exposedduring an operation, the random variables Y(i;j ) change
during an operation. However they will only changeby a constant amount (sinceonly a
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constant number of edgesare exposed);so if the number of free in-points � is at least a
constant times n, the value of Y(i;j )=� for each (i; j ) during an operation will be within
o(1) of its value at the start of the operation. Thus we will assumethat � is 
( n) and
treat each Y(i;j ) as a constant throughout each operation.

First let Pin (w 2 V(i;j )) be the probability that a vertex w, selectedvia a free in-point
chosenuniformly at random, has degreepair (i; j ). And similarly for Pout (w 2 V(i;j )).
Then

Pin (w 2 V(i;j )) = (2 � i )Y(i;j )=� and Pout (w 2 V(i;j )) = (2 � j )Y(i;j )=�

where� =
P 2

p=0

P 2
q=0 (2 � p)Y(p;q) =

P 2
p=0

P 2
q=0 (2 � q)Y(p;q).

In-incs and Out-incs

The expectedchangein Y(i;j ) due to an in-inc w is In(i;j ) + o(1) where

In(i;j ) = Pin (w 2 V(i � 1;j )) � Pin (w 2 V(i;j )) = ((3 � i )Y(i � 1;j ) � (2 � i )Y(i;j ))=�

and taking Y(i;j ) = 0 if i < 0 or j < 0. Similarly, the expectedchangein Y(i;j ) due to an
out-inc w is Out (i;j ) + o(1) where

Out (i;j ) = Pout (w 2 V(i;j � 1) ) � Pout (w 2 V(i;j )) = ((3 � j )Y(i;j � 1) � (2 � j )Y(i;j ))=�:

Rems

A rem is a vertex that is a new out-neighbour of u. Let w be a rem. Contributions
to the expected change in Y(i;j ) from saturating w comefrom three sources:w moving
to V(2;2) , in-incs from exposing the free out-points associated with w, and out-incs from
exposing the free in-points associated with w. Let Fin and Fout be the number of free
in-points and out-points associated with w (respectively) beforethe edge(u; w) is added.
Then the expectedchangein Y(i;j ) due to a rem is Rem(i;j ) + o(1) where

Rem(i;j ) = � (i;j )=(2 ;2) � Pin (w 2 V(i;j )) + E(Fin � 1) Out(i;j ) + E(Fout ) In(i;j )

= � (i;j )=(2 ;2) � (2 � i )Y(i;j )=� + (2=� )(Y(0;0) + Y(0;1) + Y(0;2))Out (i;j )

+ (1=� )(4Y(0;0) + 2Y(1;0) + 2Y(0;1) + Y(1;1))In (i;j )

and � b = 1 if b is true and 0 otherwise.

Op erations

There are 4 operation types as displayed in Figure 1. The black circles represent
vertices that are saturated prior to the operation. The empty circles represent vertices
which arenot saturatedprior to the operation. Similarly, the black edgesareedgespresent
at the start of the operation and dashededgesare edgesaddedduring the operation.
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u u u u

Type 0
u 2 V(0;0)

Type 1
u 2 V(1;0)

Type 2
u 2 V(2;0)

Type 3
u 2 V(2;1)

Figure 1: The four typesof operations.

From Figure 1 we can seethat for an operation processinga vertex u of degreepair
(p;q) there are 2 � q rems and 2 � p out-incs from exposing the free points associated
with u. Also u movesfrom V(p;q) to V(2;2). Thereforethe expectedchangein Y(i;j ) due to
an operation of type r is Opr (i;j ) + o(1) where

Opr (i;j ) = � (i;j )=(2 ;2) � � (i;j )=( p;q) + (2 � q)Rem(i;j ) + (2 � p)Out (i;j )

and (p;q) is the degreepair of a vertex of type r (seeTable 1).

Changes in the Size of the Dominating Set

The expectedchangein the sizeof the dominating set due to a type r operation is 1
plus the expectednumber of accidental saturates. Accidental saturatesare either in-incs
or out-incs; they arenever rems. Thus the expectedchangein D dueto a type r operation
is domr + o(1) where

domr = 1 + (2 � q)(Rem(2;2) � 1) + (2 � p)Out (2;2)

and (p;q) is the degreepair of a vertex of type r .

The Functions f (r )
(i;j ) and f (r )

To obtain the functions f (r )
(i;j ) and f (r ) we set Y(i;j )(t) = nz(i;j )(t=n) and D(t) = nz(t=n)

and write Opr (i;j ) and domr in terms of z(i;j ) (for 0 � i; j � 2) and z. For example

In(i;j ) =
(3 � i )z(i � 1;j ) � (2 � i )z(i;j )

s
;

Out (i;j ) =
(3 � j )z(i;j � 1) � (2 � j )z(i;j )

s
; and

Rem(i;j ) = � i; 2� 2;j � (2 � j )z(i;j )=s+ (2=s)(z(0;0) + z(1;0) + z(2;0))In (i;j )

+ (1=s)(4z(0;0) + 2z(1;0) + 2z(0;1) + z(1;1))Out (i;j )
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wheres =
P 2

p=0

P 2
q=0 (2 � p)z(p;q) . The other equationsfollow from thoseabove.

Next we determine the probability distribution that will approximate the prioritised
algorithm.

Probabilities for Op eration T yp es

Let pr be the probability of choosing an operation of type r . For the deprioritised
algorithm to approximate DominatingSetwe want pr to be approximately the proportion
of operations of type r performedby DominatingSet.

In the prioritised algorithm the only Type 0 operation occurs as the �rst operation,
sowe set p0 = 0. Asymptotically almost surely the secondoperation of DominatingSet is
of type 1. Betweenany two type 1 operations there is a sequenceof operations of type 2
and of type 3. We de�ne a (1; 3)-clutch to be an operation of type 1 and all operations
of types2 or 3 that follow until the next type 1 operation (or the algorithm ends). Then
DominatingSet can be viewed as a sequenceof (1; 3)-clutches. Let M r be the expected
number of type r operations in a (1; 3)-clutch. Then we set pr = M r =(M 1 + M 2 + M 3).

Let
G0 � G1 � � � � � GL (1)

be a (1; 3)-clutch and let
H0 � H1 � � � � � HL 0

be the subsequenceof (1) of digraphswith no verticesof type 3. Thus H 1 is obtainedfrom
H0 via a type 1 operation followed by a sequenceof type 3 operations and, for t > 1, H t

is obtained from H t � 1 via a type 2 operation followed by a sequenceof type 3 operations.
Now consider

G0 � G1 � � � � � GK

where GK = H1. Let N3(t) be the number of type 3 vertices in Gt for t = 0; : : : ; K
(note that K is a random variable). Then we have E(N3(0)) = 0, E(N3(K + 1)) = 0 and
E(N3(t)) = Op1(2;1) + (t � 1)Op3(2;1). Thus

0 = E(N3(K + 1)) = E(E(N3(K + 1) j K = k)) = Op1(2;1) + E(K )Op3(2;1)

and so E(K ) = Op1(2;1)=(� Op3(2;1)). In a similar fashionwe can show that the expected
number of type 3 operations following a type 2 operation until the next type 1 or type 2
operation is Op2(2;1)=(� Op3(2;1)).

Applying the sameargument to H0 � � � � � HL 0 we can show that

M2 =
� Op1(2;0)Op3(2;1) + Op1(2;1)Op3(2;0)

Op2(2;0)Op3(2;1) � Op2(2;1)Op3(2;0)
:

Thereforepr = qr =(q1 + q2 + q3) where

q1 = Op2(2;0)Op3(2;1) � Op2(2;1)Op3(2;0);

q2 = � Op1(2;0)Op3(2;1) + Op1(2;1)Op3(2;0); and

q3 = � Op1(2;1)Op2(2;0) + Op1(2;0)Op2(2;1):
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For pi (i = 1; 2; 3) to approximate the proportion of operations in a (1; 3)-clutch we
must have � Op3(2;1) and q1 boundedabove zero. Thus the di�erential equations(which
involve each pi ) will besolvedon a domainwhere� Op3(2;1) and q1 (written in terms of the
variablesz(i;j ) for 0 � i; j � 2) are boundedabove zero. It turns out that pi (i = 1; 2; 3)
as given above approximate the proportion of operationsduring the entire algorithm.

The Di�eren tial Equations

The di�erential equationswe use when applying Theorem 3.1 are a combination of
the work in this section. We usethe di�erential equation

dz(i;j )

dx
=

3X

r =1

pr � f (r )
(i;j ) (2)

to approximate E(Y(i;j )(t + 1) � Y(i;j )(t) j G0; : : : ; Gt ) for 0 � i; j � 2 and the di�erential
equation

dz
dx

=
3X

r =1

pr f (r ) (3)

to approximate E(D(t + 1) � D(t) j G0; : : : ; Gt ).

5 Analysing the Deprioritised Algorithm

Before applying Theorem 3.1 we considerhow to satisfy hypotheses(i), (ii), and (iii).
Since each step of the algorithm is one operation, and each operation exposesonly a
bounded(independently of n) number of edges,the BoundednessHypothesisis satis�ed.

The algorithm choosesthe type of operation to perform using pi (for i = 1; 2; 3) as
a probability distribution. So the Trend Hypothesiswill be satis�ed when each pi � 0,
p1 + p2 + p3 = 1, when an operation of the type chosenis able to be performed(that is,
if pr > 0 then there is at least onevertex of type r ), and when � > cn for someconstant
c > 0 (as this was assumedwhen deriving f (r )

(i;j )).
Notice that at the start of the algorithm there are no vertices of types1, 2, or 3; so

the Trend hypothesis is not satis�ed. Thus we start the deprioritised algorithm with a
preprocessingphasewhereonly type0 operationsareperformed. During the preprocessing
phaseverticesof types1, 2, and 3 build up.

We run the preprocessingphasefor b�n c stepsfor some� = o(1). This ensuresthat
the number of verticesof types1, 2, and 3 are su�cien t to satisfy the Trend Hypothesis
and that the contribution to Y(i;j ) (0 � i; j � 2) during the preprocessingphaseis o(n).

The functions dz(i;j )=dx, dz=dx, and their �rst order partial derivatives(with respect
to z(0;0) etc) all have a similar form: a polynomial in the variables z(i;j ) (0 � i; j � 2)
divided by a polynomial in s and q1 + q2 + q3. Sothesefunctions areLipschitz on a domain
whereeach z(i;j ) (for 0 � i; j � 2) is boundedand s and q1 + q2 + q3 are boundedabove
zero.
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For any � > 0, let D � be the domain

D � = f (x; z(0;0); : : : ; z(2;2); z) : � � < x < 4; � � < z < 1 + � ;

� � < z(i;j ) < 1 + � for 0 � i; j � 2;

z(0;0) > � ; q1 > � ; � f (3)
(2;1) > � ;

q2 > 0; q3 > 0; z(1;0) > 0g:

De�ne z(� )
(i;j ) andz(� ) to bethe solutionson the closureof D � to the di�erential equations(2)

and (3) with initial conditions z(� ) (0) = 0, z(� )
(i;j )(0) = 0 for (i; j ) 6= (0; 0), and z(� )

(0;0)(0) = 1.

Let z(� ) = (x; z(� )
(0;0)(x); : : : ; z(� )

(2;2)(x); z(x)). Then we have the following theorem.

Theorem 5.1. For any �xed � > 0, let x f (� ) be the in�mum of all x > 0 for which
z(� ) =2 D � . Then the minimum sizeof a dominating set of a random2-in 2-out digraph is
a.a.s. lessthan

z(� ) (xf (� ))n + (1 � z(� )
(2;2)(xf (� ))) n + o(n):

To prove this theorem we apply Theorem 3.1 twice: �rst to the preprocessingphase
and then to rest of the deprioritised algorithm.

Now let
bD � = D � \ f (x; z(0;0); : : : ; z(2;2); z) : z(2;0) > 0; z(2;1) > 0g

and Y (t) = (t; Y(0;0)(t); : : : ; Y(2;2)(t); D(t)). The next lemma allows us to apply Theorem
3.1 on the domain bD � after the preprocessingphase.

Lemma 5.2. For all su�ciently small � > 0 and � > 0, asymptotically almost surely
Y (b�n c)=n 2 bD � . Moreover, Y (b�n c)=n is at least somedistance � = � (� ) > 0 from the
boundary of bD � .

Proof. Before the algorithm starts we have Y(0;0)(0) = n, Y(i;j )(0) = 0 for (i; j ) 6= (0; 0),
and D(0) = 0. Each operation during the preprocessingphaseis of type 0. So we apply
Theorem3.1 with the di�erential equations

dz(i;j )

dx
= Op0(i;j ) and

dz
dx

= dom0 (4)

(written in terms of the z(i;j ) 's) on the domain

W� ;� = f (x; z(0;0); : : : ; z(2;2); z) : � � < x < �;

� � < z(i;j ) < 1 + � for 0 � i; j � 2;

� � < z < 1 + � ; z(0;0) > � g:

Let z(p)
(i;j ) and z(p) be the solutions to the systemof di�erential equations(4) in W� ;�

with initial conditions z(p)
(0;0)(0) = 1, z(p)

(i;j )(0) = 0 for (i; j ) 6= (0; 0), and z(p)(0) = 0. Also
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let z(p)(x) = (x; z(p)
(0;0)(x); : : : ; z(p)

(2;2)(x); z(p)(x)). The conditions of Theorem 3.1 are easily
seento be satis�ed, so we concludethat a.a.s.

Y(i;j )(t) = nz(p)
(i;j ) (t=n) + o(n) (0 � i; j � 2) and D(t) = nz(p)(t=n) + o(n)

for 0 � t � � n where � is the supremum of thosex to which the solutions z(p)
(i;j ) and z(p)

can be extendedbeforez(p)(x) is within somedistanceo(1) of the boundary of W� ;� .
First we show that z(p)(x) approaches the boundary x = � of W� ;� for all su�cien tly

small positive � . From the de�nitions of Y(i;j ) and D we have

� � < 0 � Y(i;j )(t)=n � 1 < 1 + �

and similarly for D(t)=n for t = 0; : : : ; TW . So Y (t)=n approaches the boundary x = �
or z(0;0) = � . In b�n c operations Y(0;0) changesby O(b�n c) and so, for � and � su�cien tly
small, Y(0;0)(t)=n = 1 + O(� ) is boundedaway from � for t = 0; : : : ; b�n c. Therefore,for �
and � su�cien tly small, Y (t)=n approachesthe boundary x = � of W� ;� , while remaining
at least a constant distancefrom the other boundaries.

Now assumethat z(p)(x) approachesa boundary of W� ;� other than x = � , for example,
the z(0;0) = � boundary. Then a.a.s.

Y(0;0)(� n)=n = z(p)
(0;0)(� ) + o(1) = � + o(1):

Therefore Y (t)=n approaches arbitrarily closeto the boundary z(0;0) = � of W� ;� . This
contradicts the conclusionof the previousparagraph.

Hencez(p)(x) approachesthe boundary x = � of W� ;� while being boundedaway from
the others. Sinceb�n c = � n + o(n) (as � (n) ! � ) we have a.a.s.

Y(i;j )(b�n c)=n = z(p)
(i;j )(� ) + o(1) and D(b�n c)=n = z(p)(� ) + o(1) (5)

for 0 � i; j � 2.
By de�nition, Y(i;j )(b�n c)=n and D(b�n c)=n are bounded away from the boundaries

z(i;j ) = 1 + � , z(i;j ) = � � , z = 1 + � , and z = � � (for 0 � i; j � 2) of bD � . Ear-
lier we showed that Y(0;0)(b�n c) is bounded above � n (for su�cien tly small � and � ), so
Y(0;0)(b�n c)=n is boundedabove � . In a similar way we can show that q1(Y (b�n c)=n) and
� f (3)

(2;1)(Y (b�n c)=n) are alsoboundedabove � .
Now considerthe boundary q3 > 0. We want to show a.a.s.

q3(Y (b�n c)=n) > �

for some� > 0. By (5) we have a.a.s.

q3(Y (b�n c)=n) = q3(� ; z(p)
(0;0)(� ) + o(1); : : : ; z(p)

(0;0)(� ) + o(1); z(p)(� ) + o(1))

= q3(z(p)(� )) + o(1)

the electr onic journal of combina torics 15 (2008), #R29 15



wherethe last step holds sinceq3 is Lipschitz. Now at x = 0 we have

q3(z(p)(0)) = 0;
d

dx

�
q3(z(p)(x))

�
jx=0 = 0; and

d2

dx2

�
q3(z(p)(x))

�
jx=0 = 88:

Note that during the preprocessingphase,the derivative of a function � with respect to
x is calculatedvia

d�
dx

=
X

0� i;j � 2

@�
@z(i;j )

Op0(i;j ) :

The derivative of � can then be easily computed using the techniquesof automatic dif-
ferentiation, see[7].

Since the secondderivative of q3 is continuous it must remain positive on [0; � ] for
somesu�cien tly small � > 0. Thus q3(z(p)(� )) > � > 0 for some� and so a.a.s. we
have q3(Y (b�n c)=n) > � > 0. The remaining boundaries, q2 > 0 and z(i;j ) > 0 for
(i; j ) = (1; 0); (2; 0); (2; 1) are dealt with similarly.

We now de�ne functions ẑ(i;j ) and ẑ by applying Theorem 3.1 to the deprioritised
algorithm after the preprocessingphase. Hypotheses(i) and (iii) of Theorem 3.1 are
satis�ed as explainedat the beginning of this section. For Hypothesis(ii) we note that,
for t < TbD �

, we have Y(1;0), Y(2;0), and Y(2;1) all greater than zero; thus an operation of
each type may be performed. Also q1 + q2 + q3 > � and qi > 0 (for i = 1; 2; 3) ensure
that p1, p2, and p3 de�ne a probability distribution. Togetherwith Section4, this shows
that the Trend Hypothesis is satis�ed. Finally, Lemma 5.2 allows us to apply Theorem
3.1 with initial conditions given below.

So let ẑ(x) = (x; ẑ(0;0)(x); : : : ; ẑ(2;2)(x); ẑ(x)) where ẑ(i;j ) and ẑ are the solutions to
the di�erential equations(2) and (3) with initial conditions ẑ(i;j )(0) = Y(i;j )(b�n c)=n and
ẑ(0) = D(b�n c)=n. Then applying Theorem3.1 we obtain a.a.s.

Y(i;j )(t) = nẑ(i;j )(t=n) + o(n) (0 � i; j � 2) and D(t) = nẑ(t=n) + o(n) (6)

for 0 � t � � n where � is now the supremum of all x to which the solutions ẑ(i;j ) and ẑ
can be extendedbeforeẑ(x) is within somedistanced(n) = o(1) of the boundary of bD � .
Here � dependson � .

Note that
dẑ(2;0)

dx
= 0 and

dẑ(2;1)

dx
= 0

for all x. SinceY(i;j )(b�n c)=n is boundedaway from zero for (i; j ) = (2; 0) and (2; 1), the
solution ẑ(x) cannotapproach the boundariesz(2;0) > 0 and z(2;1) > 0. Henceẑ approaches
a boundary of D � . This boundary will depend on z(� )

(i;j ) and z(� ) .
To �nish the proof of Theorem 5.1 we need the following standard lemma (which

appearsin [15] as Lemma 1).
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Lemma 5.3 ([15]). Let W be a bounded and open set. Suppose that (x; y n (x)) and
(x; zn (x)) satisfy the same di�er ential equations on W with di�ering initial conditions
(0; yn (0)) and (0; zn (0)), respectively. If the di�er ential equationsare Lipschitz on W and
jyn (0) � zn (0)j ! 0 as n ! 1 , then

jyn (x) � zn(x)j ! 0

uniformly for x 2 [0; x?
n ) where x?

n is the in�mum of thosex > 0 for which (x; yn (x)) =2 W
or (x; zn (x)) =2 W.

In particular we use Lemma 5.3 to show that ẑ(i;j ) and ẑ approach z(� )
(i;j ) and z(� ) as

n tends to in�nit y, as described by Lemma 5.4. Recall that z(� )
(i;j ) and z(� ) are de�ned

immediately before Theorem 5.1, x(� )
f is de�ned in Theorem 5.1, and that ẑ(i;j ) , ẑ, and

� (n) are de�ned beforeand after (6).

Lemma 5.4. There existssequences � (n) = o(1) and � (n) = o(1) suchthat a.a.s.

(i) � (n) � xf (� ) � � (n) > 0 and

(ii) �
�
� ẑ(i;j )(x) � z(� )

(i;j )(x)
�
�
� ! 0

uniformly for x 2 [0; x f (� ) � � (n)].

Proof. We start by showing that x f (� ) is at least a positive constant (for su�cien tly
small � ). At x = 0 we have z(� ) bounded away from all the boundariesof D � except
q2 = 0, q3 = 0, and z(1;0) = 0 (for su�cien tly small � ). Thus by continuity z(� ) (x) remains
boundedaway from the sameboundariesfor x 2 [0; c] for somec > 0. For the boundaries
q2 = 0, q3 = 0, and z(1;0) = 0 we needto considerthe derivativesof q2, q3, and z(1;0) . Since
we are no longer in the preprocessingphase,the derivative of a function � (w.r.t. x) is
calculatedvia

d�
dx

=
X

0� i;j � 2

@�
@z(i;j )

dz(i;j )

dx

wheredz(i;j )=dx is given by (2).
The derivativesof q2, q3, and z(1;0) at x = 0 are as follows:

dq2

dx

�
z(� ) (0)

�
= 6;

dq3

dx

�
z(� ) (0)

�
= 0;

d2q3

dx2

�
z(� ) (0)

�
= 42; and

dz(1;0)

dx

�
z(� ) (0)

�
= 3:

Hencefor su�cien tly small c > 0, we have that q2(x), q3(x), and z(1;0)(x) are greater
then zero for x 2 (0; c). Thereforex f (� ) > c for somesu�cien tly small constant c > 0.
We alsonote that the derivativesconsideredabove are all Lipschitz on D � .
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Next we show that a.a.s.� (n) > C for someconstant C > 0 for all � su�cien tly small.
SincejY (b�n c) � Y (0)j = O(�n ) we have

�
�
� ẑ(i;j )(0) � z(� )

(i;j ) (0)
�
�
� = O(� ):

Arguments similar to the above show that a.a.s.ẑ(x) is boundedfrom the boundariesof
D � other than q3 = 0 for x 2 [0; C] (for C su�cien tly small). Note that for the boundaries
q2 = 0 and z(1;0) = 0 we needto use the Lipschitz property of the derivatives of q2 and
z(1;0) , and to assumethat � is su�cien tly small.

For the boundary q3 = 0 it is su�cien t to show that

dq3

dx
(ẑ(0)) > 0: (7)

Sowe consider

� (x) =
dq3

dx
(x) =

X

0� i;j � 2

@q3

@z(i;j )
(x)

dz(i;j )

dx
(x)

during the preprocessingphase.At the start of the preprocessingphasewe have � (0) = 0
but the derivative of � (calculated as in the proof of Lemma 5.2) is 56. Thus a.a.s.(7)
holds and soa.a.s.q3(ẑ(x)) > 0 for x 2 [0; C] (rede�ning C if necessary).Thereforea.a.s.
� (n) > C for somesu�cien tly small C and for all su�cien tly small � .

Now taking � = � (n) = o(1), from Lemma 5.3, for somefunction g(x) with g(x) ! 0
as x ! 0, we obtain �

�
� ẑ(i;j )(x) � z(� )

(i;j )(x)
�
�
� = g(� ) = o(1) (8)

uniformly for x 2 [0; minf x f (� ); x?(n)g) wherex?(n) is the in�m um of thosex for which
ẑ(x) =2 D � . Note that � (n) < x?(n) by de�nition.

We complete the proof by showing that there exists a sequence� (n) tending to 0
such that a.a.s. � (n) � x f (� ) � � (n). Fix � > 0 and assumethat � (n) < x f (� ) � � for
in�nitely many n. By the de�nition of x f (� ), for all x 2 [C; x f (� ) � � ], the distancefrom
z(� ) (x) to the boundary of D � is boundedbelow by a constant. But we can alsowrite this
distance(at x = � ) as z(� ) (� ) � ẑ(� ) plus the distancefrom ẑ(� ) to the boundary of D � .
However, both thesevaluestend to zero(from (8) and the de�nition of � ). Thus we have
a contradiction (using � (n) 2 [C; x f (� ) � � ]) and so

� (n) � xf (� ) � � (9)

for su�cien tly large n.
Now, given a decreasingsequencef � i gi � 0 tending to zero,we usethe argument of the

previousparagraphto construct a sequence� (n) such that (i) holds.

Now we �nish the proof of Theorem 5.1. At every stage of the algorithm, the set
D [

�
V(G)nV(2;2)(G)

�
is a dominating set for the �nal graph G. Thus D(t) + (n � Y(2;2)(t))

the electr onic journal of combina torics 15 (2008), #R29 18



is an upper bound on the minimal sizeof a dominating set of a random 2-in 2-out digraph
for any t. In particular, taking

t = t? = bn
�
xf (� ) � � (n)

�
c;

by (6) and Lemma 5.4 (i), we have a.a.s.

D(t?) + (n � Y(2;2)(t?)) = nẑ(t?=n) + n(1 � ẑ(2;2)(t?=n)) + o(n):

Then using Lemma 5.4 (ii) we have a.a.s.

D(t?) + (n � Y(2;2)(t?)) = nz(� )
�
xf (� ) � � (n) + o(1)

�

+ n
h
1 � z(� )

(2;2)

�
xf (� ) � � (n) + o(1)

� i
+ o(n)

= nz(� ) (xf (� )) + n(1 � z(� )
(2;2)(xf (� ))) + o(n)

sincez(� )
(i;j ) and z(� ) are Lipschitz (on the closureof D � ) and � (n) = o(1).

A non-rigorous numerical analysis of the di�erential equations gives us the upper
bound of Theorem1.3. We alsonote that the numerical analysissuggeststhat at the end
of the algorithm we have z(0;0) = z(1;1) = 0. So it seemsreasonableto conjecture that
DominatingSet and the deprioritised version of DominatingSet a.a.s. return 2-in 2-out
digraphs.

6 Pro ving the Lower Bound

Let P be a pairing selecteduniformly at random from the pairings on someset V of
vertices. We will determine an a.a.s.lower bound on the minimum sizeof a dominating
set of the directed multigraph G(P) obtained from P. The lower bound will hold for
random simple 2-in 2-out digraphs just as the upper bound did.

Let N (k) be the number of dominating sets of size k in G(P). Note that for any
two integers k and k? with k < k?, a dominating set of size k can be extended to a
dominating set of sizek?. Thus, usingMarkov's inequality, the probability that G(P) has
a dominating set of sizelessthan or equal to k? is

P

 
X

k� k?

N (k) � 1

!

= P(N (k?) � 1) � E(N (k?)) :

Soif E(N (k?)) = o(1) then k? is an a.a.s.lower boundon the minimum sizeof a dominating
set of G(P).

Now considera 2-in 2-out digraph D and a dominating set X of D. Each vertex of D
not in X haseither oneor two out-edgesto a vertex in X . With this in mind, for any two
subsets� and A of V , the pair (� ; A) is calleda domination pair if � is a dominating set
for G(P), � \ A = ; , and each vertex of A hasexactly oneout-edgeto a vertex in �.
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Now let N (k; a) be the number of domination pairs (� ; A) of G(P) such that j� j = k
and jAj = a. Then

E(N (k)) =
n� kX

a=0

E(N (k; a)): (10)

To calculate E(N (k; a)) we write N (k; a) as a sum of indicator variables I (� ;A ) , where
I (� ;A ) = 1 if (� ; A) is a domination pair and 0 otherwise, for all subsets� and A of V
such that

� \ A = ; , j� j = k, and jAj = a: (11)

So choosea pair of sets� and A such that (11) holds; there are
� n

k

�� n� k
a

�
ways to do

so. Each of the 2k in-points associated with the verticesof � must be mapped to an out-
point. Of theseout-points, a + 2(n � k � a) are associated with verticesin V(G(P))) n�;
so the remaining 4k + a � 2n out-points are associated with verticesin �. Thus there are
2a

� 2k
4k+ a� 2n

�
ways to choosewhich out-points will be the imagesof the in-points associated

with vertices in �, and there are (2k)! ways to map the out-points to the in-points. We
still have 2n � 2k in-points left, sowe can completethe pairing in (2n � 2k)! ways. Thus

E(N (k; a)) = 2a

�
n
k

��
n � k

a

��
2k

4k + a � 2n

� �
2n
2k

� � 1

:

We alsoobtain the following boundson a and k:

maxf 0; 2n � 4kg � a � n � k and n=3 � k � n:

By (10) if maxf E(N (k; a)) : a = 0; : : : ; n � kg tends to zeroexponentially quickly (as
n ! 1 ) then E(N (k)) = o(1). Let k = �n , a = � n, and � (x) = xx (with � (0) = 1).
Then using Stirling's approximation we have

E(N (P; k; a))
1
n v

2� � 2� (2� )2� (2 � 2� )
� (� )� (� )� (1 � � � � )� (4� + � � 2)� (2 � 2� � � )

(12)

for 1=3 � � � 1 and maxf 0; 2 � 4� g � � � 1 � � .
Denote the right hand sideof (12) by f (�; � ). Then

@
@�

(ln f (�; � )) = ln
�

2(2 � 2� � � )(1 � � � � )
� (4� + � � 2)

�
:

Thus @
@� (ln f (�; � )) = 0 when 2(2 � 2� � � )(1 � � � � ) = � (4� + � � 2). Solving for �

gives � = 2 � � �
p

� (4 � 3� ). The only solution lying in the domain arising from the
constraints on k and a given above is � = 2 � � �

p
� (4 � 3� ).

Therefore, for a given � , the maximum value of f (�; � ) will occur at � = 1 � � ,
� = maxf 0; 2 � 4� g, or � = 2 � � �

p
� (4 � 3� ). For � = 0:3495we have f (�; 1 � � ),

f (�; 2 � 4� ), and f (�; 2 � � �
p

� (4 � 3� )) all lessthan 1. This provesthe lower bound
of Theorem1.3.
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