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Abstract

We analysean algorithm for nding small dominating setsof 2-in 2-out directed
graphsusing a deprioritised algorithm and di erential equations. This deprioritised
approach determinesan a.a.s.upper bound of 0:39856 on the size of the smallest
dominating set of a random 2-in 2-out digraph on n vertices. Direct expectation
argumerts determine a corresponding lower bound of 0:3495.

1 Intro duction

A directed multigraph G isasetV = V(G) of verticeswith amultiset E = E(G) V V
of (directed) edges.When E cortains no repeatededgesand no loops (edgesof the form
(v;v) for somev 2 V) we sa&y that G is simple and call G a directed graph or digraph
The in-degree of a vertex u 2 V is the number of edgesof the form (v; u) for somev 2 V;
the out-degree of u is the number of edgesof the form (u;v) for somev 2 V. We consider
only directed multigraphs (simple or otherwise) for which ewery vertex has in-degree2
and out-degree2. Sud graphsare called 2-in 2-out or 2-regular.

A random 2-in 2-out digraph (on n vertices)is a digraph chosenuniformly at random
from the set of all 2-in 2-out digraphs on n vertices. Often the probability of a random
graph having a certain property, sud asbeingconnectedtendsto 1 asn tendsto in nit y.
In this casewe say that a random graph hassud a property asymptotially almost surely
(a.a.s.). For example,a.a.s. a random 2-in 2-out digraph is connected[3].

In [5] Duckworth and Wormald determined a.a.s.upper and lower bounds for domi-
nating setsof random cubic graphs. We determine similar boundsfor random 2-in 2-out
digraphs.
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A dominating set of a digraph G is a subsetD  V(G) of the vertices sudh that for
ewery vertex v 2 V(G), either v 2 D or for someu 2 D the edge(u; V) is presen in G.
If we change(u;v) to (v;u) in the above de nition, then we de ne an absorkent set of G.
The results of this paper, stated in Theorem 1.3, also hold for absorbkert sets.

Dominating setsof small cardinality are the most interesting. For a generaldigraph,
nding a minimum dominating set is NP-hard (which follows from a simple reduction
from the undirected case). Someappraximation results can be found in [2]. For example,
for digraphs with in-degreeboundedby a constart B, it is NP-hard to appraximate the
sizeof the minimum dominating setto within a constart lessthan B 1forB 3 and
1:.36 for B = 2 ([2] Theorem 10).

Other results about domination in digraphscanbe found in [8] and [10]. Of particular
interest are the following boundson the minimum sizeof a dominating set of an arbitrary
digraph on n vertices.

Theorem 1.1 ([8, 10]). Let G be a digraph on n vertices.

(i) If G hasminimum in-degree 1 then the minimum size of a dominating setin G

is lessthan
+1

2 +1

n+ 1:

(i) If G hasmaximum out-degree  then the minimum size of a dominating setin G

is greater than
1

1+

Theorem 1.1 can be found in [8] as Theorem 15.49 and Theorem 15.57; part (i) is
originally from [10].

By Theorem 1.1, for 2-in 2-out digraphs the minimum size of a dominating set is
boundedbelov by n=3 and above by 3n=5. We will signi cantly improve thesebounds
for random 2-in 2-out digraphs (seeTheorem 1.3).

As far as we are aware, dominating sets of random regular digraphs have not been
studied. Howewer domination has been studied in other models of random digraphs.
Consider the following model: start with n vertices and for ead pair of vertices (u; v)
independerly include (u; v) asan edgewith probability p (for somep 2 [0; 1]). We denote
this model by DG,,,. Lee obtained the following result.

Theorem 1.2 ([10]). Fix pwithO< p< l1andletk = logn 2loglogn+ logloge wheiwe
log denotesthe logarithm to base1=(1 p). Then the minimum size of a dominating set
of a randomdigraphG 2 DG;,, is a.a.s. bk + 1c or bk + 2c.

We study dominating setsin random 2-in 2-out digraphs using two techniques: by
consideringan algorithm for nding dominating setsof small cardinality and using direct
expectation argumerts. The algorithm, called DominatingSet, is descrited in Section 2.
In Sections3, 4, and 5 we approximate DominatingSet by another algorithm, known as
a deprioritised algorithm. The behaviour of the deprioritised algorithm is then descriked
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by solutionsto a certain system of di erential equations. This analysis, which we call
the deprioritised approach, wasinitially introducedby Wormald in [15]. The deprioritised
approad determinesthe upper bound of the next theorem;the lower bound comesfrom
the direct expectation argumerns which are descriked in Section6.

Theorem 1.3. Asymptotically almost surely the minimum size of a dominating set of a
random 2-in 2-out digraph is lessthan 0:39856 and greater than 0:3495.

Previously, similar work has found bounds for independert dominating sets [6] and
vertex and edgepading [1] on random regular graphs. We are not aware of any previous
work applying the deprioritised approad to directed graphs. In [6] and [1] Theorem 2
of [15] was used. Howeer this theorem cannot be applied for all algorithms on random
regular graphs, for example[12] and [4]. Nor is it applicable for DominatingSet (and
many other algorithms on random regular digraphs). A justi cation of this is given just
before Section3.1.

Further usefulde nitions and results about random graphsin generalcan be found in
[9]. When working with probabilities, we useP(A) to denotethe probability of the evert
A occurring and E(X) to denotethe expectedvalue of a random variable X .

2 Finding Small Dominating Sets

We start with someuseful notations and de nitions. An edge(u;v) 2 E(G) is called
an edgefrom u to v; we alsosay that u dominatesv. Given a vertex u, verticesv sud
that (v;u) 2 E(G) are called in-neightours of u. Thus the in-degreeof a vertex u is the
number of in-neighbours of u. Out-neighbours are de ned similarly.

The pair (p;q) wherep is the in-degreeof u and q is the out-degreeof u is called the
degree pair of u. A vertex with degreepair (0; 0) is called isolated while a vertex with
degreepair (2; 2) is called saturated. Finally let Vijy = Vij)(G) be the set of vertices of
G with degreepair (i; j ).

Now a dominating set for a given 2-in 2-out digraph G can be found by the following
algorithm. We setH := G andlet D be empty. While D is empty or there are vertices of
degreepair (0; 1), (0;2), or (1;2) in H: selecta vertex v uniformly at random from V(.
where

(p;a) = minf (i; j) = (i;]) 2 £(0;1);(0;2); (1;2); (2; 2)g and Vi ,(H) 6 g:

Here degreepairs are orderedlexicographically After selectingv, remove the edgesof H
incidert with verticesdominated by v (in H) and then remove the edgesincidernt with v.
Then add v to D aswell asany newly isolated verticesof H that are not dominated by
v in G. When D 6 ; and there are no more edgesof degreepairs (0; 1), (0; 2), and (1; 2),
add any remaining non-isolatedverticesto D. Then D is a dominating set for G.
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In order to obtain results about 2-in 2-out digraphs we analysethe algorithm Dom-
inatingSet given belov. DominatingSet is basedon the algorithm described above but,
instead of taking a random 2-in 2-out digraph asinput, DominatingSet constructs a ran-
dom 2-in 2-out digraph along with a dominating set. To do so we use the pairing or
con guration model which we descrike next.

2.1 Generating Random 2-in 2-out Digraphs Uniformly

the pairing model as follows. For ead vertex v; we ass&iate two in-points and two out-
points. A bijection P from the set of 2n in-points to the set of 2n out-points is called
a pairing. If P is only a partial function (from the in-points to the out-points) but still
one-to-onethen we call P a partial pairing. In both cases,a pair of P is an in-point a
and an out-point b such that P(a) = b

for eat in-point a in a pair of P we add to (the multiset) E(G(P)) the edge(vi;v;) sud
that the out-point P (a) is ass@iated with v; and the in-point a is asseiated with v;. By
construction G(P) will be 2-in 2-out.

Selectinga pairing P uniformly at random we obtain a random directed multigraph
G(P). Although G(P) is not distributed uniformly, by conditioning on G(P) having no
loopsor repeatededgeswe obtain a simple 2-in 2-out digraph uniformly at random. The
probability that G(P) is simpleis boundedbelow by a constart, seeTheorem4.6 of [11].
Thus a property holding a.a.s.for random directed multigraphs generatedby the pairing
model, also holds a.a.s.for random 2-in 2-out digraphs.

The pairing model also allows us to use a random processto generaterandom 2-in
2-out directed multigraphs. Start with an empty partial pairing P where no in-point is
mapped to any out-point. At ead step of the processwe extend the de nition of P by
onepair in the following way: selectanin-point a, from the in-points not in the domain of
P, and an out-point b, from the out-points not in the rangeof P, wherea or bis selected
uniformly at random; then extend the de nition of P sothat P mapsa to b. The point
not selecteduniformly at random may be selectedin any way we like. The processstops
when P becomesa pairing. We call sud a processa random partial pairing processand
the resulting random pairing is distributed uniformly.

When we extend a partial pairing to map a to b we say we are expsing a pair (in
particular, the pair correspnding to a and b), or exposing an in-point, or just exposing
a point (when the pair correspnding to the in-point or point is clear from the cortext).
Points that are not in the domain and not in the rangeof P are called free.

DominatingSet will exposepairs one at a time by determining one point of the next
pair to be exposed. At the sametime, vertices are addedto a set D which will be a
dominating set when the algorithm nishes. In this way DominatingSet generatesa 2-in
2-out directed multigraph G(P) (for somepairing P) and a dominating set for G(P).
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2.2 The Algorithm DominatingSet

Algorithms 1 and 2 de ne DominatingSet and its auxiliary algorithm Saturate. We will
view DominatingSet as a sequenceof operations where ead operation involves selecting
the vertex u, adding u to D, and then calling Saturate with u. Let

P, Py Pr

be the subsequencef the random partial pairing processde ned by DominatingSetsut
that Py is the empty partial pairing, Pr is a pairing, and P, is obtained from P; by
performing an operation. From this sequencave obtain a correspnding sequencéd G;g_,
of directed multigraphs where G, = G(P;). We analyseDominatingSet using the random
variablesY(i;,- )(Gt) = V(i;j )(Gt) and D(Gy) = |D(Gy)j.

During ead operation, somevertex v is addedto D and the free points asseiated
with v, and the free points assaiated with the out-neighbours of v are exposedby a call
to Saturate. When all the in-points and out-points assa@iated with a vertex v are exposed
then v hasbeensaturated. Any verticesother than v and its out-neighboursthat become
saturated are called accidental saturates By adding accidenal saturatesto D, after eath
operation, all saturated verticesare either in D or are dominated by a vertexin D.

DominatingSet nishes whenthere are no verticesof degreepairs (1;0), (2; 0), or (2;1).
By equating the sum of the in-degreeswith the sum of the out-degrees.every vertex in
the nal graph Gg has degreepair (0;0), (1;1), or (2;2). We complete the graph Gg
to a 2-in 2-out digraph by calling Saturate on the remaining unsaturated vertices. This
will add a subsetof V(]_;]_)(GF) [ V(O;O)(GF) to D. SOD(GF) + Y(O;O)(GF) + Y(l;l)(GF) will
be an upper bound on the smallestsize of a dominating set for any 2-in 2-out digraph
cortaining Gg as a subgraph. Note though, that we expect (but don't prove) that a.a.s.
Gr hasno verticesof degreepair (0;0) or (1;1).

3 The Dieren tial Equations Metho d

As mertioned above, we view DominatingSetasa sequencef operations. Each operation
involvesselectinga vertex u uniformly at random from the verticesof a given degreepair,
adding u to the dominating set, and then saturating u and its out-neighbours. We sa
that the operation processesthe vertex u. There are four types of operations, given in
Table 1, and the typesdepend solely on the degreepair of u. We also say that vertex v
is of type k if the degreepair of v is assaiated with an operation of type k.
DominatingSet s a prioritised algorithm in the sensethat the type of ead operation
is chosendeterministically. Sud algorithms on undirected graphs have beenanalysedin
[13] and [5]. Analysing prioritised algorithms on graphsis di cult and remains so for
algorithms on digraphs. Wormald in [15] introducedthe idea of deprioritised algorithms
which are easierto analyse. Thesealgorithms usethe sameoperations as the prioritised
algorithm but choosethe type of operation to perform accordingto a probability dis-
tribution. We are free to choosethis probability distribution however we like. With an
appropriate choicethe deprioritised algorithm will approximate the prioritised algorithm.
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Algorithm 1 DominatingSet

# Recallthat V(i;j) = V(i;j )(G(P)) and Y(i;j) = V(i;j)
SetP to be the empty partial pairing;
Pick u uniformly at random from V(q.0);
D := fug;
Saturate(u);
while Y(l;O) + Y(z;o) + Y(2;1) 6 O0do
if Y(2;1) 6 0 then
Pick u uniformly at random from V(z.1);
else if Y.0) 6 Othen
Pick u uniformly at random from Vz.o);
else
Pick u uniformly at random from V(1.);
end if
D:=D]J fug;
Saturate(u);
end while
return D and P;

Algorithm 2 Saturate(u)

Exposethe free points assaiated with u;
Exposethe free points assaiated with ead out-neighbour of u in G(P);
Add accidertal saturatesto D;

Degreepair | Type
(0;0) 0
(1;0) 1
(2;0) 2
(2;1) 3

Table 1: Typesof operationsand vertices.
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Algorithm 3 The deprioritised version of DominatingSet

Require: : > Ois givenand su ciently small.
SetP to be the empty partial pairing;
D=3,

Pick u uniformly at random from V(q.);
D:=D]J fug;
Saturate(u);
end for
while Y(l;O) + Y(z;o) + Y(2;1) 6 0do
Setp; fori = 1;2;3 asde ned in Section4.6;
Choosea operation type k accordingto the distribution P(k = i) = p;;
Chooseu uniformly at random from the verticesof type k in G(P);
D:=D]J fug;
Saturate(u);
end while
return D and P;

The deprioritised version of DominatingSet is given in Algorithm 3. The for loop is
called the preprocessingphase; it is required for reasonsexplained in Section5. The
probabilities p;, p2, and ps are derived in Section4.6. Here we note the main di erence
betweenusing the deprioritised approad on directed and undirected graphsand why the
theoremsof [15] are not applicable. For most of the algorithms that have been studied
on undirected graphs, the type of operation to perform (except during the preprocessing
phase) has beenrandomly selectedfrom two possibletypes while we selectfrom three
possibletypes.

3.1 The Dieren tial Equations Theorem

We analysethe deprioritised versionof DominatingSet with Theorem 3.1 given belon. A
detailed introduction to this theorem can be found in [14]. Using Theorem 3.1 we showv
that, until nearthe very end of the algorithm, a.a.s.the scaledvariablesY;; ,(G;)=n and
D (Gi)=nareapproximated by the solutionsz; (t=n) and z(t=n) to somesetof di erential
equations. The di erential equationswill be determined, in the next section, using the
expectedchangein Yy and D dueto an operation.

Beforestating the theoremwe needa few de nitions. Let S(" bethe setof all possible
partial and complete pairings for a 2-in 2-out digraph on n vertices. A history hE”) of
the processafter t time units is a sequencer™ = (¢”;:::; ™) whereg™ 2 S™ for all
i =0;1:::;t. Let S(M* denoteall the possiblehistories of the processafter t time units
fort=0;1;::: andlet Ht(”) be the history of a given run of the processover t time units.
Sincewe are interestedin the asymptotic behaviour of the processasn tendsto in nit vy,
we often drop n from the notation.
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domainW R, we de ne the stoppingtime Ty to be the minimum t sud that
(t=n; Y(t)=n;:::; Ya(t)=n) 2 W:

A function f : R™ ! R is Lipschitzon W (for W  R™) with Lipschitz constart L
if, for L a positive constan, for all x andy in W,

) Tl L maxjxi i
Im

The function k k de ned by kxk = max; ; ,jx;j isthe "1 norm.
Finally, a sequenceof functions f,, uniformly convemgesto a function f for x 2 X if,
for every > 0, there existsan N sud that

) fa(x)j<

forall x 2 X andall n > N. Now we are ready to state Theorem 3.1 (which appearsas
Theorem5.1in [14]).

Theorem 3.1 ([14]). For1l ~ awitha xed,lety-:SM* I Randf - :R**' | R,
suchthat for someconstant Cy and all *, we havejy-(h-)j < Con for all h- 2 S(M* and
for all n. Let Y-(t) denotethe random counterpart of y-(h-). Assumethe following three
conditions hold where W is a boundel connected open set containing the closure of

f(0;z1;:::;2) jP(Y-(0)=2zn;1 ~ a) 6 0 for someng:

() (BoundednessHypothesis) For somefunctions = (n) 1 and
prokability that

(n), the
max Y. (t+ 1) Y-(0)]
conditional upon H,, is at least 1 fort< Ty.
(i) (TrendHypothesis) For somefunction ;= i(n)=0o(1), foralll ~ a,
JE(-(t+1) Y()jH) f(t=nYi(t)=n;i:z; Ya(t)=n)]
fort < Tw.

(iif) (Lipschitz Hypothesis) Each function f- is continuous and satis es a Lipschitz con-
dition on
W\ f(t;zg;::0;z0) )t Og

with the sameLipschitz constant for each ".

Then the following are true:
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dz .
&:f\(x;zl;:::;za)for =1:::;a
hasa unique solutionin W for z : R! R suchthatz(0)=2 forl =~ aand

which extendsto points arbitrarily closeto the boundary of W.

(b) Let > ;+Con with = o(1). For asu ciently largeconstantC, with prokability
1 O(n + —exp( %)) we have

Y-(t) = nz(t=n) + O(n)

uniformly for O t n, for each °, wher z (x) is the solution in (a) with
2 = Y-(0)=nand = (n) is the supremum of thosex to which the solution can be
extende before reaching within *! -distance C of the boundary of W.

4 Determining the Dieren tial Equations

First we determinefunctionsf((ifj)) and f () sudh that, for0 i;j 2andr 2 f0;1;2;3g,

f(f)

(i )(t:n; Yo:0(t)=n;:::; Y2 (t)=n; D (t)=n) + o(1)

is the expected changein Y(;; ) due to an operation of typer at time t and
f O (t=n; Yi0.0)(t)=0; 275 Y29 (t)=n; D (t)=n) + 0(1)

is the expectedchangein D dueto an operation of typer at time t.
During an operation there are v e sorts of vertices:

verticesthat have none of their assaiated free points exposed,

the vertex u chosenat the start of the operation and addedto the dominating set,

the out-neighbours of u from exposingthe free out-points assaiated with u, called
rems

vertices, other than u and its out-neighbours, that have an assaiated in-point ex-
posed,called in-incs, and

vertices, other than u and its out-neighbours, that have an asseiated out-point
exposed,called out-incs.

We determine the expected changein the random variables (and thus the di erential

equations)by consideringthe cortribution from the di erent sorts of vertices. Sincemore
than one edgemay be exposedduring an operation, the random variables Y, change
during an operation. Howewer they will only changeby a constart amourt (sinceonly a
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constart number of edgesare exposed);soif the number of free in-points  is at leasta
constart times n, the value of Y;;)= for ead (i; ) during an operation will be within
o(1) of its value at the start of the operation. Thus we will assumethat is ( n) and
treat ead Y(;;) asa constart throughout ead operation.

First let Pi,(w 2 V,;;)) be the probability that a vertex w, selectedvia a free in-point
chosenuniformly at random, has degreepair (i;j). And similarly for Poy (W 2 Vij)).
Then

Pn(W2 Vi) = (2 1)Y= and Pou(w2 Vi) = (2 ])Yi5)=

P, P, P, P,
where = [, 02 PYea= 0 0@ DYpoa-

In-incs and Out-incs
The expectedchangein Y;;) dueto anin-inc w is Ing; + o(1) where
INGj) = Pn(W2 Vi 15)) Pn(W2 Vi) = (B DYe 1y (2 1)Y=

and taking Yy = O0if i < O orj < 0. Similarly, the expected changein Y dueto an
out-inc w is Out;;y + o(1) where

Out(ijy = Pou(W 2 Viij 1) Pou(W2 Viij)) = (B )Y » (2 [)YajH))=:
Rems

A rem is a vertex that is a new out-neighbour of u. Let w be a rem. Contributions
to the expected changein Y(;j) from saturating w come from three sources:w moving
to V2.2, in-incs from exposing the free out-points assaiated with w, and out-incs from
exposing the free in-points assaiated with w. Let Fj, and Fo, be the number of free
in-points and out-points assaiated with w (respectively) beforethe edge(u; w) is added.
Then the expected changein Y(;;y dueto a remis Rem;) + o(1) where

Remij) = (j)=e2 Pin(W2 Vi) + E(Fin  1)Outj) + E(Fout) INgyj)
= Gire @ DYaH)= + (2= )Yoo + Yo + Yo2)0ut)
+ (1= )@4Y0.0) + 2Y:0) + 2Y(0.:1) + Y.0)INGiy)
and = 1if bistrue and O otherwise.

Op erations

There are 4 operation types as displayed in Figure 1. The black circles represen
vertices that are saturated prior to the operation. The empty circles represenm vertices
which are not saturatedprior to the operation. Similarly, the black edgesare edgegpreser
at the start of the operation and dashededgesare edgesaddedduring the operation.
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@) O O °
A A A
u'! u: u' u
O-- ->(A)- --»0 .—»(A)- --»0 0—>(T)- --»0 o—>»0O---»0O
d d ° °
Type O Type 1 Type 2 Type 3
u?z2 V(o;o) u?2 V(l;O) u?2 V(z;o) u?2 V(2;1)

Figure 1: The four typesof operations.

From Figure 1 we can seethat for an operation processinga vertex u of degreepair
(p;q) thereare2 qgremsand 2 p out-incs from exposing the free points assaiated
with u. Also u movesfrom V. to V(2;2). Thereforethe expected changein Y, dueto
an operation of typer is Opr ;) + o(1) where

Oprij) = e Gi=(pa* (2 QRemg)+ (2 p)Outg)
and (p;0) is the degreepair of a vertex of typer (seeTable 1).
Changes in the Size of the Dominating Set

The expected changein the sizeof the dominating set due to a typer operationis 1
plus the expected number of accidenal saturates. Accidertal saturatesare either in-incs
or out-incs; they are never rems. Thusthe expectedchangein D dueto atyper operation
is dom, +0o(1) where

dorn’ =1+ (2 q)(Rem(Z;Z) l)+ (2 p)out(z;z)
and (p;0) is the degreepair of a vertex of typer.

The Functions f ) and f

To obtain the functlonsf (r) andf ) we set Y;; y(t) = nzg;(t=n) and D (t) = nz(t=n)
and write Opr ;) and dom, |n terms of zj;y (for 0 i;j  2)andz. For example

B Dzi vy @ 1)z,

- S H |
_ B Dzg 1)s (2 )z ). and
Rem(i;j) = i225 (2 1)zZig)=s+ (2=9(Z0:0) + Z(:0) + Z2:0))INij )
+ (1=9(420.0) + 221.0) + 2Z(0:1) + Z(1:1))OUL i)

Ingj) =
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P
wheres= " 2, Z.(2 p)zpg. The other equationsfollow from those above.

Next we determine the probability distribution that will approximate the prioritised
algorithm.

Probabilities for Operation Types

Let p; be the probability of choosing an operation of type r. For the deprioritised
algorithm to approximate DominatingSetwe want p, to be appraximately the proportion
of operations of type r performedby DominatingSet.

In the prioritised algorithm the only Type O operation occursasthe rst operation,
sowe setpg = 0. Asymptotically almost surely the secondoperation of DominatingSetis
of type 1. Betweenany two type 1 operationsthere is a sequencenf operations of type 2
and of type 3. We de ne a (1; 3)-clutch to be an operation of type 1 and all operations
of types2 or 3 that follow until the next type 1 operation (or the algorithm ends). Then
DominatingSet can be viewed as a sequenceof (1; 3)-clutches. Let M, be the expected
number of type r operationsin a (1; 3)-clutch. Then wesetp, = M, =(M;+ M, + M3).

Let

G G G (1)
be a (1; 3)-clutch and let
Ho H;: Hpo

bethe subsequencef (1) of digraphswith no verticesof type 3. ThusH is obtained from
H, via a type 1 operation followed by a sequenceof type 3 operationsand, for t > 1, H,
is obtained from H; ; via atype 2 operation followed by a sequencef type 3 operations.
Now consider
Go G Gk

(note that K is a random variable). Then we have E(N3(0)) = 0, E(N3(K + 1)) = O and
E(N3(t)) = Oploy + (t 1)Op3zy. Thus

0= E(N3(K + 1)) = E(E(N3(K + 1)jK = k)) = Opl;;) + E(K)Op3p;y

and soE(K) = Oplz.y=( Op3.1). In asimilar fashionwe can show that the expected
number of type 3 operationsfollowing a type 2 operation until the next type 1 or type 2
operation is Op2.1)=( Op3(;1)).
Applying the sameargumert to Hy H_ o we can show that
Opl2;00p32;1) + Opl2,1)0P32y) .
0p22:000p32;1y  OpP22;1)0p320)

Thereforep, = g=(p + @ + ) Where
G = Op22,000p32;1y  OPZ2:1)0p32;0);

%= Oplz0oOp3e1) + Oplai1)Op3ez0); and
= Oplz10p2e.0 + Opl2.00p22:1):

M2:
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For p (i = 1;2;3) to approximate the proportion of operationsin a (1; 3)-clutch we
must have Op3,.;) and g boundedabove zero. Thus the di erential equations(which
involve ead p;) will be solvedonadomainwhere Op3(,.;) and op (written in terms of the
variableszg;y for 0 i;j  2) are boundedabove zero. It turns out that p; (i = 1;2;3)
as given above approximate the proportion of operations during the ertire algorithm.

The Dieren tial Equations

The di erential equationswe use when applying Theorem 3.1 are a conbination of
the work in this section. We usethe di erential equation

dzij) _ X ()
dX - . pr f(i;j) (2)

to appraximate E(Yij (t+ 1)  Yijy(t)jGo;:::;Gy) for 0 i;j 2 and the dierential
equation
dz _ x3
dx -

pf© 3)

to appraximate E(D(t+ 1) D (1)) Go;:::;Gy).

5 Analysing the Deprioritised Algorithm

Before applying Theorem 3.1 we considerhow to satisfy hypotheses(i), (ii), and (iii).
Since eath step of the algorithm is one operation, and eat operation exposesonly a
bounded (independerily of n) number of edgesthe BoundednesdHypothesisis satis ed.

The algorithm choosesthe type of operation to perform using p; (for i = 1;2;3) as
a probability distribution. Sothe Trend Hypothesiswill be satis ed wheneah p; O,
p: + p2 + ps = 1, when an operation of the type chosenis able to be performed (that is,
if pr > 0 then there is at least one vertex of typer), and when > cn for someconstarn
¢ > 0 (asthis was assumedwhen deriving f((ifj))).

Notice that at the start of the algorithm there are no vertices of types1, 2, or 3; so
the Trend hypothesisis not satis ed. Thus we start the deprioritised algorithm with a
preprocessingphasewhereonly type O operationsare performed. During the preprocessing
phaseverticesof types1, 2, and 3 build up.

We run the preprocessingphasefor bnc stepsfor some = o(1). This ensuresthat
the number of verticesof types1, 2, and 3 are su cient to satisfy the Trend Hypothesis
and that the cortribution to Yy (0 i;j  2) during the preprocessingphaseis o(n).

The functions dz;; y=dx, dz=dx, and their rst order partial derivatives(with respect
to Z.0) etc) all have a similar form: a polynomial in the variableszg;y (0  1i; ] 2)
divided by a polynomialin sand g, + o + (5. Sothesefunctions are Lipschitz on a domain
whereead z;;y (for 0 i;j  2)is boundedand s and ¢ + @ + ¢ are boundedabove
zero.

the electr onic journal of combinatorics 15 (2008), #R29 13



Forany > 0O,let D bethe domain

D =1f(XZ00)::::Z22:2) 0 < X<4 <z<1l+ ;
< Zii) <1+ forO I,J 2
: : 3 :
Zo,0) > 5 > f((2;)1) >

k>0 6> 0; 4,0 > Og:

De ne z((i;j)) and z() to bethe solutionsonthe closureof D to the di erential equations(2)

and (3) with initial conditionsz()(0) = 0, z{,),(0) = Ofor (i;]) 6 (0;0), and z{;),, (0) = 1.
()

Let z() = (x; z((o?o)(x); o ;2(2;2)(x); z(x)). Then we have the following theorem.

Theorem 5.1. For any xed > 0, let x;( ) be the inmum of all x > 0 for which
z() 2D . Then the minimum size of a dominating set of a random 2-in 2-out digraphis
a.a.s. lessthan

ZO0(x ()N + (1 Z40 (x ()N + o(n):

To prove this theorem we apply Theorem 3.1 twice: rst to the preprocessingphase
and then to rest of the deprioritised algorithm.
Now let

3.1on the domain® after the preprocessingphase.

Lemma 5.2. For all suciently smal > 0and > 0, asymptotially almost surely
Y (bnc)=n2 B . Moreover, Y (bnc)=nis at least somedistanee = () > 0 from the
boundary of o .

Proof. Before the algorithm starts we have Y(.0)(0) = n, Y(;;,(0) = O for (i;j) & (0;0),
and D (0) = 0. Each operation during the preprocessingphaseis of type 0. Sowe apply
Theorem 3.1 with the di erential equations

dz: z
Z(;’(” = OpQi;) and - = domy (4)
(written in terms of the z;;,'s) on the domain
W. = (X 200 :1:Z22:2) 0 < X< ;

< zijy< 1+ for0 ] 2
<z< 1+ y Zoo) > O

Let z(({?j)) and z(P be the solutions to the systemof di erential equations(4) in W .

with initial conditions z{5), (0) = 1, z,(0) = 0 for (i;}) & (0;0), and zP(0) = 0. Also
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let zP(x) = (x; z((g)o)(x)' iz ((5)2)(x) z(P)(x)). The conditions of Theorem 3.1 are easily

seento be satis ed, sowe concludethat a.a.s.
Yiii (1) = nz{) (t=n) + o(n) 0 i;j 2)and D(t) = nzP(t=n) + o(n)

forO t n where is the suprenum of those x to which the solutions z((f';'j)) and z(P

can be extendedbefore z(P (x) is within somedistanceo(1) of the boundary of W . .
First we shaw that z(P(x) approadhesthe boundary x = of W. for all su ciently
small positive . From the de nitions of Y;;;, and D we have

<0 Y(i;j )(t)=n 1< 1+

and similarly for D(t)=nfort = O;:::;Tw. SoY (t)=n approadesthe boundary x =
or zp.0) = . In bnc operations Y(o,o) changesby O(bnc) andso,for and suciently
small, Y(o;o)(t):n = 1+ O( ) is boundedaway from fort= 0;:::;bnc. Therefore,for
and suciently small, Y (t)=n approatesthe boundary x = of W ., while remaining
at leasta constart distancefrom the other boundaries.

Now assumethat z(P(x) approadesa boundary of W . otherthan x = , for example,
the zp.00 = boundary. Then a.a.s.

Yo:0( N)=n= z((g;)o)( Y+ 0o(1) = + o(l):

Therefore Y (t)=n approadesarbitrarily closeto the boundary zg.q) = of W.. This
cortradicts the conclusionof the previous paragraph.

Hencez(P(x) approatesthe boundary x = of W . while being boundedaway from
the others. Sincebnc= n+ o(n) (as (n)! ) wehavea.a.s.

Yaiy(bne)=n=z{ ( )+ o(1) and D(bnc)=n= z"( )+ o(1) (5)

forO i;j 2.
By de nition, Y(j)(bnc)=n and D(bnc)=n are bounded away from the boundaries
Zijy = 1+, z45) = ,z2=1+ ,andz = (for 0 i;j 2) of B . Ear-

lier we showved that Yg.q)(bnc) is boundedabove n (for suciently small and ), so
Y0.0)(bnc)=nis boundedabove . In asimilar way we canshaw that ¢.(Y (bnc)=n) and

f ((23)1) (Y (bnc)=n) are alsoboundedabove .

Now considerthe boundary gz > 0. We want to shav a.a.s.
®(Y (bnc)=n) >
for some > 0. By (5) we have a.a.s.

(Y (bno)=n) = as( ;z0p ( )+ o(d);:1: 2z () + o(1);ZP( ) + of1))
= (™ ( ) + o1)
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wherethe last step holds sinceq; is Lipschitz. Now at x = 0 we have

(2P (0)) = 0;

d i
I ®(zP (X)) jx=o = 0; and

d? .
e q;(z(p)(x)) Jx=0 = 88

Note that during the preprocessingphase,the derivative of a function  with respect to
X is calculatedvia

d X @ Op0,

dx oy 2 @i )
The derivative of can then be easily computed using the techniques of automatic dif-
ferertiation, see[7].

Sincethe secondderivative of @z is cortinuous it must remain positive on [0; ] for
somesuciently small > 0. Thus z(z®( )) > > 0 for some and so a.a.s.we
have gz(Y (bnc)=n) > > 0. The remaining boundaries, > 0 and z;;, > 0 for
(i) = (1;0);(2;0); (2; 1) are dealt with similarly. O

We now de ne functions 2;, and 2 by applying Theorem 3.1 to the deprioritised
algorithm after the preprocessingphase. Hypotheses(i) and (iii) of Theorem 3.1 are
satis ed as explainedat the beginning of this section. For Hypothesis(ii) we note that,
fort < Ty , we have Y(.0), Y0, and Y21y all greater than zero; thus an operation of
eat type may be performed. Alsoqu + @+ g > andgqg > O (for i = 1;2;3) ensure
that ps, p2, and pz de ne a probability distribution. Togetherwith Section4, this shaws
that the Trend Hypothesisis satis ed. Finally, Lemma5.2 allows us to apply Theorem
3.1 with initial conditions given below.

the di erential equations(2) and (3) with initial conditions 2;;,(0) = Y{;;)(bnc)=n and
2(0) = D(bnc)=n. Then applying Theorem 3.1 we obtain a.a.s.

Yiij)(t) = n2gy(t=n) + o(n) (0 i;j 2)andD(t) = n2(t=n) + o(n) (6)

for0O t n where is now the suprenum of all x to which the solutions 2;;y and 2

can be extendedbefore2(x) is within somedistanced(n) = o(1) of the boundary of o .
Here dependson .
Note that
d20) _
dx
for all x. SinceY(;;(bnc)=nis boundedaway from zerofor (i;j) = (2;0) and (2; 1), the
solution 2(x) cannotapproad the boundariesz,.q) > 0andzp.;) > 0. Hencez approadies

a boundary of D . This boundary will depend on z((i;j)) and z(),
To nish the proof of Theorem 5.1 we need the following standard lemma (which

appearsin [15 asLemmal).

0221 _

0 and 0
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Lemma 5.3 ([15]). Let W be a boundel and open set. Supmse that (x;y,(x)) and
(X; zn(x)) satisfy the samedi er ential equations on W with di ering initial conditions
(0;yn(0)) and (0; z,(0)), respectively. If the di er ential equationsare Lipschitzon W and
jyn(0) z,(0)j! Oasn! 1, then

jyn(x)  za(x)j! O
uniformly for x 2 [0;x?) whee x? is thein mum of thosex > 0 for which (x; y,(x)) 2 W
or (X;zn(x)) 2W.

In particular we useLemma5.3to shawv that 2, and 2 approadh z((i;j)) and z0) as

n tends to in nit y, as descriked by Lemma 5.4. Recall that z((i;j)) and z() are de ned

immediately before Theorem 5.1, xE ) is de ned in Theorem 5.1, and that 2ijy, 2, and
(n) are de ned beforeand after (6).

Lemma 5.4. There existssequen@s (n) = o(1) and (n) = o(1) suchthat a.a.s.
@ (m x() (n)>O0and
(ii)
26iy(x)  z4),(x) ! O
uniformly for x 2 [0; Xs () (n)].

Proof. We start by showing that x;( ) is at least a positive constart (for su cien tly
small ). At x = 0 we have z() bounded away from all the boundariesof D except
= 0, = 0,and z;.q) = 0 (for suciently small ). Thus by cortinuity z{)(x) remains
boundedaway from the sameboundariesfor x 2 [0; c] for somec > 0. For the boundaries
& = 0,0 = 0,and z4.q) = 0 we needto considerthe derivativesof o, gz, and z(;.). Since
we are no longer in the preprocessingphase,the derivative of a function  (w.r.t. Xx) is
calculatedvia

d _ X @ dz)

dx 2@0;]‘) dx

0 i

wheredz;; y=dx is given by (2).
The derivativesof o, gz, and z;.g) at x = 0 are asfollows:

dog
z'’(0) 6; dx z'’(0) ;
&’ () — Ao dza0 () _ a
™ z0)(0) = 42 and x| z2’(0) =3

Hencefor su ciently small c> 0, we have that o(x), gz(x), and z;.0)(X) are greater
then zerofor x 2 (0;c). Thereforex;( ) > c for somesu ciently small constart ¢ > 0.
We alsonote that the derivativesconsideredabove are all Lipschitz on D .
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Next we shaw that a.a.s. (n) > C for someconstart C > Ofor all suciently small.
SincejY (bnc) Y (0)j = O(n) we have

2;)(0) Z((i;j))(o) = O():

Arguments similar to the above shav that a.a.s.2(x) is boundedfrom the boundariesof
D otherthan gz = Ofor x 2 [0; C] (for C su cien tly small). Note that for the boundaries
¢ = 0and z4.,0 = 0 we needto usethe Lipschitz property of the derivatives of g, and
Z(1.0), and to assumethat is su cien tly small.

For the boundary gs = O it is su cient to show that

%20 > 0 @

Sowe consider X
@
, @)

during the preprocessingphase. At the start of the preprocessingphasewe have (0) = 0
but the derivative of (calculated asin the proof of Lemma5.2) is 56. Thus a.a.s.(7)
holdsand soa.a.s.z(2(x)) > 0 for x 2 [0; C] (rede ning C if necessary).Thereforea.a.s.
(n) > C for somesu ciently small C and for all su ciently small .
Now taking = (n) = o(1), from Lemma5.3, for somefunction g(x) with g(x)! 0
asx ! 0, we obtain

dz;
(0= 200 = (0 %0 5)

0 ij

26)(X) 24,00 = 9() = o(1) (8)

uniformly for x 2 [0; minf x; ( ); x?(n)g) wherex’(n) is the in m um of thosex for which
2(x) 2D . Note that (n) < x?(n) by de nition.

We complete the proof by showing that there exists a sequence (n) tending to O
sud that a.a.s. (n)  X:() (n). Fix > 0andassumethat (n) < x;( ) for
in nitely many n. By the de nition of x¢( ), forall x 2 [C;x;( ) ], the distancefrom
z()(x) to the boundary of D is boundedbelow by a constart. But we canalsowrite this
distance(at x = ) asz()( ) 2( ) plusthe distancefrom 2( ) to the boundary of D .
Howe\er, both thesevaluestend to zero(from (8) and the de nition of ). Thuswe have
a cortradiction (using (n) 2 [C;x¢( ) ]) and so

(n)  x¢() (9)

for su ciently largen.
Now, given a decreasingsequencd ;g; o tending to zero,we usethe argumern of the
previous paragraphto construct a sequence (n) sud that (i) holds. O

Now we nish the proof of Theorem 5.1. At ewery stage of the algorithm, the set
D[ V(G)nViz.2(G) isadominating setfor the nal graphG. ThusD(t)+ (n  Y.2(1))
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is an upper bound on the minimal sizeof a dominating setof a random 2-in 2-out digraph
for any t. In particular, taking

t=t’=bnx() (n)c
by (6) and Lemma5.4 (i), we have a.a.s.
D(t) + (N Yep(t)) = n2(t7=n) + n(1 2, (t=n)) + o(n):

Then using Lemma5.4 (ii) we have a.a.s.

D)+ (n Yep(t) = nz') xi () (n)+ o1) i
+n 1 zyp x()  (M+ol) +on)

nzO(xe () + (L 2zl (% () + on)

sincez((i;j)) and z() are Lipschitz (on the closureof D ) and (n) = o(1).

A non-rigorous numerical analysis of the di erential equations gives us the upper
bound of Theorem 1.3. We alsonote that the numerical analysissuggestghat at the end
of the algorithm we have z.0) = 3.1y = 0. Soit seemsreasonableto conjecture that
DominatingSet and the deprioritised version of DominatingSet a.a.s. return 2-in 2-out
digraphs.

6 Proving the Lower Bound

Let P be a pairing selecteduniformly at random from the pairings on someset V of
vertices. We will determine an a.a.s.lower bound on the minimum size of a dominating
set of the directed multigraph G(P) obtained from P. The lower bound will hold for
random simple 2-in 2-out digraphsjust asthe upper bound did.

Let N (k) be the number of dominating sets of sizek in G(P). Note that for any
two integersk and k? with k < k?, a dominating set of sizek can be extendedto a
dominating set of sizek?. Thus, using Markov's inequality, the probability that G(P) has
a dominating set of sizelessthan or equalto k? is

|
X !
P N(k) 1 =PNK’) 1) E(N(K):
k Kk?

Soif E(N (k?)) = o(1) thenk? is ana.a.s.lower bound on the minimum sizeof a dominating
set of G(P).

Now considera 2-in 2-out digraph D and a dominating set X of D. Ead vertex of D
not in X haseither oneor two out-edgesto a vertexin X. With this in mind, for any two
subsets and A of V, the pair ( ;A) is calleda domination pair if isadominating set
for G(P), \ A =;, andead vertex of A hasexactly oneout-edgeto a vertex in .
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Now let N (k; a) be the number of domination pairs ( ;A) of G(P) sudh that j j =k
and jAj = a. Then
X K
E(N(K) = E(N(k;a): (10)
a=0
To calculate E(N (k; a)) we write N (k;a) as a sum of indicator variables| .5y, where
¢ .ay = 1if ( ;A) is a domination pair and O otherwise, for all subsets and A of V
sud that
\A=;,j j=k, and jAj = a: (11)

Sochoosea pair of sets and A sud that (11) holds; there are | ”ak ways to do
so. Each of the 2k in-points assaiated with the verticesof must be mappedto an out-
point. Of theseout-points, a+ 2(n  k a) are assaiated with verticesin V(G(P)))n;
sothe remaining4k + a 2n out-points are ass@iated with verticesin . Thusthere are
28 4k+2a" ,, Waysto choosewhich out-points will be the imagesof the in-points asseiated
with verticesin , and there are (2k)! ways to map the out-points to the in-points. We

still have 2n 2k in-points left, sowe can completethe pairing in (2n  2k)! ways. Thus

W _ .. n Kk 2k on
EN(ka) = 2 k a 4dk+a 2n 2k

We also obtain the following boundson a and k:
maxfO;2n 4kg a n kandn=3 k n:

By (10) if maxft E(N (k;a)) :a= 0;:::;n kg tendsto zeroexponertially quickly (as
n! 1)then E(N(k)) = o(1). Letk = n,a= n,and (x) = x* (with (0) = 1).
Then using Stirling's approximation we have

2 2@2)Y 2 2)

E(N(P;k;a))™ v 12
NEkV-50a e+ 2ez oy PP
for 1=3 landmaxf0;2 4 g 1 .
Denotethe right hand sideof (12) by f(; ). Then
Q@ Cowe g, 22 2 )1 )
Thus @@(In f(; ))p: Owhen2(2 2 )(1 )= (4 + 2). Solving for
gives = 2 (4 3). The only solutiondying in the domain arising from the
constrairts on k and a givenaboveis = 2 4 3).
Therefore, for a given , the ma>8mum value of f(; ) will occurat =1 ,
= maxf0;2 4 g, or = 2p 4 3). For = 0:3495wehavef(; 1 ),
f(;2 4),andf(; 2 (4 3)) all lessthan 1. This provesthe lower bound

of Theorem 1.3.
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