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Abstract

Assumethat G = (V, E) is an undirected graph, and C C V. For every v € V,
we denote I, (G;v) = {u € C : d(u,v) < r}, where d(u,v) denotesthe number of
edgeson any shortest path from « to v. If all the setsI; (G, v) for v € V are pairwise
di erent, and none of them is the empty set, the code C' is called r-identifying. |If
C is r-identifying in all graphs G%that can be obtained from G by deleting at most
t edges,we sa that C is robust against ¢ known edge deletions. Codesthat are
robust against ¢ unknown edgedeletions form a related class. We study thesetwo
classef codesin the king grid with the vertex set Z? where two di erent vertices
are adjacernt if their Euclidean distance is at most V2.

Keyw ords: Identifying code, edgedeletion, king grid, optimal code.

1 Intro duction

Assumethat G = (V;E) is a simple, connectedundirected graph with vertex setV and
edgesetE.

The distance betweentwo verticesu and v of G is de ned to be the number of edges
on any shortest path from u to v, and is denotedby d(u;v) (or by dg(u; V) if we wish to
emphasizewhich graph we are referring to). We denote

B,(V) = B,(G;v)=fu2Vjd(u;v) rg:
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A nonempty subsetof vertices,C V, is calleda code and its elemerts are codewords.
If C isacodeandv 2 V, we denote

I (V) = [,(G;v) = C\ By(v):

A code is called r-identifying (in G) if the sets|,(v) are nonempty and pairwise
di erent for all v 2 V: In a closelyrelated problem of r -locating-dominating sets, the sets
I (v) must alsobe nonempty and di erent, but now only for v 2 C. The two problems
have beenwidely studied, see[1, 2, 3, 5, 6, 7, 8, 9, 10, 24, 25, 28 29, 30] and for more
the web-site [23. Among the most studied underlying graphs are the squaregrid, the
triangular grid, the king grid, trees, cyclesand hypercubes. The original motivation for
identifying codesis locating faulty processordn a multipro cessorsystem[18§. They can
alsobe applied to sensornetworks [26]. In both applications, the goalisto nd assmall
an identifying code as possible.

It is natural (see,e.qg.,[27]) to study codesthat remain identifying, for instance,when
someedgesare deletedin the underlying graph. In this paper we considerthe following
two classesof robust idertifying codesfrom [16]. For other types of robust identifying
codes,seealso[14], [11],[17, [13],[17],[19, [20],[21],[22], [26].

De nition 1 An r-identifying code C  V s called robust against t known edge
deletions , if C is r-identifying in every graph G° that can be obtained from G by deleting
at most t edges.

De nition 2 An r-identifying code C  V in G is called robust against t unkno wn
edge deletions , if it has the following property:

if U and vV are any two different vertices of V. and G1 and G, are any two
(possibly the same) graphs each obtained from G by deleting at most t edges,
then 1,(Gq;u) 8 1,(Gyz;Vv) and 1,(Gy;u) 6 ;.

Here the idea is that we know that at mostt edgeshave beendeleted from G, but
do not know which ones,but although we do not know what the resulting graph G°is,
I, (G% u) givesenoughinformation to uniquely determine u.

In this paper we study the king grid K, whosevertex set is %z_and in which two
di erent verticesare adjacer if their Euclideandistanceis at most 2. The king grid is
a mathematically attractive model, becausea ball of radius r has a particularly simple
form, beinga (2r + 1) (2r + 1) squareof vertices.

Denoteby Q, the setof vertices(x;y) 2 V with jxj nandjyj n. Thenthe density
of a code C is de ned as ) )

JC\ Quj,

1Qn]
We try to determine how small the densitiesof codesthat are robust against known or
unknown edgedeletionscan be.

From now on, we always assumethat t landr 1.

D(C) = lim sup
n!l
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2 Unkno wn edge deletions

We begin by looking at idertifying codesthat are robust against unknown edgedeletions
for di erent valuesof radius and number of deletions.

2.1 Codeswith t=1

The caset = r = 1 hasbeendiscussedn [16], sowe focusonr > 1.
The following result from [15] turns out to be usefulin what follows when we bound
from below the density of a code.

a subset containing K different vertices. For eachi = 1;2;:::;K we choose a real number
Wi, which we call the weight of S; and denote it by W(S;). For all subsets A of S we denote

X
w(A) = w(a):
a2A

If for allv 2 Z? we have
w((v+ C)\' S) m;

and Wy + Wy + 11+ Wy > O, then the density D of C satisfies

m .
Wiy+ Wo+ i W

In the sequelwe also needthe following obsenation of the king grid.

Lemma 4 Let (i;j) 2 Z? be arbitrary and v 2. Then i) there are three edge-disjoint
paths of length r from (i;]) to each of the points (i r+ 2;j +7r), (i r+ 3;] +7r),
.., (i+r 2 +7r), and ii) there are two edge-disjoint paths of length r to the points
(i r+Lj+r)and(i+r 1;j+r). Moreover, iii) there exists three edge-disjoint paths
of length at mostr from (i;j) to the points (i r+ L;j+r 1), (1 r+2j+r 1),...,
(i+r ZL;j+r 1)

Pro of. Consider rst i). The path needsto go further up in eat step, and the only
possiblemovesthat can be usedon sud a path are L, a move to the left and up, U a
move up, and R, a move to the right and up. The sequenceR***U" ¥ 2L (i.e., we rst
usethe move R k + 1times,then U r Kk 2timesand nally L once)takesus from
(i;j)to (i+ k;j +r)foral kwith 0 k r 2, andsodo the sequence®JRkU" ¥ !
and LU" k 2Rk*1 |t is easyto ched that thesethree paths are edge-disjoin. The other
casesin i) are symmetric. To seeii) for the point (i + r 1;j + r), we simply usethe
sequencefR’ U and UR" 1. The other caseis again symmetric. Let us now look at the
caseiii). The claim is trivial for r = 2, soassumer 3. By i) (replacer by r 1), it
su ces to considerthe symmetricpoints (i r+ 1;j+r 1)and(i+r 1;j+r 1)
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and the symmetricpoints (i r+ 2;j+r 1l)and(i+r 2, +r 1). The point
(i+r 1;j+r 1) hasthe following three edge-disjoimn paths of length at mostr; R" 1,
UR" 2S, whereS is denotesthe stepto the right, and the re ection of the latter onewith
respectto R" 1. The point (i+r 2;j + r 1) already has, by ii) (replacer by r 1
again), two edge-disjoi paths to p. The third oneis LR" 2S. 2

The following theoremgivesthe smallestpossibledensity for the caset = 1andr > 1.

Theorem 5 Assume that r > 1. In the king grid the smallest possible density of an

I -identifying code that is robust against one unknown edge deletion is %.

Pro of. We know from [4] that the density of an r-identifying codein K must be at least
% for all r > 1. In this case,there is also a simple proof that follows from the previous
theorem: seethe proof of Theorem 10.

It thereforesu ces to prove that the code

C=1f(x;y)jy x 0 (mod2r);x 0 (mod2)g

is an r-identifying code that is robust againstoneunknown edgedeletion. Notice that we
can changethe conditonx 0 (mod2)toy O (mod 2) without changingthe code
C.

Assumethat p = (Xp;Yp) and q = (Xq;Yq) are two di erent vertices. We show that
I, (K%p) 6 I,(K%g) wheneer K °and K %are two (not necessarilydi erent) graphsead
obtained by deleting at most one edgefrom K.

The code is clearly symmetric with respectto the liney =  x; sowe canwithout loss
of generality assumethat y, > .

Assume st that y, = yq+ 1. Either y,+r ory, r isewen: without lossof generali,
Yp + I is even. Then ewery (2r)-th point on the liney = y, + r is a codeword. Hencei)
oneofthe 2r 1pointsp+ ( r+ Lr),p+( r+2r),...,p+(r 1Lr)isin C orii)
both p+ ( r;r) andp+ (r;r) arein C.

If i) holds, then that codeword belongsto I, (K & p), because(by the previouslemma)
there are at leasttwo edge-disjoin pathsto this codeword from p (and at most oneedgeis
deletedin orderto obtain K °from K ). Clearly, this codeword doesnot belongto I, (K ; g)
and thereforenot to |, (K % q) either.

If ii) holds, then there are edge-disjoin paths frompto p+ ( r;r) andp+ (r;r), and
thereforeat least one of the points p+ ( r;r) and p+ (r;r) belongsto I, (K%p). Again,
this codeword doesnot belongto I, (K % q), and we are done.

Assumethereforethat y, yq+ 2. Then eithertheliney=y,+rory=y,+r 1
cortains codewords, and a similar argumert works (usethe part iii of Lemma4 in caseof
the liney=vy,+r 1).

Finally, we needto ched that for all p = (xp;y,) 2 Z* we have |, (K%p) 6 ; in all
graphsK ©obtainedfrom K by deleting at mostoneedge. Again, either the liney = y,+r
ory=y,+r 1cornains codewords, and the sameargumert asabove provesthe claim.

2
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Figure 1: If the opencircleis not in C, then all the solid circlesare.

2.2 Codeswith t=2and r=1

Assumethat C is a 1-idertifying codein the in nite king grid and that it is robust against
two unknown edgedeletions. Obviously jB1((i;j)) 4 B1((i+ 1;j))j = 6, and by de nition,

all threeelemetts in B1((i; j))nB1((i+ 1;])) orall threeelemens in By((i+1;]))nB1((i; j))
are in C. Becausethis holds for all pairs (i; j), we concludethat if u 2 C, then all the
pointsu+ ( 3;2),u+( 3;1),u+( 30),u+( 3 1)andu+ ( 3; 2)arein C, and
soarethe points u+ (3;2), u+ (3;1),u+ (3;0),u+ (3; 1),u+ (3; 2). Wecanalso
reversethe roles of the x- and y-coordinates in the argumen, and seethat if the open
circlein Figure 1is not in C, then all the 20 solid circlesmust be in the code.

We denote
F@G ) =130)30] +3)0+ 3 +3)(1+ 3]))g;

and call it the frame at (i; j). Each frame cortains at leasttwo codewords, and if there
are only two codewords, then the codewords are diagonally opposite. Denote

Fi=fF@ ) jiF@ )\ Cj= kg

for k = 2;3;4. We would like to show that in average,eat frame cortains at leastthree
codewords. For that purpose,we devisea courting shemewhich shovs how the frames
with only two codewords can be averagedout.

We askthe framesin F,4 to give votesto the framesin F, accordingto the following
rule:

Assumethat F(i;j) 2 F4. If the list
FGi+ L)) F@+ 20)iF G+ iF@) DiFG+ L)+ 1)
Fi+1] 1;F@+2j+1;F@i+2j 1)
cortains a frame that belongsto F,, then F(i; j) givesone vote to the rst
framein F, on the list. Otherwise,we take the rst of the two setsfF(i;j +
2);F(i;] 2gandfF(i+1;j +2);F(i+ 1] 2)gthat cortains at leastone

elemen of F,, and F (i; j) giveshalf a vote to eat elemen of F, in that set.
If neither of the two setscortains an elemen of F,, then no votesare given.
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Clearly, eat frame F (i;j) 2 F, givesat most onevote in all.
Eadh frame has been labelled by its lower-left corner. Using this labelling we can
illustrate the voting rule above by the gure

O WO wWwo
ENIN NN NN
N O

where 0 is the frame itself. Using Figure 1 one immediately cheds that the two frames
labelled by 3 (resp. 4, 5) cannot both simultaneously belongto F,. During the voting
the frame O rst looks at the numbers 1, 2, 3, 4 and 5, and if there is a frame from F»,
the onewith the smallestlabel in this array getsonevote. If none of theseeight frames
belongsto F,, then we look at the two 6's. If at least one of them belongsto F,, then
eah of them that belongsto F, getshalf a vote. Otherwise, we look at the two 7's and
do the samething. In particular, we seethat the voting rule is symmetric with respect
to the middle horizortal line in the array.

Lemma 6 Fach frame in F, gets at least one vote in all.

Pro of. Without lossof generality, we can assumethat F(i;j) 2 F,, and that the two
non-cadewordsin F(i; j) arein the lower-left and upper-right corners(in the other case,
we just go up instead of going down in what follows: as explainedabove, the voting rule
is symmetric in this sense). Then using Figure 1 we have Constellation 1 in Figure 2
where the open circles denotethe two non-cadewords in F (i; j) and solid circles denote
codewords. The point (i; j) is the non-cadeword in the middle.

IfF(  1;j)isin Fy,ie., (i 1;j)isin C,thenF (i 1;j) givesF(i;j) onevote, and
we are done. Assumethereforethat (i 1;j) isnotin C. Then by Figure 1, (i+ 2;j 2),
(i+2) 1),(0+2j+1)and(i+ 2] + 2)areallin C.

IfF({ 2j)isin Fgie., (i 2;j)isin C, then (becausd=(i 1;j) 2F,) F(i 2j)
givesF (i; j ) onevote, and we are done. Assumethereforethat (i  2;j) isnotin C. Then
allthepoints (i+ 1;) 2),(i+1j 1),(i+1j+1)and(i+ 1]+ 2)arein C, andwe
have Constellation 2 in Figure 2.

If F(;] 1) 2 Fg4,ie,(i;j 1)isin C, thenit F(i;j 1) givesF(i;j) onevote,
becausdt doesnot give any votesto F(i + 1;j 1)orF(i+ 2;j 1). Assumetherefore
that (i;j 1)isnotinC. Then(i 2;j+2),(0 21j+2),( 2 4,0 1j 4),
(i) 4),(G(+21)] 4),(0+2) 4dand(i+3;j 3J)areallinC.

If (i 1) 1)isin C,thenF(i 1;j 1) givesF(i;j) one vote; so assumethat
(i 1) 1)isnotinC.

If (i 2 1)isin C,thenF(i 2;j 1) givesF(i;j) onevote; so assumethat
(i 2j 1)isnotin C. Now we have Constellation 3 in Figure 3. From the de nition,
it immediately follows that jl((i 1;j))] 3andjly((i 1;j 1))j 3, andtherefore
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Constellation 1 Constellation 2

u u u uu e uu u uu e
u u u u u u u u
u u u u u u u u
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u u u u u u
u u u u u u
u u u u u u u u uu

Figure 2: Two constellations.

the vepoints (i 2;j 2),( 1) 2),0;j 2),(G( 2j+1),@( 21j+1)areallin
C. Now both F(i;j 2)andF(i 1;j 2)givesF(i;]j) half a vote, and we are done.?2

Theorem 7 The smallest possible density of a 1l-identifying code in the king grid that is
robust against two unknown edge deletions is 3=4.

Pro of. It is easyto ched that the code in Constellation 4 in Figure 3 is a 1-idertifying
code that is robust againsttwo unknown edgedeletionsand has density 3=4.
Assumethat C is any 1-idertifying code that is robust against two unknown edge
deletions. Recallthat Q, = f(x;y) 2 Z%jjxj n;jyj ng. First, every point in Q, is
cortained in exactly four framesF (i; j). Second,by the previouslemma,
# of framesF(i;j) 2 F, with (i;j) 2 Qn 3
# of votesreceived by F(i; ) with (i;j) 2 Qn 3
# of votesgivenby F(i;j) with (i;j) 2 Qn 1
# of framesF(i;j) 2 F4 with (i;]) 2 Qn 1.
Using thesetwo obsenations we get
4C\ Qi iFGD\ C
(i )2Qn 3
= 3Qn s+ Jf(i5]) 2 Qn 5j F(i;]) 2 Fagj
B (57)2Qn 3] F(i5]) 2 Fagj
3Qn sj +Jf(i5])2 Qn 3] F(i;]) 2 Fagj
it (55)2Qn 1JF (7)) 2 Fagj
San 3j JQn 1nQn 3j
3iQnj (16n 24,
and therefore ) _
JC\ Qn 3 4n 6
Qi 4 (@n+ 17
and the claim follows. 2
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Constellation 3 Constellation 4
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Figure 3: Two more constellations.

2.3 Codeswith t=2and r>1

Now let us considerr > 1.

Theorem 8 Assume thatr > 1. There is an r-identifying code that is robust against two

unknown edge deletions in K and has density 4r—14. The density of an r-identifying code
1

in K that 1s robust against two unknown edge deletions is at least 5.

Pro of. The lower bound follows from Theorem11.
The code

C=1f(x;y)jy x 0 (mod2r 2);x 0 (mod2)g

is asrequired, ascanbe seenusingan argumer similar to the onein the proof of Theorem
5 (recall that wheneer Lemma4 guararteesthree disjoint pathsto a codeword not all of
them can be cut by two edgeremovals). 2

24 The caset 3

There areno codesin K that arer-idertifying and robust againstthree or more unknown
edgedeletions. Take any code C, and let p = (0;0) and q = (1;0), K ° be the graph
obtained from K by deleting the three edgesfrom (0;0)to ( 1; 1),( 1;0)and( 1;1),
and K ®the graph obtained from K by deleting the three edgesfrom (1;0) to (2; 1),
(2;0) and (2;1). Then

and we seethat |, (K%p) = 1, (K%0g).
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3 Known edge deletions

In this sectionwe concettrate on the other classof robust idertifying codes, namely, on
the onesthat are robust against known edgedeletions.

3.1 The caset 6

There areno codesin K that arer-identifying and robust againstsix or more known edge
deletions. Take any code C, and let p = (0;0) and g = (1;0), and let K ° be the graph
obtained from K by deleting the three edgesfrom (0;0)to ( 1; 1),( 1;0)and( 1;1),
and the three edgesfrom (1;0) to (2; 1), (2;0) and (2;1). Then |, (K%p) = 1,(K%0).

3.2 Codeswith r=1,1 t 5

The following theorem immediately follows from [21].

Theorem 9 The smallest possible density of a 1-identifying code in K that is robust
against t known edge deletions is % fort=1,2;3;4,5.

Pro of. If C is a 1-idertifying code that is robust againstt known edgedeletions, then
clearly the symmetric di erence B1((Xx;y)) 4 Bi((x + 1;y)) (which consistsof six points)
must cortain at leastt + 1 codewords, and the lower bound on the density follows. It is
showvn in [21, Theorem2] that a code with density % existsin K that is 1-idertifying in
all graphsobtained by deleting and/or adding at mostt edgesto K. 2

3.3 Codeswith t=1,r>1

Theorem 10 Assume that r > 1. The smallest possible density of an r-identifying code

in K that is robust against one known edge deletion is %.

Pro of. In K the symmetricdi erence S := B,((X;y))4 B,((x+ 1;y)) consistsof 2(2r + 1)
vertices. We use Theorem 3 and assignthe weight 1=2 to the points (x r;y r),
(x ry+r),(x+1+r;y+r)and(x+ 1+r;y r) (to which thereis only onepath of
length r from (x;y) or (x + 1;y)) and the weight 1 to the other 4r 2 points. If there
are no codewords amongthe 4r 2 points, then there must be two codewords amongthe
four points with weight 1=2. Thusm = 1 in Theorem 3.

The upper bound immediately follows from Theorem5. 2
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34 Codeswith t=2,r>1

Theorem 11 Assume that r > 1. There is an r-identifying code in K that is robust
against two known edge deletions and has density 4r—14. If C is any r-identifying code in
K that is robust against two known edge deletions, then its density is at least 4r—12. 2

Pro of. The lower bound follows from Theorem 3 as follows. Take p = (X;y), q =
(x+ Ly),and S := B, ((x;y)) 4 B,((x+ 1;y)) in K, and assignthe points p+ ( r; r),
p+( r; r+1),p+( r;r 1),p+( r;r)aswell asthe pointsqg+ (r; r), g+ (r; r+1),
g+ (r;r 1), g+ (r;r) with weight 1=2 and all the other points with weight 1. The
reasoningfor m = 1 goesanalogouslyto the proof of the previoustheorem.

The existenceof sud a code with density 1=(4r  4) follows from Theorem 8. 2

35 Codeswith t=3, r>1

Theorem 12 Assume that r > 1. There is an r-identifying code in K that is robust
against three known edge deletions and has density % If C is any r-identifying code in
1

K that is robust against three known edge deletions, then its density is at least 57 -

Proof. TakeC = f(x;y) 2 Z?jy x O (mod 2r)g. Assumethat p = (Xp; Yp) and
g= (Xq Yq) aretwo di erent points in Z?. By symmetry, assumethat Yp > Yq. If at most
three edgeshave beendeletedfrom K to obtain K ©, we know that in K ®at most oneedge
has beendeletedfrom the half-planey vy, or from the half-planey vy, Without loss
of generality, assumethe former. If any ofthe 2r 1 pointsp+ ( r+ 1;r), p+( r+2r),
..., p+ (r 1r)isin C, then by Lemma 4 this codeword is in I,(K%p), but not in
I, (K©q); if not, then both p+ ( r;r) andp+ (r;r) arein C, and at least one of them
belongsto I, (K % p) but not I, (K5 q).

To seethat I,(K®(Xo;Yo) 6 ; for all (Xxo;Yo) 2 Z? and all relevant graphsK 9 it
su ces to notice that at most one edgewith an end point in the half-planey > y, has
beendeleted or at most one edgewith an end point in the half-planey < yo, has been
deleted,and usethe sameargumen as above.

For the lower bound, let (x;y) 2 Z? be arbitrary. Considerthe graph K © obtained by
deleting the edgesfrom (x;y 1)to(x L1y 2),(x;y 2)and(x+ 1,y 2). Then
B1i((x;y)) 4 Bi((x;y 1)) in K°consistsof 2r + 1 points, of which at leastonehasto be
a codeword. The claim now follows from a standard density argumert (i.e., in Theorem
3 we chooseall the weights to be equalto one). 2

3.6 Codeswith t=4r>1

Theorem 13 Assume that r > 1. There is an r-identifying code in K that is robust

against four known edge deletions and has density 2r—11 If C s any r-identifying code in

K that is robust against four known edge deletions, then its density is at least %
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Pro of. The existenceof sut a code with density 1=(2r 1) follows from Theorem 14.
For the lower bound, let (i; j) 2 Z? be arbitrary. Considerthe graph K ° obtained by
deleting the edgefrom (i; j) to (i 1;j + 1), andthe edgesfrom (i;j 1)to (i 1;j 2),
(i;j 2and(i+ 1) 2). ThenBy((i;j)) 4 B1((i;j 1)) in K°consistsof 2r points,
of which at least one hasto be a codeword. The claim now follows as in the previous
proof. 2

3.7 Codeswith t=5andr>1

In this caseit is possibleto nd againthe exactvalue of the optimal density.

Theorem 14 Assume that r > 1. The smallest possible density of an r-identifying code
in K that is robust against five known edge deletions is 2r—11

Pro of. To obtain the lower bound, take p = (x;y) and g = (x + 1,y), and let K° be
the graph obtained by deleting the three edgesfrom pto p+ ( 1, 1),p+ ( 1,0) and
p+( 1;1) andthe two edgesfrom qto g+ (1; 1)andg+ (1;1). Thenl, (K%p) 1, (K%q)
and 1 (K%q)nl, (K%p)=fq+ (r; r+1);q+ (r; r+2);:::;q+ (r;r 1)g. Hencethis
(2r 1)-elemen subsetmust cortain at least one codeword and the lower bound on the
density follows.

Take then
C=f(x;y)jy x 0 (mod2r 1)g:

Clearly, the density of C equalss1—

2r 1°
Assumethat p = (Xp;Yp) and q = (Xq;Yq) are two dierent vertices; without loss of
generalil, y, > yq (becausethe code is symmetric with respect to the liney =  x).

Assumethat K %is obtainedfrom K by deleting at most v e edges.There are at most two
edgesnissingfrom the half-planey vy, or at mosttwo edgesmissingfrom the half-plane
Y Yq s& the former is true.

By Lemma 4, there are three edge-disjoith paths of length r in K from p to ead of
the points p+ ( r+ 2r),p+( r+3;r),...,p+(r 2r), sonomatter which edgeshave
beendeleted, these2r 3 points belongto B,;(p) nB;(qg). There are two edge-disjoirh
paths of lengthr from pto p+ (r 1;r).

If p+ (r 1;r) doesnot belongto B, (p) in K° then one edgefrom ead of thesetwo
paths hasbeendeleted,and theseare then the two deletededgesin the half-planey y,.
But thenp+ ( r; r)andp+ ( r+ 1;r) belongto B,(p) alsoin K and we have found
asubsetfp+ ( r;r);p+( r+ Lr);:::;p+ (r  2;r)gconsistingof 2r 1 horizortally
consecutie points, of which oneis a codeword by the construction, and hencebelongsto
I (KSp)ni (KC0).

Soassumethat p+ (r  1;r) doesbelongto B, (p) in K% If alsop+ ( r+ 1;r) belongs
to B, (p) in K°we have againfound a setof 2r 1 horizortally consecutie points that
belongto B, (p) nB;(q), and are done. Assumethereforethat p+ ( r + 1;r) doesnot
belongto B, (p) in K°There are two edge-disjoin paths from pto p+ ( r + 1;r), and
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oneedgefrom eah must have beendeleted. But then p+ (r;r) belongsto B, (p), and we
are againdone.

In addition, 1, (K 2 (xo;Yo)) 6 ; forall (xo;Yo) 2 Z* andall relevant graphsK . Indeed,
notice that at most two edgeswith an end point in the half-planey > y, hasbeendeleted
or at most two edgeswith an end point in the half-planey < y, has beendeleted, and
usethe sameargumen as above. 2
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