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Abstract

In this paper we determine the local and global resilienceof random graphs
Gn;p (p � n� 1) with respect to the property of containing a cycle of length
at least (1 � � )n. Roughly speaking, given � > 0, we determine the smallest
rg(G; � ) with the property that almost surely every subgraph of G = Gn;p

having more than r g(G; � )jE (G)j edgescontains a cycle of length at least
(1 � � )n (global resilience). We also obtain, for � < 1=2, the smallest r l (G; � )
such that any H � G having degH (v) larger than r l (G; � ) degG(v) for all
v 2 V(G) contains a cycle of length at least (1 � � )n (local resilience). The
results above are in fact proved in the more generalsetting of pseudorandom
graphs.
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1 In tro duction

Problemsin extremal graph theory [1, 2] usually comein the following form: let P be
a graph property and � a graph parameter;determinethe least m with the property
that any graph G with � (G) > m hasP and describe the so called extremal graphs,
that is, those G with � (G) = m without P. For instance, in the caseof Tur�an's
theorem, P is the property of containing a clique K t for somegiven t, and � (G) is
the number of edgese(G) in G. As is well known, Tur�an's classicalresult determines
the exact value of m = m(n) in terms of n = jV(G)j and describesall the extremal
graphs.

In this paper, we considerpropertiesP that are increasingand non-trivial, in the
sensethat graphswith no edgesdo not have P. We are interestedin the resilience of
certain graph familieswith respect to such properties. In simpleterms, the resilience
is a measureof how strongly a graph G possessesproperty P. Sudakov and Vu [24]
de�ne this notion as follows.

De�nition 1 (Global resilience). Let P be an increasingmonotoneproperty. The
global resilienceof a graphG with respect to P is the minimum number r g = rg(G; P)
suchthat one can destroy P by deletingat most r g � e(G) edgesfrom G.

In somecases,the following variant of resiliencemakesmore sense.

De�nition 2 (Lo cal resilience). Let P be an increasing monotoneproperty. The
local resilienceof a graph G with respect to P is the minimum number r l = r l (G; P)
such that one can destroy P by deleting at most r l � deg(v) edgesat each vertex v
from G.

Determining the resilienceof a graphG w.r.t. P canbeviewedasfollows. Suppose
an adversaryis allowed to remove up to a certain number R of edgesfrom G globally,
with the aim of destroying P. If R < r g(G; P) � e(G) the graph left by the adversary
will necessarilyhave P. If R � r g(G; P) � e(G), then the adversaryhasa strategy to
obtain a graph that doesnot have P. The notion of local resiliencecorresponds to
a variant in which the adversary has to obey a local rule: for any vertex v 2 V(G),
no more that r l (G; P) � deg(v) edgesincident to v may be removed.

Our generalproblemhereis to study r g(G; P) and r l (G; P) in the casein which G
is a (pseudo)randomgraphand P concernsthe containment of a largecycle. Weshall
considerthe classicalGn;p model of binomial random graphs, that is, Gn;p consists
of n labeled vertices,and the edgesare independently present with probability p =
p(n). We mention that several authors have investigated r g(G; P) and r l (G; P) in
random or pseudorandomgraphs for various properties P. For instance, the global
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resilienceof Gn;p with respect to the Tur�an property of containing a clique K t of
a given order, or, more generally, the property of containing a given graph H of
�xed order was studied in [18], [20], and [25]; for the casein which H is a cycle,
see[10], [13], and [14] (for further related results, see[16], [17], and [21]). More
recently, Sudakov and Vu [24] determined the local resilienceof Gn;p with respect
to several properties, namely having a perfect matching, being Hamiltonian, being
non-symmetric,and being k-colorablefor a given function k = k(n). Similar results
concerningHamiltonicit y were obtained by Friezeand Kriv elevich [8].

In this paper, we study the resilienceof random graphs w.r.t. having a cycle
of length proportional to the number of vertices n. The circumference circ(G) of
a graph G is the length of a longest cycle in G. A classicaltheorem of Erd}os and
Gallai [7] (seealso,e.g.,Bollob�as[1, 2, Chapter 3, Sect.4]) givesa su�cien t condition
on the number of edgesin any graph G on n vertices for the circumferenceof G to
be greater than `, 3 � ` � n. Woodall [26] proved a strengtheningof this result for
the casein which n � 1 is not divisible by ` � 2.

Theorem 3 (W oodall [26]). Let integers3 � ` � n be given. Every graph G on n
verticeswith

e(G) �
�

n � 1
` � 2

� �
` � 1

2

�
+

�
r + 1

2

�
+ 1;

r = (n � 1) mod (` � 2), satis�es circ(G) � `.

The reader is referred to the book of Bollob�as [1, 2] as well as to the surveys
of Bondy [3] and Simonovits [23] for related problems and historical information.
Theorem 3 was reproved by Caccetta and Vijayan in [4]. The bound in Theorem 3
is best possiblefor all integersn. Consider, for instance, the graph G on n vertices
that is a collection of b(n � 1)=(` � 2)c cliquesof size` � 2 plus oneadditional clique
of sizer such that all membersof this collectionarecompletelyconnectedto another
vertex v. Clearly, this construction doesnot allow for a cycle in G of length greater
than ` � 1.

With respect to cyclesof length proportional to n, Theorem3 yields the following
result; seeSection3.1 for a proof.

Corollary 4. Let � > 0 be given. Then, for every � > 0, there exists n0 such that
every graph G on n � n0 verticeswith

e(G) �
�

1 �
�
1 � w(� )

� �
� + w(� )

�
+ �

	
�

n
2

�
;

where
w(� ) = 1 � (1 � � )

�
(1 � � ) � 1

�
;
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satis�es circ(G) � (1 � � )n.

We state our results in terms of pseudorandomgraphs. Using the fact that
truly random graphsare asymptotically almost surely, i.e., with probability tending
to 1 as n tends to in�nit y, pseudorandom,enablesus to formulate and prove all
statements without involving probability. Below, we write eG(U;W) for the number
of edgeswith oneendpoint in U and the other endpoint in W.

De�nition 5. A graph G on n vertices is (p;A)-uniform if, for d = pn, we have

jeG(U;W) � pjUjjWjj � A
p

djUjjWj (1)

for all disjoint sets U, W � V(G) such that 1 � jUj � jWj � djUj. We call G
(p;A)-upper-uniform if the bound for the upper deviation in (1) holds, i.e.,

eG(U;W) � pjUjjWj + A
p

djUjjWj: (2)

In (p;A)-uniform graphsG, the number of edgesinduced by a set U of vertices
is under tight control. It can be observed by a double counting argument that, for
any U � V(G), we have

�
�
�
�e(G[U]) � p

�
jUj
2

� �
�
�
� � A

p
d jUj: (3)

See[6] for a proof. As long asA is a su�cien tly largeconstant, (p;A)-uniform graphs
are abundant. The following lemma is proved in [12].

Lemma 6. For every0 < p = p(n) � 1 the randomgraph Gn;p is (p;e2
p

6)-uniform
with probability 1 � o(1).

With thesede�nitions at hand we can now state our �rst main result, which can
beviewedasthe counterpart of the theoremsof Erd}osand Gallai [7] and Woodall [26]
for (p;A)-uniform graphs.

Theorem 7. Suppose A > 0 is �xed, and we have p = p(n) � n � 1. Then, for
all � > 0, all (p;A)-uniform graphsG on n vertices satisfy the following property:
The global resilience of G with respect to havingcircumference greater than (1 � � )n
is

(1 � w(� ))( � + w(� )) + o(1);

where
w(� ) = 1 � (1 � � )

�
(1 � � ) � 1

�
:
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A classical result of Dirac [5] states that any graph on n � 3 vertices with
minimum degreeat leastn=2 contains a Hamiltonian cycle. By combining ideasfrom
the proof of Theorem7 with this classicaltheoremfrom graph theory, we obtain our
other main result, which states that by removing up to a little lessthan onehalf of
all the edgesincident to any vertex in a relatively sparse(p;A)-uniform graph G, an
adversary cannot destroy all long cyclesin G.

Theorem 8. SupposeA > 0 is �xed, and wehavep = p(n) � n � 1. Then, for all 0 <
� < 1=2, all (p;A)-uniform graphsG on n verticessatisfy the followingproperty: The
local resilience of G with respect to having circumference greater than (1 � � )n is

1
2

+ o(1):

In Section2 we introducea variant of Szemer�edi's Regularity Lemma for (p;A)-
upper-uniform graphsand state our main technical lemmathat shows how to embed
long paths into regular pairs. Theorems7 and 8 are proved in Section3.

2 Regularit y and long paths

In Section 2.1 we present a variant of Szemer�edi's Regularity Lemma for sparse
graphs. We employ a version of the lemma tailored to (p;A)-uniform graphs. Sec-
tion 2.2 comprisesthe proof of our main technical lemma, Lemma 10. This lemma
statesthat dense,regular pairs permit an almost completecovering by a long path.

2.1 Szemer�edi's Regularit y Lemma for sparse graphs

Let a graph G = (V; E) and a real number 0 < p � 1 be given. We de�ne the p-
density of a pair of non-empty, disjoint setsU, W � V in G by

dG;p(U;W) =
eG(U;W)
pjUjjWj

:

For any 0 < " � 1, the pair (U;W) is said to be ("; G; p)-regular, or ("; p)-regular or
even just p-regular for short, if, for all U0 � U with jU0j � " jUj and all W 0 � W
with jW 0j � " jWj, we have

�
�dG;p(U;W) � dG;p(U0; W 0)

�
� � ": (4)

We say that a partition � = (V0; V1; : : : ; Vk) of V is ("; G; p)-regular if jV0j � " jV j
and jVi j = jVj j for all i , j 2 f 1; 2; : : : ; kg, and, furthermore, at least (1 � " )

� k
2

�

pairs (Vi ; Vj ) with 1 � i < j � k are ("; G; p)-regular.
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Recall the notion of (p;A)-upper-uniform graphs as stated in De�nition 5. We
combine this with the following variant of Szemer�edi's Regularity Lemma for sparse
graphs(see,e.g., [9, 15, 19]).

Lemma 9. For all real numbers " > 0 and A � 1 and all integers k0, there exist
constants n0 = n0("; A; k0) > 0, d0 = d0("; A; k0) > 0, and K 0 = K 0("; A; k0) � k0

such that the following holds. For every (p;A)-upper-uniform graph G on n � n0

vertices with d = pn � d0, there exists a partition � = (V0; : : : ; Vk) of V with k0 �
k � K 0 that is ("; G; p)-regular.

We remark that Lemma 9 holds under weaker hypotheseson the graphsG, but
for the purposeof this work the above will do.

2.2 Long paths in regular pairs

This section is devoted to the proof of the following result, which guarantees long
paths in ("; p)-regular pairs provided that thoseare (A; p)-upper-uniform for a given
constant A. Lemma10 is the main technical ingredient in the proof of our theorems.

Lemma 10. For all 0 < %, � � 1=2, there exists " = "(%;� ) > 0 and, for all 0 <
� � 1 and A > 0, there exists d0 = d0(%;�; � ; A) such that the following holds. Let
G be a (p;A)-upper-uniform graph on n vertices and d = pn � d0. Suppose that
V1; V2 � V (G) satisfy

(i) V1 \ V2 = ; ;

(ii) jV1j = jV2j = m � � n;

(iii) the induced bipartite graph G[V1; V2] is ("; p)-regular with density
d1;2 := dG;p(V1; V2) � %.

Then there exist setsX � V1 and Y � V2 of size at least "m such that any x 2 X
and any y 2 Y are endpoints of a path on at least 2(1 � 2� )m vertices in G[V1; V2].

Weshall proveLemma10in the remainderof this section. Our approach is similar
to the proof of Lemma 2.7 in [6]. We say that a bipartite graph B = (U _[ W; E) is
(b;f )-expanding if for every set X � U and every set Y � W, jX j; jY j � b, we have

j�( X )j � f jX j and j�( Y)j � f jY j:

Here, as usual, �( Z ) denotesthe neighborhood of a vertex-setZ , that is, the set of
all verticesadjacent to somez 2 Z .

We make useof the following result, which is a variant of a well known lemma
due to P�osa[22] (for a proof, see[11]).
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Lemma 11. Let b � 1 be an integer. If the bipartite graph B is (b;2)-expanding,
then B contains a path on 4b vertices.

Proof of Lemma 10. Let

" =
� 2%
8

:

Moreover, let
� = "

�
� � 1 + %� 1

�

and choosed0 such that

d0

�
� %��

A

� 2

� 2: (5)

Claim 12. For all V 0
1 � V1 and V 0

2 � V2 of sizeat least �m , there exist U1 � V 0
1 and

U2 � V 0
2 of sizeat least (� � " )m suchthat for all u1 2 U1 and all u2 2 U2, we have

j�( u1) \ U2j � (1 � � )d1;2p�m and j�( u2) \ U1j � (1 � � )d1;2p�m (6)

respectively.

Proof. We inductively de�ne a sequence

B(t) = (V1(t); V2(t)) (t = 0; 1; 2; : : : )

as follows. Start with B (0) = (V 0
1; V 0

2). Supposenow that t � 0 and that we have
computed B(t). If (6) is satis�ed for U1 = V1(t) and U2 = V2(t), we are done.
Otherwise, take

Vi (t + 1) = Vi (t) n f xg

for somex 2 Vi (t) and i such that j�( x) \ Vj (t)j < (1 � � ) d1;2p�m for j 6= i with 1 �
i; j � 2; moreover, take Vj (t + 1) = Vj (t).

Let us supposefor a contradiction that, at somemoment T, we have, without
lossof generality, jV1(T)j < (� � " )m and jV2(T)j � (� � " )m.

Let X := V 0
1 n V1(T). Clearly, we have jX j � "m and, for all x 2 X , we have

j�( x) \ V2(T)j < (1 � � )d1;2p�m . It follows that

e(X ; V2(T)) < (1 � � )d1;2p�m jX j;

which implies that the p-density of the pair (X ; V2(T)) is

dG;p(X ; V2(T)) < (1 � � )d1;2
�m

jV2(T)j
�

�
1 �

� � � "
� � "

�
d1;2 <

�
1 �

"
%

�
d1;2 � d1;2 � ":

This, however, contradicts the regularity of the pair (V1; V2).
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Claim 13. The bipartite graph induced by U1 and U2 given in Claim 12 is ((1 �
2� )d1;2�m=f ; f )-expanding for any 0 < f � (� %��= A)2d.

Proof. Let X � Ui , 1 � i � 2, be such that jX j � (1 � 2� )d1;2�m=f . Let Y =
�( X ) \ Uj with j 6= i and supposethat jY j < f jX j.

By the upper-uniformity condition on G, we have

e(X ; Y) � pjX jjY j + A
p

djX jjY j < pjX j(1 � 2� )d1;2�m + A
p

djX jjYj; (7)

and, from (6), we deducethat

e(X ; Y) = e(X ; Uj ) � (1 � � )d1;2p�m jX j: (8)

Combining (7) and (8), we have that (� d1;2p�m jX j)2 < A2djX jjY j. Therefore,

jY j >
(� d1;2p�m jX j)2

A2djX j
�

�
� %��

A

� 2

djX j � f jX j;

a contradiction.

We continue the proof of Lemma 10 by iterativ e applications of Claims 12 and
13. Let

b=
�

1
2

(1 � 2� )%�m
�

:

Construct a sequenceof disjoint paths P(t), t = 1; 2; : : :, on the vertices in V1 [ V2

each of length 4b asfollows. SupposeP(1); : : : ; P(t � 1) have already beenobtained.
We build P(t) in the following way. Let

V 0
1 = V1 n

t � 1[

j =1

V(P(j )) and V 0
2 = V2 n

t � 1[

j =1

V(P(j )) :

Observe that jV 0
1 j = jV 0

2 j sinceall paths have even length. If jV 0
1 j � �m , then we

can apply Claim 12 in order to obtain sets U1 � V 0
1 and U2 � V 0

2 of size at least
(� � " )m. It follows from Claim 13 and the choice of d (see(5)) that (U1; U2) is
(b;2)-expanding. Therefore, we obtain a path P(t) of length 4b on the vertices in
U1 [ U2 by Lemma 11. We stop constructing new paths as soon as jV 0

1 j < �m .
Suppose this procedure stopped after T iterations. We concatenatethe paths

P(t), 1 � t � T, into a singlepath P0 in the following way. Let head(P(t)) denote
the �rst d"me verticesof P(t) in V1 and analogouslytail( P(t)) the last d"me vertices
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of P(t) in V2 (1 � t � T). Since(V1; V2) is ("; p)-regular with density d1;2, we have,
for all 2 � t � T,

e(tail (P(t � 1)); head(P(t))) � (d1;2 � " )p"2m2 � 1

for m su�cien tly large. Hence,connectingP(t � 1) and P(t) by an arbitrary edge
betweentail( P(t � 1)) and head(P(t)) yields P0 of length at least

2(1 � � )m � 4(T � 1) (d"me� 1) � 2(1 � � )m � 4(T � 1)b"mc

vertices long. Let
X = head(P0) and Y = tail( P0):

Then any x 2 X and any y 2 Y are endpoints of a path of length at least

2(1 � � )m � 4Tb"mc � 2
�

1 � � �
8"
%�

�
m � 2(1 � 2� )m

since
T �

m
2b

�
m

(1 � 2� )%�m � 2
�

3
2%�

:

In the last inequality we usedthat, by the choiceof " and � , we have

2� = 2"
�
� � 1 + %� 1

�
�

1
4

� (%+ � ) �
1
4

:

This concludesthe proof of Lemma 10.

3 Pro ofs of Theorems 7 and 8

We present the proof of Theorem 7 in Section3.1 and of Theorem 8 in Section3.2,
respectively. Both heavily depend on the results presented in Section2.2.

3.1 Pro of of Theorem 7

Proving Theorem7 requiresto show both an upper and a lower bound on the global
resiliencer g of G w.r.t. containing long cycles.
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3.1.1 Pro of of the upp er bound for r g

For the upper bound, it su�ces to provide an appropriate strategy for the adversary
to destroy all cyclesof length at least (1 � � )n in a (p;A)-uniform graph G. One
way of achieving that is to partition the vertex set V(G) into k classesof size(1 �
� )n, where k := b1=(1 � � )c, and one additional class for the remaining vertices
of sizew(� )n. Clearly, if one deletesall edgeswith endpoints in distinct partition
classes,only cyclesof length at most (1� � )n remain in the graph. Sincethe number
of edgesbetweenany pair of classesis bounded,the adversary deletesat most

� �
k
2

�
(1 � � )2 + k(1 � � ) w(� )

� �
pn2 + A

p
d(1 � � )2n2

�

= (1 � � )k
�
(1 � � )(k � 1) + 2w(� )

�
(1 + o(1))p

�
n
2

�

and using the identit y (1 � � )k = 1 � w(� )

= (1 � w(� ))
�
� � w(� ) + 2w(� )

�
(1 + o(1))p

�
n
2

�

=
�
(1 � w(� ))( � + w(� )) + o(1)

�
e(G)

edgesfrom G, and the upper bound is proved.

3.1.2 Pro of of the lower bound for r g

We start by proving Corollary 4.

Proof of Corollary 4. We apply Theorem3 with ` = d(1� � )ne. Rewrite r = (n � 1)
mod (` � 2) as follows:

r = n � 1 � (d(1 � � )ne� 2)
�

n � 1
d(1 � � )ne� 2

�

= n � 1 � (1 � � + O(n� 1))
�

1 + O(n� 1)
1 � � + O(n� 1)

�
n

=
��

1 � (1 � � )
�
(1 � � ) � 1

��
+ O(n� 1)

�
n

= (w(� ) + o(1))n:

Now, supposethat the circumferenceof graph G is strictly lessthan `. Then, by
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Theorem3, we have

e(G) <
�

n � 1
` � 2

� �
` � 1

2

�
+

�
r + 1

2

�
+ 1

=
(n � 1 � r )(` � 1)

2
+

�
r + 1

2

�
+ 1

= (1 � w(� ) + o(1))(1 � � )
�

n
2

�
+ (w(� )2 + o(1))

�
n
2

�

= (1 � (1 � w(� ))( � + w(� )) + o(1))
�

n
2

�
;

which contradicts the assumptionin Corollary 4.

Observe that w(� ) = 0 if 1 � � = 1=k for someinteger k. In that casethe bound
on the number of edgescan be simpli�ed to (1 � � )

� n
2

�
in Corollary 4.

Supposeconstants A and � > 0 are �xed asin Theorem7. We needto show that,
for all � > 0, there exists a constant d0 = d0(A; � ; � ) > 0 such that every subgraph
G0 � G with at least (1 � (1 � w(� ))( � + w(� )) + � )e(G) edgeshas circumference
at least (1 � � )n if d = pn � d0, provided the number of verticesin G is su�cien tly
large.

Let
f (� ) := (1 � w(� ))( � + w(� )) :

Observe that for all 0 � � � � � 1, we have

� � f (� ) � 2� and f (� ) � f (� � � ) � 2� : (9)

Supposethe adversary createsa graph G0 � G by deleting at most

(f (� ) � � )e(G)

edgesfrom G. SinceG is (p;A)-uniform, the graph G0 is (p;A)-upper-uniform. We
shall prove the existenceof a su�cien tly long cycle in G0 in two steps. First, we
apply the Regularity Lemma, Lemma 9 to G0 and concludefrom Corollary 4 that
there exists a long cycle in the so-calledreducedgraph. Second,we embed a cycle
in G0 into this structure.

We start o� by de�ning the valuesof all constants, where we refrain from sim-
plifying certain expressionsso as not to obscurethem. The particular valuesof the
constants are of lessimportance,as long as they are independent of n. De�ne

%:=
�
8

; � :=
�
8

; � :=
�
32

:
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Choose"0 = "(%;� ) > 0 according to Lemma 10. Supposethat k1 is a su�cien tly
largeintegersuch that Corollary 4 guaranteesa cycleof length at least(1� (� � � =4))k
for all graphson k � k1 verticeswith at least

�
1 � f

�
� �

�
4

�
+

�
2

� �
k
2

�

edges.Let

" := min
�

"0;
1
7

;
�
32

;
�
32

�
and k0 := maxf " � 1; k1g;

and
� :=

1
2K 0

;

where K 0 = K 0("; A; k0) comesfrom Lemma 9. Let d1  d0("; A; k0) be as in
Lemma 9 and let d2  d0(%;�; � ; A) be as in Lemma 10. We shall prove Theorem7
with

d0 := max

(

d1; d2;
�

8A
� �

� 2
)

:

SinceG0 � G is (p;A)-upper-uniform, we apply Lemma 9 to G0 with parameters
" , A, and k0. Thus, we obtain an ("; G0; p)-regular partition � = (V0; V1; : : : ; Vk)
of V(G0) with k0 � k � K 0. We call a pair (Vi ; Vj ), 1 � i < j � k, regular and
G0-denseif it is ("; p)-regular and

dG0;p(Vi ; Vj ) � %: (10)

Considerthe reducedgraph R in which every vertex corresponds to a classVi , 1 �
i � k, and two vertices i and j are connectedif and only if (Vi ; Vj ) is regular and
G0-dense.Our aim is to show a lower bound on the number of edgesin R.

Let m := jV1j = jV2j = : : : = jVk j and observe that � n � m � n=k. We needto
take into account four di�erent typesof edgesin G0.

(i) Due to (2) and (3), the number of edgesin G0 that are incident to the vertices
in V0 is

eG0(V0) + eG0(V0; V n V0) � p
�

"n
2

�
+ A

p
d"n + p"(1 � " )n2 + A

p
d"n

�
�

"2

2
+ "(1 � " )

�
pn2 + 2A

p
d"n

� "pn2 + 2A
p

d"n

= 2"

 

1 +
2A

p
d

pn
p

"

!
pn2

2
= 2"

�
1 +

2A
p

d"

�
pn2

2
:

(11)
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(ii) The number of edgesthat belongto irregular pairs is

� "
�

k
2

�
(pm2 + A

p
dm) � "

�
1 +

Ak
p

d

�
pn2

2
: (12)

(iii) The number of edgesthat belongto regular pairs that fail (10) is

<
�

k
2

�
%pm2 � %

pn2

2
: (13)

(iv) The number of edgeswhoseendpoints belongto the sameVi , 1 � i � k, is

� k
�

p
�

m
2

�
+ A

p
dm

�
�

�
1
k

+
2A
p

d

�
pn2

2
: (14)

Summing up the estimates(11){(14), we concludethat the number of edgesin G0

that are not contained in regular and G0-densepairs is

<
�

2"
�

1 +
2A

p
d"

�
+ "

�
1 +

Ak
p

d

�
+ %+

1
k

+
2A
p

d

�
pn2

2

�
�

4" + %+
A

p
d

�
4
p

" + "k + 2
�
�

pn2

2
�

�
4" + %+

Ak
p

d

�
pn2

2
:

(15)

We want to show that

e(R) > (1 � f (� ) + � )
�

k
2

�
: (16)

For the sake of contradiction, supposeR has at most thesemany edges.Then the
number of edgesin regular and G0-densepairs in G0 is

� (1 � f (� ) + � )
�

k
2

� �
pm2 + A

p
dm

�
�

�
1 � f (� ) + � +

Ak
p

d

�
pn2

2
: (17)

Hence,adding (15) and (17), we have

e(G0) <
�

1 � f (� ) + � + 4" + %+
2Ak
p

d

�
pn2

2

�
�

1 � f (� ) +
�
8

+
�
8

+
�
8

+
A

�
p

d

�
pn2

2

�
�

1 � f (� ) +
�
2

�
pn2

2
:

(18)
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On the other hand, sincethe enemy may not deletemore than an (f (� ) � � ) fraction
of the edgesin G, we can derive that

e(G0) � (1 � f (� ) + � )
�

p
�

n
2

�
� A

p
dn

�

= (1 � f (� ) + � )
�

1 �
1
n

�
2A
p

d

�
pn2

2

� (1 � f (� ) + � )
�

1 �
3A
p

d

�
pn2

2

�
�

1 � f (� ) + � �
4A
p

d

�
pn2

2
�

�
1 � f (� ) +

�
2

�
pn2

2
:

This contradicts (18) and hence(16) must hold. Combining (16) and (9) weconclude

e(R) > (1 � f (� ) + � )
�

k
2

�
�

�
1 � f

�
� �

�
4

�
+

�
2

� �
k
2

�
:

Applying Corollary 4 to R, we concludethat, by our choiceof k0, R contains a cycle
of length at least (1 � � + � =4)k.

Starting with the long cycle in the reducedgraph, let us now embed a cycle into
the original graph G0. Let Ct denote the cycle in the reducedgraph R of length
t � (1 � � + � =4)k. The entire construction is illustrated in Figure 1 on the following
page. W.l.o.g. Ct = (V1; V2; : : : ; Vt ). We embed a cycle of length at least (1 � � )n
into G0 asfollows. For all 1 � i � bt=2c, we simultaneouslyapply Lemma10 to each
pair (V2i � 1; V2i ). This yields setsX 2i � 1 � V2i � 1 and X 2i � V2i , jX 2i � 1j = jX 2i j = "m,
such that every pair of vertices (x2i � 1; x2i ) 2 (X 2i � 1; X 2i ) is connectedby a path of
length at least 2(1 � 2� )m using edgesfrom G0[X 2i � 1; X 2i ]. We can connect these
paths by putting an arbitrary edgebetween X 2i and X 2i+1 for all 1 � i < bt=2c.
Note that

eG0(X 2i ; X 2i+1 ) � (d2i; 2i +1 � " )p("m)2 � 1

since(V2i ; V2i+1 ) is ("; p)-regular with density d2i; 2i +1 � %.
If t is even, we closethe cycle by putting an arbitrary edgebetweenX 1 and X t .

Otherwise we connectX 1 and X t � 1 through one vertex in Vt . Clearly, there are at
least (1 � 2")m verticesin Vt that are adjacent to somevertex in X 1 aswell assome
vertex in X t � 1.
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PSfrag replacements

V1

V2Vt

V2i � 1

V2i

V2i+1

X 2i � 1

X 2i

X 2i+1

Figure 1: Embeddingof a long cycleinto G0. We suppose1; : : : ; t form a cycle in the
reducedgraph.

Thus, for n su�cien tly large, we have constructeda cycleof length at least
�

(1 � � + � =4)k
2

�
� 2(1 � 2� )m � ((1 � � + � =4)k � 2) � (1 � 2� )m

�
�

1 � � + � =4 �
2
k

�
k(1 � 2� )(1 � " )

n
k

� (1 � � + � =4 � 2")(1 � 2� )(1 � " )n

� (1 � � + � =4 � 4" � 2� )n > (1 � � )n:

This concludesthe proof of Theorem7.
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3.2 Pro of of Theorem 8

As in Section 3.1, we needto show both an upper and a lower bound on the local
resiliencer l of G w.r.t. containing long cycles.

3.2.1 Pro of of the upp er bound for r l

The upper bound is shown by providing an appropriatestrategysothat the adversary
can destroy all cyclesof length at least (1 � � )n in any (p;A)-uniform graph G by
removing no more than (1=2 + � ) deg(v) edgesat each vertex v for somearbitrarily
small constant � > 0. His strategy is to �nd an approximately even bipartition
of V(G) such that each vertex v has at most (1=2 + � ) deg(v) neighbors in the
other partition class. In what follows, we dealwith technical details and calculations
regarding such bipartition: the adversary may start by randomly paritioning the
vertex set and then must move someverticeswhich might have low degreefrom one
part to the other without (signi�cantly) a�ecting other vertices.

In the �rst step, we omit all vertices of very small or very large degreein G.
The following claim, which is a simple consequenceof (p;A)-regularity, states that
there are only very few of those. The proof is a straightforward application of the
de�nition of (p;A)-regularity; the details are left to the reader.

Claim 14. Let A, � , and � be positive constants. Then there existsa constant d0 =
d0(A; � ; � ) such that every su�ciently large (p;A)-uniform graph G on n vertices
with d = pn � d0 satis�es the following property: The number of vertices v 2 V(G)
with

j deg(v) � dj > � d

is at most � n.

We next we show that a bipartition in which almost all vertices in one part
satisfy a maximum degreecondition can be adaptedsothat a slightly weaker degree
condition holds for all vertices.

Claim 15. For all � > 0, there existsa positive constant � � suchthat, for all A > 0
and 0 < � � � � , there exists a constant d0 = d0(A; � ) such that, for n su�ciently
large, every (p;A)-upper-uniform graph G on n vertices with d = pn � d0 satis�es
the following property: SupposeV = X [ Y is a partition of V suchthat at most � n
verticesx 2 X violate

j�( x) \ Y j �
�

1
2

+
�
2

�
deg(x):
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Then there exists a set X 0 � X of size at most 4� n such that, for all vertices x 2
X n X 0, we have

j�( x) \ (Y [ X 0)j �
�

1
2

+ �
�

deg(x)

and, for all x0 2 X 0, we have

j�( x0) \ (X n X 0)j �
1
2

deg(x):

Proof. First, set d0 su�cien tly large so that, according to Claim 14, at most � n
vertices in G have total degreelessthan d=2. Now, considerthe following process,
which inductively constructsa sequenceof setsX 0 � X 1 � : : : � X t . We start with

X 0 :=
�

x 2 X : j�( x) \ Y j >
�

1
2

+
�
2

�
deg(x)

�
:

At step i , we add somevertex x i from X n X i � 1 that satis�es

j�( x i ) \ (Y [ X i � 1)j >
�

1
2

+ �
�

deg(x i )

to X i � 1, forming set X i . The processterminates at time t with X 0 := X t when
no such vertex exists. Clearly, oncethis processstops, all vertices in X 0 satisfy the
desireddegreeconditions. We shall show that jX 0j � 4� n, i.e., the processstopsat
time t � 3� n.

For the sake of contradiction, supposethat the processreaches time t0 = 3� n.
Observe that in each step i , 1 � i � t0, the new vertex x i satis�es

j�( x i ) \ Y j �
�

1
2

+
�
2

�
deg(x i )

by de�nition of X 0. Consequently, we have

j�( x i ) \ X i � 1j = j�( x i ) \ (Y [ X i � 1)j � j�( x i ) \ Y j >
�
2

deg(x i ):

This yields the following lower bound on the number of edgesin X t0 :

e(X t0 ) �
t0X

i =1

j�( x i ) \ X i � 1j >
t0X

i =1

�
2

deg(x i )
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and, sincethere are at most � n verticesof degreelessthan d=2 in X ,

> (t0 � � n) �
�
4

d =
�
2

� dn:

On the other hand, sinceG is (p;A)-upper-uniform, we have

e(X t0 ) � p
�

jX t0 j
2

�
+ A

p
djX t0 j � 8� 2dn

�
1 +

A

2�
p

d

�

and, setting d0 � (A=(2� ))2 and � � := � =32,

� 16� 2dn � 16� � � dn =
�
2

� dn:

This yields a contradiction and completesthe proof of Claim 15.

Continuing the proof of the upper bound, suppose� > 0 and A > 0 are �xed.
Applying Claim 15 with parameter � yields constant � � . Let

� := min
�

1 � 2�
10

; � �

�
:

Invoking Claim 15 with parametersA and � yields a constant d1  d0. Plugging
parametersA, �  1=2 and �  � =2 into Claim 14 yields another constant d2  d0.
Choose d0 as the maximum of both d1 and d2. Then, owing to Claim 14, every
su�cien tly large (p;A)-uniform graph on n vertices with d = pn � d0 contains at
most (� =2)n vertices of degreelessthen d=2. We call these vertices thin and the
other onesnormal.

Consider a random bipartition of V(G) by tossing a fair coin for each vertex.
Let � be the random variable counting the number of verticesby which the larger of
both partition classesexceedsn=2. Clearly, for n su�cien tly large, the probability
that � is at most (� =2)n is, say, at least0:6. Assumingthat d0 is su�cien tly large,a
standardapplication of Cherno� 's andMarkov's inequalitiesyieldsthat, with at least
the sameprobability, amongthe normal verticesthere are at most (� =2)n verticesv
that have at least (1=2+ � =2) deg(v) neighbors in the other partition class.Sincethe
conjunction of those two events has positive probability, there exists a bipartition
of V(G) that satis�es both. Fix any such partition V(G) = X [ Y . Our next aim is
to adjust this partition slightly so that every vertex hasat most (1=2+ � ) deg(v) in
the other partition class.
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Call a vertex that hasmore than (1=2 + � =2) deg(v) neighbors in the other par-
tition classunhappy. Clearly, the total number of unhappy verticesis boundedfrom
above by the sumof thin verticesand normal onesthat violate this degreecondition.
By our choice of X and Y, this is bounded from above by � n. Hence,Claim 15
assertsthat there exists a set X 0 of size at most 4� n such that, after shifting all
verticesof X 0 into Y , all the remaining verticesx 2 X n X 0 satisfy

j�( x) \ (Y [ X 0)j �
�

1
2

+ �
�

deg(x);

and, for all verticesx0 2 X 0, we have

j�( x0) \ (X n X 0)j �
1
2

deg(x):

Now, all verticesthat were initially in X satisfy our desireddegreebound w.r.t. the
newpartition. Observe that shifting the set X 0 from X to Y cannot make any vertex
of Y unhappy that was not already unhappy before. Hence,we can apply Claim 15
to the new partition bX := X nX 0 and bY := Y [ X 0 to obtain a set Y 0 � bY such that
partitioning V(G) into bX [ Y 0 = (X n X 0) [ Y 0 and bY n Y 0 = (Y [ X 0) n Y 0 yields
that, for all verticesv 2 V(G), the number of neighbors in the other classis at most

�
1
2

+ �
�

deg(v):

By deletingall edgeswith endpoints in distinct partition classes,wedestroy all cycles
of length at least 1

2n + � + 4� n � (1 � � )n, while no vertex losesmore edgesthan
allowed. This provesthe upper bound for r l in Theorem8.

3.2.2 Pro of of the lower bound for r l

We give the proof of the lower bound in Theorem 8 in this section. SupposeG is
a (p;A)-uniform graph as in Theorem8, and let � and � > 0 be �xed. Supposethe
adversary removed from G the edgesof a subgraphH with degreeat most (1=2 �
� ) degG(v) at any vertex v, which resulted in a (p;A)-upper-uniform graph G0. We
shall show that, no matter how H waschosen,G0 contains a cycleof length (1 � � )n,
provided that n is su�cien tly large. The main approach to achieve this is similar
to the approach that we pursuedin Section3.1.2. We apply the Regularity Lemma
to H , �nd an appropriate cycle in the reducedgraph, and then use Lemma 10 to
construct a long cycle in H . The main di�erence is that we now needthe cycle in
the reducedgraph to cover almost all vertices instead of just a constant fraction of
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the vertices. The proof of Theorem 8 is thus readily at hand when we establishthe
following lemma.

Lemma 16. Let A, � > 0, and � > 0 be �xed. There exist positive constants %=
%(� ) and " = "(� ; � ) such that, for all K 0 > 0 and n su�ciently large, there ex-
ists d0 = d0(A; � ; �; K 0) suchthat the following assertionholds. Supposed = pn � d0

and G0 wasobtained by removingthe edgeset of a graph H suchthat

degH (v) �
�

1
2

� �
�

degG(v)

for all v 2 V(G), where G is a (p;A)-uniform graph on n vertices, as in Theorem 8.
Let (V0; V1; : : : ; Vk) be a ("; p)-regular partition of G0 with " � 1 � k � K 0. Consider
the reduced graphR on the vertexset [k], which contains an edgef i; j g, 1 � i; j � k,
if and only if (Vi ; Vj ) is ("; p)-regular and satis�es

eG0(Vi ; Vj ) � %pjVi jjVj j:

Then R contains an evencycleof length at least (1 � � )k.

Let us continue with the proof of the lower bound in Theorem8. Let � > 0 be as
given in that theorem and let � > 0 be �xed. By an application of Lemma 16 with
parameters

� and � :=
�
3

;

we obtain constants %and " 1  " . Next we apply Lemma 10 with

% and � :=
�
6

;

which yields "2  " . Recall that G0 � G is (p;A)-upper-uniform. We �x

" := min
n

"1; "2;
�
4

o

and plug
"; k0 := " � 1; and A

into the Regularity Lemma,Lemma9, in order to �x constants K 0, n0, and d1  d0.
Finally, setting

� :=
1 � "
K 0
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in Lemma10 yields d2  d0, and plugging K 0 into Lemma16 yields d3  d0. Thus,
we �x d0 as

d0 := maxf d1; d2; d3g:

With the choiceof constants above, we can show that there exists a su�cien tly
longcyclein G0alongthe samelinesasin the proof of Theorem7. Owing to Lemma9,
G0 admits an ("; G0; p)-regular partition (V0; V1; : : : ; Vk) with " � 1 � k � K 0. Then
Lemma 16 assertsthat there exists an even cycle of length k0 � (1 � � )k in the
reducedgraph R. Now applying Lemma 10 to every secondpair of that cycle and
connectingthe generatedpaths in thosepairs by an arbitrary edge,we createa long
cycle in G0 asdepicted in Figure 1. Let m denotethe sizeof the partition classesVi ,
1 � i � k. This cyclehas length at least

k0

2
� 2(1 � 2� )m � (1 � � )k(1 � 2� )

(1 � " )n
k

= (1 � � )(1 � 2� )(1 � " )n � (1 � � )n + 1

by our choice of � , " , and � . This concludesthe proof of the lower bound for r l in
Theorem8. We now prove Lemma 16.

Proof of Lemma 16. We start by proving a generalfact about graphson k vertices
that are almost complete.

Claim 17. Let � be a positive constant. Then there exists" > 0 suchthat any graph
on k � " � 1 vertices with at least

(1 � " )
�

k
2

�

edgessatis�es the following property: There existsa subgraph on an evennumber of
verticesk0 � (1 � � )k with minimum degree at least (1 � 2� )k.

Proof. For simplicity we assumethat �k is integral. The generalcasefollows easily
along the samelines and is left to the reader. Let " := � 2=2. SupposeK is a graph
on the vertex set f v1; : : : ; vkg such that

deg(v1) � deg(v2) � : : : � deg(vk):

Let k0 = (1� � )k+1 andK 0bethe subgraphof K inducedby the verticesf v1; : : : ; vk0g.
If, for all 1 � i � k0, we have

degK 0(vi ) � (1 � 3�= 2)k;
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then we are home. Note that even if we needto remove, say, the last vertex from K 0

so that the number of vertices in the chosengraph K 00� K 0 is even, we would have

degK 00(vi ) � degK 0(vi ) � 1 � (1 � 3�= 2 � 1=k)k � (1 � 3�= 2 � " )k � (1 � 2� )k;

for all 1 � i < k0. Hence,supposefor the sake of contradiction that there exists an
index j , 1 � j � k0, such that

degK 0(vj ) < (1 � 3�= 2)k:

This implies that, for all j � ` � k, we have

degK (vl ) � degK (vj ) � degK 0(vj ) + (k � k0) < (1 � �= 2)k � 1:

Thus, the number of edgesin K is lessthan
�

k
2

�
�

1
4

X

` � j

�k �
�

k
2

�
�

1
4

�k � (k � k0+ 1) �
�
1 � � 2=2

�
�

k
2

�
:

This, however, is a contradiction to e(K ) � (1 � " )
� k

2

�
.

The next claim is a simple consequenceof (p;A)-uniformit y; the calculationsare
left to the reader.

Claim 18. Let A, � , and � be positive constants. Then there existsa constant d0 =
d0(A; � ; � ) such that every su�ciently large (p;A)-uniform graph G on n vertices
with d = pn � d0 satis�es the following property: For any disjoint setsU � V(G)
with jUj � � n and W � V(G) with jWj � n=4, the number of vertices u 2 U that
satisfy

j� G(u) \ Wj � (1 � � )pjWj

is at least 3
4 jUj.

Lemma 16 can be derived from Claims 14, 17, and 18 as follows. Let � and � be
as given in the statement of Lemma 16. Let

%:=
�
4

and 
 :=
�
4

and apply Claim 17 with parameter�  minf �; 
 =2g in order to obtain " 1  " . Set

" := min
�

"1;
�
4

�
; � :=

�
8

; and � :=
1 � "
K 0

;
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andapply Claim 14with parameters� and �  � =4, which yieldsd1  d0. Moreover,
apply Claim 18 with parameters� and � , which yields d2  d0. De�ne d0 as the
maximum of d1 and d2. Claim 17 assertsthat there is a graph R0 on k0 � (1 � � )k
vertices such that V(R0) � [k], the minimum degreeof R0 is at least (1 � 
 )k, and
each edgef i; j g of R0 implies that the pair (Vi ; Vj ) is ("; p)-regular in G0. Moreover,
the number of vertices in R0 is even. Let R � R0 be a graph on the samevertex set
that contains an edgef i; j g if and only if f i; j g 2 E(R0) and

eG0(Vi ; Vj ) � %pjVi jjVj j:

Owing to Dirac's theorem,it remainsto show that R hasminimum degreek=2 � k0=2
so as to assertthe existenceof a Hamiltonian cycle in R.

For the sake of contradiction, supposethat there exists a vertex r 2 V(R) that
hasdegreelessthan k=2. Let m denotethe sizeof the partition classesVi , 1 � i � k.
Owing to Claim 14, there are at most m=4 vertices v 2 Vr with degG(v) > (1 +
� )pn. Considerthe vertex set Wr � V(G0) spannedby the partition classesVj that
correspond to regular, but sparseedgesf r; j g in R0, i.e.,

Er := ff r; j g 2 E(R0) : eG0(Vr ; Vj ) < %pjVr jjVj jg;

Wr :=
[

f r ;j g2E r

Vj :

Note that, crucially, we have jE r j � (1 � 
 )k � k=2 = (1=2 � 
 )k and thus

jWr j = jEr jm � (1=2 � 
 ) km � (1=2 � 
 ) (1 � " )n �
n
4

;

assumingthat � � 1=2. Hence,we can apply Claim 18 to G with U  Vr and W  
Wr and concludethat there is a setV 0

r � Vr of sizeat leastm=2 such that each v 2 V 0
r

satis�es
degG(v) � (1 + � )pn and j� G(v) \ Wr j � (1 � � )pjWr j;

that is, each of those vertices has bounded total degreeand approximately the the
right proportion of neighbors in the set Wr before the deletion takesplace. Owing
to the de�nition of Wr , we have

eG0(Vr ; Wr ) < jEr j%pjVr jjVj j = %pmjWr j:

Furthermore, eG0(V 0
r ; Wr ) � eG0(Vr ; Wr ) holds trivially . Thus, by the averagingprin-

ciple, there must be a vertex vr 2 V 0
r that satis�es

j� G0(vr ) \ Wr j �
eG0(V 0

r ; Wr )
jV 0

r j
< 2%pjWr j:
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This, however, implies that

degH (vr ) � j� G(vr ) \ Wr j � j� G0(vr ) \ Wr j

> (1 � � � 2%)pjWr j

� (1 � � � 2%)p(1=2 � 
 ) (1 � " )n

� (1=2 � (� + %+ 
 + ")) pn

�
1=2 � (� + %+ 
 + ")

1 + �
degG(vr )

� (1=2 � (2� + %+ 
 + ")) degG(vr )

� (1=2 � � ) degG(vr );

which violatesthe maximum number of edgesthat the adversaryis allowedto remove
at vertex vr . This contradiction shows that R satis�es Dirac's condition, and henceR
is indeedHamiltonian, and the proof of Lemma 16 is complete.
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