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Abstract

In this paper we prove several new lower bounds on the maximum number of
leavesof a spanningtree of a graph related to its order, independencenumber, local
independencenumber, and the maximum order of a bipartite subgraph. Thesenew
lower boundswereconjecturedby the program Gra�ti.p c, a variant of the program
Gra�ti. We use two of these results to give two partial resolutions of conjecture
747of Gra�ti (circa 1992),which states that the averagedistance of a graph is not
more than half the maximum order of an inducedbipartite subgraph. If correct, this
conjecture would generalizeconjecture number 2 of Gra�ti, which states that the
averagedistance is not more than the independencenumber. Conjecture number
2 was �rst proved by F. Chung. In particular, we show that the averagedistance
is lessthan half the maximum order of a bipartite subgraph, plus one-half; we also
show that if the local independencenumber is at least �v e, then the averagedistance
is lessthan half the maximum order of a bipartite subgraph. In conclusion,we give
someopen problems related to averagedistance or the maximum number of leaves
of a spanning tree.

In tro duction and Key De�nitions

Gra�ti, a computer program that makes conjectures,was written by S. Fajtlowicz and
datesfrom the mid-1980's.Gra�ti.p c, a programthat makesgraphtheoreticalconjectures
utilizing conjecturemaking strategiessimilar to thosefound in Gra�ti, waswritten by E.
DeLaVi~na. The operation of Gra�ti.p c and its similarities to Gra�ti aredescribed in [10]
and [11]; its conjecturescan be found in [13]. A numbered, annotated listing of several
hundred of Gra�ti's conjecturescan be found in [19]. Both Gra�ti and Gra�ti.p c have
correctly conjectureda number of new bounds for several well studied graph invariants;
bibliographical information on resulting paperscan be found in [12].
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We limit our discussionto graphs that are simple, connectedand �nite of order n.
Although we often identify a graph G with its set of vertices,in caseswherewe needto be
explicit we write V(G). We let � = � (G) denote the independence number of G. If u; v
are vertices of G, then � G(u; v) denotesthe distance between u and v in G. This is the
length of a shortest path in G connectingu and v. The Wiener index or total distance
of G, denoted by W = W(G), is the sum of all distancesbetween unordered pairs of
distinct vertices of G [16]. Then the average distance of G, denoted by D = D(G), is
2W(G)=[n(n� 1)]. Put anotherway, D(G) is the averagedistancebetweenpairs of distinct
verticesof G. (In the degeneratecasen = 1, we set W(G) = D(G) = 0.) Unlessstated
otherwise,when we refer to a subgraphof a graph G, we meanan induced subgraph.

Theorem 1 shown here is the �rst published result [20] concerningoneof the earliest
and bestknown of Gra�ti's conjectures,which statesthat the averagedistanceof a graph
is not more than its independencenumber. This conjectureis listed as number 2 in [19].

Theorem 1 ([20]). Let G be a graph. Then

D < � + 1:

Gra�ti's conjecturenumber 2 was then completely settled by F. Chung in [5], where
the following theorem is proved.

Theorem 2 ([5]). Let G be a graph. Then

D � � ,

with equality holding if and only if G is complete.

In his Ph.D. dissertation [28], the secondauthor generalizedTheorem2 somewhatby
characterizingthosegraphswith order n and independencenumber � that havemaximum
averagedistance, for all possiblevaluesof n and � . A di�erent, much shorter proof of
this result was later discovered independently by P. Dankelmann [6]. In 1992, Gra�ti
formulated a new generalizationof its own conjecturenumber 2. This conjecture,stated
hereasConjecture1, is listed asnumber 747 in [19]. For a graph G, we call the bipartite
number of G the maximum order of an (induced) bipartite subgraph. We denote this
invariant by b = b(G). (There are many bounds for the maximum number of edgesin a
bipartite subgraph; for such results, see[1], [3] and [22]. Someresults on the bipartite
number as we de�ne it can be found in [15].)

Conjecture 1 (Gra�ti 747). Let G be a graph. Then

D �
b
2

:

This conjecturehasbeenoneof the most circulated of Gra�ti's open conjectures(see
[29]). Fajtlowicz was interestedin this conjecturein the hope that its proof might result
in a moreelegant proof of Theorem2 (the current proofsare rather unwieldy). Note that
the following Conjecture 2, which is slightly weaker than Conjecture 1, also generalizes
conjecturenumber 2 of Gra�ti. The main resultsof this paper aresomepartial resolutions
of Conjecture 1 and a near resolution of Conjecture 2.
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Conjecture 2. Let G be a graph. Then

D �
l b

2

m
:

A set of vertices M of a graph G is said to dominate G provided each vertex of the
graph is either in M or adjacent to a vertex in M . The minimum order of a connected
dominating set, called the connected domination number of G, is denotedby 
 c = 
 c(G).
The maximum number of leavescontained on a spanningtree of G, calledthe leaf number,
is denotedby L = L(G). The problemof �nding a spanningtree with a prescribednumber
of leaveshasbeenshown to be NP-complete[24]; other computational aspectsof L have
also beenconsidered(see[23]). Gra�ti.p c recently conjecturedvarious apparently new
lower bounds for the leaf number L, two of which have implications for Conjecture 1.
Lower boundson L have received a lot of attention in the literature, partly becausethey
imply upper bounds on the connecteddomination number 
 c, which has also received a
lot of attention (note that L = n � 
 c). See[4], [26] for somereferences.The domination
number and the k-distancedomination number have moreover beenrelated to the average
distanceof graphsin the recent papers [7], [8] and [9].

Theorem 3 (Gra�ti.p c 177). Let G be a graph. Then

L � 2� � b+ 1:

Theorem 3 is actually weaker than the conjecture made by Gra�ti.p c (number 177
in [13]), which replacesthe constant 1 with the secondsmallest degreein the ordered
degreesequence(this is sometimesthe minimum degreeandsometimesthe secondsmallest
degree). Conjecture 177 remainsopen. The proof of Theorem 3 is not di�cult, but we
deferall proofs to a later section. The next theorem is the basisfor our main results.

Theorem 4 (Gra�ti.p c 173). Let G be a graph. Then

L � n � b+ 1:

Odd paths show that Theorem 3 is sharp, while odd cyclesshow that Theorem 4 is
sharp. The proof of Theorem 4 is really just a by-product of the greedy algorithm for
building a maximal connectedbipartite subgraph,carried a little further. Theorem4 can
be combined with the Lemma 5 stated below to give a partial resolution of Conjecture 1
(Theorem 8). The local independence of a vertex v, denotedby � (v), is the independence
number of the subgraph induced by its neighborhood. The local independence number
of a graph G, denoted � = � (G), is the maximum of local independencetaken over all
verticesof G.

Conjecture 3 (Gra�ti.p c 174). Let G be a graph. Then

L � n � b+ � � 1:
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Theorem 5. Let G be a graph. Then

L � n � b+
l �

2

m
:

Conjecture3, which generalizesTheorem4 for graphsthat are not complete,remains
open; however, the similar but weaker statement proven in Theorem 5 combined with
Lemma 5 givesa another partial resolution of Conjecture 1 (seeTheorem10).

The following lower boundsfor L are shown in [14].

Theorem 6 ([14]). Let G be a graph. Then

L � n � 2� + 1:

Theorem 7 ([14]). Let G be a graph. Then

L � n � 2� + � � 1:

Since2� � b, Theorem4 providesan improvement to Theorem6, which wasmotivated
asa conjectureof J. R. Griggs [14]. (We recently discoveredGriggs' conjectureis a result
of P. Duchet and H. Meyniel [17].) If Gra�ti.p c's conjecture174(listed hereasConjecture
3) is correct, it would provide an improvement to Theorem7.

A trunk for a graph G is a sub-tree (not necessarilyinduced) that contains a dom-
inating set of G. Hence,every spanning tree of G is likewisea trunk for G, and every
connecteddominating set is the vertex setof sometrunk. Therefore,if G contains a trunk
of order t, then t � 
 c.

Lemma 5. Let G be a graph with a trunk of order t � 1. Then

D(G) <
t + 3

2
:

Theorem 8. Let G be a graph. Then

D <
b
2

+ 1:

Upon consideringthe proof of Theorem 1, we can usean additional lemma (Lemma
7) to give an improvement on Theorem8 and a near resolution of Conjecture2 (Theorem
9). Let G be a graph with v a vertex of G. Then the total distancefrom v in G, denoted
by wG(v), is the sum of all distancesfrom v to the remaining verticesof G.

Lemma 7. Let G be a graph with a trunk M of order more than one, and let m be a
vertex with maximum total distance in G. Then if m 2 M , there exists a graph F with
V(F ) = V(G) and a vertex x 2 M , such that D(F ) � D(G), and moreover such that
M � f xg is a trunk for F .
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Figure 1: R(k; t; l)

Theorem 9 (Main Theorem). Let G be a graph. Then

D <
b
2

+
1
2

:

Thus if b is odd,

D <
l b

2

m
:

Theorem 10. Let G be a graph. If � � 5, then

D <
b
2

:

Let R(k; t; l) denotethe binary star on k + t + l vertices,wherethe maximal interior
path hasorder t and there are k leaveson onesideof the binary star and l on the other.
SeeFigure 1. Let R(n; t) denote the binary star of order n where the maximal interior
path has order t and the leavesare balancedas best possibleon each side of the binary
star.

Onemorepieceof terminology is needed.Let S be any subsetof verticesof a graph G.
Then the open neighborhood of S, denotedby N (S), is the set of neighbors of all vertices
in S, lessS itself. Any other more specializedde�nitions will be introducedimmediately
prior to their �rst appearance.Standardgraph theoretical terms not de�ned in this paper
can be found in [30].

A Few Lemmas

Lemma 1 provides a useful method for comparingthe total or averagedistance between
two graphswith the samevertex sets.

Lemma 1. Let G be a graph and A � V(G). Let B = V(G) � A. SupposeG 0 is a graph
suchthat V(G 0) = V(G), and also suchthat:

1)
P

u2 A

P
v2 A � G 0(u; v) �

P
u2 A

P
v2 A � G(u; v)

2)
P

u2 B

P
v2 B � G 0(u; v) �

P
u2 B

P
v2 B � G(u; v)

3)
P

u2 A wG 0(u) �
P

u2 A wG(u)
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Then W(G 0) � W(G). Moreover, if any of theseinequalities is strict, then W(G 0) >
W(G).

The proof of Lemma 2 involves only elementary algebra, counting, and limit argu-
ments; we thereforeomit it.

Lemma 2. For integersk � 0 and t � 1,

W(R(k; t; k)) = (t + 3)k2 + (t + 2)(t � 1)k +
t(t + 1)(t � 1)

6
, and

W(R(k; t; k + 1)) = (t + 3)k2 + k(t + 1)2 +
t(t + 1)(t + 2)

6
.

Moreover,

W(R(k; t; k)) � W(R(k; t; k + 1)) � W(R(k + 1; t; k + 1)), and

lim
k!1

D(R(k; t; k)) =
t + 3

2
.

The following Lemma 3 can be immediately deducedfrom Lemma 2.

Lemma 3. For integerst � 1 and n � t,

D(R(n; t)) <
t + 3

2
:

The next lemma is essentially Theorem 2 from [20], although the proof given here
is somewhatdi�erent. This lemma implies one of the most basic results about distance
in graphs: Among all graphsof order n, the path on n vertices has the maximum total
distance(and thus maximum averagedistance) [18].

Lemma 4. Let G be a graph with a trunk of order t � 1. Then

W(G) � W(R(n; t)) ,

with equality holding if and only if G = R(n; t).

To deducethe corollary that amongall graphsof order n, the path on n verticeshas
the maximum total distance, let T be a spanningtree of G. Then jTj = jGj = n. So by
Lemma 4, W(G) � W(R(n; n)), with equality holding if and only if G = R(n; n). But
R(n; n) is the path on n vertices.

Combining Lemmas3 and 4 gives the following Lemma 5, which provides an upper
bound on the averagedistancein graphswith a trunk of order t.

Lemma 5. Let G be a graph with a trunk of order t � 1. Then

D(G) <
t + 3

2
:
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The following lemma, which we state without proof, is an immediate consequenceof
results found in [18], Theorem3.3].

Lemma 6. Let T be a tree and let P be a path contained in T. Then if v is a vertex of
P, there existsa leaf x of P suchthat wT (x) � wT (v).

Lemma 7. Let G be a graph with a trunk M of order more than one, and let m be a
vertex with maximum total distance in G. Then if m 2 M , there exists a graph F with
V(F ) = V(G) and a vertex x 2 M , such that D(F ) � D(G), and moreover such that
M � f xg is a trunk for F .

Pro ofs

Lemma 1. Let G be a graph and A � V(G). Let B = V(G) � A. SupposeG 0 is a graph
suchthat V(G 0) = V(G), and also suchthat:

1)
P

u2 A

P
v2 A � G 0(u; v) �

P
u2 A

P
v2 A � G(u; v)

2)
P

u2 B

P
v2 B � G 0(u; v) �

P
u2 B

P
v2 B � G(u; v)

3)
P

u2 A wG 0(u) �
P

u2 A wG(u)

Then W(G 0) � W(G). Moreover, if any of theseinequalities is strict, then W(G 0) >
W(G).

Proof. It is enoughto prove 2W(G 0) � 2W(G), from which the conclusionfollows. Now,

2W(G 0) � 2W(G)
=

P
u2 V

P
v2 V � G 0(u; v) �

P
u2 V

P
v2 V � G(u; v)

=
P

u2 V

P
v2 V [ � G 0(u; v) � � G(u; v) ]

= 2
P

u2 A

P
v2 B [ � G 0(u; v) � � G(u; v) ]

+
P

u2 A

P
v2 A [ � G 0(u; v) � � G(u; v) ] +

P
u2 B

P
v2 B [ � G 0(u; v) � � G(u; v) ].

By 2) the last term is non-negative, hence

2W(G 0) � 2W(G)

� 2
P

u2 A

P
v2 B [ � G 0(u; v) � � G(u; v) ] +

P
u2 A

P
v2 A [ � G 0(u; v) � � G(u; v) ].

By 1) the secondterm is non-positive, hence

2W(G 0) � 2W(G)
� 2

P
u2 A

P
v2 B [ � G 0(u; v) � � G(u; v) ] + 2

P
u2 A

P
v2 A [ � G 0(u; v) � � G(u; v) ]

= 2
P

u2 A

P
v2 V [ � G 0(u; v) � � G(u; v) ]

= 2
P

u2 A [ wG 0(u) � wG(u) ].
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Figure 2: G and G0

By 3) the last term is non-negative, hence

2W(G 0) � 2W(G) � 0.

Condition 1 may seemsuper
uous in light of Condition 3; nevertheless,it is sometimes
necessary, as the two graphsG and G 0 in Figure 2 illustrate. Herewe take A = f a;bg. It
is easyto see wG(a) = wG(b) = wG 0(a) = wG 0(b) = 4, and � G(c;d) = � G 0(c;d) = 1. But
W(G) = 8 > W(G 0) = 7.

Lemma 4. Let G be a graph with a trunk of order t � 1. Then

W(G) � W(R(n; t)) ,

with equality holding if and only if G = R(n; t).

Proof. SupposeG is chosenso that its total distance is maximum. It su�ces to show
G = R(n; t). Let M be the given trunk for G of order t. We may assumeG is a tree,
sinceM can easilybe extendedto a spanningtree T of G with trunk M . We can dismiss
the caset = 1 out of hand; for if t = 1, then G is a star, i.e. G = R(n; 1).

Assume t � 2. Let L be a longest path in M , and suppose jL j = � . Label the
leaves of L, x and y. In addition, enumerate the non-trunk neighbors of x and y as
X = f x1; x2; : : : ; xpg and Y = f y1; y2; : : : ; yqg, respectively. Thus both X ; Y � G � M .
Let us assumep � q. Let z be the closestvertex to y on L other than y with degree
greater than 2 in G.

Claim: Either no such vertex z exists,or z = x.
Proof of claim. By way of contradiction, suppose z exists and z 6= x. Moreover,

suppose � M (y; z) = � . Since z is neither x nor y, � � 1 and � > � + 1. Let Z =
f z1; z2; : : : ; zj g denote the non-trunk neighbors of z, and let F = f f 1; f 2; : : : ; f i g denote
the neighbors of z with respect to M not on L. Finally, let A denote the union of the
components of G � f zg which contain somevertex in Z [ F . We derive a graph G 0 by
�rst deleting from G all edgesemanating from z which are sent to vertices in Z [ F . In
turn we add enoughedgessothat y is adjacent to each vertex in Z [ F: This amounts to
\transplanting" each of the components of A from z to y. SeeFigures3 and 4.
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Figure 3: A hypothetical graph.

Figure 4: The graph G0.

We now apply Lemma 1 to G and G 0. Clearly the �rst two conditions of the lemma
are satis�ed. By putting C = G � f X [ Y [ Lg, it can be seenthat for a 2 A:

i)
P

u2 X [ Y � G 0(a;u) =
� P

u2 X [ Y � G(a;u)
�

+ � (p � q),

ii)
P

u2 L � G 0(a;u) =
� P

u2 L � G(a;u)
�

+ � [� � (� � 1)], and

iii) for u 2 C, � G 0(a;u) � � G(a;u).
Hence wG 0(a) � wG(a), which implies the third condition holds as well. There-

fore W(G 0) � W(G). It is easy to seethat we can form a trunk of order t for G 0 by
�rst deleting the edgesf z; f 1g; f z; f 2g; : : : ; f z; f i g from M , and in turn adding the edges
f y; f 1g; f y; f 2g; : : : ; f y; f i g. But this contradicts our choiceof G.

Now the claim implies G = R(p;t; q). If p � q + 1, then G = R(n; t). So suppose
p > q+ 1. We derive a graph G 0 by �st deleting the edgef x1; xg, and in turn adding the
edgef x1; yg. Applying Lemma 1 to G and G 0 with A = f x1g, we have W(G 0) > W(G).
This follows from the supposition p > q + 1. But again we have a contradiction. Hence
G = R(n; t).

Lemma 7. Let G be a graph with a trunk M of order more than one, and let m be a
vertex with maximum total distance in G. Then if m 2 M , there exists a graph F with
V(F ) = V(G) and a vertex x 2 M , such that D(F ) � D(G), and moreover such that
M � f xg is a trunk for F .

Proof. SinceM is a trunk for G, M can easily be extendedto a spanning tree T for G
with trunk M . Clearly V(T) = V(G) and D(T) � D(G), and alsowT (m) � wG(m). Let
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L be the longest path in M containing m. Then by Lemma 6, there exists a leaf x of
L such that wT (x) � wT (m). If x is a leaf of T, then M � f xg is a trunk for T, hence
by putting F = T we are done. Otherwise, let Z denote the set of neighbors of x with
respect to T that are leavesof T. Let y denotethe unique neighbor of x with respect to
M . We derive a graph F by adding enoughedgesto T sothat Z [ f x; yg inducesa clique.
We now apply Lemma 1 to G and F with A = Z and G 0 = F . The �rst two conditions
of the lemma clearly hold. Becausefor z 2 Z ,

wF (z) = wF (x) = wT (x) � wT (m) � wG(m) � wG(z), the third condition holds also.
Thus D(F ) � D(G). But M � f xg is a trunk for F , so we are �nished.

Theorem 3 (Gra�ti.p c). Let G be a graph. Then

L � 2� � b+ 1:

Proof. Let A bea maximum independent set,and let B be the complement of A. Suppose
F is the subgraph induced by B. Moreover, supposeC1; C2; : : : ; Cm are the connected
components of F . If we color each of the vertices of A red, and color one vertex out
of each of the components Cj green, it is easyto seethat the colored vertices induce a
bipartite subgraph. Thus b � � + m. SinceG is connected,then each vertex of A must be
adjacent to a vertex of B . Thus B is a dominating set, but may not induce a connected
subgraph, in particular when m > 1. However, again sinceG is connected,there exist
vertices a1; a2; : : : ; ak 2 A where k < m such that M = B [ f a1; a2; : : : ; akg inducesa
connectedsubgraph. SoM is contained in a trunk T 0 for G. We cannow useT 0 to create
a spanningtree T for G, whereeach of the vertices in A � f a1; a2; : : : ; akg is a leaf of T.
Therefore,

L � jA � f a1; a2; : : : ; akgj
= jAj�jf a1; a2; : : : ; akgj
= � � k
� � � (m � 1)
= 2� � (� + m) + 1
� 2� � b+ 1.

Theorem 4 (Gra�ti.p c 173). Let G be a graph. Then

L � n � b+ 1:

Proof. We will show 
 c � b � 1, from which the result follows. Choose an arbitrary
vertex x0 of G and color it, say red. If G is not trivial, then we can choosea vertex y
in the open neighborhood N (x0) and color it another color, say green. Next we choose
a vertex z in the open neighborhood of the coloredvertices that is not adjacent to both
colors red and green(adjacent to either x0 or y but not both, in the �rst instance). We
color z the opposite color from its coloredneighbors, and we repeat this processuntil we
can no longer choosesuch a vertex z. Notice that the set of colored vertices induce a
connectedsubgraph. We will refer to thesecoloredverticesasthe set B0, and supposeT0

is a spanningtree of the subgraphinduced by B0.
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Next choosea vertex x1 outsideof B0 and its openneighborhood. SinceG is connected,
we can assumethere existsa vertex c0 in N (B0) such that c0 is adjacent to x1. If no such
vertex x1 exists, then we quit. Otherwise, color x1 red and continue as before. That is,
choosea vertex z in the open neighborhood of either x1 or the vertices coloredafter x1

that is not adjacent to both colors red and green. We color z the opposite color from
its colored neighbors, and we repeat this processuntil we can no longer choosesuch a
vertex z. Notice again that x1 and the set of verticescoloredafter x1 induce a connected
subgraph. We will refer to these colored vertices as the set B1, and suppose T1 is a
spanningtree of the subgraphinduced by B1.

When we reach stagej , we choosea vertex x j outside of B0 [ B1 [ : : : [ B j � 1 and its
open neighborhood. SinceG is connected,we can assumethere exists a vertex cj � 1 in
N (B0 [ B1 [ : : : [ B j � 1) such that cj � 1 is adjacent to x j . If no such vertex x j exists, then
we quit. Otherwise, color x j red and continue as before. That is, choosea vertex z in
the open neighborhood of either x j or the verticescoloredafter x j that is not adjacent to
both colorsred and green. We color z the opposite color from its coloredneighbors, and
we repeat this processuntil we can no longer choosesuch a vertex z. Notice that x j and
the set of vertices colored after x j induce a connectedsubgraph. We will refer to these
coloredverticesas the set B j , and supposeTj is a spanningtree of the subgraphinduced
by B j .

Once the algorithm terminates (assumeafter stagek), note that B0 [ B1 [ : : : [ Bk

inducesa bipartite subgraph. Let r j be a leaf of Tj other than x j . If x j is the only vertex
of Tj , then put r j = x j . SeeFigure 4. Supposev is an uncoloredvertex. Let f (v) be
the minimum integer such that v is adjacent to somevertex of B f (v) . Next we prove the
following claim.

Claim: Let v be an uncoloredvertex. Then v is adjacent to both a red vertex and a
greenvertex in B f (v) .

Proof of claim. If f (v) is unde�ned, this implies the algorithm terminated prematurely.
Hencewe can assumef (v) exists and v is adjacent to a vertex in B f (v) coloredred. Next
supposethere doesnot exist a greenvertex in B f (v) to which v is adjacent. But sincev
is not adjacent to any vertex in B0 [ B1 [ : : : [ B f (v)� 1, then the algorithm would have
selectedv for inclusion in B f (v) , meaningthat v is a coloredvertex, a contradiction.

For each uncoloredvertex v, let av denotethe neighbor of v in B f (v) other than r f (v) .
The prior claim guaranteesthat av exists. We arenow in a position to completethe proof.
We will construct a spanning tree T 0 for a dominating set M 0of G with order at most
b� 1. Thus T 0 is the required trunk and we are �nished. First, though, we construct a
spanningtree T for a somewhatlarger dominating set M . The verticesof M are

B0 [ B1 [ : : : [ Bk [ f c0; c1; : : : ; ck� 1g. (Note: The cj 's may not be unique.) The edges
of T are the edgesof each tree Tj along with each edgef cj ; x j +1 g and f cj ; acj g. Since
f (cj ) � j and cj is adjacent to x j +1 for each j , this implies there exists a path in T from
each vertex of M to x0. ThusM spansa connectedsubgraph. Moreover, the claim implies
that M dominatesG, so T is a trunk. We now construct M 0 and T 0 by deleting each
r j from M and T along with any incident edgesin T. Recall r j 6= av for any uncolored
vertex v. Also, either r j is adjacent to somevertex of B j or r j is adjacent to cj . Hence
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Figure 5:

M 0 continues to dominate G: We want to show T 0 is a spanning tree for M 0. Choosea
vertex v in M 0. Becauser j is a leaf of Tj , then the path in T from v to x0 remainsintact
in T 0, unlessrp = xp for someintegerp and the path from v to x0 in T contains the edges
f cp� 1; xpg and f cq; xpg, for someinteger q > p. Therefore,f (cq) = p and acq = xp = rp, a
contradiction to our choiceof acq .

We now know that T 0 is a trunk. But
jM 0j = jB0 [ B1 [ : : : [ Bk [ f c0; c1; : : : ; ck� 1g � f r 0; r1; : : : ; r kgj

= jB0 [ B1 [ : : : [ Bk j+ jf c0; c1; : : : ; ck� 1gj�jf r 0; r1; : : : ; r kgj
� b+ k � (k + 1)
= b� 1.

Theorem 5. Let G be a graph. Then

L � n � b+
l �

2

m
:

Proof. We will show 
 c � b�
l

�
2

m
, from which the result follows. The algorithm described

in the proof of Theorem4 starts with an arbitrary vertex x0, and if G is not trivial, then
x0 is an element of the �nal trunk T 0 constructed in the proof. Hence,we can run the
algorithm choosingx0 as a vertex of maximum local independence.By our choiceof x0,
the spanning tree T0 of the �rst bipartite component B0 has at least � leaves, of whichl

�
2

m
are in a commoncolor classof B0; let R0 be a set of

l
�
2

m
monochromatic leavesof

B0. SinceB0 is a maximal bipartite subgraph,every vertex not in B0 but adjacent to a
vertex of B0 must be adjacent to verticesof both color classes.Thus,

B0 [ B1 [ : : : [ Bk [ f c0; c1; : : : ; ck� 1g� (R0 [ f r1; : : : ; r kg) is a connecteddominating
set, and

jM 0j = jB0 [ B1 [ : : : [ Bk [ f c0; c1; : : : ; ck� 1g � (R0 [ f r1; : : : ; r kg)j
= jB0 [ B1 [ : : : [ Bk j+ jf c0; c1; : : : ; ck� 1gj�j R0 [ f r1; : : : ; r kgj

� b+ k � (k +
l

�
2

m
)

= b�
l

�
2

m
.
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Theorem 8. Let G be a graph. Then

D <
b
2

+ 1:

Proof. Combining L � n � b+ 1 and L = n � 
 c gives 
 c � b� 1. Then by Lemma 5,

D(G) <

 c + 3

2
�

b� 1 + 3
2

=
b
2

+ 1:

Theorem 9. Let G be a graph. Then

D <
b
2

+
1
2

:

Thus if b is odd,

D <
l b

2

m
:

Proof. The algorithm described in the proof of Theorem4 starts with an arbitrary vertex
x0, and if G is not trivial, then x0 is an element of the �nal trunk T 0 of order at most
b� 1 constructed in the proof. Hence,we can run the algorithm choosingx0 as a vertex
of maximum total distance. Then by the Lemmas5 and 7,

D(G) � D(F ) <

 c(F ) + 3

2
�

b� 2 + 3
2

=
b
2

+
1
2

:

Theorem 10. Let G be a graph. If � � 5, then

D <
b
2

:

Proof. Combining L � n � b+
l

�
2

m
and L = n � 
 c gives 
 c � b�

l
�
2

m
. Then by Lemma

5, and since� � 5,

D(G) <

 c + 3

2
�

b�
l

�
2

m
+ 3

2
�

b
2

:

Some Op en Problems

In addition to Conjecture 1 (Gra�ti 747), Gra�ti.p c 177, and Conjecture 2 (Gra�ti.p c
174), all of which remain open, we are aware of numerousother open problemsrelated
to averagedistanceor the leaf number that are worth mentioning. Many, but not all of
theseconjecturesare due to either Gra�ti or Gra�ti.p c. The following conjecture(circa
1996) is another long standing open conjectureof Gra�ti.
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Conjecture 4 (Gra�ti [13], conjecture 2). Let G be a graph. Then

L � 2(averageof � (v) � 1):

Recently, Gra�ti.p c madethe following conjecturerelated to L, which is reminiscent
of Dirac's famoussu�cien t conditions for a graph to have a Hamiltonian cycle or path.
Let � = � (G) be the minimum degreeof a graph G.

Conjecture 5 (Gra�ti.p c 190). Let G be a graph. If � �
L + 1

2
, then G contains a

Hamiltonian path.

For a graph G, let B be the set of verticesof maximum eccentricit y. Then the average
distance from the boundary vertices of G, denoted by D(B; V), is the averageof the
nonzerodistancesbetweenvertices of B and vertices of V(G). The following conjecture
is sometimesan improvement of Conjecture1.

Conjecture 6 (Gra�ti.p c 21). Let G be a graph. Then

b � 2 � D(B ; V):

Two of the best sourcesfor problems and conjecturesrelated to distance in graphs
are Gra�ti (see, for instance, [2]) and the classical1984 paper by J. Plesnik [27]. For
example,a problem that Plesnik addressesbut remainsunresolved is the following:

Problem 1. What is the maximum total or averagedistance amongall graphsof order
n with diameter d?

This problem seemsto be quite challenging. See[21] or [31] for recent related results.
Conjecture 7 is an attempt to make the problem more tractable, in a special case. Let
C(n) denotethe cycleof order n.

Conjecture 7. Let G be a graph with diameter d > 2 and order 2d + 1. Then

W(G) � W(C(2d + 1)):

Analogousto the notion of a trunk, we call a hoop for a graph G a cycle subgraph
(not necessarilyinduced) that contains a dominating set of G. We know by Lemma 5 an
upper bound on the averagedistanceof graphswith a trunk of order t, in terms of t. This
lemma provides an upper bound on the averagedistanceof graphswith a hoop of order
t as well.

Problem 2. What is a better upper bound on the averagedistance of graphswith a hoop
of order t, other than that given by Lemma5?

To close,let's return to Theorems3 and 4. We already observed that odd paths and
cyclesimply the lower bounds for L contained in thesetheoremsare sharp. It would be
an interesting (if perhapsformidable) undertaking to characterizethe caseof equality for
thesetwo theorems.

Nota bene: P. Hansenet al. have now shown in [25] that the averagedistanceof a
simple, connectedgraph is at most half the maximum order of an induced forest, using
strategiesdi�erent than our own. This settlesConjecture1 (Gra�ti 747).
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