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Abstract

2 2
In this paper, the closed-form expressions for the coefficients of i—; and x“:;ct in the
Dyson product are found by applying an extension of Good’s idea. As consequences,

we find several interesting Dyson style constant term identities.

1 Intro duction

Y o a
D.(x;a) = 1-— X ; (Dyson product)
1 i&j n Xj
wherex = (X1;:::;X%,) anda:= (a;;:::;a,)

Dyson [2] conjecturedthe following constart term idertity in 1962.
Theorem 1.1 (Dyson's Conjecture).

(au+ag+ -+ a,)!.
alay ---a,!

CTD,(x;a) =
where CT T (X) means to take the constant term in the X’s of the series f (X).
Dyson's conjecturewas rst proved independerly by Gunson|[5] and by Wilson [10].

Later an elegan recursiwe proof waspublishedby Good [4], and a conbinatorial proof was
given by Zeilberger[11]. Andrews [1] conjecturedthe g-analog of the Dyson conjecture
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which was rst proved, conbinatorially, by Zeilbergerand Bressoud12]in 1985. Recertly,
Gesseland Xin [3] gave a very di erent proof by using properties of formal Laurent series
and of polynomials.

Good's idea has beenextendedb;bse\eral authorsPThe currert interestis to ewvaluate
the coe cien ts of monomialsM : »oX;, where b = 0,in the Dyson product.
Kadell [6] outlined the useof Good's ideafor M to be xl ;22— and “32. Along this line,
Zeilbergerand Sills [9] presened a casestudy in experlmertal yet rlgorous mathematics
by describingan algorithm that automatically conjecturesand provesclosed-form.Using
this algorithm, Sills [8] guessecand proved closed-formexpressiondor M to be =, %
and 2%« Theseresultsand their g-analogswererecerily generalizedor M with asquare
free numerator by Lv, Xin and Zhou [7] by extending Gessel-Xin'sLaurernt seriesmethod

[3] for proving the g-Dyson Theorem.

The casesfor M having a squarein the numerator are much more complicated. By
. . . . 2
extendlng Good's idea, we obtain closedforms for the simplestcasesM = 7% and M =

-—. In doing so, we guessthesetwo formulas simultaneously written as a sum instead
of a smgle product. Our main results are stated as follows.

Theorem 1.2. Letr and S be distinct integers with 1 <r;s<n. Then

2 [o7% " az(l + a)
CT = s 1 — | Cp(a), 1.1
x .1'2 (X, a) (1 + a("))(2 + a(T)) |:((l ) Zz_: (1 + a() az):| (a) ( )
67,8
where a:= a; + ay+ -+ a,, a¥) ;= a—a; and C,(a) = (a1tas+ +an)!

ailaz! an!

Theorem 1.3. Letr;s andt be distinct integers with 1 <r;s;t < n. Then

a;(1+a)
(1 4 a(r))(2 + a(T)) [(CL +a,) ZZ:; m] Cn(a), (1.2)

61, s,t

CT %Dn (x,a) = ar

x a2

where a;a") and C,(a) are defined as Theorem 1:2.

The proofs will be given in Section2. In Section 3, we construct se\eral interesting
Dyson style constart term idertities.

2 Proof of Theorem 1.2 and Theorem 1.3

Good's proof [4] of the Dyson conjecture usesthe recurrence
X

D,.(x;a) = D.,.(x;a—e);
k=1

THE ELECTRONIC JOURNAL OF COMBINATORICS 15 (2008), #R36 2



wheree, ;= (0;:::;0;1;0;:::;0) is the kth unit coordinate n-vector. It follows that the
following recurrenceholds for any monomial M of degree0.

1 - 1
CXT MDH(X, a)= kzz:l CXT MDH(X, a ep).

Thus if we can guessa formula, then we can prove it by cheding the initial condition,
the recurrenceand the boundary conditions. This is the so called Good-style proof.

Our basictool for guessings Zeilbergerand Sills' Maple padkage GoodDyson. For the
casesM = x?=x? and M = x?=(x,X,), the padagecan guessthe formulas for n = 2; 3; 4,
but not for n > 5. Howeer, the results seemchaotic. Surprisingly, the formulas become
nice when corverted into partial fractions (by Maple). This leadsus to comeup with
Theoremsl1.2 and 1.3.

To prove our theorems, we denote by F(r;s;a) (resp. G.(r;s;t; a)) the left-hand
side of (1.1) (resp. (1.2)), and by Fx(r;s;a) (resp. Gg(r;s;t; a)) the right-hand side of
(1.1) (resp. (1.2)). Without lossof generality, we may assumer = 1;s= 2andt = 3in
Theoremsl.2 and 1.3, i.e., we needto prove that

Fr(a) = Fr(a); G.(a) = Gg(a);

whereF(a) := F(1;2;a) and we usesimilar notations for Fr(a); G.(a) and Gr(a).

2.1 Initial Condition

We can easily verify that

Fr(0) = Fr(0) = O G.(0) = Gg(0) = Ot

2.2 Recurrence

We needto shaw that Fz(a) and Gi(a) satisfy the recurrences

Fr(a) = kf:lFR(a er), (2.1)
Grla) = zn:GR(a er). (2.2)
In order to do so, we de ne -
Hifa):= 5 +a;<(1?)1(2 i)am)c"(a)’
Ha(a) =5 +aal<(1(>z)(+2a+l)a<1>)c"(a)’
Hi(a) == aai(l +a) Co(a), i=34,...,n.

1+a®)2+aM)1+aD a;)
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P P
ThenFgr(a) = Hi(a)+ [ ,H;(a) andGg(a) = Hy(a)+ [_,H,(a). Thereforeto prove
(2.1) and (2.2), it su ces to show the following:

P
Lemma 2.1. For eachi = 1,2;:::;n, we have the recurrence H;(a) =  _, H;(a—ey).

Proof. 1. For H,(a),

" (a1 D@ 2) " aa 1)
kzlel(a ep) = a e )(21+ a(l))C w(a ep) +k:2 mcn(a er)
_ (11 al 2) n araq(aq 1)
N { 1+ al 2+a(1)) +gm]cn(a)
_ 2) al(al 1)
[y e

CL1 aj 1)
~ (1+aD)(2+aD)

2. For Hy(a),

- o (a1 1)(a —+ a7 2) al a _|- al )

ai(ar 1)(a+a; 2) aa(a+a 1)
|: ;11+ a(®) )(2 +11(1)) +Z Zail)(l—i—;(l)) }Cn(a)

(
ar(ar D(a+ar 2) a(a+a; 1)
[ a(l+a®)(2 4 a) a(1 + a®) ]Cn(a)
(

ai(a+ap)
N (1+ (11(1))(2 _:_ a(l))Cn(a) = Hs(a).

3. For H;(a) with i = 3;:::;n, without lossof generality, we may assumei = 3.

X
Hi(a —ex)
k=1
aaz(a; — 1) aa;as
= Ch(a—e Ch(a—e
(1+a®)(2+a®)(1+a® —ay) n 1)+ a® (1+a®)(@® — ag) n 2)
aai(ag —1) aa az
Ch(a—e Ch(a—e
T (a0 (11 —ap) "@T® T GO a0) @@ ) "R
alag(al — 1) aiapas
= Cnh(a Cnh(a
(Ta)2+a®) (1 1a® —ag " @t 01520 )@@ —ag) " @
ajaz(az — 1) aiaz(@a—ai —ap — as)
a C
T a1+ a®) (1 a® —a) " @ T e (15 a® ) —ag) " @
7 aiaz aa—1 az3—1 (a—a;—az)(l1+a?® —az) c
“Tra®)(1ta® —a) 21a® | a® a® (a® —ag) (@)
ajaz(1+a)
= Ch(a) = Hs(a):
1 Ta®)2+a®) (1 1a® —ag) @ =M@
This completesthe proof. O
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2.3 Boundary Conditions

Now we considerthe boundary conditions. For any k with 1 < k < n,

n ai
Dy (x, (a1, a5 1,0,ak41,...,an)) = Dy 1(x el H< >
ik
wherex™ = (X1:::0; X, 1) Xke1) 00 X,): Thus we have
2
x . .
CT —gDn(x,(al,...,ak 1,0,ak41,...,a,)) =CT P, D, L(x™ Al (2.3)

x  x] x()

whereP,, is given by

2 n ,
T””2|| Ty
=2 -
k 1@1 k

&k
0, k=1,
L] (el a4 T (D)5 T aq, k=2
3 i<j n
j—é, otherwise.
1
Taking the constart term in the x's of (2.3), we obtain
FL(ala"'vak 1707ak+17---7an)
0, k=1,
_ CT(( )—i—alZa, —i—Z(“') > a,-aj%)Dn ((x®ay k=2
= x(2) i=3 i ml 3 i<j n 1
<;I>‘ i—gDn 1(xh’“',ahk')7 otherwise.
x 1
By Theorem1.1and [8, Theorem1.1], we have
e () D, 1 a2y @ Ve
x2\2) " ’ 2 " ’
. . 2 (¢ .
ki iy _ 21 (a az) rei
CTalzal TL 1 X ,a )— H_a(—l)azcn l(a )
Sowe obtain the following boundary conditions (also recurrences)
FL(ala"'vak 1707ak‘+17"'7an)
0, k=1;

2 (1) .
(242 e )
+Z (W) Fr(ld,a®)+ Y aa;Gr(l,4,5,a™), k=2
3 i<j n
Fr(a hk')a otherwise.
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FR(al'B:::;ak 150811500 ay)

% 0; k= 1;
ai(a a? o™ i
1(21 1 11(1(1) C, 1(ahZ|)
= P o P i (2.4)
E + , Fr(10;a™)+ a,8,Gr(L;1; J; a™); k= 2;
i=3 3 i<j n
Fr(a™); otherwise.
For Go(a;;:::;a 1;0;a441;:::;8@,), Similar computation for % = m;? yields the
boundary conditions:
Gr(ag iha 108 an)
0; k=1,
% a? i TN ) P n L i Al .
_ 1JFWCH (@™) —agkFr(1;3,a™) — L, a6 (L 30 aY);, k=2
8 25 Ch (@) —aF (L, 2a™) - L,aGL(L2ia™); k=3
Gp(a™); otherwise,
sowe needto provethat Gg(a;;:::;ax 1;0;ax.1;:::;a,) satis es the following boundary
conditions:
GR(al'S:::;ak ;0 a1 an)
% 0; k=1,
af ei . 2. AR P, s AN L — o
— WCTL l(a ) - a3FR(1131 a ) - P i=4 afiGR(llsi I, a )l k - 2) (2 5)
3 wCu (@) —aFr(L;2a™) - L, aGk(L; 20 a™); k=3
" Gp(a™); otherwise.

Theseare summarizedby the following lemma.

conditions (2.5).

Proof. We only prove the rst part for brevity and similarity.

Sincethe casek = 1, 3;:::;n are straightforward, we only prove the casek = 2. Note
that during the proof of this lemma, we have a") = a, + a;+ ---+ a, = ag+ --- + a,
becausea, = 0.
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X g X aj IRAEETC S R aj B a;
1) _ a8 1) _ A 1) _ A
s 2 a2 1+ - 1+a® -3
j7i
T X a X 3 g2
=5 @-a)  ma 1fa<1>la»
i=3 j=3 1 i=3 !
T2 1+a<?> —aq af —a® 1+a<1j> —a 1+Ia(1> ol (26)
j=3 1 i=3 j=3 8 i=3 &
we have
X a
' Fr(1;i;a®?)
i=3
1 1 1) _ -
(I+a®)(2+a®) . 2 = 1+a® — g
i7i
= al(g)1 2 ) 8 Zj) 8 af —a g 2j)
2(1+am)(2+alb) =3 l+a® —a . 1+ald — g
X a.3_ 2 -1
i — & ) a(a—1) 2 A ()
- ——  Cn_1(a a- —a C a by (2.6
L Tram —a @ P g a8 Han) et
(1) _ X : X
aat (ag — 1) 5 3
=— Choi(@®)— (1+a S S 2
21+a®)2+a®) " @) (1+ ),-:3 1+al® — g i:3a1
X ad a2+ aa® X
—(1+a J 3 7 (-1 2 ; 2.7
(+a) F g ——@-1) 4 2.7)
j=3 i=3
. a1 iy -
where = —2(1+a<1))(2+a<1))cn (a™):
Obsene that
1 n
1))2 2
> wa = 32 > 29
3 i<j n k=3
and
X aa X a X aa X a a 3
1 1) _ - 1) _ - 1) _ o 1) _ A
s<id <n gy IT+a® —ac o g 1ta® —ac 14+a® —a 1+a® —g
_x X ax X afay X aaf
- 4% 11 a0 g 1+a® _a 1+a® —4
3<i<j <n k=3 3<i<j <n I 3<iq <n 8
1 X XX a2a;
T2 1+ a f- af [T a® by (2.8)
k=3 “Fa —ak i=3 i:3j:3 _l’_a _ai
i7i
1 X X X az(aV — g
& w2l a? — a@l —a). (2.9)
2 1+a® —ag s 1+a® — g
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Thus we obtain that
X
aia Ggr(1;i; j; a®)
3<i<j <n
ai X X a(1+a)

= ia (a+ap)— —
(1+a®)2+a®) <na‘a‘ (@+a) s 1+a® —a

k71

Cn 71(a<2>)

a(a+ay) X )
= a8 Ch_1(a'”’)
1 1
(1+a®)(2+aD) s<iq <n

ai(1+a) X aa X ax
- 1 1 i 1) _
(1+a())(2+a())3§i<j n = 1+a® —a
1)

Cn 7l(a<2>)

a;(l1+a)
2(1+a®)(2+al®)
a,-z— 0 2 +2>@ a?(a(l) —a)
i=3 L+a® —a

X ax X

1) _
wes 1HAY Ak
X X a®)2 — 2a2a@® 4 233
—(a+a) a—(1+a) a(@™) & k.
k=3 k=3 1+a® —a

al(a+al) ( 1) )2 _X]
21 +a®)(24aW)

X a x
T _
k:31+a<) a

k=3

X Cn_1(@?) by (2.9)
i=3
ai(a+ag)(a®)?
2(1+a®)(2+aW)

2

Cn—l(a<2>) + (1 +a) g

(2.10)

Obsene that

" a?  a?+ajaV)
J J J 1) Za2

(1 + (l) 1 T (l(l) (Ij + (aq

=3

<
Il

" ap(aM)?  2a2aM) + 24}

2
(a—i—al)kzzgak 1+a)d> a0

k=3

@} a2 +aiaV g (aM)? 4 2a2aM) =,
Z a0 o (1+a)2ai

n

D a) (a2 - aa . n
Z (1+a a;)(a; +2a; a;a'V)  2q (1+a) Z o2
=3

1+ a(l) a;

n n 2a;

B Caa® —
=(1+a) ;(2(1@ aa’’)  (1+a) ZZ:; 14+a® g
:a(l)(l +a)(2 a(l)) (1+a) Z

=3

2CLZ‘

_ 2.11
Ta a (2.11)

and
aa®(1+a)(2-a)  aa®(a -1) a@a+a)@®)”  a(a -1 afa®
21+a®)(2+a®)  2(1+a®)2+a®) = 2(1+a®)(2+aD) 2 1+al

ar(a; — 1) _
1+ al(l) )1(2 +a®)’ (2.12)
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Thereforeby (2.7), (2.10), (2.11) and (2.12), we have

ar(fa; 1) a}a® R
9 1:—CL( n 1 +Z FR 1,Z,al’12 )+ Z CLiCLjGR(l,ij’aml)

3 i<j n

= FR((Il,O,CLg, s 7an)'

That isto say Fr(a;;0;as;:::;a,) satis es boundary conditions (2.4). O

2.4 The Pro of

Now we can prove Theorems1.2 and 1.3. Without loss of generality, we may assume
r=1s=2andt= 3in Theoremsl.2and 1.3.

Proof of Theorems 1.2 and 1.3. We prove by induction on n for the two theoremssimul-
taneously Clearly, (1.1) and (1.2) hold whenn = 2; 3. Assumethey hold if n is replaced
by n—1. Thenfor k = 1;2;:::;n, (1.1) and (1.2) give

F.(r;s;a™) = Fp(r;s;a™);
G.(r;s:t;a™) = Gg(r:;s:t; a™):

boundary condltlons Additionally F;(a) and FR(a) ( resp G.(a) and Ggi(a) ) have the
sameinitial condition and recurrence. It follows that F;(a) = Fgr(a) ( resp. G.(a) =
Gr(a) ). O

3 Several Dyson Style Constant Term Iden tities

By linearly combining Theorems1.2 and 1.3, we obtain simple formulas.
Prop osition 3.1. Letr;s;t;u, and Vv be distinct integers in {1;2;:::;n}. Then

(Xs - Xt)(xu - Xv)
cT v

D.(x;a) = 0; (3.1)

(Xs — xu)(xs — Xy) . a,(1+ a) .

CT D.(x;a) = “Eran)i+al _a) C.(a); (3.2)
(Xs t)2 L. a(l+a X 1 _

CT ——5— 2 D.(x8) = ——5 —& _ Twan- 5, Cn(@): (3.3)

It is worth mertioning that (3.3) follows from (3.1) and (3.2), since
(Xs - Xu)(xs - Xv) + (Xt - Xu)(xt - Xv) = (Xs - Xt)2 + (Xs - Xu)(xt - Xv) + (Xs - Xv)(xt - Xu):

A consequencef Proposition 3.1is the following:
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r < n be a positive integer with v € | . Then we have
P

; 2
?T:nl ( - 1)J Xij

X7

_a(l+aX 1

cr 2+ a"n 1+ aln) —
j21

X

D,(x;a) =

a-C”(a):

J

Proof. Obsene that

(_1)inj = (Xi2 - Xil) + (Xi4 - XiS) et (Xi2m - Xiszl)
j=1
) X Xe
iom Xi2m71) + (Xi2k - Xi2k71)(xi2l - Xi2|71):

k=1 [=1
&k

= (Xiy = Xi,) 2+ -+ (X

The corollary then follows by (3.1) and (3.3). O

Discussions: As we have seenin the proof, we needto guessthe formulas of Fz and Gy
simultaneously This is unlike the coe cients for M = x,x;=x> and M = X,X;=(X,X,),
which have reasonableproduct formulas and are equal!

The cubic cases are M with x2x, or x2 in the numerator. In both caseswe have three
sub-casedor the denominator, and needto guessthree coe cien ts simultaneously The
current dicult y is that we can not obtain enoughdata: the GoodDyson padkageis no
longere ective for n > 5.

Our next project, suggestedy the referee,will beto nd Zeilberger-syle conmbinato-
rial proofsasin [11], at leastof formula (3.1), and hope sud proofs may lead the way for
the cubic cases.

The study of the g-analogsof theseformulas will follow a completely di erent route
and will not be discussedn this paper.
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