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Abstract
A group divisible Steiner quadruple system is a triple (X;H;B) where X is a
v-elemen set of points, H = fHy;Hy;:::;H;g is a partition of X into holes and

B is a collection of 4-elemen subsetsof X called blacks sudh that every 3-elemen
subsetis either in a block or a hole but not both. In this article we investigate the
existenceand non-existenceof these designs. We settle all parameter situations on
at most 24 points, with 6 exceptions. A uniform group divisible Steiner quadruple
systemis a systemin which all the holeshave equal size. Thesewere called by Mills
G-designs and their existenceis completely settled in this article.

1 Intro duction

Given a partition H = fHy;Hy;:::;H,g of a set X we say that a subsetT X is

transverse3-elemen subsetswith respect to H calledtriples sud that:
1. ewery transversepair is in a unique triple;
equivalertly
2. ewery pair is either in a hole or a triple, but not both.

Following thesetwo equivalert de nitions we seethat there are two natural ways to
generalizethe conceptof group divisible Steinertriple systems.
First, atransversequadruplesystemis a triple (X;H;B) whereX is a v-elemen set of

verse4-elemen subsetswith respect to H called quadruplessud that ewery transverse
3-elemen subsetis in exactly one quadruple.
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This article will concertrate on the secondgeneralization. A group divisible Steiner
qguadruple system is a triple (X;H;B) where X is a v-elemen set of points, H =

setsof X called blacks sud that every 3-elemem subsetis either in a block or a hole but
not both.

Let h; = jH;j be the sizeof the hole H; 2 H. The type of a quadruple systemis the
multi-set f hy; hy;:::;h g of holesizes.It is our customto write sj*sy2:::sim = h;h,  h,
for the type of a quadruple systemwith u; holesof sizes;, i = 1;2;:::;m. If all the holes
have the samesize h, then the quadruple systemis said to be uniform. Sud a system
would have type h' for someu.

A transverse Steiner quadruple system of type sj!sy2:::sim is denoted by
TSQS(s;sy?:::sum), and a group divisible Steiner quadruple system of the sametype
is denotedby GSQS(s)*s;? :::sym). We may alsowrite GSQS(h;h,  hy) for a GSQS

he called them H -designsand G-designsrespectively, [21, 22]. (He alsocallsthem H and
G systems.) The currert status on the existenceof H -designsis givenin Theorems 2, 3,
and 4. The existenceof G-designsis completely settled in Theorem 10.

Becauseewery block of a GSQS cortains exactly 4 triples and thesetriples are not in
any hole, it is easyto court the number of blocks.

Theorem 1 There are exactly

blacksin a GSQS(h;h,  h;) and conseuently,
h;
(mod 4): (2)

The following result on transverseSteiner quadruple systemswas establishedby Mills
in [21].

Theorem 2 (Mills, 1990)Foru 4, u6 5, a TSQS (h') existsif and only if hu is even
andh(u 21)(u 2) 0 (mod 3).

As reported in Lauinger et. al., 2005[20], with referenceto the caseu = 5, Mills [21]
notesthe non-existenceof a TSQS of type 2° (proved by Stanton and Mullin [24]). The
existenceof a TSQS of type 6° is shavn by Mills in Lemma 7 of [22]. Mills reports the
existenceof a TSQS of type 4° but does not presen a construction for it. Lauinger,
Kreher, Rees,and Stinson give a construction in [20. (Hartman and Phelps (Section
7 in [12]) commen on the relevance of this designto the Granville-Hartman bound for
embeddingsof SQSs.) The following result was obtained by Lauinger, Kreher, Rees,and
Stinsonin [20].
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Theorem 3 (Lauinger, et. al., 2005[20)) There existsa TSQS of type h® for all h
0;4;6; or 8 (mod 12).

This result wasrecerly improved by L. Ji [14].

Theorem 4 (L. Ji, 2008[14]) There existsa TSQS of type h® if h is even,h 6 2 and
h6 10or 26 (mod 48).

Let (X;H;B) beaGSQS andlet S X. The derived designwith respectto S is a
triple (X% H%BY whereX®= X nS,B%°=fBnS:S Bg,andH%= fH;\ X% H; 2 Hg.
Following are somenecessaryonditionsfor the existenceof a GSQS that canbe obtained
by consideringderived designs.

Theorem 5 If a GSQS(h;h, h;) exists,thenv = h; + h, + + h, is even.

Proof. Considerthe derived designwith respectto S = fx;yg sud that x 2 H; and
y 2 Hj, for somei 6 j. This derived designforms a matching on the other v 2 points.
Therefore,v 2 0 (mod 2), sov is even.

Example 6 If all the holeshave sizel, then a GSQS is an SQS(v). Hencea GSQS(1Y)
existsif andonly if v 2or4 (mod 6).

Lemma 7 If a GSQS(hih, h;) exists, then all of the holeswhich have size greater
than one are even.

Proof. Letv= h;+ hy + + h, be the number of points. Considerthe derived design
with respectto S = fx; yg sud that x;y 2 H; for somei, wherejH;j > 2andx 6 y. This
designforms a matching on the other v jH;j points. Therefore,v jH;j 0 (mod 2).
Thus applying Theorem5 we seethat jH;j is even.

The next theorem provides necessary conditions for the existence of a
GSQS(h;h,  hy) onv points. Note in particular the condition provided by Equation 1
is redundart, becausdahe number of points and all the holesof sizelargerthan 1 are even.

Theorem 8 (Necessaryconditions) If a GSQS(h;h, h;) on v points exists, then
1. eitherv 0 (mod 6) and all the holesare of size0 (mod 6),

2.orv 2or4 (mod6)andh;=21orh; 2or4 (mod®6), foralli=21:::r.

Proof. If (X;H;B) is a group divisible Steiner quadruple systemon v = jXj points and
x 2 H 2 H, then the derived designwith respect to x is an incomplete Steiner triple
systemof orderv 1 with a hole of sizejHj 1. The number of triples in sud a system
is

1 v 1 jHj 1

3 2 2
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Thusif jHj = 1 or 2, we seethat % V21 is an integer and consequetly, becausev is

even by Theorem5we havev  2or 4 (mod 6). If jHj > 2, then we obtain jHj?  v2
(mod 3). Consequetly, if thereis a hole of size0 (mod 6), then all the holesmust have
size0 (mod 6) andalsov 0 (mod 6).

Now supposejH;j 2or4 (mod 6) for somei and jH;j > 2,thenv? 4 (mod 6)
and it followsthat v. 2or4 (mod 6).

Remark 9 Kreher and Rees[16] have showvn that the maximum size of a block in any
Steiner t-wise balanceddesign has size at most v=2 whent is odd. (Kramer [18], had
already establishedthis for t = 3.) Thus if there existsa GSQS on v points, then the
maximum sizeof a hole is v=2.

2 Existence and non-existence results

Considerany pair of holesH; and H, that have the sameewen cardinality m. Construct

factorization for i = 1 andi = 2. Pair the one-factorsof F; and F, to construct blocks.
That is for i 6 | we take as blocks fa;b;c;dg wherefa;bg 2 F; and fc;dg 2 F;,,
k=1;2;:::;m 1. Theseblockswill covertriples consistingof two points from H; and one
point from H, or onepoint from H; and two points from H,. Wereferto this construction
as the doubling one-factorization or DOF construction, and write DOF (H;H,) for the
set of quadruplesso obtained.

The uniform case,where all the holes are of the samesize, can be completely set-
tled by using candelabraquadruple systems,Theorem 2, the doubling one-factorization
construction and a result of Hartman or Lenz.

Necessaryconditions for the existenceof a uniform GSQS(g“) can be obtained as
follows. If g = 1, then a GSQS(g") is an SQS(u) which existsif and only if u = 2 or 4
(mod 6). Sosupposeg > 1 and a GSQS(g") exists. Then g is even by Lemma7 and we
considerthe derived designwith respectto a point. Weobtaina2-(gu 1;f3;(g 1)°g;1)
design,i.e. an incomplete Steinertriple systemof ordergu 1 with a hole of sizeg 1.
The number of triples in sud a designis

1 ogu 1 g 1

3 2 2

Hence
(u I)(gu 2) (9 1)(g 2) (mod 3):
Thus consideringthe possibilitiesfor g (mod 3), we seethat

glu I)(u 2) 0 (mod 3):

A Candelaba quadruple system of type (gi'gs? g : s) denoted by
CQS(gi'gy?  g¢« : s) is a quadruple (X;S;H;B) where X is a set of sizev =
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S+ Nnig; + Nygp + + NGk, S is a subsetof X of sizes, and H = fHy;Hy;:::;H,g
is a partition of X nS of type gi*g3? g, r = ny+ ny+  + ng. The setB con-
tains 4-elemen subsetsof X called blacks sud that every 3-elemen subsetT X with
JT\ (S[ Hj)j < 3for all i is cortained in a unique block and no 3-elemeh subset of
S| H; is cortained in any block. The members of H are called the branchesand S is
called the stem.

A short survey of candelabraquadruple systemscan be found in [12]. Here we will
usethe existenceof a CQS(g* : s) for all eeeng and s with g s, which was established
by Granville and Hartman [7]. Starting with a CQS(g* : g) , if we apply the DOF con-
struction betweenead branch and the stem, then the result is a GSQS(g®). Theorem 2
of Mills establishesnecessaryand su cient conditions for the existenceof TSQS (g") for
allu 4,andu 6 5. Thus when g is even we can again apply the DOF construction
between eat pair of holesto obtain a GSQS(g"). The existenceof a GSQS(g®) for
g O (mod 6) hasbeenproved by Hartman [9], alsoby Lenz [19]. It is easyto see
that a GSQS(g?) existsif and only if g is even, by applying the DOF construction.

The conbination of the above results yields the following theorem.

Theorem 10 There exists a GSQS(g") if and only if eitherg = 1 andu = 2or 4
(mod 6), or gisevenandg(u 1)(u 2) 0 (mod 3).

This theorem surprisingly doesnot already appear in the literature.
A holeH of a GSQS canbe lled in with any GSQS of order jH ] thus we obtain the
following usefultheorem.

Theorem 11 If there existsa GSQS(h;h, h;) anda GSQS(g:0 gs), whee h, =
Ot gt + gs, thenthere existsa GSQS(h:h, h, 1010  Qs) .

In particular holesof size2 can be replacedby two holesof size 1, and in this case
the cornverseis alsotrue, becauseholesof sizel and 2 do not cortain any triple. Thuswe
have the rather obvious but useful pair of theorems.

Theorem 12 A GSQS(1*2q1g, o) existsif andonly if a GSQS(1**22 g1, g )
exists,g > 2,i=1,2;:::;r.

Theorem 13 There existsa GSQS(1"2%) if andonlyif u+ 2w 2or 4 (mod 6), and
a GSQS(142%41) existsif andonly if u+ 2w  Oor 4 (mod 6), u;w 0.

Proof. A GSQS(1'2%) existsif andonly if u+ 2w 2or4 (mod 6) becausst is just an
SQS(u+ 2w). If u+2w 0Oor4 (mod 6),thenu+2w+4 2or4 (mod 6), sothere
existsan SQS(u+ 2w + 4). Remove oneblock from this design,and form the hole of size
4 with the points from this block. Form the remainingu holesof sizel and w holesof size
2 with the remaining points. Every triple is cortained in exactly one block, sothe only
triples that are cortained in a hole are the onesthat are in the hole of size4. Howe\er,
this block has beenremoved from the design,sowhat remainsis a GSQS(1!2V4%).
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Conversely given a GSQS(1"274%) we can Il in the hole of size4 with a quadruple
and obtain aSQS(u+ 2w+ 4). Therefore,u+2w+4 2or4 (mod 6). Thus,u+2w 0
or4 (mod 6).

This result can be generalizedto Steiner quadruple systemswith m disjoint blocks.

Theorem 14 A SQS(v) with m disjoint blacks, existsif and only if a GSQS(1*2Y4™)
existswherwe, x;y > 0Oandx + 2y + 4z = v.

Proof. Remove the m disjoint blocks in the SQS(v) to form m holesof size4. On the
remainingv  4m points form y holesof size2andx = v 2y 4m holesof sizel. Every
triple is cortained in exactly oneblock, sothe only triples that are cortained in holesare
the onesthat are in the holesof size4. Howewer, theseblocks have beenremoved from
the design,sowhat remainsis a GSQS(1*2Y4™).

Conversely given a GSQS(1*2Y4™M) where,x;y > Oandx + 2y + 4z = v, Il in the
holesof size4 with a block to obtain a SQS(Vv).

Using Theorem 14 we can shav that the necessaryconditions givenin Theorem8 are
su cien t, whenthe number of points is at most 18.

Theorem 15 A GSQS(h:h, hy) onv 18 points existsif and only if
1. eitherv 0 (mod 6) and all the holesare of size0 (mod 6),

2.orv 2or4 (mod6)andh;=21orh; 2or4 (mod®6), foralli=21:::r.

Proof. Theseconditionswere shavn to be necessaryin Theorem8. For the corverse rst

assumev 18andv 0 (mod 6). Thenv 2 f6;12 18y and we seeby Remark 9, that

all the holeshave size6. Hencethe GSQS is uniform and thus exists by Theorem 10. If

v 2 f1,;2;4g, the required GSQS trivially exists. If v 2 f8; 10; 14g the maximum sizeof a

holeis 4. Thusit is su cient to construct a SQS(v) with m = bjc and use Theorem 14.
The unique SQS(8) and SQS(10) canboth easilybe shavn to have 2 disjoint blocks.
An SQS(14)onV = fx; : X 2 Z7;i 2 Z,g is obtained whenthe v e baseblocks

f30;40;31;49  f00;10;20;409  f00;11;20;49  f40;50;21;319  50; 60; 115210

are deweloped with the automorphismsx; 7! (3x); and x; 7! (x + 1);. This SQS(14)
contains the disjoint quadruples

f30;40;31;409  £20;50;21;5:9  flo;60; 14; 6:10;

which can be seenby dewlopingthe rst baseblock with the rst automorphism. This
SQS(14) appearsin Example 5.29 of Part 11 of the CRC Handbook of Combinatorial
Designs[5].

If v = 16 and the maximum size of a hole is 4, we obsene that a SQS(16) with 4
disjoint blocks is equivalert to a GSQS(4%), which exists by Theorem 10. The desired
GSQS on 16 points can then be constructed by using Theorem 14. If a hole of size8 is
required, we rst construct a GSQS(8?) using Theorem 10. A hole of size8 canthen be
lled in with a GSQS on 8 points to obtain the desiredGSQS on 16 points.

The necessaryconditions provided by Theorem 8 are in generalnot su cient asthe
following theorem shaws.
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Theorem 16

a. If a GSQS hasonly three holes,thenit hastypehg?, g 2h 4g,andhg(h+g) O
(mod 3).

b. There deesnot exista GSQS of type 1*24*bg whenc> b> 4= x + 2y + 4z.

Proof. For Part a, let (X;B;H) be a GSQS(abg with holesA, B, C, wherea = jAj,
b= jBj and c = jCj. We classifytriples and possiblequadruplesaccordingto how they
intersectA; B;C. For m = 3;4, let

Sm(i;j; k) =S X :j§j= 3(jS\ Aj;jS\ Bj;jS\ Cj) = (i;j; k);i+ ] + k= mg

The cardinality of Sp(i; j; k) is § ?

. . Let M be the incidencematrix de ned by
M [Ss(i; J; K); Sa(i%j Sk = f T 2 Sa(is j; k) : T 2 Qgjj;

whereQ 2 S,(i%j % k9 is any represetative. Then M is the 7 by 6 matrix:

S4(2;2;0) S4(2;0;2) S4(0;2;2) Sq(2;1;1) Sa(1;2;1) Su(1;1;2)
S:(2:1,0) 2 0 0 1 0 0
S:(2:0; 1) 0 2 0 1 0 0
S:(0:2:1) 0 0 2 0 1 0
Ss(1; 2; 0) 2 0 0 0 1 0
Ss(1;0; 2) 0 2 0 0 0 1
S3(0;1;2) 0 0 2 0 0 1
Ss(1;1;1) 0 0 0 2 2 2
Let
W = [jSs(2; 1;0)j;JSs(2; 0; 1)j;jS3(0; 2; 1)j; jSa(1; 2; 0);;
1S3(1; 0; 2)j;JS3(0; 1; 2)j; jS3(1; 1; 1)j]
- . . b A b . . .
= gb,gc, c,az,ag,bg,abc
and let

U= Us,2:2:0); Us,(2:0:2) 1 Us,(0:2:2) s Usy(2:1:1) 5 Usy(1:2:1) 5 Uss(1:1:2)

whereus,jx) = B\ S4(i; j; K)j. Then
MU= W:
Obsenethat E = [1; 1;1; 1;1; 1;0]" isin the null-spaceof MT. Thus

T T, a a b b c c _1 _
O=E'MU=E'W = 2b 2c+20a2+a2 b2—2(ab)(ac)(bc).

the electr onic journal of combinatorics 15 (2008), #R40 7



Thus at least two of the hole sizesmust be equal. We will assumec = b. The columns
of M are easily seento be linearly independen. Hencethere is a unique solution to the
equationM U = W. When c = bthis solution is

aa+b 3) alla+b 3) @z 3b 2ab+ 3Y)
12 ’ 12 ’ 12 ’
a(2a bb a(2b a)b a(2b a)b
6 ’ 6 ’ 6 '

U =

The entries of U are non-negatiwe integers. Soit follows that b 2a  4b and that
abla+ b 0 (mod 3). (Recall Theorem 8 says either both aandbare0 (mod 3) or
neither are.)

For Part b we repeat nearly the sameargumern aswasgivenin Part a. Let (X;B;H)
be a GSQS of order 4+ b+ ¢, with holesB and C, whereb= jBj and ¢ = jCj and we
let A be the remaining 4 points. Note that the set A cannot be a quadruple for then
there would exist a SQS of type 4'alb!, which is impossibleby Part a. We again classify
triples and possiblequadruplesaccordingto how they intersect A; B; C, and construct
the incidencematrix M in the samemannerasin Part a. Then M is the 8 by 8 matrix:

S4(2;2;0) Sa(2;0;2) S4(0;2,2) Sa(2;1;1) Sa(1;2;1) Sa(1;152) Sa(3;1;0) Sa(3;0;1)
S3(2;1;0) 2 0 0 1 0 0 3 0
S3(2;0;1) 0 2 0 1 0 0 0 3
S3(0;2;1) 0 0 2 0 1 0 0 0
S3(1;2;0) 2 0 0 0 1 0 0 0
S3(1;0;2) 0 2 0 0 0 1 0 0
S3(0;1;2) 0 0 2 0 0 1 0 0
Ss(1;1;1) 0 0 0 2 2 2 0 0
S3(3;0;0) 0 0 0 0 0 0 1 1
Let
W=[jS3(2; 1;0)j;jSs(2; 0; 1)j;jS3(0; 2; 1)j;jSs(1; 2; 0)j;
1S3(1; 0; 2)]:iS3(0; 1; 2)j:iSs(1; 1; 1)]:iS3(3; 0; 0)j]
= 6b;6c; 5 Ci4 5 ;45 ;b 4bcia
and let

U = Us,2:2:0); Us,(2:0:2)s Us,(0:2:2) 5 Us,2:1:1) s Usy(1:2:1) 5 Usy(1:1:2) 5 Usa(3:1:0) 5 Us,(3:0,1) 5
where Us,(ijik ) = B\ S4(i; j; k)j. Then
MU =W

It is easyto seethat M is nonsigular and thus has a unique solution U. Considering
E=[1 L1 1,1, 1,0;3]" , we seethat

1
6Us, 310 = [0;0;0;0,0;0;6;0U = ETMU = E'W = é(4 b4 o(b o+ 12
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Becaused < b< c, the quantities 4 b 4 candb c areall negative.
Ifv 2,4 (mod 6),thenb;c 2;4 (mod 6), by Theorem8. Thus4 b;4 c 4
andb c¢ 2. Hence

BUs,s10) = 54 D@ (b O+ 12 2( 4)( &) 2+ 12= 4

Thus no sudh GSQS can exist.
If v 0 (mod 6), then b;c 0 (mod 6), by Theorem 8. Considering E® =
[1; 1,1, 1;1; 1, 3;0]" , we seethat

6Us,@01) = [0;0;0;0;0;0;0; 6lU=ETMU=ETW = %(4 b4 o o 12

SO
(4 b)(4 C)(C b) = 12.]34(3;0;1) 24 0 (mOd 12)

Thusb ¢ (mod 12) and consequetty b ¢ 12. Alsowe know 4 b;4 ¢ 2.
Hence

BUs,(3:1.0) = %(4 b4 c(b ¢+ 12 :—ZL( 2)( 2)( 12)+ 12= 12
Thus no suh GSQS can exist.
Corollary 17 GSQS(12¢?) and a GSQS(2'g?) exist, if and only if g= 0, 1 or 4.

Proof. If g = 0, then obsene that both a GSQS(1?) and GSQS(2') trivialy exist. So
supposeg 6 0 and note that a GSQS(12g?) existsif and only if a GSQS(21g?) exists.
To the latter which we may apply Theorem 16aand thus g = 1 or 4. A GSQS(214?)
and a GSQS(124%) are constructed in Theorem 15. A single quadruple of size 4 is a
GSQS(2'12) and a GSQS(1%).

Theorem 18 A GSQS(1'2"g) existsif and only if there existsa SQS(u + 2w + Q)
containing a subSQS(g).

Proof. If a GSQS(1Y2"g') exists,theng 2;4 (mod 6), by Theorem 8. Hencethere
exists a SQS(g). We now Il in the hole of sizeg with a SQS(g). This resultsin a
SQS(u+ 2w + g), becauseholesof sizel and 2 cortain no triples.

Conversely if a SQS(u + 2w + g) exists and cortains a SQS(g) as a subsystem,
then removing the quadruplesin the SQS(g) producesa GSQS(1Y*?"g') which is alsoa
GSQS(1'2"g), becauseholesof sizel or 2 do not cortain any triples.

Hartman [10] and Lenz[19] have shonn that whenewerv 16, then thereis a SQS(v)
containing a sub-GSQS(8). The sub-designproblem was thoroughly investigated by
Granville and Hartman [7]. In particular the existenceof a SQS(22) cortaining a sub-
SQS(10) can be deducedfrom their results.
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A SQS(v) hash = Y ! =71 quadruplescortaining a given set of i points, for
i = 0;1;,2;3. If it cortains a sub-SQS(w), then an easyinclusion-exclusionargumert

shaws that it has
W W 1 w

b wht o, b gt

guadruplesdisjoint from the sub-system.This quartit y caneasilybe shovn to be positive.
Consequetly we have the following result by removing a quadruple disjoint from a sub-
system.

Theorem 19 If there exists a SQS(v) containing a subSQS(g), then there exists a
GSQS(1*24'gl) for all x;y 0, x+ 2y+ 4+ g= V.

Theorem 20 If there existsa GSQS(h:h, h;) anda GSQS(g:0» gs), whee
v=hi+h+ +h =g+p+ +0, thenthereexistsa GSQS(h:h,  hig ).

Proof. Becausethere exists a GSQS(h.h, h;) (X;H;B) and a GSQS(g:0> ),
(X% HC%BY, the only other triples we needto cover are the oneswhich have 2 points
in X and 1 point in X%or 1 point in X and 2 points in X% We simply apply the
DOF construction between the point set X and the point set X% That is we include
DOF (X; X9 asadditional quadruples.

Theorem 21 There existsa GSQS(h'(2h)¥) if andonly if h = 1andu+ 2k 2 or
4 (mod6)orh>1l1landh(u+ 2k 1)(u+2k 2) 0 (mod 3) exept possiblywhen
h 10o0or 26 (mod 48) and (u; k) 2 f(3;1); (1; 2)g.

Proof. When h = 2 and u+ 2k = 5, the required GSQS is obtained from either The-
orem 10 or Theorem 15. When h 10 or 26 (mod 48), the GSQS is obtained by
Theorem 10. Otherwise from Theorems2 and 4 we seethat theseconditions imply the
existenceof a TSQS (h'*2¥) with holesH;; G;;G?, i = 1;2;:::;u,j = 1;2;:::;k. Wein-
clude the additional quadruplesin DOF (H;,;Hi,), i1 6 iz, DOF (H;; Gj), DOF (H;; G?),
DOF (Gj,;G?,), j1 6 j2.

If a GSQS(h'(2h)¥) existsandh = 1,thenu+ 2k 2or4 (mod 6), becauset is a
SQS(u + 2K).

If h> 1, then his ewenby Lemma7, and we considerthe derived designwith respect
to a point in the hole of sizeh. This formsa 2-(hu+ 2hk 1;f3;(h 1) g;1) design. It

has
1 hu+ 2hk 1 h 1

3 2 2

triples. Therefore(h(u+ 2k) 1)(h(u+2k) 2) (h 1)(h 1) (mod 3). Soconsidering
the possibilities for h mod 3, we seethat

h(u+ 2k 1)(u+2k 2) 0 (mod 3):
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Theorem 22 A GSQS of order 20 existsif and only if it has type 122°4°891(f, whete
a+ 2b+ 4c+ 8d+ 10e= 20, and (d;e) 6 (1;1).

Proof. We seefrom Theorem10that a GSQS(4°) and a GSQS(10?) exist. A GSQS(418?)
canbe constructedusing Theorem21. Using Theorem11we cancanconstruct all possible
con gurations of holesfor GSQS of order 20, excepttypes 12810t and 2'8'10' which do
not exist by Theroem 16aand Theorem 12.

Theorem 23 If there existsa CQS(g® : s) and an SQS(g + s) with a subSQS(s), then
there existsa SQS(3g+ s) with a sub-SQS(g+ s) and 3 disjoint blacksthat are disjoint from
the subsystemand therefore a GSQS(122°)43(g+ s)!), exists,for all a+ 2b=2g s 12
ab O

Proof. If s= 0, then a CQS(g?: s) is a GSQS(g®) and we simply Il in the holeswith a
SQS(g) that hastwo disjoint blocks. Now assumes > 0. There doesnot exist an SQS(4)
with a subsystem,therefore,we must have that g+ s 8. Soif s= 1,theng 7, and
if s 2,theng 6, i.e. gisalways at least6. Let H;;H,; Hz be the three branches
of the CQS. Herewe denotethe type of asetS, by (jS\ H4j, jS\ Hyj, ]S\ Hjj). Let
x = the number of quadruplesof type (2; 2; 0); (2; 0; 2); or (0; 2; 2), let y = the number of
quadruplesof type (2; 1; 1); (1; 2; 1); or (1; 1; 2), and let z = the number of quadruplesof
type (1;1;1). Alsolet T, bethe setof all triples of type (2; 1;0), (2;0; 1), (0; 2; 1), (1; 2; 0),
(0;1;2); or (1;0;2), and let T, bethe triples of type (1;1;1). ThenjT,j=6 3 g= 39 o,
and jT,j = g3. Courting the number of quadruplesof ead type that cover the triples in
T;, we obtain the following two equationsrespectively fori = 1andi = 2:

4x+2y = 3¢ ¢
y+z = ¢
Subtracting yields 4x = 2g® g+ z. Therefore, sinceg 6 0, we have that x > O.
Consequetly we may assumethat there is a quadruple X of type (0; 2;2). Construct a
SQS(g+ s) on H, [ S that hasa sub-SQS(s) on S. (If s = 1, or 2, the sub-SQS(s)
is trivial.) The argumert preceding Theorem 19 shaws that the SQS(g + s) cortains
at least one block, B, disjoint from the sub-systemon S; and becauseg 6, we may
assumethat it is alsodisjoint from X . Remove the sub-SQS(s). Do the samething for
Hs[ S, obtaining block B3. We now have three disjoint blocks: B,; Bs; X . Now construct
aSQS(g+s) onH[ S. This yieldsan SQS(3g+ s) with a sub-SQS(g+ s) and 3 disjoint
blocks that are disjoint from the sub-SQS(g + s).

Finally, to construct a GSQS(1% s '243(g + s)!), we do the following. Remove the
sub-SQS(g+ s) and the 3 disjoint blocks, and partition the remaining points into a holes
of sizel and b holesof size2, wherea+ 2b=2g9 s 12,a;b 0.

Hartman ([11], [9]) gave direct constructions for CQS(g® : s) for all even s and all
g Oors (mod6)with g s.

Example 24 Any block of a SQS(10) can be consideredas a sub-SQS(4). Thus us-
ing the CQS(6° : 4) constructed by Hartman and applying Theorem 23 we obtain a
GSQS(4%10Y).
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The following theoremwas proved by Mohacsyand Ray-Chaudhuri [13)].

Theorem 25 Let q be a prime power and v be a positive integer. If there is an S(3;q+
1;,v+ 1), then there exist

a. a 3-CS of branchtype (9" : 1) with black sizeq+ 1 and
b. a 3-CS of branchtype (v9: 1) with black sizeqg+ 1.

Example 26 An SQS(8) can easily be shovn to have 2 disjoint blocks, and we can see
from Theorem 25 that there existsa CQS(72 : 1), therefore we can apply Theorem 23
to obtain a GSQS(2'4%8).

The situation on 22 points is not completelyresolhed. Using Theorem21 and the above
exampleswe can construct a GSQS(2'4°), a GSQS(2'4%8) and a GSQS(4310Y). Then
using Theorem 11 we can can construct all possiblecon gurations of holesfor GSQS of
order 22, except when there are 2 holes of size 8 or when there are 2 holes of size 10.
Theorem 17 establishesthe non-existenceof an order 22 GSQS with two holes of size
10. Thus the only unresohed typesof GSQS of order 22 are: 1882 , 142182, 122282, 2382,
124*8? and 21482,

Following the technique usedin Theorem 16 we can supposethe existenceof GSQS
of order 22 with two holesB and C eadt of size8. Let A be the remaining 6 points and
note that the set A cannot cortain more than 3 quadruplesfor if it did a triple would
be covered twice. We again classify triples and possible quadruples accordingto how
they intersect A; B; C, and construct the incidencematrix M in the samemannerasin
Theorem16. Then M is the 8 by 9 matrix:

S4(2;2;0)S4(2;0; 2)S4(0; 2; 2)S4(2; 1; 1) S4(1; 2; 1) Sa(1;1; 2)S4(3; 1;0)S4(3; 0; 1) S4(4; 0; 0)
Sz3(2;1,0) 2 0 0 1 0 0 3 0 0
S(2;0:1)) 0 2 0 1 0 0 0 3 0
S5(0;2:1) 0 0 2 0 1 0 0 0 0
Sz3(1;2,0) 2 0 0 0 1 0 0 0 0
S3(1,0;2) 0 2 0 0 0 1 0 0 0
S3(0;1;2) 0 0 2 0 0 1 0 0 0
Ss(1;1;1)) O 0 0 2 2 2 0 0 0
S(3;0;0) 0 0 0 0 0 0 1 1 4
Let . .. .. . . . . .
W = [iSs(2; 1,0)5:1Ss(2; 0; 1)j;1Ss(0; 2; 1)i:jSs(1; 2; 03 1Ss(1; 0; 2)j;
jS3(0; 1; 2)j;Ss(1; 1; 1);1Ss(3; 0; 0)j; jSa(4: 0; 0)]
= [12012Q 224 168 168 224 384 20]
and let

U = Us,2:2:0); Us,(2:0:2)s Us,(0:2:2)s Us,2:1:1) s Usy(1:2:1) 5 Usa(1:1:2) s Us,(3:1:0) 5 Usy(3:0:1) 5 Us,(4:0,0) 5
where Us,(ijik ) = B\ S4(i; j; k)j. Then
MU= W:
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There are exactly 4 possiblesolutionsto MU = W, that have 0  us,4.000 3. They
are:

Usy(2,2,0) | Usy(2;02) Usa(0;22) Usy(2,1:1) Usa(1:2,1) Use(1:3,2) Usa(3:2,0) Usy(3;0,1) Usa4;00)
39 39 67 12 90 90 10 10 0
40 40 68 16 88 88 8 8 1
41 41 69 20 86 86 6 6 2
42 42 70 24 84 84 4 4 3

Se\eral di erent automorsphismgroupswere assumedo aide in the computer seard for
a GSQS with one of the above possibledistribution of quadruples. So far all attemps
have failed and the construction of an SQS(22) with two disjoint substsyems of size 8
remainsan open problem.

The situation for 24 points is easy becauseGSQS(12%) and GSQS(62) exist by The-
orem 10.

3 Final remarks

The results presened in this article establishnecessaryand su cient conditions for the
existenceof uniform group divisible Steiner quadruple systems,the so called G-designs
of Mills. Also all parameter situations of arbitrary GSQS on lessthan 24 points are
settled exceptfor 6 open caseson 22 points. The di cult y appearsto be the construction
of Steiner quadruple systemson v 2 (mod 6) points having large subsystems,in
particular, two disjoint subsystemsof order (v 6)=2.
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