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Abstract

Let G be a connectedgraph, and let f be a function mapping V(G) into N. We
dene f(H) = Zvev(m f(v) for eath subgraph H of G. The function f is called
an IC-coloring of G if for ead integer k in the set{1,2,--- , f(G)} there exists an
(induced) connectedsubgraph H of G sud that f(H) = k, and the IC-index of G,
M(G), is the maximum value of f(G) where f is an IC-coloring of G. In this paper,
we show that M(K,,,) = 3-2mT"=2 — 2m=2 + 2 for eah complete bipartite graph
Kpn, 2<m < n.

1 Introduction

Give%a connected graph G. Let f be a function mapping V(G) into N. We define
f(H) = veV (H) f(v) for each subgraph H of G. Then, f is called an IC-coloring of
G if for each integer k in the set [1, f(G)] = 1,2, , f(G)g there exists an (induced)
connected subgraph H of G such that f(H) = k. Clearly, the constant function f(v) =1
for each v 2 V(@) is an IC-coloring in which f(G) = jV(G)j. It is interesting to know
the maximum value of f(G), such that f is an IC-coloring of G. This maximum value is
defined as the IC-index of GG, denoted by M(G). We say that f is a maximal IC-coloring
of G if f is an IC-coloring of G with f(G) = M(G).
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The study of the IC-index of a graph originated from the so-called postage stamp
problem in Number Theory, which has been extensively studied in the literature [1, 69,
11, 13-16]. In 1992, G. Chappel formulated IC-colorings as “subgraph sums problem”
and he observed the IC-index of cycle C,, is bounded above by n? n+ 1, i.e., M(C,)
n? n+ 1. Later, in 1995, Penrice [12] introduced the concept of stamp covering of G
and he showed that (1) M(K,) =2" 1and (2) M(K;,)=2"+2foralln 2. Then,
in 2005, Salehi et al proved that M(K,,) =3 2"+ 1forn 2 [13]. In this paper, we
prove that for 2 m n, M(K,,,) =3 2mt"=2 2m=2 42

2 Preliminaries

We start with a couple of lemmas which are basic counting tools we shall use in the
proof of our main result. For convenience, a sequence cy, ¢s, , ¢, of integers 0 or 1 will
be referred to as a binary sequence.

Lemma 2.1. Lebal, as, , an be n positive integers which have the properfes thata; =1
and a; Qi1 e t+1lfori=1,2, n 1 ghen, for each 2 (1, -y a4], there
exists a binary sequence cy, Ca, , Cp such that ¢ = ;.L:l cia;.

Proof. By irpluction on n. Clegly, it holds for n = 1. Assume that it holds forn =k 1.
Let ¢ 2 [1, 5:11 a;]. It/ le a;, I:ghen by induction hypothesis, there is a binary
sequence cj,ch, ¢ such that ¢ = ;?:1 ciaj Let ¢; = ¢ for j = 1,2, ,k and
Chp1 = B Then ¢ = f:ll c;a;j. Otherwise, ( le aj) +1 ¢ f:ll a; . Since
(g1 ;?:1 aj+1 (¢, there is an integer ¢ 0 such that { = ap4q + 0. If ¢/ =0,
then ¢ = aj,q and we are done. Otherwise, 1 ¢ =/ apq ;?:1 a;. By induction

hypothesis, there is a binary sequence ¢}, c,, ¢ such that ¢/ = ?:1 ciay. IFl)et cj =}
for j =1,2, ,kand ¢y =1. Then £ =0V + apyq = ;?:1 ciaj + agp1 = f:ll cja;.
This concludes the proof. O
Lemma 2.2. Let sy, Sip  ,5n be a sequence of plegers. Then for each 1 2P[1,n], there
exists r; such that s; = ;;B s; + 1 and the sum ?:0 s; is equal to 2"sg + ?:1 2"y,

Next, we explore several necessary conditions for the existence of an IC-coloring of
a graph G. Without mention otherwise, all graphs we consider in what follows are con-
nected. For graph terms, we refer to [17].

Lemma 2.3. Let f be an IC-coloring of a graph G such that f(u;) f(uirr) for
p= 12 ,n 1, where V(G) = fui,us, ,un9. Then f(u1) =1 and f(ui1)

;Zlf(uj)+1f07"i:1,2, ,n 1.

Proof. Clearly, f(uy) = 1. Suppose tha&f(uiﬂ) > P ;:1 f(u;)+1for somei2 [1,n 1]

and H is a subgraph of G with f(H) = ;:1 f(uj)+1. By the assumption, f(u;) > f(H)

for each j 2 [i + 1,n]. This implis that V(H)  fui,us, ;9 and we have f(H)
;:1 f(u;). Hence, we have a contradiction and the proof is complete. O
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Lemma 2.4. Let f be an IC-coloring of a graph G such that f(u;) < f(uzq) fori =
L2, . p 1, where V(G) = fuy,us, ,u,9. For each pair iige, 1 i <ida n, if
fluy) = ;1:_11 (u;) + 1 and u;,u;, B E(G), then either f(u;,) ;2:_11 fluy)  f(uy) or
flige)  f(uiy) + fluiy) whenis +1 n.

Proof. Suppose, to the contrary, f(u;,) > i ;2:_11 (uj)  fluy) and f(uiy41) > fluy) +
f(u;,) when i +1  n. Let k = f(u;,) + f(u;,) and let H be an induced connected
subgraph of G such that f(H) = k. By the assumption, f(u;)  f(ui41) > k for each
i 2 [is + 1,n|. This implies that V(H) fuj,us, ,u;,g. Also by the assumption, it is
easy to see u;, 2 V(H). Since f(H) = f(u;, )+ f(ui,) and fu;,, u;,9 is an independent set,
ui, 2 V(H). If g; 2 V(H) for each j 2 [i1 + 1,i2 1], then by the hypothesis, we have
FOH)  flu)4+ 25 fuy) < f(ug,)+f(us,) = k, a contradiction. Otherwise, u; 2 V(H)

j=1
for some j 2 [iy +1,io  1]. This implies f(H)  f(ui,) + f(u;) > f(uiy,) + f(uy) =k, a
contradiction. Therefore, we have the proof. O

The following facts are useful in proving our main result.

Lemma 2.5. Let rq, 79, T ?{3 n numbers. ﬁ there are two integers ¢ and k such that
L i<k mnandr;<ry, then _ 2"y < i 20y (27 420 )+ (27 R+
Qn_i’l“k).

Lemma 2.6. Let f be an IC-coloring of a graph G, and let G has ¢ induced connected
subgraphs. If there are 2k distinct induced connected subgraphs Hy,G1, Hy, Go, , Hy,
Gy of G such that f(H;) = f(G;) fori=1,2, |k, then f(G) ( k.

Now, we are ready for the main result.

3 Main Result

First, we establish the lower bound of M (K, ).
Proposition 3.1. M(K,,,,) 3 2m™=2 2m=249 for2 m n.

Proof. Let G = (A,B) = Kinn, 2 m  n, with vertex sets A = fay, a2, 0,0 and
B =1b,by, ,b,0,and let f:V(G)! N be defined by (see Figure 1 for an example):

() flar) = 1, fa2) = 2 and f(br) = 3
(i) £(b) = Flan) + flas)+ 125 f0p) fori =23, n 1

(i) £(ba) = [f (o) + Flaz) + 1 £(bp)] +1; and

(iv) fla) = flan) + fla) + oy )+ ) 2fori=3,4, m

First, we evaluate f(G). Let sq, 1, , Smin_2 be a sequence defined by
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1 2 191 382 764

3 6 12 24 48 97

Figure 1: An IC-coloring of K5 ¢

(a) so = fla1) + flaz) = 3;
(b) s; = f(b;) fori=1,2,  n;and

(€) Sp4i = flai2) fori=1,2,  .m 2.

P .
Ehen, we have s; = ;;%)sj +0for:=12.n 1,s, = ;‘:_01 s;+ 1, and s; =
;;st 2fori=n+1,n+2, ,m+n 2. By Lemma 2.2, we have
P, P .
f(G> = j=1 f(aj) + j=1 f(bj)

P P .
_ ;n:'lg)n—? 5; = 2m+n—280 + ;71:4;11—12 2(m+n—2)—g( 2) +1 9(m+n—2)-n

— 3 2m+n—2 2(2m—2 1) ‘I‘ 2m—2 — 3 2m+n—2 2m—2 ‘l‘ 2

It is left to show that f is an IC-coloring of G. For convenience, we rename the
vertices of G to be uy,us, Uy, such that f(uy) < f(ug) < <Pf(um+n) By the
definition of f, we have f(uy) = f(a;) = 1 and f(u;) < f(uz+|;l,) o1 f(ug) + 1 for
i=1,2, ,m+n 1. Then, by Lemma 2.1, for each k2 [1, ;n:+1n fu))] =11, (@),
there is a binary sequence c1, ¢, , Cman such that k = ;n;l" c; f(uy).

Now, we \ff,ill prove that there is an induced connected subgraph H of G such that
f(H)=Fk = ;n:+1n ¢if(u;). Let S = fujje; =1 and j 2 [1,m + n]g. Clearly, we have
f(< S >g) = k where < S >¢ is the induced subgraph of G induced by S. Since k > 0,
S is nonempty. If < S >¢ is connected, then H = < S > is desired. Otherwise, < S >¢
is disconnected and thus S is an independent set of size at least two. Since G = (A, B)
is a completesbipartite graph, we also have S A or S B but not both. Note that
A="Tfuj,ug fu;jj2 [n+3,m+nlgand B =Tfu,jj2 [3,n+ 2]g by the definition of f.
To complete the proof, we consider the following four cases.

Case 1. fuj,usg S A
Let S; = (Snfuy,usQ) [ fusg and let H = < S; >¢. Then, H is connected and
f(H) =k f(w) fluz)+ f(us) =k
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Case 2. u1 2 S,us 2 Sand S A
p Let ¢ = minfjjc; =1 and j n+ 3g. Then bp; the definition of f, we ha.,ve flup) =
ﬁ;i (u;) 2. This implies that f(ug)+ f(u1) = ‘2 fluy) +2f(w) 2= f;; f(uy).

Jj=2

Let Sy = (Snfuy, wQ) [ fuyjj 2 [Q,é 1]g, and let H = < S; >¢. Then, H is connected
and f(H) =k (f(u) + f(u))+ 5 f(u)) =k.

Case 3. u1 2 Sand S A.
e . P P
Let { = minfjjc; =1and j n+39. Then f(u)= 2 f(u;) 2= 2 f(u)
f(ug) = fluy)+ f;; f(uj). Let Sy = (Snfu@)[ fuy,us,ua, w109, and H =< 51 >¢.
Then, H is connected and f(H) =k  f(uy) + f(uy) + ﬁ;g fluj) = k.

Case 4. S B.

Let ¢ = minf jjc; :F], and j 3g. Since jS] 2, wehave3 ¢ n 1. By the
definition of f, f(u,) = f: f(uj). Let Sy = (SnfueQ) [ fui,ug, ,u—19. Then, H =
< 81 >¢ is connected and f(H) =k f(up) + ﬁ;i f(u;) = k. This concludes the
proof. O

We remark here that we intend to prove that M(K,,,) is equal to the lower bound
obtained in Proposition 3.1. Therefore, we shall prove that the lower bound is also the
upper bound. First, we estimate the number of induced connected subgraphs of K,, ,,.

Proposition 3.2. K,,,, has2™t" (2™ +2")+ (m+n+1) induced connected subgraphs.

Proof. Let G = (A, B) = K, . For any induced connected subgraph H, either jV(H)j =
lor V(H)\ A6 ¢ and V(H)\ B 6 ¢. Therefore, the number of induced connected
subgraphs of K, , is equal to (m +n)+ (2™ 1)(2" 1). O

Note that the number of distinct induced connected subgraphs of G' does provide a
natural upper bound for M(G). But, after an IC-coloring is given, we may have distinct
induced connected subgraphs which receive common values and thus the upper bound
will be smaller. In what follows, we obtain several properties of a maximal IC-coloring f
of Ky .

Proposition 3.3. If f is a maximal I1C-coloring of G = (A, B) = K, then all the
colorings of vertices of G are distinct.

Proof. Suppose, to the contrary, there exist two distinct vertices u and v such that f(u) =
f(v). Now, depending on the distribution of v and v in A[ B, we have three cases to
consider: (1) u2 Aandv 2 B, (2) u,v2 A and (3) u,v 2 B. Observe that if there exists
aset S (A[ B)nfu,vgsuch that H; = hS[ fugig and Hy = hS[ fugig are two induced
connected subgraphs of G, then f(H;) = f(Hs). Therefore, the number « of such subsets
S gives the number of graph pairs which have the same function value. Then, by Lemma
2.6 and Proposition 3.2, we conclude that f(G) 2™t (2™ +2")+(m+n+1) «.
So, a determines the upper bound of f(G).
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By direct counting, it is not difficult to see that there are (2™~! 1)(2"~' 1) +1,
2m=2(2" 1)+ 1 and (2™ 1)2"72 + 1 subsets S for the above three cases respectively to
produce graph pairs with the same function value. Thus,

f(G)y 2mtm (2" 4+2") + (m+n+1)
minf (271 1)(2"1 1)+ 1,222 1)+ 1,(2™ 1)2" 2 +1g
=2t (242" + (m+n+1) (2mtnm? gmml ontl 4 9)
<3 2min=2  gm=2 4 9

Hence, by Proposition 3.1, f is not a maximal IC-coloring, a contradiction. This concludes
the proof. O

Now, we let G = (A,B) = K0, 2 m n, and let f be a maximal IC-coloring
of G. By Proposition 3.3, we may let f(u;) < f(uiy1) for i = 1,2, p,m+n 1
where V(G) = fuy,us, , uning. For convenience, we also define f; = ;:1 f(u;) for
1=1,2, ,m+n. The following proposition is essential to the proof of the main theorem.

Proposition 3.4. Let f be a maximal IC-coloring of G = K,,,,. Then, we have
(1) f(ur) =1, f(uz) =2 and f(u3) = 3 or 4, moreover, f(us) =3 if ujus B E(G).
(2) fi 13 and equality holds only if < fuy, us, us, usg >c = Kas.
(3) If j 2 [5,m+n| and ujuy B E(G) wheret =1 or 2, then f(u;) fj—1 t.
(4) f; >3 2772 2=+ 1 for each j 2 [1,m + n].

Proof. The conclusion of (1) and f; 13 are easy to see, we assume that f; = 13. We
claim that H = hfuy, ug, us, usgic = K. First, we need an inequality.

For each i 2 [1,m +n] and each j 2 [i,m+n], f; <277(fi+1). ..., ()

P

By Lemma 2.3, we have f(u;.y) fiorr +1 = fi + 52—11 f(uizre) + 1 for each
k2 [1,m+n i]. Then considering the sequence f;, f(u;i+1) , f(u;) in Lemma 2.2, we
obtain

P . P . . o - -
fi= g flu) =fi+ 320 flue) 27°fi+ (270 1) <27(fi+1).

Therefore, we have (). Now, we are ready for the proof of (2).
Note that f(u;,) = ;1:_11 f(u;) + 1 for iy = 1 or 2. Suppose that f; = 13 and H is
not isomorphic to Ky,. Since G is a complete bipartite graph, H is ismorphic to either

K 5 or I, (an independent set of size 4).
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Case 1. ujus 2 E(G).

By (1), f(us) =3 > fo  f(uy). If fuy, us, u3g is an independent set, then f(uy)
f(us) + f(u1) = 4 by Lemma 2.4. This contradicts to the assumption that f, = 13.
Hence, usu; 2 E(G) and uguy 2 E(G). By the assumption, f(uy) =7 > f3  f(u;) and
fuy, us, usg is an independent set. If m + n = 4, then we have a contradiction to that
f is an IC-coloring of G by Lemma 2.4. Otherwise, m +n 5 and hence n 3. By
Lemma 2.4, f(us)  f(u1)+ f(us) = 8. This implies that f5  21. Hence, by ( ), we have

f(G) < 2m+n—5(f5 + 1) — 2m+n—5 29 <« 24 2m+n—5 2m+n—5
3 2m+n—2 2m—2 ‘l‘ 2
By Proposition 3.1, it contradicts to that f is a maximal IC-coloring of G.
Case 2. ujus 2 E(G).

Since G is a complete bipartitle graph, either usu; 2 E(G) or usus 2 E(G). If
wug 2 E(G), we have f(us)  f(ur) + f(us) 5 by (1) and Lemma 2.4. This implies
that f,  12. This is a contradiction to our assumption. Hence, usus 2 F(G) and so
f(ug)  f(u2) + f(uz) 6 by (1) and Lemma 2.4. Also, by our assumption, it is easy
to see that f(uz) =4, f(us) =6 > f3  f(uz) and fus, us, usg is an independent set. By
Lemma 2.4, f(us)  f(u2) + f(us) = 8. This implies that f;  21. Then by ( ) in Case
1, we have f(G) < 3 2mtn=2  2m=24 92 4 contradiction. Hence, (2) is proved. Next, we
prove (3). Since t = 2 is a similar case, we prove the case t = 1.

Suppose, to the contrary, that f(u;) > f;-1 1= f;_1 f(u) for some j 2 [5,m+n].
Then by Lemma 2.4, if 7 = m + n, then f is not an IC-coloring of G and we are done.
Otherwise, f(ujt1)  f(u;) + f(ur) = f(u;) + 1. By (), we have

fi 274fi+1) 1=14 2% land fj_y 27°5(fu+1) 1 14 275 1
This implies that

frov =T+ flujmn)  fi+flu)+1 0 fi+ fim+2

(14 2% 1)+ (14 275 1)+2=21 24,
Since ;7 5andn 2, we have

f(G) < 2m+n—(j+1)(fj+1_'_1> 2m+n—(j+1)(22 2]‘—4)

=3 2m+n—2 2m+n—4 <53 2m+n—2 2m—2_'_2‘
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By Proposition 3.1, it contradicts to the assumption that f is a maximal IC-coloring of
G and we have the proof of (3). Finally, we prove (4).
Suppose that f; 3 2972 2=("+2) 1 for some j 2 [1,m +n]. Then by ( ), we have

FG) = fn < 273 41) 23 2072 i)
<3 2mtn=2  gm=2 4 9

This is a contradiction and we have the proof of (4). O
Theorem 3.5. M(K,,,) =3 2mt"=2 2m=242 for2 m n.

Proof. Let G = K, V(G) = fuy,ug, ,Um+ng and f be a maximal IC-coloring of
G. Since M(K,,,) 3 2mtn=2  9m=2 1 9 by Proposition 3.1, it sufficies to show
that M(K,,,) 3 2mt=2  2m=24 2  From (2) of Proposition 3.4, it is true for
m = n = 2. So, assume that n 3. By Proposition 3.3, we may let ffg;) < f(ui+1)
for i 2 [1,m +mn 1]. For convenience of calculation, we also let f; = ,_, f(u,) for
i 2 [1,m+n] and f(ujye) = fize—1 +71e for £2 [I,m +n i]. By Lemma 2.3, we have
re 1for 2 [1I,m+n . Now, by Lemma 2.2, we have

P... P . , P.
fi—i—j = gijl (UE) - fl + Z:l f(uiH) - 2jfz + Z:l 2j_£7’g. ................... ( /)

This implies that (by letting i = 4)
P m-rn—
.f(G) = fm-i—n = f4+(m+n—4) = 2m+n—4f4 + é:—: 4 2m+”_4_£7’g. ................. ( //)

First, if wyus 2 E(G), then either ugipuy 2 E(G) or ugipus 2 E(G) (but not both)
for each ¢ 2 [1,m +n 4]. Since f is a maximal coloring, by (3) of Proposition 3.4.
we have f(u;)  fj—1 t provided j 2 [5,m + n] and w;u; 2 E(G) where t = 1 or
2. This implies 7, pl or 2 depending on ¢ = 1 or 2. Thus, by ( ”), we have
f(G)  omin=t f g AnTdgmen—d=t (1) Now, in case that f, 12, f(G)

3 gmin=2  (gmtn=4 1) 3 2min=2  9m=24 2 On the other hand, f; = 13 and the
graph H induced by hfuy, us, us, u4gi¢ is isomorphic to Ky by (2) of Proposition 3.4.
Clearly, there are m 2 vertices in one partite set of G~ H and n 2 vertices in the
other partite set. Therefore, sincen 2 m 2,

= . P
f(G) 2m+n—4 f4+ ”—22m+n—4—] ( 1)+

j=1

Jot20m 0= (2) (by (1)
=13 2mt=d 4 ( D2mtt 14+ ( D[2m? )
=3 omtn=2  gm=2 4 9

Hence, we have the proof. In what follows, we assume that ujus 2 E(G). By (1) and
(2) of Proposition 3.4, we have f(u3) = 3 and 4  f(us4) 7. If f(uy) = 4, then since
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n 3, we have f, = 10 3 2*2 2+(+2 1 This is a contradiction to that f is
a maximal IC-coloring of G by (4) of Proposition 3.4. Hence, 5  f(uy) 7. First, we
claim that H is isomorphic to Ks5. Suppose not. If fu;,us, 139 is an independent set,
then by Lemma 2.4 and f(us) =3 > fo  f(u1), we have f(us)  f(ur) + f(us) =4, a
contradiction. Hence, uz is adjacent to u; and us. Thus, fuq, us, u4g must be an indepen-
dent set. Since f(uy) 5 >4=f3 f(uy), wehave f(us) f(uz)+ f(ug) 9 by Lemma
2.4. This implies f; 22 3 2572  25-(+2) 1 and we have a contradiction by (4)
of proposition 3.4. So, H = Ky = (A, B) where A = fuy,usg and B = fug, usg. Now,
let Vi =fv2 V(G)NV(H)jous 2 E(G)g and V, =fo 2 V(G)NV (H )jvus 2 E(G)g. Then
f V1, V2@ is a partition of V(G)nV (H) such that jVij =n  2,jVoj =m 2orjVij=m 2,
jVoj =n 2. Then by (3) of Proposition 3.4, r, 2in (") if ugse 2 V3. Now, the proof
follows by considering the following two cases.

Case 1. 5 f(u4) 6.

Clearly, we have fy  12. If for each uy 2 V5, f(ux)  fx—1, then r, 0 provided that
Ugre 2 Vo in (). By Lemma 2.5 and ("), we have

P P .
F(G) omenmdp s MTZomandnd gy Tndgmin—isi (- g)

=omfn=d 124 (2m2 1) ( 2) 3 2min=2 gm=24 9

Otherwise, there exists a uy 2 V5 such that f(ug) = fr—1+1. Let i be the smallest integer
such that f(u;) = fi-1 +1 and u; 2 V5. Then for each k¥ 2 [5,¢ 1], 7,—4 0in (/).
This implies that fi1 = firg-s 2°°fs 3 2773, Again, by (4) of Proposition 3.4,
we have f;_; >3 2073  2:=(»#3) 1 This implies that

302073 2 <« f(wy) 3 2 L ()

Moreover, let jVo] = t. We claim that i = maxf kju, 2 V59. Suppose not. Let j be the
smallest positive integer such u;; 2 V5. Then i +j5 m +n and by Lemma 2.4, either
fuivg)  firgor flw) or fluirjen)  f(ui) + fuiyy) wheni+j+1  m+n.

First, if f(ui;)  firj1 f(ug), then, for j = 1, f(uiy) fi  fluw) = fin <
f(u;). This contradicts to the definition of f. Hence j 2. This implies that for
k2 [i+1,i4+j5 1], ux2 Vi and 1y 2in (') by (3) of Proposition 3.4. Therefore,
by Lemma 2.5, ( /) and (),

. P . . . .
fijor 27N fid 5207070 (2) =27+ fu)] 2270 1)
27H3 20724 1) 20207 1) =3 273 il ("

Again, by (), (') and the fact i@ 5, we also have
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firi = fivi + f(uigy)  figa + figa fw)
2(3 9iti=3  9j-1 4 2) (3 9i—3 2i—(n+3))
=3 272 27 3 2078 4 9im(n¥) 4 g
3 9it+i-2 9i 9i-3 |
— 3 9iti=2  9(iti)—i  9(+)-(+3) 1

Since i + (j+3) m+n+3 2n+3,either i <n+2orj+3<n+2. This implies
fir; 3 20F)=2 2@ H)=(+2) 1 and we have a contradiction by (4) of Proposition 3.4.
On the other hand, if f(u;+j41)  f(u;)+ f(wis;), then by (), (') and Lemma 2.3,

firjir = firjor + fluiy) + fivjon)  firjr + fuirg) + [ () + fuigg)]
firjo1 +2(firjo1 + 1) + f(wi) = 3firj + fug) + 2.
3(3 20073 27149y 4+3 2078 4+ 3
=9 213 3 2143 27349,

Sincei 5andj 2, we have 207773 3 271410 and 277773 3 273, This implies
firjn 11 270738 1 3 20H+D=2  olHj+1)=(+2) 1 Again, this is not possible.
Hence, we have the claim ¢ = maxf kjv, 2 V5Q.

Now, since i = maxf kjuy 2 V59, we havei 4 t n 2andr,4 0 provided that
up2 Vo and £ 64 in (). By Lemma 2.5 and ( "), we have

P , P ,
f(G) 2m+n—4f4_|_ 2;11 gmtn—d—j 0+2m+n—4—t 1+ ;ﬂ:-‘;i;42m+n—4—3 ( 2)

— 2m+n—4 12 + 2m+n—4—t 2(2m+n—4—t 1) =3 2m+n—2 2m+n—4—t +2
3 gm+n—2 2m+n—4—(n—2) +92=3 om+n—2 om—2 +92.

Case 2. f(uy) =T7.

Review that V} = fv 2 V(G)nV(H)jouy 2 E(G)g and V, = fo 2 V(G)nV (H)jvuy 2
E(G)g. Clearly, f; = 13. Now, if V5 =; , then ry 2 foreach £2 [I,m+n 4] in ().
By Lemma 2.5 and ( "), we have

P .
f(G) 2m+n—4f4 + m+n—4 2m+n—4—j( 2) =13 2m+n—4 2(2m+n—4 1)

Jj=1

3 2m+n—2 2m—2+2'
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Otherwise, V5 6 ;. Let i = minf jju; 2 V50. Clearly ¢ 5. Since uy 2 V; for k2 [5,7 1],
Th—4 2for k2 [5,¢ 1]in ( /). By Lemma 2.5 and ( '), we have

. P, . .

fi—l - f4+(i—5) 27'_5f4 + j=51 27'_5_j( 2) = 11 22_5 + 2 .................. ( )
If m 4+ mn =05, then by Lemma 2.4, f(us) fi f(ug) =13 7 =06 < f(uy), which is
impossible. Hence, consider m+n 6. Again, by Lemma 2.4, either f(u;)  fi_1  f(u4)
or f(uiv1)  f(uw;) + f(ug) when i +1  m +n. First, if f(uw;)  fic1 f(ug), then
fi=fia+ flw)  2fica flug). By ()and (),

F(G) < 2mtn=i(f; 1) 2mn=ilf, | flu) +1]  2m-i[11 24 9]

11 2m+n—4 3 2m+n—2 2m—2 + 2

On the other hand, if f(u;y1)  f(w;) + f(u4), then by (), we have

fir1 = ficr + fwg) + fluivr)  fio + f(ug) + [f(wi) + fug)]

fior +2(fics +1) + f(ug) =33 277° +15.

If i 6, then by (), we have

f(G) < 2m+n—(i+1)(fi+1 + 1) 2m+n—(i+1)(33 9i—5 + 16)

— 33 2m+n—6_'_16 2m+n—(i+1) 33 2m+n—6_'_16 om+n—7

— 41 gmin=6 <3 gmin=2 gm-2 9
Therefore, the case left to check is that ¢ = 5. First, we evaluate f(ug) and fs. By
assumption and Lemma 2.3, f(ug)  f(us) + f(u4) (fa+ 1)+ f(uy) = 21, and
fo = fo+ flus) + flug)  fa+ (fa+1)+ f(us) 48. Now, if there exist a k' 7
such that uy 2 Vo. Let £ = minfj  Tju; 2 V59. Then for each k2 [7,4 1], uy 2 V4 and
hence rj_g 2in (). By Lemma 2.5 and ( ), we have

P .
for 2Tfe+ 1207T9(2) 46 2T 42,

Also, by Lemma 2.4, either f(u,)  fro1  f(ua) or f(uerr) — flue) + f(ug) when
¢(+1 m+n. First, if f(u))  feo1 f(uy), then

fo=feo1+ flue)  2ficr flua) 92 257 3

96 2(—7 2(—5 3 3 2(—2 26—(n+2) 1.
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This is a contradiction. On the other hand, if f(ugr1)  f(ue) + f(ug), then since £ 7,
we have

foor = foor + f(we) + flura)  foor +2f(we) + f(ua)
foor +2(fomr + 1)+ flug) 3 (46 257 4+2)+9
=69 20648 2 1 77 26 1
96 26—6 16 2(—6 1 3 2(£+1)—2 2(£+1)—(n+2) 1.

We also have a contradiction.
This implies that uy 2 V; for each k& 2 [7,m + n| . Therefore, ry_g¢ 2 for each
k2 [7,m+n]in (). By Lemma 2.5 and ( '), we have

P m+n— A
f(G) = fot(men—s) mAn=6 fo 1 j:+1 6 om-+n—6 i( 2)

48 2min=6  g(gmin=6 1) 3 gmin=2  gm=2 49
This concludes the proof of the theorem. O
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