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Abstract

Supposek + 1 runners having nonzeroconstant pairwise distinct speedsrun laps
on a unit-length circular track starting at the same time and place. A runner is
said to be lonely if she is at distance at least 1=(k + 1) along the track to every
other runner. The lonely runner conjecture states that every runner gets lonely.
The conjecture has been proved up to six runners (k � 5). A formulation of the
problem is related to the regular chromatic number of distance graphs. We use a
new tool developed in this context to solve the �rst open caseof the conjecturewith
seven runners.

1 In tro duction

Considerk + 1 runners on a unit length circular track. All the runners start at the same
time and place and each runner has a constant speed. The speedsof the runners are
pairwise distinct. A runner is said to be lonely at sometime if she is at distance at
least 1=(k + 1) along the track from every other runner. The Lonely Runner Conjecture
states that each runner gets lonely. The Lonely Runner Conjecture has beenintroduced
by Wills [12] and independently by Cusick [7], and it has been given this pitturesque
name by Goddyn [4]. For k = 3, there are four proofs in the context of diophantine
approximations: Betke and Wills [3] and Cusick [7, 8, 9]. The casek = 4 was�rst proved
by Cusick and Pomerance[10], with a proof requiring computer checking. Later, Bienia
et al. [4] gave a simpler proof for the casek = 4. The casek = 5 wasproved by Bohman,
Holzman and Kleitman [5]. A simpler proof for this casewasgiven later by Renault [11].

This problemappearsin di�erent contexts. Cusick [7] wasmotivated by an application
in view obstruction problems in n{dimensional geometry, and Wills [12] consideredthe
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problem from the diophantine approximation point of view. Biennia et al. [4] observed
that the solution of the lonely runner problem implies a theoremon nowherezero
o ws in
regular matroids. Zhu [13] usedknown results for the lonely runner problem to compute
the chromatic number of distancegraphs. In [2] a similar approach wasusedto study the
chromatic number of circulant graphs.

A convenient and usual reformulation of the lonely runner conjecturecan be obtained
by assumingthat all speedsare integers,not all divisible by the sameprime, (seee.g. [5])
and that the runner to be lonely haszerospeed. Let kxk denotethe distanceof the real
number x to its nearestinteger. In this formulation the Lonely Runner Conjecturestates
that, for any setD of k positive integers,there is a realnumber t such that ktdk � 1=(k+ 1)
for each d 2 D. We shall considera discreteversionof the lonely runner problem.

Let N be a positive integer. For an integer x 2 Z we denoteby jxjN the residueclass
of x or � x in the interval [0; N=2]. For a set D � N of positive integerswe de�ne the
regular chromatic number � r (N; D) as

� r (N; D) = minf k : 9� 2 ZN such that j�d jN �
N
k

for each d 2 Dg;

if D contains no multiples of N and � r (N; D) = 1 otherwise. We de�ne the regular
chromatic number of D as

� r (D) = lim inf
N !1

� r (N; D):

The reasonfor calling chromatic numbers the parametersde�ned above stemsfrom
applications of the lonely runner problem to the study of the chromatic numbers of dis-
tancegraphsand circulant graphs;seee.g[1, 2, 13]. In this terminology, the lonely runner
conjecturecan be equivalently formulated as follows.

Conjecture 1 For every set D � Z of positive integerswith gcd(D) = 1,

� r (D) � jD j + 1:

In [1] the so{called Prime Filtering Lemma was introduced as a tool to obtain a
characterization of sets D with jD j = 4 for which equality holds in Conjecture 1. The
Prime Filtering Lemmaprovidesa short proof of the conjecturefor jD j = 4 (�v e runners)
which we include in Section3 just to illustrate the technique. In Section2 we formulate
a generalizationof the lemmaand we then useit in the rest of the paper to solve the �rst
open caseof the conjecturewhen jD j = 6. As it will becomeclear in the comingsections,
the Prime Filtering Lemma essentially reducesthe proof to a �nite problem in Z7 which
can be seenas a generalizationof the Lonely Runner Problem in which the runners may
have di�erent starting points. Unfortunately the conjecturedoesnot always hold in this
new context and we have to proceedwith a more detailed caseanalysis.

2 Notation and Preliminary results

For a positive integer x and a prime p, the p{adic valuation of x is

� p(x) = maxf k : x � 0 (mod pk)g:
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Wealsodenoteby r p(x) = (xp� � p (x))p the congruenceclassmodulo p of the leastcoe�cien t
in the p-ary expansionof x.

We shall consider the discrete version of the lonely runner problem mostly in the
integers modulo N with N a prime power. We denote by (x)N the residue classof x
modulo N in f 0; 1; : : : ; N � 1g and we denoteby jxjN the residueclassof x or � x modulo
N in f 0; 1; : : : ; bN=2cg.

Let D be a set of positive integers,let m = max� p(D) and set N = pm+1 . Note that,
for each x 2 D, � p(x) = � p((x)N ) = � p(jxjN ). By abuseof notation we still denoteby D
the set f (d)N : d 2 Dg as a subsetof ZN whenever the ambient group is clear from the
context. The p{levels of D are

Dp(i ) = f d 2 D : � p(d) = ig:

Let q = qp;m : Z ! Zp be de�ned as

q(x) =
� j x

pm

k�

p

;

that is, q(x) = k is equivalent to (x)N 2 [k( N
p ); (k + 1)N

p ). We call the interval [k( N
p ); (k +

1)N
p ) the k-th (N=p){ arc. Our goal is to �nd a multiplier � for D 0 = D nDp(m) such that

q(� � D 0) \ f 0; p � 1g = ; ; (1)

where � � X = f �x ; x 2 X g. Indeed, if (1) holds, then j�d jN � N=p for each d 2 D and
� r (D) � � r (N; D) � p, giving Conjecture 1 whenever jD j � p � 1.

We shall mostly usemultipliers of the form 1 + pm� j k. Let

� j;p = f 1 + pm� j k; 0 � k � p � 1g; j = 0; 1; : : : ; m � 1;

and
� m;p = f 1; 2; : : : ; p � 1g:

Note that all elements in UZN , the multiplicativ e group of invertible elements in ZN ,
can be obtained as a product of elements in � 0;p [ � 1;p [ � � � � m;p . In what follows, by a
multiplier we shall always mean an invertible element in ZN where N is a prime power
for somespeci�ed prime p.

For each j and each � 2 � j;p , we have

� p(� � x) = � p(x) (2)

and, if � = 1 + kpm� j , then

q(� � x) =
�

q(x); if � p(x) > j;
q(x) + kr p(x); if � p(x) = j:

(3)

In view of (3), when using a multiplier � 2 � j;p , the valuesof q on the elements in the
p{levels Dp(i ) of D with i > j remain unchanged. The following result is basedin this
simple principle. It gives a su�cien t condition for the existenceof a multiplier � such
that multiplication by � sendsevery element d 2 D outside a `forbidden' set for d.
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Lemma 2 (Prime Filtering) Let p be a prime and let D be a set of positive integers.
Set m = maxf � p(d) : d 2 Dg and N = pm+1 . For each d 2 D let Fd � Zp. Supposethat

X

d2 D p (j )

jFdj � p � 1 for each j = 0; 1; : : : ; m � 1; and

X

d2 D p (m)

jFdj � p � 2;

Then there is a multiplier � suchthat, for each d 2 D,

q(�d ) 62Fd:

Proof. For each d 2 D(m) we have q(� m;p � d) = � m;p . Hencethere are at most jFdj
elements � in � m;p such that q(�d ) 2 Fd. Since

P
d2 D p (m) jFdj � p � 2, there is � 2 � m;p

such that q(�d ) 62Fd for each d 2 Dp(m).
Denote by E(i ) = [ j � i D(j ). Let r be the smallest nonnegative integer i for which

there is some� i 2
Q m

j = i � j;p verifying q(� i d) 62Fd for every d 2 E(i ). We have seenthat
r � m.

Supposethat r > 0 and let � 2 � r � 1;p. It follows from (2) and (3) that, for each
d 2 E(r ), we have (�� r d)N = (� r d)N . Note also that, for each d 2 D(r � 1), we
have q(� r d � � r � 1;p) = Zp. Hencethere are at most jFdj elements � in � r � 1;p for which
q(�� r d) 2 Fd. Since

P
d2 D p (r � 1) jFdj < p there is at least one � 2 � r � 1;p for which

�� r d 62Fd for each d 2 E(r � 1) contradicting the minimalit y of r . Thus r = 0 and we
are done. 2

We shall often usethe following form of Lemma 2, in which all forbidden setsare the
0-th and (p � 1){th (N=p){arcs.

Corollary 3 With the notation of Lemma2, supposethat jdjN � N=p for each d 2 Dp(i )
and each i � i 0 for somepositive integer i 0 � m. If

jDp(j )j �
(p � 1)

2
; j = 0; 1; : : : ; i 0 � 1;

then
� r (N; D) � p:

Proof. Let Fd = f 0; p � 1g for each d 2 D n Dp(m). We can apply Lemma 2 to each
element of D 0 = D n([ i � i 0 Dp(i )) since

P
d2 D p (j ) jFdj = 2jDp(j )j � (p � 1) for each j < i 0.

Thus there is � 2
Q

j <i 0
� j;p such that q(�d ) 62f 0; p � 1g for each d 2 D 0. With such �

we alsohave j�d jN = jdjN � N=p for each d 2 D n D 0. Hencethe inequality j�d jN � N=p
holds for each d 2 D, which is equivalent to � r (N; D) � p. 2
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3 The case with three and �v e runners

Let us show that the caseswith three (jD j = 2) and �v e (jD j = 4) runners can be easily
handled. In other words, we prove in a simple way that � r (D) � jD j + 1 for those sets
with jD j = 2 or jD j = 4.

For jD j = 2, either the two elements in D are relatively prime with 3 or they have
di�erent 3-adic valuations. In both casesCorollary 3 with p = 3 applies and we get
� r (D) � 3.

Supposenow that jD j = 4. Let m = max� 5(D) and N = 5m+1 . Sincewe assumethat
gcd(D) = 1, we always have D5(0) 6= ; . By de�nition we have D5(m) 6= ; as well. If
jD5(i )j � 2 for each i < m then we are done by Corollary 3. Thereforewe only have to
considerthe casejD5(0)j = 3 and jD5(m)j = 1.

Put A = D5(0) = f d1; d2; d3g and D5(m) = f d4g. We shall show that, up to multipli-
cation of elements in � 0;5 [ � m;5, we have q(A) \ f 0; 4g = ; . Sincethesemultiplications
preserve the inequality jd4jN � N=5 we will concludethat � r (D) � 5.

Let d 2 A. For each � k = 1 + k5m 2 � 0;5 we have

q(� kd) = q(d) + kr 5(d); (4)

and for each j 2 f 1; 2; 3g � � m;5,

q(( j + 1)d) � q(j d) + q(d) + f 0; 1g � (j + 1)q(d) + f 0; 1; : : : ; j g: (5)

Sincewecanreplaceeach d 2 A by � d wemay assumethat all elements in A belongto
two nonzerocongruenceclassesmodulo 5, say (A)5 � f 1; 2g. Let As = f d 2 A : (d)5 = sg,
s 2 f 1; 2g, denotethe most popular congruenceclass.

Let us denoteby `(A) the cardinality of the smallestarithmetic progressionof di�er-
enceone in Z5 which contains q(A). Let us show that

`(j � k � As) � jAsj (6)

for somej 2 � m;5 and some� k 2 � 0;5.
Supposethat jAsj = 3 and assumethat (6) doesnot hold for j = 1. By (4) we may

assume,up to multiplication by some� k , that q(d1) = 0, q(d2) = 2 and q(d3) = 3.
By (5) wehaveq(2d1) 2 f 0; 1g, q(2d2) 2 f 0; 4g and q(2d3) 2 f 1; 2g. If (6) doesnot hold

for j = 2 either, then q(2d2) = 4 and q(2d3) = 2. Again by (5) we have q(3d1) � f 0; 1; 2g,
q(3d2) � f 1; 2g and q(3d3) � f 0; 1g and (6) holds for j = 3.

Hence(6) holds and, up to multiplication by some� k , we have q(A) \ f 0; 4g = ; as
desired.

Supposenow that As = f d1; d2g and r5(d3) = � 2s and assumethat (6) doesnot hold
for j = 1. Without lossof generality we may assumethat q(d1) = 0 and q(d2) = 2. By (5)
we have q(2d1) 2 f 0; 1g, q(2d2) 2 f 0; 4g. If (6) doesnot hold for j = 2 then q(2d1) = 1
and q(2d2) = 4. Now, again by (5), q(3d1) 2 f 1; 2g and q(3d2) 2 f 1; 2g so that (6) holds
for j = 3.

Hencewe have q(� k �As) \ f 0; 4g = ; at least for two valuesof k, and sincer 5(d3) 6= � s
at least for oneof them we have q(� kd3) 6= 0; 4 aswell. This concludesthe proof.
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4 Overview of the pro of for seven runners

In what follows, m = max� 7(D) and N = 7m+1 . We shall omit the subscript p = 7 and
write � (x) = � 7(x), r (x) = r 7(x) and � j = � j; 7.

Sincewe assumethat gcd(D) = 1, we always have D7(0) 6= ; . By de�nition we have
D7(m) 6= ; as well.

If jD7(i )j � 3 for each 0 � i < m then we are done by Corollary 3. Therefore we
may supposethat jD7(i )j � 4 for somei . On the other hand, if jD7(i0)j = 4 for some
i0 > 0 then, again by Corollary 3, the problem can be reducedto the set D 0 = f d=pi 0 :
d 2 D n D7(0)g. Indeed, if we can �nd a multiplier � 0 such that j� 0d0jN 0 � N 0=p for each
d0 2 D 0, whereN 0 = N=pi 0 , then j�d jN � N=pfor each d 2 D7(i ), i � i 0 with (� )N = (� 0)N

and Corollary 3 applies. Therefore we only have to considerthe casesjD 7(0)j = 4 and
jD7(0)j = 5. Thesetwo casesare dealt with by consideringthe congruenceclassesmodulo
seven of the elements in A = D7(0). Sincewe can replaceevery element d 2 A by � d,
we may assumethat all elements in A belongto three nonzerocongruenceclassesmodulo
7, say (A)7 � f 1; 2; 4g. Let As = f d 2 A : (d)7 = sg, s 2 f 1; 2; 4g. Recall that, for
� k = 1 + k7m 2 � 0 we have

q(� k � As) = q(As) + ks (7)

The casejAj = 4 is simpler and is treated in Section 5. The casejAj = 5 is more
involved and it is described in Section6. In both casesthe generalstrategy consistsof
compressingthe sets As, s 2 f 1; 2; 4g and then using (7). For this we often apply the
Prime Filtering Lemma to subsetsof A � A or 2A � 2A.

In what follows we shall denote by `(X ), where X is a set of integers, the length of
the smallestarithmetic progressionof di�erence one in Z7 which contains q(X ).

5 The case jAj = 4

Let A = f d1; d2; d3; d4g � D7(0) and d5 2 D7(i0), 0 < i 0 � m. Recall that for any
d 2 D7(m) and � 2 UZN we have j�d jN � N=7. Set jd5jN = u7i 0 and let u0 such that
uu0 � 1 (mod 7m+1 � i 0 ). Let

� = f j u0(1 + 7m� i 0 ) : 1 � j � 5g:

For each � 2 � 0 and � 0 2 � we clearly have

j�� 0d5jN = j (7m + 7i 0 ) � N=7: (8)

We shall show that there are � 2 � 0 and � 0 2 � such that q(�� 0 � A) \ f 0; 6g = ; , thus
concludingthe casejAj = 4.

Let � k = 1 + k7m , 0 � k � 6, denote the elements in � 0 and � 0
j = j u0(1 + 7m� i 0 ),

1 � j � 5, the onesin �. For d 2 A we have

q(� 0
j +1 d) 2 q(� 0

j d) + q(� 0
1d) + f 0; 1g � (j + 1)q(� 0

1d) + f 0; 1; : : : ; j g; (9)
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and
q(� kd) = q(d) + kr (d): (10)

We considerthree casesaccordingto the cardinality jAsj of the most popular congru-
enceclassin A.

Case1. jAsj = 4.
If we show that `(� 0 � A) � 5 for some� 0 2 � then, in view of (10), we have f 0; 6g \

q(� k � 0 � A) = ; for at least onevalue of k and we are done.
Supposethis is not the case. Without loss of generality we may then assumethat

q(� 0
1 � A) = f 0; 2; 4; 6g, say q(� 0

1di ) = 2(i � 1), 1 � i � 4 . In view of (9), we have
q(� 0

3di ) 2 6(i � 1) + f 0; 1; 2g. Since f 2; 3g \ q(� 0
3 � A) 6= ; we must have q(� 0

3d1) = 2.
Similarly, f 3; 4g \ q(� 0

3 � A) 6= ; implies q(� 0
3d4) = 4. Now, again by (9),

q(� 0
4d1) 2 f 2; 3g; q(� 0

4d2) 2 f 1; 2; 3; 4g; q(� 0
4d3) 2 f 2; 3; 4; 5g and q(� 0

4d4) 2 f 3; 4g;

which yields f 0; 6g \ q(� 0
4 � A) = ; , a contradiction.

Case2. jAsj = 3.
Let As = f d1; d2; d3g, so that either d4 2 A2s or d4 2 A4s.
Supposethat

`(� 0 � As) � 4 (11)

for some� 0 2 �. Then, in view of (10), wehavef 0; 6g\ q(� k � 0�As) = ; for k 2 f k0; k0+ s� 1g
and somek0 (the valuestaken modulo seven). By (10) oneof thesetwo valuessends� 0d4

outside of f 0; 6g and we are done.
Supposethat (11) doesnot hold. Then wemay assumethat either q(� 0

1 �As) = f 0; 1; 4g
or q(� 0

1 � As) = f 0; 2; 4g, say q(� 0
1d1) = 0, q(� 0

1d2) = 1 or 2 and q(� 0
1d3) = 4. If q(� 0

1d2) = 1,
by (9),

q(� 0
2 � As) � f 0; 2; 1g + f 0; 1g = f 0; 1; 2; 3g;

and (11) holds, a contradiction. If q(� 0
1d2) = 2, using (9) with � 0

3, we have

(q(� 0
3d1); q(� 0

3d2); q(� 0
3d3)) � f 0; 1; 2g � f 6; 0; 1g � f 5; 6; 0g:

Sincef 2; 3; 4g \ q(� 0
3 � As) 6= ; we have q(� 0

3d1) = 2, and f 3; 4; 5g \ q(� 0
3 � As) 6= ; implies

q(� 0
3d3) = 5. But then q(� 0

4d1) � 2 + f 0; 1g and q(� 0
4d3) � 2 + f 0; 1g, so that

q(� 0
4 � As) � (2 + f 0; 1g) [ f 1; 2; 3; 4g;

and (11) holds, again a contradiction.
Case3. jAsj = 2.
We may assumethat either jA2sj = 2 or jA2sj = jA4sj = 1. Let As = f d1; d2g.
Supposethat

`(� 0 � As) � 2 (12)

for some� 0 2 �. Then we have f 0; 6g\ q(� k � 0�As) = ; for k 2 f k0; k0 + s� 1; k0 + 2s� 1; k0+
3s� 1g and somek0 (the valuestaken modulo seven). It is a routine checking that for at
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least one of thesefour valuesof k we have f 0; 6g \ q(� k � 0 � (A n As)) = ; as well and we
are done.

Supposethat (12) doesnot hold. We may assumethat either (i) q(� 0
1 � As) = f 0; 2g

or (ii) q(� 0
1 � As) = f 0; 3g.

Assumethat (i) holds. Then (q(� 0
3d1); q(� 0

3d2)) � f 0; 1; 2g � f 6; 0; 1g. Since(12) does
not hold, (q(� 0

3d1); q(� 0
3d2)) is one of the pairs (1; 6); (2; 0) or (2; 6). In the two former

oneswe have q(� 0
4 � As) � f 1; 2g or q(� 0

4 � As) � f 2; 3g respectively, a contradiction; in the
last one, (q(� 0

4d1); q(� 0
4d2)) � f 2; 3g � f 1; 2g, so that q(� 0

4d1) = 3 and q(� 0
4d2) = 1, which

in turn implies q(� 0
5 � As) � f 3; 4g, again a contradiction.

Assumenow that (ii) holds. Repeateduseof (9) and the fact that (12) doesnot hold
gives

(q(� 0
2d1); q(� 0

2d2)) � f 0; 1g � f 6; 0g implies q(� 0
2d1) = 1 and q(� 0

2d2) = 6

(q(� 0
3d1); q(� 0

3d2)) � f 1; 2g � f 2; 3g implies q(� 0
3d1) = 1 and q(� 0

3d2) = 3

Hence,
q(� 0

5 � As) � q(� 0
2 � As) + q(� 0

3 � As) + f 0; 1g = f 2; 3g;

giving (12). This completesthe proof for the casejAj = 4.

6 The case jAj = 5 and m > 1

Recall that N = 7m+1 where we now assumethat m = max(� (D)) � 2, and that all
elements in A belongto three nonzerocongruenceclassesmodulo 7, say (A)7 � f 1; 2; 4g.
In particular, given any two elements in A we have either r (y) = r (x) or r (y) = 2r (x) or
r (x) = 2r (y). We �nd convenient to introducethe following notation:

e(x; y) =

8
<

:

2x � y; if r (y) = 2r (x)
2y � x; if r (x) = 2r (y)
x � y; if r (y) = r (x);

and ~e(x; y) =

8
<

:

2q(x) � q(y); if r (y) = 2r (x)
2q(y) � q(x); if r (x) = 2r (y)
q(x) � q(y); if r (y) = r (x):

(13)
The following properties can be easily checked.

Lemma 4 Let x; y be integerswith � (x) = � (y) = j < m.
(i) For each � 2 [ i � j � i we have~e(x; y) = ~e(�x; �y ).
(ii) j~e(x; y)� q(e(x; y)) j7 � 1: Moreover, if r (x) = r (y) then ~e(x; y)� q(e(x; y)) 2 f 0; 6g.

Proof. Let � = (1 + k7m� i ). If i < j then q(�x ) = q(x) and q(�y ) = q(y) so there
is nothing to prove. If i = j and r (y) = 2r (x) then q(�x ) = q(x) + kr (x) and q(�y ) =
q(y) + kr (y) = q(y) + 2kr (x) so that ~e(�x; �y ) = 2q(�x ) � q(�y ) = 2q(x) � q(y) = ~e(x; y).
The caser (y) = r (x) can be similarly checked.

Part (ii) follows directly from the de�nition of q(x) =
�
b x

7m c
�

7
. 2
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Recall that, for a subsetX � Z, `(X ) stands for the length of the shorter arithmetic
progressionof di�erence 1 in Z7 which contains q(X ). Let A1 denotea classwith larger
length and denoteby s its congruenceclassmodulo 7. Denoteby A2 and A4 the subsets
of elements in A congruent with 2s and 4s modulo 7 respectively. As in the casejAj = 4,
the generalstrategy consistsin `compressing'the setsq(A1); q(A2); q(A4). We summarize
in lemmas5 and 6 below somesu�cien t conditions in terms of the valuesof lengths of
thesethree setswhich allows one to concludethat (1) holds.

Lemma 5 Assumethat

`(A1) + `(A2) + `(A4) � 5:

Then there is � 2 � 0 suchthat

q(� � A) \ f 0; 6g = ; ;

unless(`(A1); `(A2); `(A4)) = (3; 1; 1) and ~e(d;d0) 2 f 2; 4g for each d 2 A2 and d0 2 A4.

Proof. The elements of � 0 will bedenotedby � k = 1+ 7m ks� 1. Observe that, for d 2 A j ,
we have q(� kd) = q(d) + j k. By (7) we may assumethat q(A1) � f 1; 2; : : : ; `(A1)g, so
that q(� k � A1) \ f 0; 6g = ; for k = 0; 1; : : : ; 5 � `(A1). We may assumethat `(A1) +
`(A2) + `(A4) = 5:

If `(A1) = 5 we are done. If `(A1) = 4 then we clearly have q(� k � (A nA1)) \ f 0; 6g = ;
for at least oneof k = 0; 1.

Supposethat `(A1) = 3. If either `(A2) = 2 or `(A4) = 2 then for at least one of
the valuesof k = 0; 1; 2 we have q(� k � (A n A1)) \ f 0; 6g = ; . Let us considerthe case
`(A2) = `(A4) = 1. Let q(A2) = f ig and q(A4) = f j g. Supposethat q(� k � A) \ f 0; 6g 6= ;
for each k = 0; 1; 2. Sinceat most oneelement in f i; i + 2; i + 4g belongsto f 0; 6g, two of the
elements in f j; j + 4; j + 1g must be in f 0; 6g. The only possibility is f j; j + 1g = f 0; 6g
and f i + 2g 2 f 0; 6g. This implies 2i � j 2 f 2; 4g. Hence ~e(d;d0) 2 f 2; 4g for each
d 2 A2; d0 2 A4.

Suppose�nally that `(A1) = 2. We may assumethat `(A2) = 2 and `(A4) = 1. Let
q(A2) = f i; i + 1g and q(A4) = f j g. Two of the four sets f i; i + 1g + 2k, k = 0; 1; 2; 3,
intersect f 0; 6g for two consecutive valuesof k in cyclic order. At most two of the sets
f j g + 4k , k = 0; 1; 2; 3, intersect f 0; 6g for two non consecutive valuesof k. Hencethere
is somevalue of k for which (q(A2) + 2k) [ (q(A4) + 4k) doesnot intersect f 0; 6g. This
completesthe proof. 2

Lemma 6 Supposethat q(A1) � f 1; : : : ; `(A1)g and let d 2 A1 with q(d) = 1. There is
� 2 � 0 suchthat

q(� � A) \ f 0; 6g = ; ;

if one of the following conditions hold:
(i) Either (`(A1); `(A2); `(A4)) = (5; 0; 1) and ~e(d;d0) 62f 4; 6g for each d0 2 A4, or

(`(A1); `(A2); `(A4)) = (5; 1; 0) and ~e(d;d0) 62f 2; 3g for each d0 2 A2.
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(ii) Either (`(A1); `(A2); `(A4)) = (4; 0; 2), or (`(A1); `(A2); `(A4)) = (4; 2; 0) and
~e(d;d0) 6= 4, where q(A2) = f i; i + 1g and d0 2 A2 \ q� 1(i ).

(iii) (`(A1); `(A2); `(A4)) = (3; 3; 0) (or (3; 0; 3).)

Proof. We may assumethat the elements of A1 are congruent to 1 modulo 7, so that
q(� k � A1) \ f 0; 6g = ; for k = 0; 1; : : : ; 5 � `(A1).

(i) Supposethat `(A4) = 1. If q(A4) = i 2 f 0; 6g then ~e(d;d0) = 2i � 1 2 f 6; 4g.
Similarly, if `(A2) = 1, then i = q(A2) 2 f 0; 6g implies ~e(d;d0) = 2 � i 2 f 2; 3g.

(ii) Supposethat `(A4) = 2, say q(A4) = f i; i + 1g. One of the two setsf i; i + 1g; f i +
4; i + 5g doesnot intersect f 0; 6g so that the result holds for at least one � k , k = 0; 1. If
`(A2) = 2 then both q(A2) = f i; i + 1g and q(� 1 � A2) = f i + 2; i + 3g intersect f 0; 6g only
if i = 5 and ~e(d;d0) = 2 � i = 4.

(iii) Let q(A2) = f i; i + 1; i + 2g. Now q(� k � A1) \ f 0; 6g = ; for k = 0; 1; 2, and one
of the three setsf i; i + 1; i + 2g; f i + 2; i + 3; i + 4g; f i + 4; i + 5; i + 6g doesnot intersect
f 0; 6g. The case(3; 0; 3) is obtained by renamingA1 as A2, A2 as A4 and A4 as A1. 2

As shown in the lemmas5 and 6 above, compressionalone is usually not enoughto
concludethat (1) holds. The next lemmasprovide additional tools to completethe proof.
Further results of the samenature will appear later on in dealing with speci�c cases.

Lemma 7 Let X � Z7 and let d;d0 be two integers with � (d) = � (d0) = 0 and r (d0) =
2r (d). There is � 2 � h for someh < m suchthat

~e(�d; �d 0) 62X

wheneverone of the two following conditions holds:
(i) � (2d � d0) < m and `(X ) � 4, or
(ii) � (2d � d0) = m and r (2d � d0) 62X \ (X + 1).

Proof.
(i) Since `(X ) � 4 there is x 2 Z7 n (X + f 0; 1; 2g). Choose � 2 � h, where h =

� (2d � d0) < m, such that q(� (2d � d0)) = x � 1. Using Lemma 4 we have ~e(�d; �d 0) 2
q(e(�d; �d 0) + f� 1; 0; 1g = x + f� 2; � 1; 0g 62X .

(ii) Since� (2d� d0) = m we have r (2d� d0) = q(2d� d0) = q(2d) � q(d0). Supposethat
q(2d � d0) 62X . Choose� 2 � 1 such that q(� (7d)) = 0. Let us show that this � veri�es
the conditions of the lemma (recall that m > 1). Note that q(2�d ) 2 2q(�d )) + f 0; 1g
and q(2�d ) = 2q(�d )) + 1 implies q(� (7d)) = q(� (2d + 2d + 2d + d)) 2 q(2�d ) + q(2�d ) +
q(2�d ) + q(�d ) + f 0; 1; 2; 3g = 7q(�d ) + 3+ f 0; 1; 2; 3g, contradicting q(� (7d)) = 0. Hence
q(2�d ) = 2q(�d )). Thus ~e(�d; �d 0) = 2q(�d ) � q(�d 0) = q(� (2d � d0)) = q(2d � d0) 62X as
claimed. A similar argument applieswhen q(2d � d0) 62(X + 1) by choosing � 2 � 1 such
that q(� (7d)) = 6 so that q(� (2d)) = 2q(�d )) + 1. 2

Note that the proof of Lemma 7 (ii) requiresm > 1. We give a last lemma before
proceedingwith the caseanalysis. First we note the following remark.

Remark 8 Let X � Z.
(i) If q(X � X ) � f 0; 6g then `(k � X ) � k + 1, 1 � k � 6.
(ii) If q(X � X ) � f 0; 1; 5; 6g then `(X ) � 3.
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Lemma 9 Let B = f b1; b2; b3g � Z with � (B) = f 0g and r (b1) = r (b2) = r (b3). Set
x = b1 � b3 and y = b2 � b3.

(i) If � (x) 6= � (y) then there is a multiplier � suchthat `(� � B ) � 2.
(ii) If � (x) = � (y) = h < m and r (y) = j r (x), j 2 f 2; 3g then there is a multiplier �

suchthat q(�y ) 2 f 0; 5; 6g and `(� � B ) � j . Moreover, if j = 3, then � 2 � h.

Proof. (i) Suppose� (x) > � (y). By Lemma 2 there is a multiplier � such that q(�x ) =
q(�y ) = 6. Thus q(�x � �y ) = q(� (b1 � b2)) 2 f 0; 6g and q(� � B � � � B ) 2 f 0; 6g. By
Remark 8 (i), we have `(� � B ) � 2.

(ii) Suppose�rst that r (y) = 2r (x) and set e = e(x; y) = 2x � y. We have h0 = � (e) >
h. Choose� 2 � h0 such that either q(�e ) = 0 (if � (e) 6= m) or �e = N=7 (if � (e) = m).
By Lemma 4 we have ~e(�x; �y ) 2 f 0; 1; 6g. Choose � 0 2 � h such that q(� 0�x ) = 0
(if ~e(�x; �y ) 2 f 0; 1g) or q(� 0�x ) = 6 (if ~e(�x; �y ) = 6). Then q(� 0�y ) 2 f 0; 6g and
q(� 0� (y � x)) 2 f 0; 6g. Thus q(� 0� � (B � B)) � f 0; 6g. By Remark 8 (i), we have
`(� 0� � B ) � 2.

Supposenow that r (y) = 3r (x). Choose� 2 � h such that

q(�y ) =

8
<

:

0 if 3q(y) + 5q(x) 2 f 0; 2g
6 if 3q(y) + 5q(x) 2 f 1; 4; 6g
5 if 3q(y) + 5q(x) 2 f 3; 5g

Thus q(�y ) 2 f 0; 5; 6g, q(�x ) 2 f 0; 1; 5; 6g and q(�y ) � q(�x ) 2 f 0; 1; 6g. By Lemma 4,
q(� (y � x)) 2 q(�y ) � q(�x ) + f 0; 6g = f 0; 1; 5; 6g. Hence,by Remark 8 (ii), we have
`(� � B ) � 3. 2

6.1 Case 1: jA1j = 5.

In what followsweshall usesomeappropriatenumbering f d1; d2; d3; d4; d5g of the elements
in A. We shall write eij = e(di ; dj ).

Lemma 10 Supposethat jA1j � 4 and let E = (A1 � A1) n f 0g. There is a numbering of
the elementsof A1 suchthat one of the following holds:

(i) � (e21) > � (e31), or
(ii) � (e) = h for each e 2 E and r (e31) = 2r (e21) and either

(ii.1) r (e41) = 3r (e21), or
(ii.2) r (e41) = 4r (e21).

Proof. If j� (E)j > 1 then color the pair f di ; dj g with � (eij ). Two intersecting pairs
must have di�erent colors. We can renamed1 their commonelement and d2; d3 the other
two to get (i).

Suppose now that j� (E)j = 1. Consider the set X = f r (eil ); r (ej l ); r (ekl )g where
i; j; k; l are pairwisedistinct subscripts. If r (eil ) = r (ej l ) then � (eij ) = � (eil � ej l ) > � (eil )
contradicting j� (E)j = 1. By symmetry the elements in X are pairwise distinct and
two of them belong to one of the sets f 1; 2; 4g or f 3; 5; 6g. We may thus assumethat
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(r (eil ); r (ej l ); r (ekl )) = (x; 2x; y). If y 2 f 3x; 4xg then (ii) holds with l = 1; i = 2; j = 3
and k = 4. If y 2 f 5x; 6xg then (r (el j ); r (eij ); r (ekj )) = (� 2x; � x; y � 2x) and (ii) holds
with j = 1; i = 2; l = 3 and k = 4. 2

Let A1 = f d1; d2; d3; d4; d5g where we use the labeling provided by Lemma 10. We
shall show that, up to somemultiplier, we have `(A1) � 5. The result then follows by
Lemma 5.

Let B = f d1; d2; d3g and E = (A1 � A1) n f 0g. Supposethat � (E) 6= f mg. Then, by
Lemma 10 and Lemma 9, we may assume`(B) � 2. Thus, by (7) we may assumethat
q(B) � f 0; 6g.

If f q(d4); q(d5)g 6= f 2; 4g then we have `(A1) � 5 and we are done. Suppose that
f q(d4); q(d5)g = f 2; 4g. Then q(3d4); q(3d5) 2 f 0; 1; 5; 6g and q(3 � B) � f 0; 1; 2; 4; 5; 6g.
Furthermore, by Remark 8 (i), `(3 � B) � 4. Thus we have either q(3 � A1) � f 0; 1; 2; 5; 6g
or q(3 � A1) � f 0; 1; 4; 5; 6g, so that `(3 � A1) � 5.

Suppose now that � (E) = f mg. Set E1 = f e51; e41; e31; e21g � f kN=7; 1 � k �
6g. Denote by iN =7 and j N=7 the elements in the complement of E1. Multiplying by
(i � j ) � 1 2 UZ7 wemay assumethat the elements in E1 areconsecutive, sothat `(A1) � 5.
This completesthis case.

6.2 Case jA1j = 4.

Let A1 = f d1; d2; d3; d4g and r (d5) 2 f 2s;4sg, wherethe elements in A1 are labeledwith
the ordering of Lemma 10.

Let B = f d1; d2; d3g and E = (A1 � A1) n f 0g. Supposethat � (E) 6= f mg. Then, by
Lemma 10 and Lemma 9 we may assumethat `(B) � 2 and, by (7) we may assumethat
q(B) � f 0; 6g. If q(d4) 6= 3 then `(A1) � 4, and if q(d4) = 3 then q(2 � A1) � f 0; 1; 5; 6g
and again `(A1) � 4. The result follows by Lemma 5.

Supposenow that � (E) = f mg. If (ii.1) holds then multiplying by (r (e21)) � 1 (modulo
7) we may assumethat e41 = 3N=7, e31 = 2N=7 and e21 = N=7 which yields `(A1) � 4.
The result follows by Lemma 5. Assumethat (ii.2) holds. Up to multiplication by some
� 2 � m we may assumethat q(f e21; e31; e41g) � f 1; 2; 4g so that `(A1) � 5. By Lemma 7
we may alsoassumethat ~e(d1; d5) 62f 4; 6g. Thus Lemma6 (i) appliesif d5 2 A4. Finally,
if d5 2 A2, we may also assumethat ~e(d1; d5) 62f 2; 3g by using again Lemma 7 unless
e15 = 3N=7. In this casewe have q(f 2e21; 2e31; 2e41g) � f 1; 4; 2g, so that `(A1) � 5, while
2e15 = 6N=7 and so ~e(2d1; 2d5) 62f 2; 3g, and the result also follows from Lemma 6 (i).
This completesthis case.

6.3 Case jA1j = 3, jA2j = 1 and jA4j = 1.

First we considera convenient labeling of the elements in A1 to be usedhereand the two
following subsections.

Lemma 11 Let s 2 Z �
7 be given. There is a labeling of the elementsin A1 suchthat one

of the following holds:
(i) � (e13) > � (e23) = � (e12),
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(ii) � (e13) = � (e23) = h and either
(ii.1) r (e13) = 2r (e23), or (ii.2) r (e13) = 3r (e23) = � s,

Proof. Let E = (A1 � A1) n f 0g. If j� (E)j > 1 then we clearly can label the elements
in D to get (i). Assumethat j� (E)j = 1. Supposethat jr (E)j < 6. Note that we can not
have r (eij ) = r (eik ) sinceotherwise� (ekj ) = � (eij � eik ) > � (eij ) contradicting j� (E)j = 1.
Similarly, r (eij ) 6= r (ekj ). Thus we may assumethat the repeated valuesof r on E are
r (eij ) = r (ej k) and we can label i = 1, j = 2 and k = 3. Supposenow that jr (E)j = 6.
Thus we may assumethat r (eik ) = s. Observe that r (ej k) 2 f 3s;5sg. Indeed, if r (ej k) =
2s then r (ej i ) = r (ej k) � r (eik ) = s, if r (ej k) = 4s) then r (eij ) = r (eik ) + r (ekj ) = 4s and
if r (ej k) = 6s then r (ekj ) = s, contradicting in each casejr (E)j = 6. If r (ej k) = 3s then
r (ej i ) = � 5s, r (eki ) = � s and we can label i = 3, j = 2 and k = 1. In caser (ej k) = 5s
we can label i = 1, j = 2 and k = 3. 2

Let A1 = f d1; d2; d3g, where we usethe labeling of Lemma 11, A2 = f d4g and A4 =
f d5g. We divide the proof accordingto the casesof Lemma 11.

(i) and (ii.1) with h < m. By Lemma 9 applied to A1 we may assumethat `(A1) � 2
and the result follows by Lemma 5.

(ii.2) with h < m. We considertwo subcases:
(ii.2.a) � (e45) 6= � (e13). If � (e45) > � (e13), by Lemma 2 applied to e45 we may assume

that q(e45) 2 f 0; 6g and thus ~e(d4; d5) 2 f 0; 1; 5; 6g. We can then apply Lemma 9 to
B = A1 so that we may assumethat `(A1) � 3, yielding the conditions of Lemma 5. A
similar argument works when� (e45) < � (e13) by applying Lemma9 �rst and then Lemma
2.

(ii.2.b) h = � (e45) = � (e13). By Lemma11 we may assumer (e45) = � r (e13). Suppose
�rst that r (e45) = r (e13). Set f = e13� e45, sothat � (f ) > h. By Lemma2 wemay assume
q(f ) = 0 (or f = N=7 with the sameconsequences)so that ~e(e13; e45) = q(e13) � q(e45) 2
f 0; 1g. Recall that this last value is invariant by multiplication of elements in � j with
j � h. Put ~u = 3q(e13) + 5q(e23). By Lemma 2, q(e45) can be set to the value shown in
the following table accordingto the valuesof ~e = ~e(e13; e45) and ~u:

~u 0 1 2 3 4 5 6
q(e45) 0 6 0 3 6 0 6

~e = 0
q(e13)
q(e23)
q(e12)

0
0

f 0; 6g

6
5

f 0; 1g

0
6

f 0; 1g

3
3

f 0; 6g

6
0

f 6; 5g

0
1

f 6; 5g

6
6

f 0; 6g
q(e45) 6 0 6 0 5 6 6 5

~e = 1
q(e13)
q(e23)
q(e12)

0
0

f 0; 6g

1
1

f 0; 6g

0
6

f 0; 1g

1
0

f 0; 1g

6
0

f 6g

0
5

f 1g

0
1

f 5; 6g

6
6

f 6; 6g

If ~u = 4 and ~e = 1 we set q(e45) = 5 if q(e12) = q(e13) � q(e23), and q(e45) = 6
if q(e12) = q(e13) � q(e23) � 1. In all casesexcept ~e = 0 and ~u = 3 we either have
`(A1) � 3, `(A2) = `(A4) = 1 and ~e(d4; d5) 62f 2; 4g or `(A1) = 2 and `(A2) = `(A4) = 1
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so that Lemma 5 applies. If ~e = 0 and ~u = 3 we have q(f 2e45; 2e13; 2e23)g � f 0; 6g and
q(2e12) 2 f 0; 1; 5; 6g reaching the sameconditions.

A similar analysis applies if r (e45) = � r (e13) by exchanging f = e13 � e45 by f =
e13 + e45 and q(e45) by q(� e45).

(ii.1) and h = m. Up to somemultiplier in � m we may assumethat e13 = 2N=7
and e23 = N=7, which leads to `(A1) = 3. By Lemma 7 we may also assumethat
~e(d4; d5) 62f 2; 4g and we are in the conditions of Lemma 5.

(ii.2) and h = m. Up to somemultiplier in � m we may assumethat e13 = 3N=7 and
e23 = N=7 which implies `(A1) = 4. We may also assumethat q(A1) � f 1; 2; 3; 4g and
q(d3) = 1. Let q(d4) = i and q(d5) = j . In this case(1) holds unlessboth f i; j g and
f i + 2; j + 4g intersect f 0; 6g, namely when i 2 f 0; 6g and j 2 f 2; 3g or j 2 f 0; 6g and
i 2 f 4; 5g. Thus (~e34; ~e45) is one of the four pairs f (2; 4); (2; 5); (3; 2); (3; 3)g in the �rst
caseand oneof the four pairs f (4; 3); (4; 4); (5; 1); (5; 2)g in the secondone.

If � (e34) < m then by Lemma 7 (i) applied to d3 and d4 we may assumethat ~e34 62
f 2; 3; 4; 5g and we are done.

If � (e34) = m and � (e45) < m then by applying Lemma 7 (i) to d4 and d5 we may
assumethat ~e45 62f 2; 3; 4; 5g if ~e34 2 f 2; 3g and ~e45 62f 1; 2; 3; 4g if ~e34 2 f 4; 5g thus
avoiding the two bad cases.

Suppose that � (e34) = � (e45) = m. Observe that one of the four pairs (q(e34) �
� 1; q(e45) � � 2), � 1; � 2 2 f 0; 1g is not a bad pair. Observe also that ~e(d3; d4) = 2(q(d3)) �
q(d4) 2 q(2d3) � q(d4)+ f 0; 6g = q(e34)+ f 0; 6g and similarly ~e(d4; d5) 2 q(e45)+ f 0; 6g. We
have d4 = 2d3+ tN =7, for somet < 7. By Lemma2 we may assumethat q(7d3) = 4� 1+ 2� 2

for each choiceof � 1; � 2 2 f 0; 1g (recall that � (7d3) = 1 < m). By a routine checking we
then concludethat (~e(d3; d4); ~e(d4; d5)) = (q(e34) � � 1; q(e45) � � 2). Thus each of the eight
bad pairs can be avoided. This completesthe proof of this case.

6.4 Case jA1j = 3 and jA2j = 2.

By using the labeling of Lemma 11 we have A1 = f d1; d2; d3g and A2 = f d4; d5g. We �rst
prove the following Lemma.

Lemma 12 Assume that jA1j = 3 and jA2j = 2. Let d 2 A1 such that q(A1) �
f q(d); : : : ; q(d) + `(A1) � 1g and d0 2 A2. If one of the following conditions hold then
there is a multiplier � suchthat

q(A) \ f 0; 6g = ; :

(i) `(A1) � 3.
(ii) `(A1) = 4 and ~e(d;d0) 2 f 0; 1; 6g

Proof. (i) Since`(A1) � 3 there are three good multipliers for A1 in � 0. At most one
of them is bad for each of the two elements in A2.

(ii) We may assumeq(A1) � f 1; 2; 3; 4g. Let � k = 1+ 7m ks� 1 2 � 0, so that � 0; � 1 are
good multipliers for A1. Since~e(d;d0) 2 f 0; 1; 6g, then q(� 0d0) 2 f 1; 2; 3g, and q(� 1d0) 2
f 3; 4; 5g. At most oneof � 0, � 1 is bad for the secondelement in A2. 2
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We divide the proof accordingto the casesin Lemma 11.
(i) or (ii) with h < m. By Lemma9 applied to B = A1 we may assumethat `(A1) � 3

and the result follows from Lemma 12 (i).
(ii.1) with h = m. Up to a multiplier in � m we may assumethat e13 = 2N=7 and

e23 = N=7 so that `(A1) = 3. The result follows from Lemma 12 (i).
(ii.2) with h = m. We can apply Lemma 2 to set e13 = 3N=7 and e23 = N=7. Thus

`(A1) = 4. If � (e34) < m then by Lemma 7 (i) we can set ~e34 62f 2; 3; 4; 5g and the
result follows from Lemma 12 (ii). We can do the sameif � (e35) < m. Supposethat
� (e34) = � (e35) = m. Then � (e45) = m. Set s = (3r (e45))7. By renaming d4 and d5 if
necessarywe may assumee45 = e23 = N=7 so that `(A1) = 4 and `(A2) = 2. Moreover,
by Lemma 7, we may alsoassumethat ~e35 6= 4. The result follows from Lemma 6 (ii).

6.5 Case jA1j = 3 and jA4j = 2.

By using the labeling of Lemma11 we have A1 = f d1; d2; d3g and A2 = f d4; d5g. Suppose
that, up to a multiplier,

`(A1) � 3 and `(A4) � 3 or `(A1) � 4 and `(A4) � 2: (14)

Then either Lemma 5 or Lemma 6 (ii) or (iii) applies.
We divide the proof accordingto the casesof Lemma 11.
(i) or (ii.1) with h < m. By Lemma 9 we may assumethat `(A1) � 2. If `(A4) � 3

we are in the conditions of Lemma 5. Otherwise we have q(e45) 2 f 2; 3; 4g. If je45jN �
5N=14 then j2e45jN � 2N=7 which yields `(2 � A1) � 3; `(2 � A4) � 3 and (14) holds. If
je45jN 2 [2N=7; 5N=14] then j3e45jN � N=7 which yields `(3 � A1) � 4; `(3 � A4) � 2 and
(14) holds.

(ii.2) with h < m. If � (e13) = � (e45) we chooses = r (e45). By renaming d4 and d5

if necessary, we may assumer (e45) = r (e13). Let f = e45 � e13, so that � (f ) > � (e13).
By Lemma 2 we may assumeq(f ) = 0 (if � (f ) 6= m) or f = N=7 (if � (f ) = m).
By Lemma 9 (ii) we may also assumethat q(e13) 2 f 0; 5; 6g and `(A1) � 3. Hence,
q(e45) = q(e13 + f ) 2 q(e13) + q(f ) + f 0; 1g which implies jq(e45)j7 � 2 and `(A4) � 3.
Therefore(14) holds.

Supposenow � (e13) 6= � (e45). If � (e13) < � (e45) we can apply Lemma 2 to e45 to set
q(e45) = 0 (if � (e45) 6= m) or e45 = N=7 (if � (e45) = m) and then Lemma 9 to A1 to set
`(A1) � 3 and `(A4) � 2 and (14) holds. A similar argument appliesif � (e13) > � (e45) by
applying Lemma 9 �rst and then Lemma 2.

(ii.1) with h = m. We may assumethat e13 = 2N=7 and e23 = N=7 so that
`(A1) = 3. By renaming d4 and d5 if necessarywe may assumer (e45) 2 f 1; 2; 4g. We
considertwo cases.

(a) Either � (e45) < m or e45 2 f N=7; 2N=7g. In the �rst case,by Lemma 2, we may
assumeq(e45) 2 f 0; 1; 5; 6g. Thus, in both caseswe have `(A4) � 3 yielding (14).

(b) � (e45) = m and e45 62f N=7; 2N=7g. We may then assumethat e45 = 4N=7,
q(A1) = f 1; 2; 3g and q(A4) = f i; i + 4g. There are three available multipliers in � 0

for which q(� � A1) \ f 0; 6g = ; . It can be easily checked that one of them veri�es
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q(� � A4) \ f 0; 6g as well unlessi 2 f 2; 6g, and so, ~e(d3; d4) 2 f 4; 5g. By Lemma 7 we
may assumethat ~e(d3; d4) takesnoneof thesetwo valuesunlesse34 = 5N=7. If this is the
case,we have `(2 � A1) = 5, `(2 � A4) = 2, 2e34 = 3N=7 and, by Lemma7(ii), we can avoid
~e(2d3; 2d4) = 2. By (7) we may assumeq(2 � A1) = f 1; 3; 5g and, since~e(2d3; 2d4) = 3, we
have q(2 � A4) = f 1; 2g.

(ii.2) with h = m. Chooses = r (e45). By exchanging d4 with d5 if necessarywe
may assumethat r (e13) = r (e45), and by Lemma 2 we may assumethat e13 = N=7 and
e23 = 5N=7, so that `(A1) � 4. If � (e45) = m we have e45 = N=7 and `(A4) = 2. If
� (e45) < m then, by Lemma 2 we may set q(e45) 2 f 0; 6g and `(A4) = 2 again. In both
casesLemma 6 (ii) applies.

6.6 Case jA1j = 2 .

We may assumethat A1 = f d1; d2g, A2 = f d3; d4g and A4 = f d5g.
Up to renaming the elements in A we may assumethat r (e12); r (e34) 2 f 1; 2; 4g.

Supposethat
`(A1) � 2 and `(A2) � 2: (15)

Then the result follows from Lemma 5.
If � (e12) 6= � (e34) then, by Lemma 2 applied to e12 and e34 we may assumethat

q(e12); q(e34) 2 f 0; 6g. Hence(15) holds.
Assumenow that � (e12) = � (e34). Suppose�rst that r (e12) = r (e34). Let f = e12 � e34.

Note that � (e12) < � (f ). If � (f ) � m, by Lemma 2 applied to f and e34 we may assume
that q(f ) = 6 and q(e34) = 0. On the other hand, if � (f ) > m, so that q(f ) = 0, we
can apply Lemma 2 to e34 to have q(e34) = 6. In both cases,Lemma 4 yields q(e12) =
q(f + e34) 2 f 0; 6g and (15) holds.

Supposenow that r (e12) 6= r (e34). Then either r (e12) = 2r (e34) or 2r (e12) = r (e34). If
� (e12) = � (e34) < m then, by Lemma2, there is � such that q(�e 12); q(�e 34) 2 f 0; 1; 5; 6g.
Since�e 12 6= 5N=7 and �e 34 6= 5N=7, (15) holds.

Assume� (e12) = � (e34) = m. We considertwo cases:
(a) r (e12) = 2r (e34). Up to a multiplier in � m we may assumethat e12 = 2N=7 and

e34 = N=7. Let � k 2 � 0 be such that q(� kd2) = k, k = 1; 2; 3. Sincee12 = 2N=7 we have
q(� k � A1) = f k; k + 2g. On the other hand, sinceq(d4) = 2q(d2) � ~e(d2; d4) and e34 = N=7,
we have q(� k �A2) = (2k � ~e(d2; d4); (2k � 1)� ~e(d2; d4)). Finally, q(� kd5) = 4~e(d2; d5) + 4k.
Thus, if

(~e(d2; d4); ~e(d2; d5)) 62f ((4; 2); (4; 4); (5; 4); (6; 4); (6; 6)g (16)

then q(� k � A) \ f 0; 6g = ; for somek. Now, if either � (e24) < m, by using Lemma
7(i), or e24 2 f N=7; 2N=7; 3N=7g we can assumethat ~e(d2; d4) 62f 4; 5; 6g and so (16)
holds; if � (e24) = m and � (e25) < m we can avoid each of the pairs in (16) by setting
~e(d2; d5) 62f 2; 4g if e24 2 f 4N=7; 5N=7g and ~e(d2; d5) 62f 4; 6g if e24 2 f 0; 6N=7g; �nally ,
if � (e24) = � (e25) = m, we observe that one of the four pairs (q(e24) � � 1; q(e25) � � 2),
� 1; � 2 2 f 0; 1g avoids each of the bad pairs in (16). By repeating the argument in the �nal
paragraph of case6.3 applied to 7d5, (we here can also assumethat q(7d5) = 4� 2 + 2� 1)
we get (16).
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(b) r (e12) = 4r (e34). Up to a multiplier in � m we may assumethat e12 = N=7 and
e34 = 2N=7. Let � k 2 � 0 be such that q(� kd4) = k, k = 1; 2; 3, so that q(� k � A2) =
f k; k + 2g. On the other hand, q(� kd2) = 4~e(d2; d4) + 4k, sothat q(� k � A1) = f 4~e(d2; d4) +
4k; 4~e(d2; d4) + 4k + 1g. Finally q(� kd5) = 2q(� kd4) � ~e(d4; d5) = 2k � ~e(d4; d5). By Lemma
7 we can assumethat ~e(d2; d4) 62f 2; 4g. It is then routine to check that, for every value
of ~e(d2; d4) and ~e(d4; d5) there is k 2 f 1; 2; 3g such that q(� k � A) \ f 0; 6g = ; .

This completesthe proof of the casejAj = 5 and m > 1.

7 The case jAj = 5 and m = 1

In Section6 we have usedthe hypothesism > 1 in Lemma 7 and in particular situations
in cases6.3 and 6.6. However, when m = 1 we are led to consider the problem with
N = 49 and d6 = 7k, 1 � k � 3, and it is unfortunately no longer true that all sets
admit a good multiplier. By computer search we found that there is always a multiplier
for which each of thesesetscan be included in the interval [7; 42] except in the three (up
to dilation) following ones:

f 1; 3; 4; 5; 18g f 1; 4; 6; 10; 11g and f 1; 4; 6; 10; 22g:

We considereach of this setsin ZN 0 with N 0 = 2N = 98. There are at most 32 nonequiv-
alent subsetsin Z98 which are congruent to one of the above exceptionalsets,and each
of them hasto be combined with the six possiblevaluesof d6, namely 7k; k = 1; 2; : : : ; 6.
By checking all thesepossibilities,we found that every set D of integerswhich coincides
with oneof the found exceptionswhenconsideredin Z49 and verifying gcd(D) = 1 admits
a multiplier in Z98. This computation concludesthe proof1.
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