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Abstract

Supposek + 1 runners having nonzeroconstart pairwise distinct speedsrun laps
on a unit-length circular track starting at the sametime and place. A runner is
said to be lonely if sheis at distance at least 1=(k + 1) along the track to ewery
other runner. The lonely runner conjecture states that every runner gets lonely.
The conjecture has been proved up to six runners (k  5). A formulation of the
problem is related to the regular chromatic number of distance graphs. We usea
new tool dewveloped in this context to solvethe rst open caseof the conjecture with
sewen runners.

1 Intro duction

Considerk + 1 runnerson a unit length circular track. All the runnersstart at the same
time and place and ead runner has a constant speed. The speedsof the runners are
pairwise distinct. A runner is said to be lonely at sometime if sheis at distance at
least 1=(k + 1) alongthe track from ewery other runner. The Lonely Runner Conjecture
statesthat ead runner getslonely. The Lonely Runner Conjecture has beenintroduced
by Wills [12] and independerly by Cusik [7], and it has been given this pitturesque
name by Goddyn [4]. For k = 3, there are four proofs in the context of diophartine
approximations: Betke and Wills [3] and Cusick [7, 8, 9]. The casek = 4 was rst proved
by Cusidk and Pomerance[10], with a proof requiring computer cheking. Later, Bienia
et al. [4] gave a simpler proof for the casek = 4. The casek = 5 was proved by Bohman,
Holzman and Kleitman [5]. A simpler proof for this casewas given later by Renault [11].

This problemappearsin di erent cortexts. Cusik [7] wasmotivated by an application
in view obstruction problemsin n{dimensional geometry and Wills [12] consideredthe
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problem from the diophartine approximation point of view. Biennia et al. [4] obsened
that the solution of the lonely runner problemimplies a theoremon nowherezero owsin
regular matroids. Zhu [13] usedknown results for the lonely runner problem to compute
the chromatic number of distancegraphs. In [2] a similar approad was usedto study the
chromatic number of circulant graphs.

A corveniert and usual reformulation of the lonely runner conjecturecan be obtained
by assumingthat all speedsare integers,not all divisible by the sameprime, (seee.g. [5])
and that the runner to be lonely has zerospeed. Let kxk denotethe distance of the real
number X to its nearestinteger. In this formulation the Lonely Runner Conjecture states
that, for any setD ofk positiveintegers,thereis arealnumbert sud that ktdk  1=(k+ 1)
for eadr d 2 D. We shall considera discrete version of the lonely runner problem.

Let N be a positive integer. For an integer x 2 Z we denoteby jxjy the residueclass
of x or x in the interval [O;N=2]. For asetD N of positive integerswe de ne the
regular chromatic numbker (N;D) as
N
k
if D cortains no multiples of N and ;(N;D) = 1 otherwise. We de ne the regular
chromatic numker of D as

((N;D) = minfk:9 2 Zy sud that jdjy foreadid 2 Dg;

(D) = Iimlinf +(N;D):

The reasonfor calling chromatic numbers the parametersde ned above stemsfrom
applications of the lonely runner problem to the study of the chromatic numbers of dis-
tance graphsand circulant graphs;seee.g[1, 2, 13]. In this terminology, the lonely runner
conjecturecan be equivalertly formulated as follows.

Conjecture 1 For everysetD Z of positive integerswith gcd(D) = 1,
(D) jDj+ L

In [1] the so{called Prime Filtering Lemma was introduced as a tool to obtain a
characterization of setsD with jDj = 4 for which equality holds in Conjecture 1. The
Prime Filtering Lemma providesa short proof of the conjecturefor jDj = 4 (v erunners)
which we include in Section3 just to illustrate the technique. In Section2 we formulate
a generalizationof the lemmaand we then useit in the rest of the paper to solve the rst
open caseof the conjecturewhenjDj = 6. As it will becomeclearin the comingsections,
the Prime Filtering Lemma essetially reducesthe proof to a nite problemin Z; which
can be seenas a generalizationof the Lonely Runner Problem in which the runners may
have di erent starting points. Unfortunately the conjecturedoesnot always hold in this
new cortext and we have to proceedwith a more detailed caseanalysis.

2 Notation and Preliminary results

For a positive integer x and a prime p, the p{adic valuation of x is
o(X) = maxik: x 0 (mod p")g:
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Wealsodenoteby rp(x) = (xp *®), the congruenceclassmodulo p of the leastcoe cien t
in the p-ary expansionof x.

We shall considerthe discrete version of the lonely runner problem mostly in the
integersmodulo N with N a prime power. We denote by (x)y the residue classof x
moduloN inf0;1;:::;N 1g and we denoteby jxjy the residueclassof x or x modulo
N in f0;1;:::; bN=2cg.

Let D be a set of positive integers,let m = max ,(D) and setN = p™*1. Note that,
foreatr x 2 D, o(X) = o((X)n) = p(Xjn). By abuseof notation we still denoteby D
the setf(d)y : d 2 Dg asa subsetof Zy whenewer the ambient group is clear from the
context. The pflevels of D are

Dp(i)=fd2D : ,(d)=ig:
Letg= gym :Z! Z, bedened as
J x Kk
X)= — ;
a(x) o
that is, g(x) = k is equivalert to (X)n 2 [k(%); (k+ 1)%). We call the interval [k(%); (k+
1)%) the k-th (N=pf{ arc. Our goalisto nd a multiplier ~for D°= D nDy(m) suc that

o DY\ fop 1g=;; (1)

where X = f x;x 2 Xg. Indeed,if (1) holds,thenjdjy N=pforeah d2 D and
(D) +(N;D) p, giving Conjecture 1 whenewer jDj p 1.
We shall mostly usemultipliers of the form 1+ p™ k. Let

p=fl+p"k;0 k p 1g j=021:::;m 1

and

Note that all elemens in UZy, the multiplicativ e group of invertible elemeits in Zy,
can be obtained as a product of elemeits in  op [  1p | m:p- IN what follows, by a
multiplier we shall always mean an invertible elemen in Zy whereN is a prime power
for somespeci ed prime p.

Foreatcj andeahr 2 ;,, wehave

p( %)= p(X) (2)
and,if =1+ kp™ 1, then
_ o a(x); it p(X) > J;
C 0= 00 % kry00s if o) = @

In view of (3), when using a multiplier 2 ,, the valuesof g on the elemetts in the
p{levels Dy(i) of D with i > j remain unchanged. The following result is basedin this
simple principle. It givesa su cient condition for the existenceof a multiplier  sud
that multiplication by sendsewery elemen d 2 D outside a “forbidden' set for d.
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Lemma 2 (Prime Filtering) Letp be a prime andlet D be a set of positive integers.
Setm = maxf p(d): d2 DgandN = p™*!. Foreachd2 D letFy Z,. Supmsethat

X

JFdj p 1lforeachj=0;1:::;m 1;and
d2>(Dp(j)‘ ‘

JFdj p 2
d2Dp(m)

Then there is a multiplier  suchthat, for eachd 2 D,
g(d) 62F:

Proof. For eath d 2 D(m) we have g( myp q), = mp. Hencethere are at most jFj
elemes in , sudithat q(d) 2 Fq. Since O|2Dp(m)dej p 2, thereis 2
sudh that q( d ) 62F4 for eacr d 2 Dy(m).

Denote by E(i)Q= [; iD(). Letr be the smallestnonnegative integeri for which
thereissome ;2 ~ .. ., verifying q( id) 624 for every d 2 E(i). We have seenthat
rm.

Supposethat r > Oandlet 2 , qp. It follows from (2) and (3) that, for ead
d2 E(r), we have ( d)y = ( d)y. Note also that, for eadr d 2 D(r 1), we
have q( (d | 1p) = gp. Hencethere are at most jFyj elemerts in ., for which
of d) 2 Fg. Since 4,5 (o qyiFdl < pthereis at leastone 2 4, for which

+d 62F4 foreatch d 2 E(r 1) cortradicting the minimality of r. Thusr = 0 and we
are done. 2

We shall often usethe following form of Lemma 2, in which all forbidden setsare the
O-thand (p 1){th (N=p){arcs.

j=i

Corollary 3 With the notation of Lemma2, supwsethat jdjy  N=pfor eachd 2 Dy(i)

and eachi ig for somepositive integeripc, m. If
. . 1) .
iDp(1)] (p2 );J =0;1:::500 1
then
((N;D)  p:

Proof. Let Fq= f0O;p 1g for eath gz D nDy(m). We can apply Lemma 2 to eah
elemen of D°= D ([ i i,Dp(i)) since dzDp(j)dej =2Dy(j)i (p 1)foreadj < io.
Thusthereis 2 “, = jp sud that g(d) 62f0;p 19 for eadr d 2 D% With sud

we alsohavejdjy = jdjy  N=pfor eath d2 D nD® Hencethe inequality jdjy N=p
holdsfor eath d 2 D, which is equivalert to (N;D) p. 2
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3 The case with three and v e runners

Let us shaw that the caseswith three (jDj = 2) and v e (jDj = 4) runners can be easily
handled. In other words, we prove in a simpleway that (D) jDj+ 1 for thosesets
with jDj= 2 or jDj = 4.

For jDj = 2, either the two elemertts in D are relatively prime with 3 or they have
di erent 3-adic valuations. In both casesCorollary 3 with p = 3 applies and we get

(D) 3.

Supposenow that jDj = 4. Let m = max 5(D) and N = 5™*1 . Sincewe assumethat
gcd(D) = 1, we always have D5(0) 6 ;. By de nition we have Ds(m) 6 ; aswell. If
jDs(i)] 2 for eath i < m then we are doneby Corollary 3. Thereforewe only have to
considerthe casejDs(0)j = 3 and jDs(m)j = 1.

Put A = Dg(0) = fd;;d;; d3g and Ds(m) = fdsg. We shall show that, up to multipli-
cation of elemens in  o5[ m:s5 We have q(A)\ f0;4g = ;. Sincethesemultiplications
presene the inequality jdsjn  N=5 we will concludethat (D) 5.

Letd2 A. Foreahh = 1+ k5" 2 (.5 we have

d( «d) = qg(d) + krs(d); (4)
and for eath j 2 f1;2;3g m:5
q(j + 1)d) q(jd)+qd)+f0;1g (j + L)g(d)+ 010050 (5)

Sincewe canreplaceeatcid 2 A by dwemay assumehat all elemers in A belongto
two nonzerocongruenceslassesnodulo 5,say (A)s f1;29. LetAs=fd2 A: (d)s = sg,
s 2 f1;2g, denotethe most popular congruenceclass.

Let usdenoteby “(A) the cardinality of the smallestarithmetic progressionof di er-
enceonein Zs which cortains g(A). Let us shaw that

0« As) A (6)

for somej 2 .5 andsome 2 gs.

Supposethat jAsj = 3 and assumethat (6) doesnot hold for j = 1. By (4) we may
assume,up to multiplication by some , that q(d;) = 0, g(d;) = 2 and g(ds) = 3.

By (5) wehaveq(2d,) 2 f0; 19, q(2d,) 2 f0;4gandq(2ds) 2 f1;2g. If (6) doesnot hold
for j = 2 either, then g(2d,) = 4 and g(2d3) = 2. Again by (5) we have q(3d;) fO0; 1; 2g,
q(38dy) fl;2gandq(3ds) fO;1gand (6) holdsforj = 3.

Hence(6) holds and, up to multiplication by some , we have q(A)\ f0;4g = ; as
desired.

Supposenow that Ag = fd;;drgandrs(ds) = 2s and assumethat (6) doesnot hold
forj = 1. Without lossof generality we may assumethat g(d;) = Oand q(dy) = 2. By (5)
we have q(2d;) 2 f0;1g, gq(2d,) 2 f0;4g. If (6) doesnot hold for ] = 2then q(2d;) = 1
and g(2d,) = 4. Now, againby (5), q(3d,) 2 f1;2g and q(3d,) 2 f1;2g sothat (6) holds
forj = 3.

Hencewe have q( « As)\ f0;4g = ; at leastfor two valuesof k, and sincers(ds) 6 s
at least for one of them we have g( ¢ds) 6 0;4 aswell. This concludesthe proof.
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4 Overview of the pro of for seven runners

In what follows, m = max ,(D) and N = 7™*1, We shall omit the subscriptp = 7 and
write (x) = 7(x), r(x) = rz(x) and j = ;7.

Sincewe assumethat gcd(D) = 1, we always have D,(0) 6 ;. By de nition we have
D;(m) 6 ; aswell.

If jD;(i)j 3foreah 0 i < m then we are done by Corollary 3. Therefore we
may supposethat jD,(i)j 4 for somei. On the other hand, if jD;(ig)j = 4 for some
io > 0 then, again by Corollary 3, the problem can be reducedto the setD°= fd=pg° :
d 2 D nD(0)g. Indeed,if we can nd a multiplier °sud that j @jyo N%pfor eat
d°2 D% whereN®= N=p°, thenjdjy N=pforeahd2 D,(i),i iowith ( )n = ( In
and Corollary 3 applies. Therefore we only have to considerthe casesiD;(0)j = 4 and
jD7(0)j = 5. Thesetwo casesare dealt with by consideringthe congruenceclassesnodulo
sewen of the elemens in A = D,(0). Sincewe can replaceewery elemenh d 2 A by d,
we may assumethat all elemerts in A belongto three nonzerocongruenceclassesnodulo
7,8 (A); f1,2,4g. Let As = fd2 A: (d); = sg, s 2 f1;2;49. Recall that, for

k= 1+ k7 2 o wehave
A k As) = (As) + ks (7)

The casejAj = 4 is simpler and is treated in Section5. The casejAj = 5 is more
involved and it is descriked in Section6. In both casesthe generalstrategy consistsof
compressingthe setsAs, s 2 f1;2;4g and then using (7). For this we often apply the
Prime Filtering Lemmato subsetsof A A or 2A 2A.

In what follows we shall denote by (X ), where X is a set of integers, the length of
the smallestarithmetic progressionof di erence onein Z; which contains q(X).

5 The casejAj=4

Let A = fdy;dy; ds;dsg D,(0) and ds 2 D+(ig), 0 < g m. Recall that for any
d2 D;(m)and 2 UZy wehavejdjy N=7. Setjdsjy = u7'° and let u® sud that
uu® 1 (mod 7™*1 o), Let

= fjuqa+ 7 '): 1 j 5g
Foreahh 2 ,and °2 weclearly have
j Ysin = j(7™+ 7)) N=T: (8)

We shall showv that thereare 2 yand °2 sudithat g ° A)\ f0;6g = ;, thus
concludingthe casejAj = 4.

Let =1+ k7,0 k 6, denotethe elements in o and
1 j 5,theonesin . Ford2 A we have

o Pad)2q( Jd)+ o 9d)+f0;1g  ( + D)o Jd)+ 010155 9)

= juqne 7m ),
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and
q( «d) = q(d) + kr(d): (10)

We considerthree casesaccordingto the cardinality jAj of the most popular congru-
enceclassin A.

Casel. jAq = 4.

If we shav that *( © A) 5for some °2 then, in view of (10), we have f 0; 6g\
a( « © A) = ; for at leastonevalue of k and we are done.

Supposethis is not the case. Without loss of generaliy we may then assumethat
q 2 A) = f0;246g9, sy q( %) =2( 1),1 i 4. In view of (9), we have
q( 3d) 2 6( 1)+ f0;1;29. Sincef2;3g\ q( 3 A) 6 ; we must have g( 3d;) = 2.
Similarly, f3;4g\ q( 3 A) 6 ; impliesq( 3ds) = 4. Now, againby (9),

q( 2d1) 2 £2,3g; o 902) 2 £1;2,3;4g; o 9ds) 2 2,3;4;5g and q( Jda) 2 f3; 4g;

which yieldsf0;6g\ q( 9 A) = ;, a cortradiction.
Case2. jAg) = 3.
Let Ag = fdy;dy; d3g, sothat either ds 2 Ay or ds 2 Ags.
Supposethat
(%A 4 (11)

forsome °2 . Then,in view of (10), wehavef0;60\ g( « °As) = ; fork 2 fko;ko+s g
and somek, (the valuestaken modulo sewen). By (10) one of thesetwo valuessends %,
outside of f 0; 6g and we are done.

Supposethat (11) doesnot hold. Then we may assumethat eitherq( 2 Ag) = f0;1;4g
orq(  As) = f0;2,4g, say q( 2di) = 0,q( 9d) = Lor2andq( 9ds) = 4. If o( 9dy) = 1,
by (9),

al § A f0;2;1g+ f0;1g= f0;1;2; 3g;

and (11) holds, a cortradiction. If g( 9d,) = 2, using (9) with 9, we have
(q( 3ch);q( 3do);a( 3ds)) f0;1;29 60,19 f5;6;00:
Sincef2;3;4g\ g( § As) 8 ; wehaveq( 3d;) = 2,andf3;4;59\ o( § As) 6 ; implies
q( 3d3) = 5. But theng( 3d;) 2+ f0;1gandq( Jds) 2+ f0;1g, sothat
q( § As) 2+ f01g)[ f1,23;4g;

and (11) holds, again a cortradiction.
Case3. jA4 = 2.
We may assumethat either jAsj = 2 or jAxj = jAsj = 1. Let Ag = fdy; dbg.
Supposethat
(%A 2 (12)

forsome °2 . Thenwehavef0;6g\ q( « ° As) = ; fork 2 fko;ko+s Y ko+ 2s 1 ko+
3s !g and somek, (the valuestaken modulo sewen). It is a routine chedking that for at
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least one of thesefour valuesof k we have f0;6g\ g « © (AnAg)) = ; aswell and we
are done.

Supposethat (12) doesnot hold. We may assumethat either (i) q( 9 As) = f0;2g
or (i) g( ¢ Ag) = f0;3g.

Assumethat (i) holds. Then (g( 9d1);q( 3d2)) f0;1,2g f6;0;1g. Since(12) does
not hold, (g( 9d1);q( 9d2)) is one of the pairs (1;6); (2;0) or (2;6). In the two former
oneswehaveq( 9 As) f1;2gorqg( § As) f2;3grespectively, a cortradiction; in the
last one, (q( 3d1);q( 9dp)) 2,3y f1;2g, sothat q( 9d;) = 3and g( $d,) = 1, which
in turn impliesq( 2 As) f3;4g, againa cortradiction.

Assumenow that (ii) holds. Repeateduseof (9) and the fact that (12) doesnot hold
gives

(a( 2du);a( 2d2)) fO;1g 76,09 implies ¢ 2di) = landg( 3d;) = 6
(a( 3du);a( 3d2)) fL2g f23g implies ¢ 5di) = landg( 3d) = 3

Hence,
a 2 As) o 5 A)+al 3 A+ f0lg=f23g;

giving (12). This completesthe proof for the casejAj = 4.

6 The casejAj=5and m> 1

Recall that N = 7™ where we now assumethat m = max( (D)) 2, and that all
elemerts in A belongto three nonzerocongruenceclassesnodulo 7, say (A); f1,;2;4qg.
In particular, given any two elemerts in A we have either r(y) = r(x) or r(y) = 2r(x) or
r(x) = 2r(y). We nd cornveniert to introducethe following notation:

8
< 2y, ifr(y) = 2r(x) < 29(x) oy); ifr(y)= 2r(x)
ex;y)=. 2y x ifr(x)=2r(y) and e(x;y)=_. 2q(y) q(x); ifr(x)= 2r(y)
oxoyyifr(y) = r(x); oax)  aqly);,  ifr(y) = r(><():3)
1

The following properties can be easily chedked.

Lemma 4 Letx;y beintegerswith (x)= (y)=j <m.
(i) Foreach 2[;; | wehaveeg(x;y) = & X; y).
(i) je(x;y) a(e(x;y))jz 1 Moreover, if r(x) = r(y) thene(x;y) o(e(x;y)) 2 f0;6g.

Proof. Let = (1+k7 ). Ifi<jtheng(x)= qgXx) andqg(y) = q(y) sothere
is nothing to prove. If i = j andr(y) = 2r(x) then g(x) = q(x) + kr(x) and q(y ) =
qly) + kr(y) = q(y) + 2kr(x) sothat e(x; y)=2q(x) q(y)=2q(X) doly)= e&Xxy).
The caser(y) = r(x) can be similarly cheded.

Part (ii) follows directly from the de nition of q(x) = b=:c - 2
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Recallthat, for a subsetX Z, "(X) standsfor the length of the shorter arithmetic
progressionof di erence 1 in Z; which cortains q(X). Let A; denotea classwith larger
length and denoteby s its congruenceclassmodulo 7. Denoteby A, and A, the subsets
of elemelts in A congruernt with 2s and 4s modulo 7 respectively. As in the casegjAj = 4,
the generalstrategy consistsin "compressingthe setsq(A1); d(Az); q(As). We summarize
in lemmas5 and 6 belov somesu cient conditions in terms of the valuesof lengths of
thesethree setswhich allows oneto concludethat (1) holds.

Lemma 5 Assumethat

(A + (A)+ (A B

Then thereis 2  suchthat
a. A\ fO6g=;;
unless(C(A1); (A2); (As) = (3;1;1) and &(d;d9 2 f2;4g for eachd 2 A, and d°2 A,.

Proof. Theelemens of , will bedenotedby , = 1+ 7"ks . Obsenethat, for d 2 A,
we have ( «d) = q(d) + jk. By (7) we may assumethat q(A;) f1;2;:::; (A1)g, so
that g( « A\ f0;6g = ; fork = 0;1;:::;5 “(A;). We may assumethat "(A;) +
(A2) + (A4 = 5

If "(A;) = S5wearedone.If '(A;) = 4thenweclearlyhaveq( « (AnA))\ f0;6g=;
for at leastoneof k = 0; 1.

Supposethat “(A;) = 3. If either "(Ay) = 2 or (A;) = 2 then for at least one of
the valuesof k = 0;1;2we have q( « (AnA;))\ fO;6g = ;. Let us considerthe case
“(A2) = "(Ay) = 1. Let q(A,) = figand q(A;) = fjg. Supposethat gq( « A)\ f0;6g96 ;
foread k = 0; 1; 2. Sinceat mostoneelemen in fi; i+ 2;i+ 4gbelongsto f 0; 6g, two of the
elemens in fj; j + 4;] + 1g must be in f0; 6g. The only possibility isfj; j + 1g= f0; 69
and fi + 29 2 f0;6g. This implies2i | 2 f2;49. Hencee(d;d% 2 f2;4g for eat
d2 Asy; d°2 A,

Suppose nally that "(A;) = 2. We may assumethat "(A;) = 2 and (Ay) = 1. Let
g(Ay) = fi;i + 1g and q(As) = fjg. Two of the four setsfi;i + 1g+ 2k, k = 0;1;2; 3,
intersect f 0; 6g for two consecutie valuesof k in cyclic order. At most two of the sets
fjg+ 4k , k= 0;1;2; 3, intersectf 0; 6g for two non consecutie valuesof k. Hencethere
is somevalue of k for which (q(Az) + 2k) [ (g(A4) + 4k) doesnot intersectf0; 6g. This
completesthe proof. 2

Lemma 6 Supmsethat q(A;) f1;:::; (Ay))gandletd?2 A; with gq(d) = 1. Thereis
2 o suchthat
ac A)\ fO6g=;;

if one of the following conditions hold:
(i) Either ("(A1); (A2); (As) = (5;0;1) and e(d;d) 62f4;6g for each d® 2 Ay, or
C(A1); (A2); (As) = (5;1;0) and &(d; d) 62X 2;3g for eachd°2 A..
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(i) Either ("(A1); (A2); (Az)) = (4,0,2), or ("(A1); (A2); (A4) = (4,2,0) and
e(d;d) 6 4, whee g(A,) = fi;i+ 1Igandd®2 A,\ q (i).
(i) ((A1); (A2); (A4)) = (3;3,0) (or (3;0;3).)

Proof. ~ We may assumethat the elemets of A; are congruert to 1 modulo 7, so that
al « A\ fO6g=; fork=10;1;:::;5 “(Ay).

(i) Supposethat “(A;) = 1. If q(A;) = i 2 f0;6g then e(d;d) = 2i 12 f6;4g.
Similarly, if “(A,) = 1,theni = q(A,) 2 f0;6g impliese&(d;d% = 2 i 2 f2;3g.

(i) Supposethat “(A4) = 2, say q(A4) = fi; i + 1g. One of the two setsfi; i + 1g;fi +
4;1 + 5g doesnot intersect f 0; 6g sothat the result holds for at leastone , k= 0;1. If
"(A,) = 2then both g(A,) = fi;i+ 1gandg( 1 A,) = fi+ 2;i+ 3gintersectf0; 6g only
ifi=5ande(d;dy=2 i=4.

(i) Let g(Ap) = fi;i+ 1;i+29. Nowqg( « A\ f0;6g=; for k = 0;1;2, and one
of the three setsfi; i+ 1;i + 2g;fi+ 2;i + 3;i + 4g;fi + 4;i + 5;i + 6g doesnot intersect
f0;6g. The case(3;0; 3) is obtained by renamingA; asA,, A, asA; and Ay asA;. 2

As shawvn in the lemmas5 and 6 above, compressionalone is usually not enoughto
concludethat (1) holds. The next lemmasprovide additional toolsto completethe proof.
Further results of the samenature will appear later on in dealingwith speci c cases.

Lemma 7 Let X  Z; and let d;d° be two integerswith (d) = (d% = 0 and r(d9 =
2r(d). Thereis 2  for someh < m suchthat

e(d; d962x

wheneverone of the two following conditions holds:
i) @ dy<mand (X) 4 or
(i) (@ dY=mandr2d dj 62X\ (X + 1).

Proof.
(i) Since (X) 4thereisx 2 Z;n(X + f0;1,29). Choose 2 4, whereh =
(2d d) < m, such that g (2d d9) = x 1. UsingLemma4 we have e(d; d9 2
ale(d; dd+f 1;0;1g=x+f 2; 1,0962X.

(i) Since (2d d% = mwehaver(2d d% = g(2d d) = g(2d) q(d9. Supposethat
g2d d9 62X. Choose 2 4 sud that g( (7d)) = 0. Let us show that this veries
the conditions of the lemma (recall that m > 1). Note that q(2d) 2 29(d)) + f0; 1g
andq(2d)=29(d)) + Limpliesq( (7d)) = q( (2d+ 2d+ 2d+ d)) 2 q(2d )+ g(2d) +
g2d)+qg(d)+f0;1,2;3g= 79(d )+ 3+ f0;1; 2; 3g, cortradicting g( (7d)) = 0. Hence
q2d)=2q(d)). Thuse(d; d9)=2q(d) o(d9=q( (2d d)) =q2d d) 62X as
claimed. A similar argumert applieswhenqg(2d d% 62X + 1) by choosing 2 ; sud
that q( (7d)) = 6sothat q( (2d)) = 29(d)) + 1. 2

Note that the proof of Lemma 7 (ii) requiresm > 1. We give a last lemma before
proceedingwith the caseanalysis. First we note the following remark.

Remark 8 LetX Z.
@ IfgX X) foO6gthen’(k X) k+1,1 k 6.
(i) If g(X X) f0;1;5;6gthen (X) 3.
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Lemma 9 Let B = fb;bp;lsg  Z with (B) = fOg and r(by) = r(ky) = r(ks). Set
X=bh bandy="b b.

@) If (x) & (y) thenthereis a multiplier suchthat '( B) 2.

@ If x)= (y)=h<mandr(y) =jr(x),j 2 f2;3g then there is a multiplier
suchthatq(y) 2 f0;5;6gand ( B) . Moreover,if j = 3, then 2 .

Proof. (i) Suppose (x) > (y). By Lemma2 thereis a multiplier sud that g(x ) =
a(y)=6. Thusq(x y)=0q( (b b)) 2f06gandg( B B) 2 f0;6g. By
Remark 8 (i), we have '( B) 2.

(i) Suppose rst that r(y) = 2r(x) andsete= e(x;y) = 2x y. Wehaveh®= (e) >
h. Choose 2 osud that eitherg(e) = O (if (e) 8 m) or e = N=7 (if (€ = m).
By Lemma 4 we have e(x; y) 2 f0;1;69. Choose °2 | sud that g( °x) = 0O
(if &(x; y) 2 f0;1g) or q( °x) = 6 (if & x; y) = 6). Thenqg( °y) 2 f0;6g and
a °(y x)) 2 f06g. Thusq( © (B B)) f0;69. By Remark 8 (i), we have
(° B) 2

Supposenaow that r(y) = 3r(x). Choose 2 | sud that

8

< 0 if 3q(y)+ 59(x) 2 f0;2g
aly)=. 6 if 3q(y)+ 5q(x) 2 f1;4;69

© 5 if 3g(y)+ 5q(x) 2 f3;5g

Thusq(y) 2 f0;5;6g9, q(x) 2 f0;1;5;6gandq(y) q(x) 2 f0;1;6g. By Lemmad4,
gl (y x)) 2q(y) da(x)+ f0;69 = f0;1;5;69. Hence,by Remark 8 (ii), we have
‘( B) 3. 2

6.1 Case 1. jJA;j=05.

In what followswe shall usesomeappropriate numbering f di; d,; ds; ds; dsg of the elemens
in A. We shall write e; = e(d;; d;).

Lemma 10 Supmsethat jA;j 4andletE = (A; A;)nf0g. Thereis a numtering of
the elementsof A; suchthat one of the following holds:
(i) (€21) > (&3), Or
(i) (e) = hfor eache2 E andr(es;) = 2r(ep;1) and either
(il.1) r(es) = 3r(ex), or
(ii.2) r(eq1) = 4r(ex).

Proof. If j (E)j > 1 then color the pair fd;;d;g with (g;). Two intersecting pairs
must have di erent colors. We canrenamed; their commonelemen and d,; d; the other
two to get (i).

Supposenow that j (E)] = 1. Considerthe set X = fr(e);r(gi);r(eq)g where
I; J; k; | are pairwisedistinct subscripts. If r(e;) = r(g;) then (g)= (& ¢€i)> (&)
cortradicting j (E)j = 1. By symmetry the elemeits in X are pairwise distinct and
two of them belongto one of the setsf1;2;4g or f3;5;69. We may thus assumethat
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(r(er);r(er);r(ea)) = (x;2x;y). If y 2 £3x; 4xg then (i) holdswith | = 1;i = 2;j = 3
andk = 4. If y 2 £5x; 6xg then (r(e;);r(gj);r(e;)) = ( 2x; x;y 2x) and (ii) holds
with j = 1;i = 2,1 = 3andk = 4. 2

Let A; = fdy; dy; ds; ds; dsg where we use the labeling provided by Lemma 10. We
shall shav that, up to somemultiplier, we have "(A;) 5. The result then follows by
Lemmas.

Let B = fd;;dy;dsgand E = (A;  A;) nfOg. Supposethat (E) 6 fmg. Then, by
Lemma 10 and Lemma 9, we may assume (B) 2. Thus, by (7) we may assumethat
qaB) f0;6g.

If fq(ds); g(ds)g 6 f2;4g then we have "(A;) 5 and we are done. Suppose that
fa(ds); a(ds)g = f2,4g. Then q(3d4);(3ds) 2 f0;1;5,6g and (3 B)  f0;1;2,4;5; 69.
Furthermore, by Remark 8 (i), (3 B) 4. Thuswe have eitherq(3 A;) f0;1;2;5;69g
org(3 A;) f0;1;4;569, sothat (3 A;) 5.

Supposenow that (E) = fmg. SetE; = fesy;esn;es;e9 FkN=7; 1 k
6g. Denote by iIN=7 and j N=7 the elemets in the complemen of E;. Multiplying by
(i j) 2 UZ;wemay assumehat the elemerts in E, areconsecutie, sothat “(A;) 5.
This completesthis case.

6.2 Case jA; = 4.

Let A; = fdy;dy;ds3;dsg and r(ds) 2 f2s;4sg, wherethe elemelts in A, are labeled with
the ordering of Lemma 10.

Let B = fd;;dy;dsgand E = (A;  A;) nfOg. Supposethat (E) 6 fmg. Then, by
Lemmal0and Lemma9 we may assumethat "(B) 2 and, by (7) we may assumethat
qB) fO0;6g. If g(ds) 6 3then "(A;) 4,andif g(ds) = 3thenq(2 A;) f0;1;5;69
and again (A1) 4. The result follows by Lemmab5.

Supposenow that (E) = fmg. If (ii.1) holdsthen multiplying by (r(e;1)) ! (modulo
7) we may assumethat e;; = 3N=7, e3; = 2N=7 and e,; = N=7 which yields "(A;) 4.
The result follows by Lemma5. Assumethat (ii.2) holds. Up to multiplication by some

2 ., wemay assumethat g(fey; e31;€419) fl;2;4g sothat "(A;) 5. By Lemma?
we may alsoassumethat e&(d;; ds) 6 4;6g. Thus Lemmab6 (i) appliesif ds 2 A,4. Finally,
if ds 2 A,, we may also assumethat €(d;; ds) 62f 2; 3g by using again Lemma 7 unless
e;s = 3N=7. In this casewe have ((f 2e,1; 2e31; 2€419) f1;4; 29, sothat (A;) 5, while
2e;5 = 6N=7 and so &(2d;; 2ds) 62f 2; 3g, and the result also follows from Lemma 6 (i).
This completesthis case.

6.3 Case jAj=3, jAjj=1and jAj= 1

First we considera corvenient labeling of the elemets in A; to be usedhereand the two
following subsections.

Lemma 11 Lets2 Z, be given. There is a lakeling of the elementsin A; suchthat one
of the following holds:
() (ews) > (&)= (ew),
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(i) (ews) = (ex3) = h and either
(ii.1) r(ew) = 2r(es), or (ii.2) r(es) = 3r(es) = s,

Proof. LetE = (A1 A1) nf0Og. If j (E)j > 1then we clearly can label the elemelts
in D to get (). Assumethat j (E)j = 1. Supposethat jr(E)j < 6. Note that we can not
haver(g;) = r(ex) sinceotherwise (&;) = (& ex)> (&) cortradicting j (E)j = 1.
Similarly, r(e;) 6 r(eq). Thus we may assumethat the repeated valuesof r on E are
r(ej) = r(gx) andwe canlabeli = 1,j = 2 and k = 3. Supposenow that jr(E)j = 6.
Thus we may assumethat r(ex) = s. Obsene that r(gy) 2 f3s;5sg. Indeed, if r(g) =
2sthenr(gi) =r(gk) r(ex)=s, if r(gy) = 4s) thenr(e;) = r(ex) + r(e;) = 4s and
if r(gk) = 6s thenr(e;) = s, cortradicting in eat casejr(E)j = 6. If r(gx) = 3s then
r(gi) = 5s,r(e;) = sandwecanlabeli = 3,j = 2andk = 1. In caser(gx) = 5s
we canlabeli=1,j = 2andk = 3. 2

Let A, = fdy; dy; d3g, wherewe usethe labeling of Lemma1l, A, = fdsg and A, =
fdsg. We divide the proof accordingto the casesof Lemma11l.

() and (ii.1) with h < m. By Lemma9 appliedto A; we may assumethat "(A;) 2
and the result follows by Lemma 5.

(ii.2) with h < m. We considertwo subcases:

(i.2.a) (e45) 6 (e13). If (e45) > (e13), by Lemma?2 applied to e4s we may assume
that q(ess) 2 f0;6g and thus e(ds; ds) 2 f0;1;5;6g. We can then apply Lemma 9 to
B = A; sothat we may assumethat "(A;) 3, yielding the conditions of Lemmab5. A
similar argumert workswhen (e45) < (e13) by applying Lemma9 rst and then Lemma
2.

(i.2.b) h= (e45) = (e13). By Lemmallwe may assumer(ess) = r(ep3). Suppose
rst that r(ess) = r(ews). Setf = e;3 €45, sothat (f) > h. By Lemma2 we may assume
g(f) = 0 (or f = N=7 with the sameconsequencesyothat e(e;s; es5) = g(€13) O(€ss) 2
f0;1g. Recallthat this last value is invariant by multiplication of elemens in ; with
j  h. Put &= 3qg(ews) + 5q(ex3). By Lemma 2, g(ess) can be setto the value shawvn in
the following table accordingto the valuesof e = &(e;s; €s5) and u:

t 0 1 2 3 4 5 6

g(ess) 0 6 0 3 6 0 6

g(e1s) 0 6 0 3 6 0 6

e= 0] g(e3) 0 5 6 3 0 1 6
qler2) f0; 6g f0; 1g f0; 1g f0; 6g f 6; 59 f 6; 59 f0; 6g

g(ess) 6 0 6 0 5 6 6 5

g(e13) 0 1 0 1 6 0 0 6

e=1| g(exs) 0 1 6 0 0 5 1 6
qler2) f0; 6g f0; 6g f0; 1g f0; 1g f 6g f1g f5; 69 f 6; 69

If & = 4ande= 1wesetq(es) = 5if g(err) = dews) o(exs), and q(ess) = 6
if glerz) = q(ews) d(exs) 1. In all casesexcepte = 0 and # = 3 we either have
(A1) 3, 7(A2) = (Ay) = 1and e(dy;ds) 62F2;4g or (A1) = 2and “(Ap) = (Ay) =1

the electr onic journal of combinatorics 15 (2008), #R48 13



sothat Lemmab5 applies. If e= 0 and & = 3 we have (f 2e4s5; 2€e13; 26,3)g  f0;6g and
d(2e1,) 2 f0; 1, 5; 6g reading the sameconditions.

A similar analysisappliesif r(ess) = r(es) by extdhangingf = e3 e by f =
€13+ €45 and g(€ess) by q( €ss).

(i.k1) and h = m. Up to somemultiplier in ,, we may assumethat e;3 = 2N=7
and e;; = N=7, which leadsto "(A;) = 3. By Lemma 7 we may also assumethat
e(dy4; ds) 62 2; 4g and we are in the conditions of Lemmab.

(i.2) and h = m. Up to somemultiplier in ,, we may assumethat e;3 = 3N=7 and
&3 = N=7 which implies "(A;) = 4. We may also assumethat q(A;) f1;2;3;4g and
g(ds) = 1. Let g(dy) = i and q(ds) = j. In this case(1) holds unlessboth fi;jg and
fi + 2;j + 4g intersectf0; 6g, namelywheni 2 f0;6gandj 2 f2;3gorj 2 f0;6g and
i 2 £4;59. Thus (ess; €45) is one of the four pairs f (2;4); (2;5); (3;2);(3;3)g in the rst
caseand one of the four pairs f (4; 3); (4; 4); (5; 1); (5; 2)g in the secondone.

If (ess) < m then by Lemma7 (i) appliedto d; and d;, we may assumethat e, 62
f2;3;4;5g and we are done.

If (ess) = m and (&) < m then by applying Lemma 7 (i) to ds and ds we may
assumethat e45 62f2;3;4;59 if e34 2 2;3g and &5 62f1;2;3;4g if &34 2 f4;59 thus
avoiding the two bad cases.

Supposethat (es;) = (&) = m. Obsene that one of the four pairs (g(ess)
ndles)  2), 1; 22 f0;1gis not a bad pair. Obsene alsothat e(ds; ds) = 2(q(ds))
d(ds) 2 (2ds) q(ds)+f0; 69 = g(ess)+ fO; 6g and similarly e(ds; ds) 2 q(ess) + f0; 69. We
have d, = 2d;+ tN =7, for somet < 7. By Lemma2 we may assumehat q(7d3) = 4 1+ 2,
for ead choiceof ;; , 2 f0;1g (recall that (7d3) = 1< m). By a routine cheking we
then concludethat (&(ds; ds); &(ds; ds)) = (d(ess)  1;0(e45)  2). Thusead of the eight
bad pairs can be avoided. This completesthe proof of this case.

6.4 Case JA;j = 3 and jAy = 2

By usingthe labeling of Lemmallwe have A; = fdy;;d,; d3g and A, = fds; dsg. We rst
prove the following Lemma.

Lemma 12 Assumethat jA;j = 3 and jA,j = 2. Letd 2 A; suchthat q(A;)
fo(d);:::;0(d) + (A1) 1gandd®2 A,. If one of the following conditions hold then
there is a multiplier  suchthat

q(A)\ fO;6g=;:

() (A) 3
(i) “(A;) = 4 and &(d;d% 2 f0; 1; 6g

Proof. (i) Since (A;) 3 there arethree good multipliers for A; in . At most one
of them is bad for ead of the two elemerts in A,.

(i) We may assumeq(A;) f1;2;3;4g. Let =1+ 7"ks 12 ,, sothat ; i are
good multipliers for A;. Sincee(d;d9 2 f0;1; 69, then g( od9 2 f1;2;3g, and g( 1d% 2
f3;4;59. At mostoneof , ;is bad forthe secondelemen in A,. 2
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We divide the proof accordingto the casesn Lemmall.

() or (ii)) with h < m. By Lemma9 appliedto B = A; we may assumethat "(A;) 3
and the result follows from Lemma 12 ().

(ii.1) with h = m. Up to a multiplier in , we may assumethat e;3 = 2N=7 and
&3 = N=7 sothat "(A;) = 3. The result follows from Lemma12 (i).

(ii.2) with h = m. We can apply Lemma 2 to sete;3 = 3N=7 and e;3 = N=7. Thus
(A = 4. If (esy) < m then by Lemma7 (i) we can set e34 62f2;3;4;5g and the
result follows from Lemma 12 (ii). We can do the sameif (e35) < m. Supposethat

(€3s) = (e35) = m. Then (es) = m. Sets = (3r(ess))7. By renaming d, and ds if
necessarywe may assumeess = €3 = N=7 sothat (A;) = 4 and (A,) = 2. Moreover,
by Lemma7, we may alsoassumethat es5 6 4. The result follows from Lemma6 (ii).

6.5 Case JA;j = 3 and jAs = 2

By usingthe labeling of Lemma 1l we have A; = fd;; d,; dzg and A, = fds; dsg. Suppose
that, up to a multiplier,

“(Ay)) 3 and (A 3 or (A) 4 and (A 2 (14)

Then either Lemmab5 or Lemma6 (ii) or (iii) applies.

We divide the proof accordingto the casesof Lemmall.

() or (ii.1) with h < m. By Lemma9 we may assumethat "(A;) 2. If "(Ay) 3
we are in the conditions of Lemma 5. Otherwise we have q(ess) 2 f2;3;4g. If jessjn
5N=14 then j2esjn  2N=7 which yields (2 A;) 3;°(2 A;) 3 and (14) holds. If
jessin 2 [2N=7;5N=14]then j3essjn  N=7 which yields (3 A;) 4;°(3 A;) 2and
(14) holds.

(ii.2) with h < m. If (e;3) = (e45) We chooses = r(ess). By renamingd, and ds
if necessarywe may assumer(ess) = r(es). Letf = e €3, sothat (f) > (ew).
By Lemma 2 we may assumeq(f) = O (f (f) 6 m) orf = N=7 (if (f) = m).
By Lemma 9 (ii) we may also assumethat q(e;s) 2 f0;5;6g9 and (A;) 3. Hence,
d(ess) = q(ers + f) 2 gers) + o(f) + £0; 1g which implies jo(ess)jz 2 and "(As) 3.
Therefore (14) holds.

Supposenow (e13) 6 (e45). If (e3) < (&45) We canapply Lemma?2 to e4s to set
d(ess) = O (if (es5) 8 M) or es5 = N=7 (if (e45) = m) and then Lemma9 to A, to set
(A1) 3and (As) 2and(14) holds. A similar argumen appliesif (ei3) > (ess) by
applying Lemma9 rst and then Lemma 2.

(i.k1) with h = m. We may assumethat e;3 = 2N=7 and e;3 = N=7 so that
"(A1) = 3. By renaming d; and ds if necessarywe may assumer(ess) 2 f1;2;4g9. We
considertwo cases.

(a) Either (e45) < m or e 2 fN=7;2N=7g. In the rst case,by Lemma 2, we may
assumeq(ess) 2 10;1;5;6g9. Thus, in both casesve have "(A;)  3yielding (14).

(b) (es5) = m and e45 62f N=7;2N=79. We may then assumethat e;s; = 4N=7,
q(A.) = f1;2;3g and g(A;) = fi;i + 4g. There are three available multipliers in
for which q( A;)\ f0;6g = ;. It can be easily chedked that one of them veri es

the electr onic journal of combinatorics 15 (2008), #R48 15



a( Ay \ f0;6g aswell unlessi 2 f2;6g, and so, &ds;ds) 2 f4;59. By Lemma 7 we
may assumethat &(ds; d;) takesnone of thesetwo valuesunlesses, = 5N=7. If this is the
casewe have (2 A1) =5, (2 A, = 2,263, = 3N=7 and, by Lemma7(ii), we can avoid
e(2ds; 2ds) = 2. By (7) we may assumeqg(2 A;) = f1;3;59 and, sincee(2ds; 2d,) = 3, we
have q(2 A,) = f1;2g.

(ii.2) with h = m. Chooses = r(e4s). By exdanging d, with ds if necessarywe
may assumethat r(e;3) = r(ess), and by Lemma 2 we may assumethat e;3 = N=7 and
&3 = BN=7, sothat "(A;) 4. If (&) = m we have 55 = N=7 and (A) = 2. If

(e45) < m then, by Lemma2 we may setg(ess) 2 f0;6g and "(A4) = 2 again. In both
cased.emmab (i) applies.

6.6 Case jA;j=2.

We may assumethat A; = fd;;d,g, A, = fds; dsg and A4 = fdsg.
Up to renaming the elemerts in A we may assumethat r(ep);r(ess) 2 f1;2;4q.
Supposethat
“(A)) 2 and (A 2 (15)

Then the result follows from Lemma 5.

If (ex) 6 (e34) then, by Lemma 2 applied to e;» and e3; we may assumethat
d(ern); g(ess) 2 £0;69. Hence(15) holds.

Assumenow that (ep) = (es3s4). Supposerst that r(epp) = r(ess). Letf = e, €s4.
Notethat (ep) < (f). If (f) m, by LemmaZ2 appliedto f and e3; we may assume
that q(f) = 6 and g(e34) = 0. On the other hand, if (f) > m, sothat g(f) = 0, we
can apply Lemma 2 to es; to have g(es4) = 6. In both casesLemma4 yields g(ep) =
q(f + es4) 2 f0;6g and (15) holds.

Supposenow that r(e;;) 6 r(ess). Then either r(ep) = 2r(ess) or 2r(ern) = r(ess). If

(e12) = (ess) < mthen, by Lemmaz2, thereis sud that q( e 12);q( e34) 2 0; 1;5; 60.
Since e 1, 6 5N=7 and e 34 6 5N=7, (15) holds.

Assume (epn) = (e34) = m. We considertwo cases:

(@) r(ey2) = 2r(ess). Up to a multiplier in ,, we may assumethat e;; = 2N=7 and
4= N=7. Let (2 o besud that g( «dy) = k, k= 1;2;3. Sincee;; = 2N=7 we have
g( « A1) = fk;k+ 2g. On the other hand, sinceq(ds) = 2q(d,) €(d,; ds) and es4 = N=7,
wehaveq( « Az) = (2k &(dz;da); (2k 1) €(dz;ds)). Finally, q( «ds) = 4&(dy; ds) + 4k.
Thus, if

(&(d2; ds); €&(d2; ds)) 6 ((4; 2); (4,4); (5;4);(6;4);(6;6)9 (16)
then q( « A)\ f0;6g = ; for somek. Now, if either (&) < m, by using Lemma
7(i), or ey 2 TN=7;2N=7;3N=7g we can assumethat &(d,;d;) 62f 4;5;6g and so (16)
holds; if (ex4) = m and (ex) < m we can avoid eat of the pairs in (16) by setting
e(dy; ds) 62f 2;4g if ey 2 TAN=7;5N=7g and &(d,; ds) 62f 4; 69 if e, 2 f0;6N=7g; nally,
if (ex4) = (exs) = m, we obsene that one of the four pairs (q(exs)  1;0(€5)  2),
1; 2 2 0;1g avoids eat of the bad pairsin (16). By repeating the argumert in the nal
paragraph of case6.3 applied to 7ds, (we here can also assumethat q(7ds) = 4 , + 2 ;)

we get (16).
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(b) r(ey2) = 4r(ess). Up to a multiplier in ,, we may assumethat e;, = N=7 and
e = 2N=7. Let ¢ 2 o besud that q( «ds) = k, k = 1;2;3,sothat q( « Ay) =
fk;k+ 2g. On the other hand, gq( «dy) = 4e(d,; ds) + 4k, sothat q( « A1) = f4e(dy;dy) +
4K; 4e(dz; dg) + 4k + 1g. Finally o( «ds) = 20( «ds) €(ds;ds) = 2k €(ds; ds). By Lemma
7 we can assumethat e(d,; ds) 62 2;4g. It is then routine to ched that, for every value
of &(d,; ds) and &(dy; ds) thereisk 2 f1;2;3g sudh that g( « A)\ f0;6g= ;.

This completesthe proof of the casejAj = 5and m > 1.

7 The casejAj=5and m=1

In Section6 we have usedthe hypothesism > 1in Lemma7 and in particular situations
in cases6.3 and 6.6. Howewer, when m = 1 we are led to considerthe problem with
N =49andds = 7k, 1 k 3, and it is unfortunately no longer true that all sets
admit a good multiplier. By computer seard we found that there is always a multiplier
for which ead of thesesetscan be included in the interval [7; 42] exceptin the three (up
to dilation) following ones:

f1,3;4,5;18y f1,;4,6;10,11g and f 1; 4; 6; 10, 22g:

We consideread of this setsin Zyo with N°= 2N = 98. There are at most 32 nonequiv-
alernt subsetsin Zgg which are congruen to one of the above exceptional sets,and eath
of them hasto be conbined with the six possiblevaluesof ds, namely 7k; k = 1;2;:::;6.
By cheking all thesepossibilities, we found that ewvery set D of integerswhich coincides
with oneof the found exceptionswhenconsideredn Z,9 and verifying gcd(D) = 1 admits
a multiplier in Zgg. This computation concludesthe prooft.
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