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Abstract

We study the Erdps distance problem over nite Euclidean and non-Euclidean
spaces.Our main tools are graphsassaiated to nite Euclidean and non-Euclidean
spacesthat are consideredin Bannai-Shimabukuro-Tanaka (2004, 2007). These
graphs are showvn to be asymptotically Ramanujan graphs. The advantage of using
thesegraphsis twofold. First, we canderive newlower boundson the Erdpsdistance
problems with explicit constarts. Second,we can construct many explicit tough
Ramseygraphs R(3; k).

1 Intro duction

Let , denotethe nite eld with g elemens whereq 1 is an odd prime power. Let
E g d > 2. Then the analogueof the classicalErdpsdistanceproblemis to determine
the smallestpossiblecardinality of the set

(BE)=fix yj®=(x1 y)?+::+(Xq Ya)’:XYy2Eg;

viewed asa subsetof . Supposethat 1isasquarein 4, then using spheresof radius
0, there exists a set of cardinality preciselyq®? sud that ( E) = f0g. Thus, we only
considerthe set E g of cardinality Cqz*" for someconstart C. Bourgain, Katz and
Tao ([11]) shaved, using intricate incidencegeometry that for every " > 0, there exists

> 0, sud that if E 2 5 andjEj6 Cq¢® ,thenj( E)j> C q%+ for someconstarts
C ;C . The relationship between" and in their argumert is dicult to determine.
Going up to higher dimensionusing argumeris of Bourgain, Katz and Taois quite subtle.
losevid and Rudnev ([18]) establishthe following results using Fourier analytic methods.
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Theorem 1 ([18]) Let E 4 suchthat jEj & Cof= for C su cient large. Then

. . , JEj
j( E)j & min q;% ; 1)
q 2
By modifying the proof of Theorem 1 slightly, losevidhh and Rudnev ([18]) obtain the
following stronger conclusion.

Theorem 2 ([18]) Let E g suchthat jJEj > qu+Tl for su cient large constant C.
Then for everyt 2 there exist x;y 2 E suchthat jx yj? = t. In other words,

Jj(B)j=a

It is, howewver, more natural to de ne the analoguesof Euclideangraphsfor eat non-
degeneratequadratic from onV = g d> 2. Let Q be a non-degeneratequadratic form
onV. Forany E V, we de ne the distanceset of E with respectto Q:

o(E) =fQ(x y):xy2Eg
viewed as a subsetof 4. Our rst result is the following.

Theorem 3 Let Q be a non-dggenente quadmatic from on g d> 2 LetE g such
. . d »
that JEj > 3gz* for some" > 0, then

. . . iEj
j o(E)j> min ﬁ;q (2)
forq 1

This result is not new. It follows from the sameproof asthe proofs of Theorem 1 and
Theorem 2 in [18]. It is also explicitly proved in [17]. We provide here a di erent proof
for this result.

An interesting questionis to study the analogueof the Erdpsdistanceproblemin non-
Euclidean spaces.In order to make this paper concise,we will only considerthe Erdps
distance problem in the nite non-Euclidean plane (or so-calledthe nite upper half
plane). In Section2, we will seehow to obtain various nite non-Euclideanspacesrom
the action of classicalLie groupson the setof non-isotropic points, linesand hyperplanes.
Most of our resultsin this paper hold in this more generalsetting. We will addressthese
resultsin a subsequen paper.

The well-known nite upper half plane is constructedin a similar way using an ana-
logueof Poincare's non-Euclideandistance. We follow the constructionin [28]. Let  be
the nite eld with g= p" elemerns, wherep is an odd prime. Suppose is a generator

of the multiplicativ e group , of nonzeroelemerts in . The extension = 4( ) is
analogousto = [i]. Wede ne the nite Poincare upper half-plane as
Hq=f2=x+yp_:x;y2 qandy 6 Og: (3)
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Note that \half-plane” is somethingof a misnomersincey 6 0 may not be a good nite
analogueof the condition y > 0 that de nes the usual Poincare upper half-plane in
C. In fact, Hq is more like a double covering of a n'Be upper half-plane. We usethe
familiar n%ation from complexanalysisfor z = x+y 2 Hq x = Re(z), y = I m(2),

zZ=X Yy = 79, N(z) = Norm of z = zz = z}*9. The Poincare distance between
Z;w 2 Hgyis
oy = Nz w) .
W= Tm@ime) © @

This distance is not a metric in the senseof analysis, but it is GL(2; g)-invariant:
d(gz;gw) = d(z;w) forall g2 GL(2; ) andall zzw?2 Hy. LetE Hg Wede ne the
distanceset with respect to the Poincare distance:

H(E) = fd(x;y) 1 x;y 2 Eg;

viewed asa subsetof . The following result is a non-Euclideananalogueof Theorem3.

Theorem 4 LetE H, suchthat jEj > 3gz*" for some" > 0, then

: : . JEj
i w(E)j> min :,fqliz;q 1 5)
forqg 1
We also have the Erdps problem for two sets. Let E; F g d > 2. Given a non-

degeneratequadratic Q form on g We de ne the set of distancesbetweentwo setsE
and F:
o(E;F) =fQ(Xy) :x2 E;y2 Fa:

We will prove the following analoguesof Theorem 3 for the distanceset o(E;F).

Theorem 5 LetE;F 4 suchthat jEjjFj > 9@ D* for some" > 0, then

JEiFj.

o(E;F) > min W,q

forq 1
In nite upper half plane, we de ne the set of distancesbetweentwo setsE;F  Hg:
H(E;F) = fd(xy) :x2 Ely2 Fg;

where d(x;y) is the nite Poincare distance between x and y. Similarly, we have an
analogueof Theorem4 for the distanceset (E;F).
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Theorem 6 LetE;F H, suchthat jEjjFj > 9g'*? for some" > 0O, then
P )
- JEJJF]
H(E;F) > min W; 1

forq 1L

Note that Theorem5 is also not new. It follows instantly from incidenceboundsin
Theorem3.4in [17] asgoing from a one set formulation in the Fourier proofsin [17]to a
two setformulation is just a matter of inserting a di erent letter in coupleof places.The
proof we presen in this paper howewer is new.

The rest of this paper is organizedasfollows. In Section2 we construct our main tools
to study the Erdpsproblemover nite Euclideanand non-Euclideanspacesthe nite Eu-
clideanand non-Euclideangraphs. Our construction follows one of Bannai, Shimabukuro
and Tanaka in [8, 7]. In Section3 we establishsomeusefulfacts about these nite graphs.
Oneimportant result is for in nitely many valuesof g, thesegraphsdisprove a conjecture
of Chvatal and alsoprovide a good lower bound for the Ramseynumber R(3; k). We then
prove our main results, Theorems3, 4, 5 and 6, in Section4. In the last section, we will
discussthe similarities of our approat and thosein [17] and [18].

We also call the reader's attention to the fact that the application of the spectral
method from graph theory in sum-praduct estimatesand Erdps distance problem was
independenly usedby Vu in [32].

2 Finite Euclidean and non-Euclidean Graphs

In this section,we summarisemain results from Bannai-Shimabukuro-Tanaka [7, 8]. We
follow their constructionsof nite Euclideanand non-Euclideangraphs.

Let Q be a non-degeneratejuadratic form on V. We de ne the correspnding bilinear
from on V:

hyig = Qx+y) Q(x) Qy):
Let O(V; Q) bethe group of all linear transformationson V that x Q (which is calledthe

orthogonal group assaiated with the quadratic form Q). The non-degeneratequadratic
formsover ¢ are classi ed asfollows:

1. Supposethat n = 2m. If q odd then there are two inequivalent non-degenerate
quadratic forms Q3,, and Q,,:

Qom(X) = 2XaXa+ 1ilt Aom 1Xom;
— e 2 2 .
Qon(X) = 2XiXo+ 1ii4 2om 3Xom 2+ X5m 1 Xom

where is a non-squareelemen in 4. If g even then there are alsotwo inequivalert
non-degenerataquadratic forms Q" and Q :

Qom(X) = XaXo+ il Xom 1Xom:
_ 2 2 .
Qon(X) = XaXo+ 1ii4 Xom 3Xom 2+ X5 1+ Xom;
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where isanelemen in 4 sud that the polynomialt?+ t+ isirreducible over .
We write O3, = O(V; Q3,,) and O,,, = O(V; Q,p)-

2. Supposethat n = 2m + 1 is odd. If g is odd, then there are two inequivalert non-
degeneratequadratic forms Qam+1 and Q9,4 :

_ 2 .
Qom+1(X) = 2XiXo+ il om 1Xom + X5man s
Qa1 (X) = 2XXo + 1114 RAom 1Xom + X3 1)

where is a non-squareelemernt in 4. But the groupsO(V; Qzm+1) and O(V; Q9.1)
are isomorphic. If g is even then there exists exactly oneinequivalert non-degenerate
guadratic form Qom+1 :

_ 2 .
Qom+1 (X) = XaXo+ 1114 Xom 1Xom + X541

In this case,we write Oon+1 = O(V; Qom+1 ).

2.1 Finite Euclidean Graphs

Let Q be a non-degeneratequadratic form on V. Then the nite Euclidean graph
Eq(n; Q; @) is de ned asthe graph with vertex setV and the edgeset

E=f(xy)2V Vjx6y,Qx vYy)=ag (6)

In [8], Bannai, Shimabukuro and Tanaka showved that the nite Euclidean graphs
Eq(n; Q; @) are not always Ramarujan. Fortunately, they are always asymptotically Ra-
manujan. The following theoremsummariegin aroughform) the resultsfrom Sections2-6
in [8] and Section3 in Kwok [22].

Theorem 7 Let be a primitive elementof .

a) The graphsEq(2m; Q,y,; ') are regular of valencyk = ™ * " *for16i6 q 1.
Let be any eigenvalueof the graph E4(2m; Q,,,; ') with & valency of the graph
then

j J6 2q(2m 1)22:

b) The graphsEq(2m+ 1;Qom+1; ') areregular of valencyk = ¢ g™ for 16 i 6 q 1.
Let be any eigenvalueof the graph Eq(2m + 1;Qpm+1; ') with 6 valency of the
graph then

j j6 29™:

2.2 Finite non-Euclidean Graphs

In order to keep this paper concise,we will restrict our discussionto the nite non-
Euclidean graphs obtained from the action of the simple orthogonal group on the set of
non-isotropic points. Similar results hold for graphs obtained from the action of various
Lie groupson the setof non-isotropicpoints, linesand hyperplanes.We will addressthese
resultsin a subsequeh paper.
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2.2.1 Graphs obtained from the action of simple orthogonal group Oym+1(Q)
(g odd) on the set of non-isotropic points

LetV = §m+1 be the (2m + 1)-dimensionalvector spaceover the nite eld 4 (qis
an odd prime power). For eat elemen x of V, we denote the 1-dimensionalsubspace
cortaining x by [x]. Let ; bethe setofall squaretype andthe setof all non-square-ype
non-isotropic 1-dimensionalsubspacesof V with respect to the quadratic form Qom+1,
respectively. Then we havej j = (™ g")=2andj j = (¢ + gd")=2. The simple
orthogonal group O,n+1 (Q) actstransitively on and .

We de ne the graphsHq(Ozm+1; ;i) (for 16 i 6 (q+ 1)=2) asfollows (let E; be the
edgesetof Hy(Oom+1; ;1)):

. X o X 1
([X]’ [y]) 2 El ’ y :S: y - 1 1 ,
OCIBD2E . s = as @616 D)
CEBD2 B o Sy = o0

where 2 4 is a primitive elemen of 4, A' denotesthe transposeof A and S is the
matrix of the asswiated bilinear form of Q,m+1. Note that for m = 1 then we have the
nite analogueH, of the upper half plane.

We de ne the graph Hq(O2m+1; ;1) (for 16 i 6 (q+ 1)=2) asfollows (let E; be the
edgesetof Hy(Oom+1; ;1)):

(X [y]D) 2 Ea v Qemaa(X+Yy) =0 _
(Xl yD 2 E; . Quma(x+y)=2+2 (12616 (q 1)=2)
XLEYD) 2 E@ryy= »  Qomun(X+Yy)=2

wherewe assumeQom+1 (X) = 1forall [x] 2 .

As in nite Euclideancase,the graphsobtainedin this sectionare always asymptoti-
cally Ramarujan. The following theorem summariesthe results from Sectionsl and 2 in
[7] and from Section7 in [5].

Theorem 8 a) The graphsHy(Oom+1; ;1) (16 1 6 (q 1)=2) are regular of valency
o™ 1 g™ 1 The graphHy(Oom+1; ;(g+ 1)=2) is regular of valency(¢?™ * g™ 1)=2.
Let be any eigenvalueof the graph Hq(O2m+1; ;i) with 6 valencyof the graph then

j J6 2q(2m 1):2:

b) The graphsHq(Oom+1; ;i) (16 i 6 (9 1)=2) are regular of valencyg®™ * g™ ).
The graph Hq(Ozm+1; ;(q+ 1)=2) is regular of valency (¢°™ * d" !)=2. Let beany
eigenvalueof the graph Hq(O2m+1; ;i) with 6 valencyof the graph then

j J6 2q(2m 1):2:
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2.2.2 Graphs obtained from the action of simple orthogonal group O,,(q) (q
odd) on the set of non-isotropic points

LetV = g’“ be the 2m-dimensionalvector spaceover the nite eld 4 (gisanodd prime
power). For ead elemen x of V, we denotethe 1-dimensionalsubspacecontaining x by
[X]. Let 1; ,bethe setofall squaretype andthe setof all non-square-ype non-isotropic
1-dimensionalsubspace®f V with respect to the quadratic form Q3,,,, respectively. Then
wehavej 1j=j o= (™ 1 " 1)=2. The orthogonal group O3, (q) with respect to
the quadratic from Q3,,, over 4 actsonboth ;and , transitively. We de ne the graph
Hq(O%m; 1;i) (for 16 i 6 (q+ 1)=2) asfollows (let E; bethe edgesetof Hq(O5,,; 1;1)):

(X lyD 2 E; o Xyig: =2 L1606 (0 1)=2
(XL IYD 2 E(qry=2 » X yi QL. = 0;

wherewe assumeQ;,,(x) = 1 for all [x] 2 .

Let ; , bethe setofall squaretype and the setof all non-square-ype non-isotropic
1-dimensionalsubspace®f V with respect to the quadratic form Q,,,, respectively. Then
we havej 1j = 2 = (" 1+ g" 1)=2. The orthogonal group O,,(g) with respect to
the quadratic from Q,,, over ,actsonboth ;and - transitively. We de ne the graph
Hq(Opys 151) (for 16 i 6 (g+ 1)=2) asfollows (let E; be the edgesetof Hq(O,,,; 1;1)):

CEWD2E . hayig =211(16i6(q 1)=2)
OEDD 2 B« Mayig, =0

wherewe assumeQ,,,,(x) = 1 for all [x] 2 .

The graphs obtained in this section are always asymptotically Ramarujan. The fol-
lowing theorem summariesthe results from Sections4 and 5 in [7] and from Section4 in
[5].

Theorem 9 a) The graphsHy(Oom; 1;i) (1 6 1 6 (9 1)=2) are regular of valency
o™ 2 g™ L The graphHq(Ozm; ;(g+ 1)=2) is regular of valency (¢ 2 g™ 1)=2.
Let be any eigenvalueof the graphH4(O2n; ;i) with & valencyof the graph then

J' J6 2q(2m 2)=2:

b) The graphsHq(Ozm; 1;i) (16 i 6 (g 1)=2) are regular of valencyg®™ 2 " L.
The graph Hq(Ozm+1; ;(q+ 1)=2) is regular of valency (g™ 2 d" !)=2. Let beany
eigenvalueof the graph Hy(O2m; 1;i) with 6 valencyof the graph then

j J6 2q(2m 2)=2:

3 Explicit Tough Ramsey Graphs

WecallagraphG = (V;E) (n;d; )-regularif G is ad-regulargraphonn verticeswith the
absolutevalue of ead of its eigervaluesbut the largestoneis at most . It is well-known
that if d then a (n; d; )-regular graph behavessimilarly asa random graph G.g=n.
Presicely we have the following result (seeCorollary 9.2.5and Corollary 9.2.6in [3]).
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Theorem 10 ([3]) Let G be a (n;d; )-regular graph.
a) For everysetof verticesB and C of G, we have

je(B;C) HJBJJCJJG iBjiCij; (7)

wheee ¢(B; C) is the numler of edgesin the induced sulgraph of G on B (i.e. the numler
of orderad pairs (u;Vv) whereu 2 B;v 2 C and uv is an edgeof G).
b) For everyset of verticesB of G, we have

. d._., 1. .
je(B) 5 1BJ16 5 IBJ; (8)
where ¢(B) is numler of edgesin the induced sulgraph of G on B.

Let B; C be oneof the maximum independert pairs of G, i.e. the \bipartite” subgraph
inducedon (B;C) are empty and jBjjCj is maximum. Let ,(G) denotethe sizejBjjCj
of this pair. Then from (7), we have

2n2
2(G) 6 ?3 (9)

Let B be oneof the maximum independen setsof G. Then from (8), we have

(G)= jBj6 " (10)
and iV(G)] d
(G) > J((T))J > 9 (11)

The toughnesst(G) of a graph G is the largestreal t sothat for every positive integer
X 2 oneshould delete at leasttx verticesfrom G in order to get an induced subgraph
of it with at least x connectedcomponerts. G is t-tough if t(G) t. This parameter
was introduced by Chvatal in [12]. Chvatal also conjecturesthe following: there exists
an absoluteconstant ty suchthat everyty-tough graph is pancyclic. This conjecture was
disproved by Bauer, van denHeuwel and Sdimeidel [9] who constructed,for every realty, a
to-tough triangle-freegraph. They de ne ase%uence)f triangle-freegraphsHq; H,; Hs; o i
with jV(H;)j = 2% 1(j + 1)! and t(H;) 2] + 4=2. To bound the toughnessof a
(n; d; )-regular graph, we have the following result which is due to Alon in [2].

Theorem 11 [2] Let G = (V;E) be an (n;d; )-graph. Then the toughnesst = t(G) of
G satis es

1. (12)
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Let G be any graph of the form Ey(2m; Qy; @), Eq(2Mm + 1;Qom+1;8), Hgq(2m +
1, i), He@2m+ 1; i), Hg(2m; 1;i) and Hq(2m; ;i) fora® 02 4and16 i 6
(q+ 1)=2. Then from Theorems7, 8 and 9, the graph G is (c.q" + O(q"?);cq" * +
O(q™ D=2); 20(" H=2)-regular for somen > 2 and c;; ¢, 2 f 1;1g. By (10), (11) and (12),
we can showv that the nite Euclidean and non-Euclidean graphs have high chromatic
number, small independert number and high tough number.

Theorem 12 Let G be any graph of the form Eq(2m; Q,,;a), Eq(2m + 1;Qom+1; @),
Hqo@2m + 1; i), He@2m + 1; ;i), Hq(2m; 4;i) and Hq(2m; 4;i) fora6 02 4 and
16 i 6 (q+ 1)=2. Supmsethat jV(G)j = cq' + O(q(" Y=2).

1. The independentnumber of G is smal:  (G) 6 (4+ o(1))jV(G)j"*+1)=2n,
2. The chromatic numker of G is high: (G) > jV(G)j™ YV="=(4 + o(1)).
3. The toughnessof G is at leastjV (G)j" V=2"=(12+ o(1)).

In [31], the authors derived the following theoremusing only elemettary algebra. This
theorem can also be derived from character tables of the assaiation sdhemesof a ne
type ([22]) and of nite orthogonal groupsacting on the nonisotropic points ([5]).

Theorem 13 Amongall nite Euclidean and non-Euclidean graphs,the only triangle-free
graphsare

1. E4(2;Q ;a) whee 3is squaein .
2. Eq(2;Q";a) where 3is nonsquaein .

3. Hq(3;Q; @) for at leastoneelementa2 .
Theorems12 and 13 shows that the nite EuclideanEq(2; Q" ;a), whereq is a prime

offormg= 1% 5anda6 02 , isan explicit triangle-freegraphon ny = ¢ vertices

whose chromatic number exceedsO:Sné:“. Therefore, this disproves the conjecture of

Chavatal. In addition, this graph is an explicit construction shaving that R(3; k)

( k™).

Note that, in [24], the authors constructedexplicitly for everyd = p+ 1 wherep 1(
mod 4) is a prime, and for every n = g(¢?  1)=2 whereq 1(p mod 4) is a prime and p
is a quadratic residuemodulo g, (n; d; ) graphsG, with =2 d 1, wherethe grith of
G, is at least2log,q > %Iogj 1n. Using Theorem 11, NogaAlon [2] derived the existence
of to-tough graphswithout cyclesof length up to c(ty) logn, for an arbitrary constart to.

Moreover, the bounds obtained from Theorems 12 and 13 match with the bounds
obtained by code graphsin Theorem3.1in [2]. Thesegraphsare Caley graphsand their
construction is based on some of the properties of certain Dual BCH error-correcting
codes. For a positive integerk, let F, = GF (2¢) denotethe nite eld with 2¢ elemerts.
The elemerts of Fy arerepreseted by binary vectorsof length k. If a and b are two sudh
vectors, let (a;b) denotetheir concatenation. Let G¢ be the graph whoseverticesare all
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n = 2% binary vectors of length 2k, wheretwo vectorsu and v are adjaceri if and only
if there exists a non-zeroz 2 F sudh that u+ v = (z;z%) mod 2 wherez® is computed
in the eld Fy. Then Gy isad, = 2¢ 1-regulargraph on n, = 2%, Moreover, Gy is
triangle-free with independencenumber at most 2n3*. Noga Alon givesa better bound
R(m;3) ( m®?) i n [1] by consideringa graph with vertex set of all n = 2% binary
vectors of length 3k (instead of all binary vectors of length 2k). Supposethat k is not
divisible by 3. Let Wy be the set of all nonzeroelemens 2 F, sud that the leftmost
bit in the binary represemation of 7 is 0, and let W, be the set of all nonzeroelemers

2 F, for which the leftmost bit of 7is 1. ThenjWoj = 2¢ * 1andjW,j = 2¢ 1 Let
G, be the graph whoseverticesare all n = 23 binary vectors of length 3k, where two
vectorsu and v are adjacent if and only if there exist wg 2 Wy and w; 2 W; sud that
u+ v = (Wo;w3wg) + (wg;w3;w?) wherethe powers are computed in the eld Fy and
the addition is addition module 2. Then G, isad, = 2¢ 1(2k 1  1)-regular graph on
n = 2% vertices. Moreover, G, is a triangle-freegraph with independencenumber at most
(36+ 0(1))n%=. The problem of nding better boundsfor the chromatic number of nite
Euclidean and non-Euclideangraphson the plane and the upper half plane, respectively
toucheson animportant questionin graphtheory: what is the greatestpossiblechromatic
number for a triangle-free regular grargh of order n? It is known that if G is a triangle-
free graph of order n then (G) 6 ¢ n=logn (seeLemma?2 in [13). When we drop
the regularity assumptionthen the upper bound l§ best possibleas Kim [21] proved the
existenceof a graph G with ordern and (G) > ¢ n=logn. The nal remark at the end
of Section,5 givesus a plausible reasonto conjecturethat the anwer for the regular case
isalso (  n=logn).

4 Erd}os distance problem

4.1 Proof of Theorem 3

Let Q beany non-degeneratguadratic of 7. Recallthat the Euclideangraph Eq(d; Q; a)
was de ned asthe graph with vertex setV and edgeset

E=f(x;y)2V Vjx6y,Q(x Vy)= ag:
Lemma 1 LetE g suchthat jJEj > 3qd+Tl: Then o(E)= .

Pro of By Theorem?7, eat graph Eq(d;Q;a) isa (g%, gt * X¢ D=2, 2q(@ D=2)-regular
graph. By (10) , forany a6 02 , we have

2034 1)=2 d+1) =2
(Eo(di Q@) 6 55— o= © 3 =2 (13)

Thus, if JEj > 3qd+T1 then E is not an independer setof E4(d; Q; &), or equivalertly there
existx;y 2 E sud that Q(x y) = aforany a2 4 This concludesthe proof of the
lemma.
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Lemma 2 Forany0< "< 1=2. LetE q Suchthat jEj > 3g2*". Then

i o(E)i>q*'; (14)
for any q> 67" 172,

Pro of By Theorem?7, eat graph Eq(d;Q;a) isa (g gt 1 gX¢ D=2, 2ql@ 92)-regular
graph. By (10), the number of edgesof Ey(d; Q; a) in the induced subgraphon E is at
most
o L+ gd V=2
2q°
Supposethat # o(E) < g*%*". From (15), we have
’ 2J €4 (d:Qia) (E)
a2 Q(E)
1m0ve O L4 g D=2
2q°

eEq(d;Q;a)(E) 6

JEj*+ o VFE]: (15)

e 1 1 1 . N
< jEjq 2 é+ éq (d 1)=2 JEj+q(d 1) =2 :

which implies that

o "(Ej 1) < 1+q @Y jEj+ 2*D
6 (L+q 2+ §q5 DIES:
Therefore, we have
e > %q% 1 g JE]
> ' 3 397 q@*;

which is a cortradiction if g> 62 ") The lemmafollows.

Theorem 3 follows immediately from Lemma 1 and Lemma 2.

4.2 Pro of of Theorem 4

Fora xed a2 , the nite non-Euclidean graph V,( ;a) has verticesas the points in
H, and edgesbetween vertices z; w if and only if d(z;w) = a. Except whena = O or
a= 4, Vy ;a) is aconnected(q+ 1)-regular graph. When a = 0;4 then Vy( ;a) is
disconnectedwith oneor two nodes,respectively, per connectedcomponert. As a varies,
we have g 2 (q+ 1)-regular graphsVy( ;a). The questionof whether thesegraphsare

always nonisomorphicor not is still open. See[28] for a survey of spectra of Laplacians
of this graph.
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Lemma 3 LetE H, suchthat JEj > 2¢32: Thenj w(E)j>q 1
Pro of Each graphV,( ;a) (with a8 0;4 2 isa(¢® ¢ g+ 1;29"%)-regular graph.
By (10), forany a6 0,4 2 4, we have
. 2 9q .
(Vq( ;@) 6 T 6 207 (16)

Thus,# E > 2¢°% then E is not an independen setof V,( ;a) or equivalertly, there exist
X;y 2 E suhthat d(x y)=aforanya2  f0;4ag. This concludesthe proof of the
lemma.

Note that Vy( ;4 ) is just a disjoint union of (¢  ¢)=2 edges.Sowe can have a set
E 2 Hywith JEj= (¢ o=2and x(E)= 4 f4 g

Lemma 4 For any0< " < 1=2. LetE q Suchthat jJEj > 3g2*". Then
i w(E)> " (17)
for any q> 9" 172,

Proof Foranya6 0,4 2 4 eathgraphVy( ;a)isa(¢? ¢ g+ 1;29%2)-regular graph.
From Theorem 10, the number of edgesof Vy( ;a) in the induced subgraphon E is at
most

q+ 1 . -2 1:2- .,
evq( a)(E) 6 2E 9 q)JEJ + g JES: (18)
Supposethat j (E)j < ¢2*". From (18), we have
JZJ = evy( ;) (E)
a2z y(E)
opn 1 _
< =2 q+ Ei2+ gE
q 3@ glEl O IE]
< JEG P pv o BT
which implies that
o (Ej 1) < 1+ 5 JEj+ 27
6 (L+ + gq% "Ej:
Therefore,we have
1 1. 2
q > éq 1 q 2 JE]
1o 6 14
> q 3 q 2 q .
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which is a cortradiction whenq> 9= ), The lemma follows.

Theorem 4 follows immediately from Lemma 3 and Lemma 4. Similar results hold
for others non-Euclideanspacesde ned in Section2. We will discusstheseresultsin a
subsequen paper.

4.3 Set of distances between two sets

Now we will prove Theorem5 and Theorem®6. Forany a6 02 , by Theorem10, the
number of edgesof the graph E4(d; Q; a) in the induced \bipartite" subgraphon (E;F)
(two vertex parts are not necessanydisjoint) is at most:

€eq(d:Qia) 6 qff JEjiFj+ 294 D=" JEjiFj: (19)
Thus, we have
- . - X
JEJJF) = €E,(d;Q;a)
a2 o(EF)
14 (d 1)=2 _ p -
6  ofE;F) i q‘;' JEjiFj+ 299 V=" JEjiFj ;
which implies that
1
Q(E; F) > 1. 1 290 D=2 : (20)
TS

From the above inequality, we can easily derive the following analogueof Lemma2 for
the distanceset o(E;F).

Lemma 5 For any0< < 1. If jEjjFj > 9q¢ Y* then

p T p—rr p—
JEJJF) =2

o(E;F) > W> q

foranyq 1

By Theorem7, ead graphEq(d; Q;a) isa(q®;gf 1 gXd D=2¢;2q(d D=2)-regular graph.
By (9) ,forany a6 02 4, we have

2% V2P
Z(Eq(d,Q,a)) 6 qd 1 q(d 1)=2 6 9q : (21)

Thus, if JEjjFj > 9 then E; F is not anindependen pair of E4(d; Q; a) for any nonzero
a. This implies that thereexistx 2 E andy 2 F sud that Q(x;y) = aforany a2 .
We have the following analogueof Lemma 1.
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Lemma 6 LetE;F 3 suchthat jEjjFj > 9o™**: Then o(E;F)= .

Theorem 5 is immediate from Lemma 5 and Lemma 6. The proof of Theorem 6 is
similar and is left for the readers. Note that the analogueof Lemma 3 for the distance
set 4 (E;F) isinterestingin its own right.

Lemma 7 LetE;F H, suchthat jEjjFj> 9¢°: Thenj n(E;F)j q 1

5 Further remarks

The proofsin [17] and [18] show that the conclusionof Theorem 3 holds with the non-
degeneratequadratic form Q is replacedby any function F with the property that the
Fourier transform satis es the deca estimates

X
Fi(m) = q ¢ ( xm) 6 Cq D= (22)
x2 ¢:F(x)=t
and
X
F(0;:::;0) = g ¢ ( x:(0;:::;0) 6 Cq % (23)

where (s) = € ™99 andm 6 (0;:::;0) 2 § (recall that fory 2 4, whereq = p'
with p prime, the trace of y is de ned asTr(y) = y+ yP+ :::+ yP " 2 ¢)- The basic
object in theseproofsis the incidencefunction

le:c() = IBICIV() = J(y)2B  C:F(x y)=jj
= B(X)C(YFj(x y);

xy2 4

whereB; C; F; denotesthe characteristic function of the setsB, C andfx : F(x) = jg,
respectively. Using the Fourier inversion, we have

X
lsc() = B(m)C(m)Fj(m): (24)
m2 ¢
Now we de ne the F-distancegraph Gg(q; d;j) with the vertex setV = g and the

edgeset
E=f(xy)2V Vjx6yF(x y)=jg

Then the exponenials (or charactersof the additive group g)

en(X) = exp ZILF()X”]) : (25)
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for x;m 2 g are eigenfunctionsof the adjacency operator for the F-distance graph
Ge(g;d;j) correspnding to the eigervalue

X
m = em(X) = o' ( m): (26)

F(x)=]

Thus, the deca estimates(22) and (23) are equivalert to

m 6 Cq¢ D7 (27)
form 6 (0;:::;0)2 §, and
(©0;::::0) 6 Cq' (28)
Let A be the adjacency matrix of Gg(q;d;j) with the orthonorTB;lI basevo;:::; Vg 1,
correspnding to eigervalues (..0); %5 (q 1::q 1), Wherevg = 1= n. Foraﬂgnytwo sets
B;C P g let vg and vc bethe characteristic vectorsof B andC. Letvg = , ;v; and
Ve = ; iV betheir represemations aslinear combinations of vo;:::;ve 1. We have
le.c() = €cr(qa;)(B;C) = V%AVC X
= (WAL 5v)
X X'
= ( iVi)( i ivi)
X' j

From (24), (26) and the above expression,we can seethe similarity between our
approad and thosein [17] and [18] as follows. Given the decy estimates(22) and (23),
we can bound the incidencefunction asin [17] and [1§]

X
le:c() 6 JBjiCjFj(0;:::;0)+ ¢ V7 o'iB (m)jj C(m)j

m6(0 ;::;;0)
1,0 1o
) X X
6 Cq YBjiCj+ Cq? V¢ @ B(m)j*A @ jC(m)j*A
m&(0 ;:::;0) m6&(0 ;::;;0)
l. e . 1 X . .2' 1=2 X . .2! 1=2
6 Cq 'jBjiCj+ Cdf jB(X)j JCX)j

X X

o P tp__
6 Cq 'jBjCj+Cd' ' jBj jCj:

Given the bounds (27), (28) for eigervalues of the F-distance graph Gg(q;d;j), we
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obtain the samebound for the incidencefunction

: P p_ X
IB;C(J) = (0;:::;O)h\/B;:|-= ijch;l: ijl + m m m
m6(0 ;:::;0)
=" X . .. .
6 Cq 'jBjjCj+ Cq P j mii mi
m&(0 ;::;;0)
6 Cqg 'BjiCj+ Cq PPk kok k;

Cq jBjiCj+ Cq“ 2" jBj |Cj:

Thus, our approad and the Fourier methods in [18 and [17] are almost identical.
Many results obtained from the Fourier method can be proved using our method and vice
versa. Howewer, both methods have their own advantages. On one hand, many results
(obtained from the Fourier methods) in [16] are hard to derive from the graph theory
method. On another hand, the graph theory method sometimesgives us many simple
applications without invoking more advanced tools like the character sums or Fourier
transform (see[30]).

It is worth to notice that Theorem 4 and Theorem 6 also follow from the Fourier
methods. Howewer, we will needto useSoto-Andradesumsbound instead of Klo osterman
sums bounds for non-Euclidean spaces. We will addressthese results in a consequen
paper.

Finally, the F -distancegraph with the function F satisfying the dece estimates(22)
and (23) give us a possibleapproad to construct triangle-free graphs with very high
chromatic number. For example,if we can nd a sum-freevariety in g dened by a

for every X;Y 2 g) then we can construct a triangle-free graph of order n = g® with the
chromatic number at leastCn(@ =20 We seein Section3 that the varieties of degreetwo
only give us triangle-free graphsover vector spacesof dimensiontwo. We hope to address
this problem for higher dimensionalvector spacesn a subsequeh paper.
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