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Abstract

We study the Erd}os distance problem over �nite Euclidean and non-Euclidean
spaces.Our main tools are graphsassociated to �nite Euclidean and non-Euclidean
spacesthat are considered in Bannai-Shimabukuro-Tanaka (2004, 2007). These
graphs are shown to be asymptotically Ramanujan graphs. The advantage of using
thesegraphsis twofold. First, wecanderivenew lower boundson the Erd}osdistance
problems with explicit constants. Second,we can construct many explicit tough
Ramseygraphs R(3; k).

1 In tro duction

Let
�

q denote the �nite �eld with q elements where q � 1 is an odd prime power. Let
E �

� d
q, d > 2. Then the analogueof the classicalErd}osdistanceproblem is to determine

the smallestpossiblecardinality of the set

�( E) = fj x � yj2 = (x1 � y1)2 + : : : + (xd � yd)2 : x; y 2 Eg;

viewed asa subsetof
�

q. Supposethat � 1 is a squarein
�

q, then usingspheresof radius
0, there exists a set of cardinality preciselyqd=2 such that �( E) = f 0g. Thus, we only
considerthe set E �

� d
q of cardinality Cq

q
2 + " for someconstant C. Bourgain, Katz and

Tao ([11]) showed, using intricate incidencegeometry, that for every " > 0, there exists
� > 0, such that if E 2

� 2
q and jE j 6 C� q2� � , then j�( E)j > C� q

1
2 + � for someconstants

C� ; C� . The relationship between " and � in their argument is di�cult to determine.
Going up to higher dimensionusingarguments of Bourgain, Katz and Tao is quite subtle.
Iosevich and Rudnev ([18]) establishthe following resultsusingFourier analytic methods.
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Theorem 1 ([18]) Let E �
� d

q suchthat jE j & Cqd=2 for C su�cient large. Then

j�( E)j & min
�

q;
jE j

q
d� 1

2

�
: (1)

By modifying the proof of Theorem 1 slightly, Iosevich and Rudnev ([18]) obtain the
following stronger conclusion.

Theorem 2 ([18]) Let E �
� d

q such that jE j > Cq
d+1

2 for su�cient large constant C.
Then for every t 2

�

q there exist x; y 2 E such that jx � yj2 = t. In other words,
j�( E)j = q.

It is, however, more natural to de�ne the analoguesof Euclideangraphsfor each non-
degeneratequadratic from on V =

� d
q, d > 2. Let Q be a non-degeneratequadratic form

on V. For any E � V , we de�ne the distanceset of E with respect to Q:

� Q(E) = f Q(x � y) : x; y 2 Eg;

viewed as a subsetof
�

q. Our �rst result is the following.

Theorem 3 Let Q be a non-degenerate quadratic from on
� d

q, d > 2. Let E �
� d

q such

that jE j > 3q
d
2 + " for some" > 0, then

j� Q(E)j > min
�

jE j
3q(d� 1)=2

; q
�

(2)

for q � 1.

This result is not new. It follows from the sameproof as the proofs of Theorem1 and
Theorem 2 in [18]. It is also explicitly proved in [17]. We provide here a di�erent proof
for this result.

An interesting questionis to study the analogueof the Erd}osdistanceproblem in non-
Euclidean spaces.In order to make this paper concise,we will only considerthe Erd}os
distance problem in the �nite non-Euclidean plane (or so-called the �nite upper half
plane). In Section2, we will seehow to obtain various �nite non-Euclideanspacesfrom
the action of classicalLie groupson the set of non-isotropicpoints, linesand hyperplanes.
Most of our results in this paper hold in this more generalsetting. We will addressthese
results in a subsequent paper.

The well-known �nite upper half plane is constructed in a similar way using an ana-
logueof Poincar�e's non-Euclideandistance. We follow the construction in [28]. Let

�

q be
the �nite �eld with q = pr elements, wherep is an odd prime. Suppose� is a generator
of the multiplicativ e group

� �
q of nonzeroelements in

���

. The extension
�

q
�=

�

q(� ) is
analogousto � = � [i ]. We de�ne the �nite Poincar�e upper half-plane as

Hq = f z = x + y
p

� : x; y 2
�

q andy 6= 0g: (3)
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Note that \half-plane" is somethingof a misnomersincey 6= 0 may not be a good �nite
analogueof the condition y > 0 that de�nes the usual Poincar�e upper half-plane in
C. In fact, Hq is more like a double covering of a �nite upper half-plane. We use the
familiar notation from complex analysisfor z = x + y

p
� 2 Hq: x = Re(z), y = I m(z),

�z = x � y
p

� = zq, N (z) = Norm of z = z�z = z1+ q. The Poincar�e distance between
z; w 2 Hq is

d(z; w) =
N (z � w)

I m(z)I m(w)
2

�

q: (4)

This distance is not a metric in the senseof analysis, but it is GL(2;
�

q)-invariant:
d(gz; gw) = d(z; w) for all g 2 GL(2;

�

q) and all z; w 2 Hq. Let E � Hq. We de�ne the
distanceset with respect to the Poincar�e distance:

� H (E) = f d(x; y) : x; y 2 Eg;

viewed asa subsetof
�

q. The following result is a non-Euclideananalogueof Theorem3.

Theorem 4 Let E � Hq suchthat jE j > 3q
1
2 + " for some" > 0, then

j� H (E)j > min
�

jE j
3q1=2

; q � 1
�

(5)

for q � 1.

We also have the Erd}os problem for two sets. Let E; F �
� d

q, d > 2. Given a non-
degeneratequadratic Q form on

� d
q. We de�ne the set of distancesbetween two setsE

and F :
� Q(E; F ) = f Q(x; y) : x 2 E; y 2 F g:

We will prove the following analoguesof Theorem3 for the distanceset � Q(E; F ).

Theorem 5 Let E; F �
� d

q suchthat jE jjF j > 9q(d� 1)+ � for some" > 0, then

� Q(E; F ) > min

( p
jE jjF j

3q(d� 1)=2
; q

)

for q � 1.

In �nite upper half plane, we de�ne the set of distancesbetweentwo setsE; F � H q:

� H (E; F ) = f d(x; y) : x 2 E; y 2 F g;

where d(x; y) is the �nite Poincar�e distance between x and y. Similarly, we have an
analogueof Theorem4 for the distanceset � H (E; F ).
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Theorem 6 Let E; F � Hq suchthat jE jjF j > 9q1+2 � for some" > 0, then

� H (E; F ) > min

( p
jE jjF j
3q1=2

; q � 1

)

for q � 1.

Note that Theorem 5 is also not new. It follows instantly from incidencebounds in
Theorem3.4 in [17] asgoing from a oneset formulation in the Fourier proofs in [17] to a
two set formulation is just a matter of inserting a di�erent letter in coupleof places.The
proof we present in this paper however is new.

The rest of this paper is organizedasfollows. In Section2 we construct our main tools
to study the Erd}osproblem over �nite Euclideanand non-Euclideanspaces,the �nite Eu-
clideanand non-Euclideangraphs. Our construction follows oneof Bannai, Shimabukuro
and Tanaka in [8, 7]. In Section3 we establishsomeusefulfacts about these�nite graphs.
One important result is for in�nitely many valuesof q, thesegraphsdisprove a conjecture
of Chvat�al and alsoprovide a good lower bound for the Ramseynumber R(3; k). We then
prove our main results, Theorems3, 4, 5 and 6, in Section4. In the last section,we will
discussthe similarities of our approach and those in [17] and [18].

We also call the reader's attention to the fact that the application of the spectral
method from graph theory in sum-product estimatesand Erd}os distance problem was
independently usedby Vu in [32].

2 Finite Euclidean and non-Euclidean Graphs

In this section,we summarisemain results from Bannai-Shimabukuro-Tanaka [7, 8]. We
follow their constructionsof �nite Euclidean and non-Euclideangraphs.

Let Q be a non-degeneratequadratic form on V. We de�ne the corresponding bilinear
from on V:

hx; yi Q = Q(x + y) � Q(x) � Q(y):

Let O(V; Q) be the group of all linear transformationson V that �x Q (which is calledthe
orthogonal group associated with the quadratic form Q). The non-degeneratequadratic
forms over

� n
q are classi�ed as follows:

1. Suppose that n = 2m. If q odd then there are two inequivalent non-degenerate
quadratic forms Q+

2m and Q�
2m :

Q+
2m (x) = 2x1x2 + : : : + 2x2m� 1x2m ;

Q�
2m (x) = 2x1x2 + : : : + 2x2m� 3x2m� 2 + x2

2m� 1 � � x2
2m ;

where � is a non-squareelement in
�

q. If q even then there are also two inequivalent
non-degeneratequadratic forms Q+ and Q� :

Q+
2m (x) = x1x2 + : : : + x2m� 1x2m;

Q�
2m (x) = x1x2 + : : : + x2m� 3x2m� 2 + x2

2m� 1 + � x2
2m ;
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where� is an element in
�

q such that the polynomial t2 + t + � is irreducible over
�

q.
We write O+

2m = O(V; Q+
2m ) and O�

2m = O(V; Q�
2m ).

2. Supposethat n = 2m + 1 is odd. If q is odd, then there are two inequivalent non-
degeneratequadratic forms Q2m+1 and Q0

2m+1 :

Q2m+1 (x) = 2x1x2 + : : : + 2x2m� 1x2m + x2
2m+1 ;

Q0
2m+1 (x) = 2x1x2 + : : : + 2x2m� 1x2m + � x2

2m� 1;

where� is a non-squareelement in
�

q. But the groupsO(V; Q2m+1 ) and O(V; Q0
2m+1 )

are isomorphic. If q is even then there exists exactly one inequivalent non-degenerate
quadratic form Q2m+1 :

Q2m+1 (x) = x1x2 + : : : + x2m� 1x2m + x2
2m+1 :

In this case,we write O2m+1 = O(V; Q2m+1 ).

2.1 Finite Euclidean Graphs

Let Q be a non-degeneratequadratic form on V. Then the �nite Euclidean graph
Eq(n; Q; a) is de�ned as the graph with vertex set V and the edgeset

E = f (x; y) 2 V � V j x 6= y; Q(x � y) = ag: (6)

In [8], Bannai, Shimabukuro and Tanaka showed that the �nite Euclidean graphs
Eq(n; Q; a) are not always Ramanujan. Fortunately, they are always asymptotically Ra-
manujan. The following theoremsummaries(in a roughform) the resultsfrom Sections2-6
in [8] and Section3 in Kwok [22].

Theorem 7 Let � be a primitive elementof
�

q.

a) The graphsEq(2m; Q�
2m ; � i ) are regular of valencyk = q2m� 1 � qm� 1 for 1 6 i 6 q� 1.

Let � be any eigenvalueof the graph Eq(2m; Q�
2m ; � i ) with � 6= valencyof the graph

then
j� j 6 2q(2m� 1)=2:

b) The graphsEq(2m+ 1; Q2m+1 ; � i ) are regular of valencyk = q2m � qm for 1 6 i 6 q� 1.
Let � be any eigenvalueof the graph Eq(2m + 1; Q2m+1 ; � i ) with � 6= valency of the
graph then

j� j 6 2qm :

2.2 Finite non-Euclidean Graphs

In order to keep this paper concise,we will restrict our discussionto the �nite non-
Euclidean graphsobtained from the action of the simple orthogonal group on the set of
non-isotropic points. Similar results hold for graphsobtained from the action of various
Lie groupson the setof non-isotropicpoints, linesand hyperplanes.We will addressthese
results in a subsequent paper.
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2.2.1 Graphs obtained from the action of simple orthogonal group O2m+1 (q)
(q odd) on the set of non-isotropic poin ts

Let V =
� 2m+1

q be the (2m + 1)-dimensionalvector spaceover the �nite �eld
�

q (q is
an odd prime power). For each element x of V, we denote the 1-dimensionalsubspace
containing x by [x]. Let � ; 
 bethe setof all squaretypeand the setof all non-square-type
non-isotropic 1-dimensionalsubspacesof V with respect to the quadratic form Q2m+1 ,
respectively. Then we have j� j = (q2m � qm )=2 and j
 j = (q2m + qm )=2. The simple
orthogonal group O2m+1 (q) acts transitively on � and 
.

We de�ne the graphsHq(O2m+1 ; � ; i ) (for 1 6 i 6 (q+ 1)=2) as follows (let E i be the
edgeset of Hq(O2m+1 ; � ; i )):

([x]; [y]) 2 E1 ,
�

x
y

�
:S:

�
x
y

� t

=
�

� 1
1 � � 1

�
;

([x]; [y]) 2 E i ,
�

x
y

�
:S:

�
x
y

� t

=
�

� 1
1 � 2i � 3

�
; (2 6 i 6 (q � 1)=2)

([x]; [y]) 2 E(q+1) =2 ,
�

x
y

�
:S:

�
x
y

� t

=
�

� 0
0 �

�
;

where � 2
�

q is a primitiv e element of
�

q, A t denotesthe transposeof A and S is the
matrix of the associated bilinear form of Q2m+1 . Note that for m = 1 then we have the
�nite analogueHq of the upper half plane.

We de�ne the graph Hq(O2m+1 ; 
 ; i ) (for 1 6 i 6 (q + 1)=2) as follows (let E i be the
edgeset of Hq(O2m+1 ; 
 ; i )):

([x]; [y]) 2 E1 , Q2m+1 (x + y) = 0;
([x]; [y]) 2 E i , Q2m+1 (x + y) = 2 + 2� � (i � 1) ; (2 6 i 6 (q � 1)=2)
([x]; [y]) 2 E(q+1) =2 , Q2m+1 (x + y) = 2;

wherewe assumeQ2m+1 (x) = 1 for all [x] 2 
.
As in �nite Euclideancase,the graphsobtained in this sectionare always asymptoti-

cally Ramanujan. The following theoremsummariesthe results from Sections1 and 2 in
[7] and from Section7 in [5].

Theorem 8 a) The graphs Hq(O2m+1 ; � ; i ) (1 6 i 6 (q � 1)=2) are regular of valency
q2m� 1 � qm� 1. The graph Hq(O2m+1 ; � ; (q+ 1)=2) is regular of valency(q2m� 1 � qm� 1)=2.
Let � be any eigenvalueof the graph Hq(O2m+1 ; � ; i ) with � 6= valencyof the graph then

j� j 6 2q(2m� 1)=2:

b) The graphsHq(O2m+1 ; 
 ; i ) (1 6 i 6 (q � 1)=2) are regular of valencyq2m� 1 � qm� 1).
The graph Hq(O2m+1 ; 
 ; (q + 1)=2) is regular of valency(q2m� 1 � qm� 1)=2. Let � be any
eigenvalueof the graph Hq(O2m+1 ; 
 ; i ) with � 6= valencyof the graph then

j� j 6 2q(2m� 1)=2:
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2.2.2 Graphs obtained from the action of simple orthogonal group O�
2m (q) (q

odd) on the set of non-isotropic poin ts

Let V =
� 2m

q bethe 2m-dimensionalvector spaceover the �nite �eld
�

q (q is an odd prime
power). For each element x of V , we denotethe 1-dimensionalsubspacecontaining x by
[x]. Let 
 1; 
 2 be the setof all squaretypeand the setof all non-square-typenon-isotropic
1-dimensionalsubspacesof V with respect to the quadratic form Q+

2m , respectively. Then
we have j
 1j = j
 2j = (q2m� 1 � qm� 1)=2. The orthogonal group O+

2m (q) with respect to
the quadratic from Q+

2m over
�

q acts on both 
 1 and 
 2 transitively. We de�ne the graph
Hq(O+

2m ; 
 1; i ) (for 1 6 i 6 (q+ 1)=2) asfollows (let E i be the edgeset of Hq(O+
2m ; 
 1; i )):

([x]; [y]) 2 E i , hx; yi Q+
2m

= 2� 1� i ; (1 6 i 6 (q � 1)=2)
([x]; [y]) 2 E(q+1) =2 , hx; yi Q+

2m
= 0;

wherewe assumeQ+
2m (x) = 1 for all [x] 2 
.

Let � 1; � 2 be the setof all squaretype and the setof all non-square-type non-isotropic
1-dimensionalsubspacesof V with respect to the quadratic form Q�

2m , respectively. Then
we have j� 1j = j� 2j = (q2m� 1 + qm� 1)=2. The orthogonal group O�

2m (q) with respect to
the quadratic from Q�

2m over
�

q actson both � 1 and � 2 transitively. We de�ne the graph
Hq(O�

2m ; � 1; i ) (for 1 6 i 6 (q+ 1)=2) asfollows (let E i be the edgeset of Hq(O�
2m ; 
 1; i )):

([x]; [y]) 2 E i , hx; yi Q �
2m

= 2� 1� i ; (1 6 i 6 (q � 1)=2)
([x]; [y]) 2 E(q+1) =2 , hx; yi Q �

2m
= 0;

wherewe assumeQ�
2m (x) = 1 for all [x] 2 
.

The graphs obtained in this section are always asymptotically Ramanujan. The fol-
lowing theoremsummariesthe results from Sections4 and 5 in [7] and from Section4 in
[5].

Theorem 9 a) The graphs Hq(O2m ; � 1; i ) (1 6 i 6 (q � 1)=2) are regular of valency
q2m� 2 � qm� 1. The graph Hq(O2m ; � ; (q + 1)=2) is regular of valency(q2m� 2 � qm� 1)=2.
Let � be any eigenvalueof the graph Hq(O2m ; � ; i ) with � 6= valencyof the graph then

j� j 6 2q(2m� 2)=2:

b) The graphs Hq(O2m ; 
 1; i ) (1 6 i 6 (q � 1)=2) are regular of valency q2m� 2 � qm� 1.
The graph Hq(O2m+1 ; 
 ; (q + 1)=2) is regular of valency(q2m� 2 � qm� 1)=2. Let � be any
eigenvalueof the graph Hq(O2m ; 
 1; i ) with � 6= valencyof the graph then

j� j 6 2q(2m� 2)=2:

3 Explicit Tough Ramsey Graphs

Wecall a graph G = (V; E) (n; d; � )-regular if G is a d-regulargraph on n verticeswith the
absolutevalue of each of its eigenvaluesbut the largestoneis at most � . It is well-known
that if � � d then a (n; d; � )-regular graph behavessimilarly as a random graph Gn;d=n .
Presicely, we have the following result (seeCorollary 9.2.5and Corollary 9.2.6 in [3]).
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Theorem 10 ([3]) Let G be a (n; d; � )-regular graph.
a) For every set of verticesB and C of G, we have

je(B ; C) �
d
n

jB jjCjj 6 �
p

jB jjCj; (7)

where e(B ; C) is the number of edgesin the induced subgraph of G on B (i.e. the number
of ordered pairs (u; v) where u 2 B; v 2 C and uv is an edgeof G).

b) For every set of vertices B of G, we have

je(B) �
d

2n
jB j2j 6

1
2

� jB j; (8)

where e(B) is number of edgesin the induced subgraph of G on B.

Let B ; C beoneof the maximum independent pairs of G, i.e. the \bipartite" subgraph
induced on (B ; C) are empty and jB jjCj is maximum. Let � 2(G) denote the sizejB jjCj
of this pair. Then from (7), we have

� 2(G) 6
� 2n2

d2
: (9)

Let B be oneof the maximum independent setsof G. Then from (8), we have

� (G) = jB j 6
n�
d

; (10)

and

� (G) >
jV(G)j
� (G)

>
d
�

: (11)

The toughnesst(G) of a graph G is the largest real t so that for every positive integer
x � 2 one should deleteat least tx vertices from G in order to get an induced subgraph
of it with at least x connectedcomponents. G is t-tough if t(G) � t. This parameter
was introduced by Chvat�al in [12]. Chvat�al also conjecturesthe following: there exists
an absoluteconstant t0 such that every t0-tough graph is pancyclic. This conjecturewas
disprovedby Bauer,van denHeuvel andSchmeichel [9] whoconstructed,for every real t0, a
t0-tough triangle-freegraph. They de�ne a sequenceof triangle-freegraphsH 1; H2; H3; : : :
with jV(H j )j = 22j � 1(j + 1)! and t(H j ) �

p
2j + 4=2. To bound the toughnessof a

(n; d; � )-regular graph, we have the following result which is due to Alon in [2].

Theorem 11 [2] Let G = (V; E) be an (n; d; � )-graph. Then the toughnesst = t(G) of
G satis�es

t >
1
3

�
d2

�d + � 2
� 1

�
: (12)
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Let G be any graph of the form Eq(2m; Q�
2m ; a), Eq(2m + 1; Q2m+1 ; a), Hq(2m +

1; � ; i ), Hq(2m + 1; 
 ; i ), Hq(2m; 
 1; i ) and Hq(2m; � 1; i ) for a 6= 0 2
�

q and 1 6 i 6
(q + 1)=2. Then from Theorems7, 8 and 9, the graph G is (c1qn + O(qn=2); c2qn� 1 +
O(q(n� 1)=2); 2q(n� 1)=2)-regular for somen > 2 and c1; c2 2 f 1

2; 1g. By (10), (11) and (12),
we can show that the �nite Euclidean and non-Euclideangraphs have high chromatic
number, small independent number and high tough number.

Theorem 12 Let G be any graph of the form Eq(2m; Q�
2m ; a), Eq(2m + 1; Q2m+1 ; a),

Hq(2m + 1; � ; i ), Hq(2m + 1; 
 ; i ), Hq(2m; 
 1; i ) and Hq(2m; � 1; i ) for a 6= 0 2
�

q and
1 6 i 6 (q+ 1)=2. Supposethat jV(G)j = cqn + O(q(n� 1)=2).

1. The independentnumber of G is small: � (G) 6 (4 + o(1))jV(G)j (n+1) =2n .

2. The chromatic number of G is high: � (G) > jV(G)j (n� 1)=2n=(4 + o(1)).

3. The toughnessof G is at least jV(G)j (n� 1)=2n=(12+ o(1)).

In [31], the authors derived the following theoremusingonly elementary algebra. This
theorem can also be derived from character tables of the association schemesof a�ne
type ([22]) and of �nite orthogonal groupsacting on the nonisotropic points ([5]).

Theorem 13 Amongall �nite Euclidean andnon-Euclidean graphs,the only triangle-free
graphsare

1. Eq(2; Q� ; a) where 3 is square in
�

q.

2. Eq(2; Q+ ; a) where 3 is nonsquare in
�

q.

3. Hq(3; Q; a) for at least one elementa 2
� �

q.

Theorems12 and 13 shows that the �nite Euclidean Eq(2; Q+ ; a), whereq is a prime
of form q = 12k � 5 and a 6= 0 2

�

q, is an explicit triangle-freegraph on nq = q2 vertices
whosechromatic number exceeds0:5n1=4

q . Therefore, this disproves the conjecture of
Chavat�al. In addition, this graph is an explicit construction showing that R(3; k) �

( k4=3).

Note that, in [24], the authors constructedexplicitly for every d = p+ 1 wherep � 1(
mod 4) is a prime, and for every n = q(q2 � 1)=2 whereq � 1( mod 4) is a prime and p
is a quadratic residuemodulo q, (n; d; � ) graphsGn with � = 2

p
d � 1, wherethe grith of

Gn is at least 2logpq > 2
3 logd� 1n. Using Theorem11, NogaAlon [2] derived the existence

of t0-tough graphswithout cyclesof length up to c(t0) logn, for an arbitrary constant t0.
Moreover, the bounds obtained from Theorems 12 and 13 match with the bounds

obtained by code graphsin Theorem3.1 in [2]. Thesegraphsare Caley graphsand their
construction is basedon some of the properties of certain Dual BCH error-correcting
codes. For a positive integer k, let Fk = GF (2k) denotethe �nite �eld with 2k elements.
The elements of Fk are represented by binary vectorsof length k. If a and b are two such
vectors, let (a;b) denotetheir concatenation. Let Gk be the graph whoseverticesare all
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n = 22k binary vectors of length 2k, where two vectors u and v are adjacent if and only
if there exists a non-zeroz 2 Fk such that u + v = (z; z3) mod 2 wherez3 is computed
in the �eld Fk . Then Gk is a dk = 2k � 1-regular graph on nk = 22k . Moreover, Gk is
triangle-free with independencenumber at most 2n3=4. Noga Alon givesa better bound
R(m; 3) � 
( m3=2) i n [1] by consideringa graph with vertex set of all n = 23k binary
vectors of length 3k (instead of all binary vectors of length 2k). Supposethat k is not
divisible by 3. Let W0 be the set of all nonzeroelements � 2 Fk such that the leftmost
bit in the binary representation of � 7 is 0, and let W1 be the set of all nonzeroelements
� 2 Fk for which the leftmost bit of � 7 is 1. Then jW0j = 2k� 1 � 1 and jW1j = 2k� 1. Let
Gn be the graph whosevertices are all n = 23k binary vectors of length 3k, where two
vectors u and v are adjacent if and only if there exist w0 2 W0 and w1 2 W1 such that
u + v = (w0; w3

0; w5
0) + (w1; w3

1; w5
1) where the powers are computed in the �eld Fk and

the addition is addition module 2. Then Gn is a dn = 2k� 1(2k� 1 � 1)-regular graph on
n = 23k vertices. Moreover, Gn is a triangle-freegraph with independencenumber at most
(36+ o(1))n2=3. The problem of �nding better boundsfor the chromatic number of �nite
Euclidean and non-Euclideangraphson the plane and the upper half plane, respectively
toucheson an important questionin graph theory: what is the greatestpossiblechromatic
number for a triangle-free regular graph of order n? It is known that if G is a triangle-
free graph of order n then � (G) 6 c

p
n=logn (seeLemma 2 in [13]). When we drop

the regularity assumptionthen the upper bound is best possibleas Kim [21] proved the
existenceof a graph G with order n and � (G) > c

p
n=logn. The �nal remark at the end

of Section5 givesus a plausible reasonto conjecturethat the anwer for the regular case
is also �(

p
n=logn).

4 Erd}os distance problem

4.1 Pro of of Theorem 3

Let Q beany non-degeneratequadratic of
� n

q . Recall that the Euclideangraph Eq(d;Q; a)
was de�ned as the graph with vertex set V and edgeset

E = f (x; y) 2 V � V jx 6= y; Q(x � y) = ag:

Lemma 1 Let E �
� d

q suchthat jE j > 3q
d+1

2 : Then � Q(E) =
�

q.

Pro of By Theorem7, each graph Eq(d;Q; a) is a (qd; qd� 1 � qb(d� 1)=2c; 2q(d� 1)=2)-regular
graph. By (10) , for any a 6= 0 2

�

q, we have

� (Eq(d;Q; a)) 6
2q(3d� 1)=2

qd� 1 � q(d� 1)=2
6 3q(d+1) =2: (13)

Thus, if jE j > 3q
d+1

2 then E is not an independent set of Eq(d;Q; a), or equivalently there
exist x; y 2 E such that Q(x � y) = a for any a 2

�

q. This concludesthe proof of the
lemma. �
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Lemma 2 For any 0 < " < 1=2. Let E �
�

q suchthat jE j > 3q
d
2 + " . Then

j� Q(E)j > q
1
2 + " ; (14)

for any q > 61=(" � 1=2) .

Pro of By Theorem7, each graph Eq(d;Q; a) is a (qd; qd� 1 � qb(d� 1)=2c; 2q(d� 1=)2)-regular
graph. By (10), the number of edgesof Eq(d;Q; a) in the induced subgraphon E is at
most

eEq(d;Q;a)(E) 6
qd� 1 + q(d� 1)=2

2qd
jE j2 + q(d� 1)=2jE j: (15)

Supposethat #� Q(E) < q1=2+ " . From (15), we have
�

jE j
2

�
=

X

a2 � Q (E )

eEq(d;Q;a)(E)

< q1=2+ "

�
qd� 1 + q(d� 1)=2

2qd
jE j2 + q(d� 1)=2jE j

�

< jE jq" � 1
2

��
1
2

+
1
2

q� (d� 1)=2

�
jE j + q(d+1) =2

�
;

which implies that

q
1
2 � " (jE j � 1) <

�
1 + q� (d� 1)=2

�
jE j + 2q(d+1) =2

6 (1 + q� 1=2 +
2
3

q
1
2 � " )jE j:

Therefore,we have

q
1
2 � " >

�
1
3

q
1
2 � " � 1 � q

1
2

�
jE j

>
�

q
1
2 � " � 3 � 3q� 1

2

�
q

d
2 + " ;

which is a contradiction if q > 61=(1=2� " ) . The lemma follows. �

Theorem3 follows immediately from Lemma 1 and Lemma 2.

4.2 Pro of of Theorem 4

For a �xed a 2
�

q, the �nite non-Euclidean graph Vq(� ; a) has vertices as the points in
Hq and edgesbetween vertices z; w if and only if d(z; w) = a. Except when a = 0 or
a = 4� , Vq(� ; a) is a connected(q + 1)-regular graph. When a = 0; 4� then Vq(� ; a) is
disconnected,with oneor two nodes,respectively, per connectedcomponent. As a varies,
we have q � 2 (q + 1)-regular graphsVq(� ; a). The questionof whether thesegraphsare
always nonisomorphicor not is still open. See[28] for a survey of spectra of Laplacians
of this graph.
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Lemma 3 Let E � Hq suchthat jE j > 2q3=2: Then j� H (E)j > q � 1.

Pro of Each graph Vq(� ; a) (with a 6= 0; 4� 2
�

q) is a (q2 � q; q+ 1; 2q1=2)-regular graph.
By (10), for any a 6= 0; 4� 2

�

q, we have

� (Vq(� ; a)) 6
2(q2 � q)q1=2

q+ 1
6 2q3=2: (16)

Thus, # E > 2q3=2 then E is not an independent set of Vq(� ; a) or equivalently, there exist
x; y 2 E such that d(x � y) = a for any a 2

�

q � f 0; 4ag. This concludesthe proof of the
lemma. �

Note that Vq(� ; 4� ) is just a disjoint union of (q2 � q)=2 edges.So we can have a set
E 2 Hq with jE j = (q2 � q)=2 and � H (E) =

�

q � f 4� g.

Lemma 4 For any 0 < " < 1=2. Let E �
�

q suchthat jE j > 3q
d
2 + " . Then

j� H (E)j > q
1
2 + " ; (17)

for any q > 91=(" � 1=2) .

Pro of For any a 6= 0; 4� 2
�

q, each graph Vq(� ; a) is a (q2 � q; q+ 1; 2q1=2)-regular graph.
From Theorem 10, the number of edgesof Vq(� ; a) in the induced subgraphon E is at
most

eVq (� ;a) (E) 6
q+ 1

2(q2 � q)
jE j2 + q1=2jE j: (18)

Supposethat j� H (E)j < q1=2+ " . From (18), we have
�

jE j
2

�
=

X

a2 � H (E )

eVq (� ;a) (E)

< q1=2+ "

�
q+ 1

2(q2 � q)
jE j2 + q1=2jE j

�

< jE jq" � 1
2

��
1
2

+
1

q � 2

�
jE j + q3=2

�
;

which implies that

q
1
2 � " (jE j � 1) <

�
1 +

2
q � 2

�
jE j + 2q3=2

6 (1 +
2

q � 2
+

2
3

q
1
2 � " )jE j:

Therefore,we have

q
1
2 � " >

�
1
3

q
1
2 � " � 1 �

2
q � 2

�
jE j

>
�

q
1
2 � " � 3 �

6
q � 2

�
q1+ " ;
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which is a contradiction when q > 91=(1=2� " ) . The lemma follows. �

Theorem 4 follows immediately from Lemma 3 and Lemma 4. Similar results hold
for others non-Euclideanspacesde�ned in Section 2. We will discusstheseresults in a
subsequent paper.

4.3 Set of distances between two sets

Now we will prove Theorem 5 and Theorem 6. For any a 6= 0 2
�

q, by Theorem 10, the
number of edgesof the graph Eq(d;Q; a) in the induced \bipartite" subgraphon (E; F )
(two vertex parts are not necessarydisjoint) is at most:

eEq (d;Q;a) 6
qd� 1 + q(d� 1)=2

qd
jE jjF j + 2q(d� 1)=2

p
jE jjF j: (19)

Thus, we have

jE jjF j =
X

a2 � Q (E ;F )

eEq(d;Q;a)

6 � Q(E; F )
�

qd� 1 + q(d� 1)=2

qd
jE jjF j + 2q(d� 1)=2

p
jE jjF j

�
;

which implies that

� Q(E; F ) >
1

1
q + 1

q( d+1) =2 + 2q( d� 1) =2p
jE jj F j

: (20)

From the above inequality, we caneasilyderive the following analogueof Lemma2 for
the distanceset � Q(E; F ).

Lemma 5 For any 0 < � < 1. If jE jjF j > 9q(d� 1)+ � then

� Q(E; F ) >

p
jE jjF j

3q(d� 1)=2
> q�=2

for any q � 1.

By Theorem7, each graph Eq(d;Q; a) is a (qd; qd� 1 � qb(d� 1)=2c; 2q(d� 1)=2)-regular graph.
By (9) , for any a 6= 0 2

�

q, we have

� 2(Eq(d;Q; a)) 6
�

2q(3d� 1)=2

qd� 1 � q(d� 1)=2

� 2

6 9qd+1 : (21)

Thus, if jE jjF j > 9qd+1 then E; F is not an independent pair of Eq(d;Q; a) for any nonzero
a. This implies that there exist x 2 E and y 2 F such that Q(x; y) = a for any a 2

�

q.
We have the following analogueof Lemma 1.
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Lemma 6 Let E; F �
� d

q suchthat jE jjF j > 9qd+1 : Then � Q(E; F ) =
�

q.

Theorem 5 is immediate from Lemma 5 and Lemma 6. The proof of Theorem 6 is
similar and is left for the readers. Note that the analogueof Lemma 3 for the distance
set � H (E; F ) is interesting in its own right.

Lemma 7 Let E; F � Hq suchthat jE jjF j > 9q3: Then j� H (E; F )j � q � 1.

5 Further remarks

The proofs in [17] and [18] show that the conclusionof Theorem 3 holds with the non-
degeneratequadratic form Q is replacedby any function F with the property that the
Fourier transform satis�es the decay estimates

�
�
�F̂t (m)

�
�
� =

�
�
�
�
�
�
q� d

X

x2 �

d
q :F (x)= t

� (� x:m)

�
�
�
�
�
�

6 Cq� (d+1) =2 (22)

and
�
�
�F̂t (0; : : : ; 0)

�
�
� =

�
�
�
�
�
�
q� d

X

x2 �

d
q :F (x)= t

� (� x:(0; : : : ; 0))

�
�
�
�
�
�

6 Cq� 1; (23)

where � (s) = e2� i Tr( s)=q and m 6= (0; : : : ; 0) 2
� d

q (recall that for y 2
�

q, where q = pr

with p prime, the trace of y is de�ned as Tr(y) = y + yp + : : : + ypr � 1
2

�

q). The basic
object in theseproofs is the incidencefunction

I B ;C (j ) = jB jjCjv(j ) = j(x; y) 2 B � C : F (x � y) = j j

=
X

x;y 2 �

d
q

B(x)C(y)Fj (x � y);

whereB; C; Fj denotesthe characteristic function of the setsB, C and f x : F (x) = j g,
respectively. Using the Fourier inversion,we have

I B ;C (j ) = q2d
X

m2 �

d
q

B̂ (m)Ĉ(m)F̂j (m): (24)

Now we de�ne the F -distancegraph GF (q; d; j ) with the vertex set V =
� d

q and the
edgeset

E = f (x; y) 2 V � V jx 6= y; F (x � y) = j g:

Then the exponentials (or charactersof the additive group
� d

q)

em (x) = exp
�

2� iTr(x:m)
p

�
; (25)
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for x; m 2
� d

q, are eigenfunctionsof the adjacencyoperator for the F -distance graph
GF (q; d; j ) corresponding to the eigenvalue

� m =
X

F (x)= j

em (x) = qdF̂j (� m): (26)

Thus, the decay estimates(22) and (23) are equivalent to

� m 6 Cq(d� 1)=2; (27)

for m 6= (0; : : : ; 0) 2
� d

q, and
� (0;:::;0) 6 Cqd� 1: (28)

Let A be the adjacency matrix of GF (q; d; j ) with the orthonomal base v0; : : : ; vqd � 1,
corresponding to eigenvalues� (0;:::;0); : : : ; � (q� 1;:::;q� 1), wherev0 = �1=

p
n. For any two sets

B; C �
� d

q, let vB and vC be the characteristic vectorsof B and C. Let vB =
P

i � i vi and
vC =

P
i 
 i vi be their representations as linear combinations of v0; : : : ; vqd � 1. We have

I B ;C (j ) = eGF (q;d;j )(B ; C) = vB AvC

= (
X

i

� i vi )A(
X

j


 j vj )

= (
X

i

� i vi )(
X

j


 j � j vj )

=
X

i

� i � i 
 i :

From (24), (26) and the above expression,we can seethe similarity between our
approach and those in [17] and [18] as follows. Given the decay estimates(22) and (23),
we can bound the incidencefunction as in [17] and [18]

I B ;C (j ) 6 jB jjCjF̂j (0; : : : ; 0) + q(d� 1)=2
X

m6=(0 ;:::;0)

qdjB̂ (m)jj Ĉ(m)j

6 Cq� 1jB jjCj + Cq(d� 1)=2qd

0

@
X

m6=(0 ;:::;0)

jB̂ (m)j2

1

A

1=2 0

@
X

m6=(0 ;:::;0)

jĈ(m)j2

1

A

1=2

6 Cq� 1jB jjCj + Cqd� 1

 
X

x

jB (x)j2
! 1=2  

X

x

jC(x)j2
! 1=2

6 Cq� 1jB jjCj + Cqd� 1
p

jB j
p

jCj:

Given the bounds (27), (28) for eigenvalues of the F -distance graph GF (q; d; j ), we
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obtain the samebound for the incidencefunction

I B ;C (j ) = � (0;:::;0)hvB ; �1=
p

qdihvC ; �1=
p

qdi +
X

m6=(0 ;:::;0)

� m � m 
 m

6 Cq� 1jB jjCj + Cq(d� 1)=2
X

m6=(0 ;:::;0)

j� m jj 
 m j

6 Cq� 1jB jjCj + Cq(d� 1)=2k� k2k
 k2

= Cq� 1jB jjCj + Cq(d� 1)=2
p

jB j
p

jCj:

Thus, our approach and the Fourier methods in [18] and [17] are almost identical.
Many resultsobtained from the Fourier method canbe proved usingour method and vice
versa. However, both methods have their own advantages. On one hand, many results
(obtained from the Fourier methods) in [16] are hard to derive from the graph theory
method. On another hand, the graph theory method sometimesgives us many simple
applications without invoking more advanced tools like the character sums or Fourier
transform (see[30]).

It is worth to notice that Theorem 4 and Theorem 6 also follow from the Fourier
methods. However, we will needto useSoto-Andradesumsbound insteadof Kloosterman
sums bounds for non-Euclideanspaces. We will addressthese results in a consequent
paper.

Finally, the F -distancegraph with the function F satisfying the decay estimates(22)
and (23) give us a possibleapproach to construct triangle-free graphs with very high
chromatic number. For example, if we can �nd a sum-freevariety in

� d
q de�ned by a

polynomial F (x1; : : : ; xd) 2
�

q[X 1; : : : ; X d] (i.e., F (X ) = 0; F (Y) = 0 then F (X + Y) 6= 0
for every X ; Y 2

� d
q) then we can construct a triangle-freegraph of order n = qd with the

chromatic number at leastCn(d� 1)=2d. We seein Section3 that the varietiesof degreetwo
only give us triangle-freegraphsover vector spacesof dimensiontwo. We hope to address
this problem for higher dimensionalvector spacesin a subsequent paper.
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