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Abstract

We prove that in the biased (1 : b) Hamiltonicity and k-connectivity Maker-
Breaker games(k > 0 is a constart), played on the edgesof the complete graph
Kn, Maker hasa winning strategy forb  (log2 o(1))n=logn. Also, in the biased
(1 : b Avoider-Enforcer game played on E(K ), Enforcer can force Avoider to
createa Hamilton cyclewhenb (1 o(1))n=logn. Theseresults are proved using
a new approad, relying on the existenceof hypergraphswith few edgesand large
covering number.

1 Intro duction

Positional gamesnvolve two playerswho alternately occupy the elemerts of a givensetV,

of subsetsof V, usually called the family of winning sets The players exdiangeturns
occupying one previously unoccupied elemen of V. The gameendswhen there are no
unoccupiedelemerts of V. The gameis speci ed completelyby de ning whowinsin every
nal position or, more generally for every possiblegame scenario. An interestedreader
is invited to read se\eral survey papers of JozsefBed on the subject (see,e.g.,[4]), and
also his forthcoming book [5] for an extensiwe badkground on this fascinating subject.

There are se\eral types of positional gamesdepending on how the idertity of the
winner is determined. In this paper we restrict our attention to two of them.
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1.1 Mak er-Break er games

In a Maker-Breaker gamethe rst player, called Maker, wins if he completely occupies
one of the winning setsby the end of the game;the secondplayer, called Breaker, wins
otherwise,i.e., if he managego occupy at leastoneelemen of (i.e., \to breakinto") ewery
winning set by the end of the game.

Chvatal and Erdps [8] were the rst to explicitly considerMaker-Breaker positional
gameswhich are played on the edgeset of the completegraph K ,, and the winning sets
are de ned by somegraph theoretic property like connectivity or Hamiltonicity. In the
connectivity gameMaker wins if he createsa spanningtree by the end of the game. In
the Hamiltonicity gameMaker wins if his graph cortains a Hamilton cyclein the end.

It seemghat Maker, partly becausénehassomary (i.e., % 5 ) edgesy the end, should
be able to win both of thesegameseasily This is indeedthe case;for the connectivity
gamethe winning strategy is a trivialit y, for the Hamiltonicity gameit requiresa one-page
argumernt [8]. Motivated by the easysuccesof Maker, Chvatal and Erdps suggestedo
make the game more balancedby introducing a bias at ead turn Breaker is allowed
to occupy b edgesinstead of just one, whereb 1 is an integer. In these games,as
well asin other (1 : b) games,the most natural questionis, for a given value of the
bias b, to determine which of the two players wins, assumingof coursethey play their
optimal strategies. Chvatal and Erdps proved [8] that if b< %1 o(1) @ then Maker
can still occupy a spanningtree and thus win the connectivity game. They also proved
[8] that the order of magnitude of the bias is best possible. In fact they showed that if
b> (1+ o(l))% then Breaker can occupy all edgesincident to somevertex, so Maker
losesthe connectivity game,sincehis graph is disconnected.Later Bed [1] improved the
constart factor in the result of Chvatal and Erdps and establishedthat Maker wins the
connectivity gameewenif b< (log2 o(l))%.

For the Hamiltonicity game Chvatal and Erdps conjectured that there is function
by (n) tending to in nit y sud that Maker can still build a Hamilton cycle if he plays
againsta bias by (n). Their conjecturewasveri ed by Bollobasand Papaioannou[7] who
proved that Maker is able to build a Hamilton cycle even if Breaker's bias is aslarge as
kfg"l’gg”n. Bed improved greatly on this [2] and establishedthat the order of magnitude
of the critical bias is the samefor the Hamiltonicity game and the connectivity game.
He showed that Maker wins the Hamiltonicity game provided Breaker's bias is at most

5 o) g

In this paper we improve the constart factor in the Hamiltonicity gameresult of Bedk

and adiieve the samelower bound as is known for the connectivity game.

Theorem 1 Maker wins the (1 : b Hamiltonicity gamefor everyb< (log2 0o(1)) %

Our proof technique provides the samelower bound for the critical bias in the k-
connectivity game, where the family G, of winning sets consistsof the edgesetsof k-
connectedspanninggraphs.
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Theorem 2 Maker wins the (1 : b) k-connectivity gamefor everyb< (log2 0o(1)) @

1.2 Avoider-Enforcer games

We also study the misere versionof Maker-Brealer games.In an Avoider-Enforcer game
the rst player, called Avoider, wins if he doesnot occupy completely any of the winning
setsby the end of the game;otherwisethe secondplayer, called Enforcer, wins.
Although Avoider-Enforcer gamesappear naturally in sewral situation related to

Maker-Breaker games,our understandingof them is much lesssatisfactory The Avoider-
Enforcer versionsof graph gamesoften behare surprising di erently from their Maker-
Breaker courterparts. For exampleHefetzand the authors[13]recerily provedthat in the
(1 : b) Avoider-Enforcerconnectivity gamethe critical biasis linear in n: Avoider wins if
and only if the bias of Enforceris at least (1 + o(1))n=2. This is in striking cortrast with
the order & of the critical biasin the Maker-Brealer connectivity game. The Avoider-
Enforcer Hamiltonicity gamewas also analyzedin [13], whereit was proven that if the

bias of Enforceris O % then Enforcerwins (the notation log™® n standsfor the
k times iterated logarithm of n). Here we improve this result and obtain the sameorder
of magnitude as for the Maker-Brealer games| with a better constart. The theorem

resohesone of the \seven most humiliating open problems" listed in the book of Bed [5].
Theorem 3 Enforcer wins the (1 : b) Hamiltonicity gamefor everyb< (1 0(1)) %

A major di erence we have herecomparedto the Maker-Brealer courterpart is the com-
plete lack of results from the other direction. While we know the order of magnitude
of the critical biasin the Maker-Breaker Hamiltonicity game,for Avoider's win the best
available strategy is the trivial one: Avoider (clearly) wins if he haslessthen n edgesby
the end of the game(which happensfor biasb= (1 + o(1))n=2).

Similarly to Maker-Brealer games, our technique carries the bound through to k-
connectivity games.

Theorem 4 Enforcer wins the (1 : b) k-connectivity gamefor everyb< (1  0o(1)) %

To the best of our knowledgethe k-connectivity game(in both the Maker-Brealer and
Avoider-Enforcerversions)has not beenconsideredexplicitly in the literature for k 2.

1.3 Notation and Terminology

A hypergraph F is a subsetof the power set2¥ whereV is a nite non-empty set (vertex
set). The menbersof F are calledhyperedges.We say that a positional gameis played on
a hypergraphF whereV is the board of the game,and F is the collection of winning sets.
The idertity of the player making the rst move doesnot a ect our asymptotic results;
unlessotherwisestated, we setasa default that Maker or Avoider starts the games.If all
hyperedgesof a hypergraph F are of sizer, then F is calledr-uniform. A subsetT V
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isacoverof F if T\ e6 ; for everye2 F. The coveringnumker of F, denotedby (F),
is the minimal cardinality of a cover of F.

For a graph G and a subsetU  V(G), we denoteby N (U) the external neightmrhood
of U,i.e., N(U) = fv2 V(G) nU : v hasa neigtbor in Ug.

Wheneer neededwe assumethat the underlying parameter n is large enough. All
logarithms are natural unlessstated explicitly otherwise. We will ignore systematically
rounding and divisibilty issues.

2 The random graph intuition and open problems

In this section we discussa paradigm, pointed out rst by Chvatal and Erdps [8] and
covered later in great detail in seweral papers of Bedk (c.f. [3]). This paradigm relates
positional gamesto random graphs. The goal of the sectionis twofold. On the onehand it
descrikesthis paradigm, called\random graph intuition”, which is a major driving force
behind our current results. On the other hand, we list here someof the open problems
we nd interesting which are motivated by the random graph intuition.

Biased positional games,as de ned above, are perfect information gamesplayed by
two players,and assud they apparertly do not leave much room for probabilistic consid-
erations. Yet, asthe accunulated researti experiencecorvincingly shaws, probabilistic
intuition is of utmost importance when analyzing biasedgames.For biased(1 : b) games,
the most important questionis who wins for a given value of bias b. It is often quite
easyto seethat for small enoughb Maker wins, while when b is large enoughthe win
is Breaker's. It is therefore natural to ask for the critical value of b at which the game
\changeshands" and becomeSreaker's win instead of Maker's One can easily prove for-
mally that there is bias monotonicity, i.e., the game changeshands at most once. More
formally, for a given hypergraph F let b= be the largestinteger b for which Maker wins
the (1 : b gameplayed on the hypergraphF . The integer by is calledthe critical bias of
the positional gameF . It caneasily be proved formally that Maker wins the (1 : b game
foreveryb b-.

Paul Erdps suggestedhe following heuristic argumert to guessthe critical bias. Dur-
ing the gameMaker claimsm ﬁ edgesthe rest belongsto Breaker. Of course,both
playersare assumedo play perfectly. Yet, if instead ead of them would play completely
at random, RandomMaler's graph would look like a random graph with n verticesand m
edges.This model of random graphsis usually denotedby G(n; m). Erdps suggestedo
look at the critical m for which the correspnding conbinatorial property (connectivity,
Hamiltonicity etc.) starts appearing almost surely in G(n; m) as a hint for the critical
bias b. Sincethe theory of random graphsis a rather well dewloped eld, where quite
a few questionsabout the location of a threshold for the appearanceof various combina-
torial properties have been solved successfully Erdps' paradigm allows for guessingthe
critical bias for a variety of biased positional games. And indeed, for the connectivity
and Hamiltonicity gamesthe results obtained t Erdps' prediction surprisingly well. In
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order to corvince the readerin this thesis, and also as a future referencepoint, we state
known results about connectivity and Hamiltonicity in G(n; m). It is well known that,
for any constart k 1, if m = m(n) = S(logn+ (k 1)loglogn ! (n)), then the
random graph G(n; m) has almost surely a vertex of degreeat most k 1 and is thus
not k-connected. On the other hand, if m = m(n) = 3 (logn+ (k 1)loglogn + ! (n)),
then G(n; m) is almost surely k-connected[9]. (The term \almost surely" means\with
probability tending to 1 asthe number of verticesn tends to in nit y"; ! (n) stands for
any function tending to in nit y abritrarily slovly with n.) As for Hamiltonicity, applying
the above lower bound for k = 2, one can derive that G(n; m) is almost surely non-
Hamiltonian for m = m(n) = 5 (logn + loglogn ! (n)). Komlos and Szemeedi [15]
and independerily Bollobas [6] proved that if m = m(n) = 3 (logn + loglogn + ! (n))
then G(n; m) is almostsurely Hamiltonian. The above statemeris suggesthat the critical
bias b for both the connectivity and Hamiltonicity gamesshould be of order n=logn, and
this is indeedmatched by available results on positional games.(One should note though
that upon a closerinspection the positional gamesresults are sizably lessaccurate than
their random graphs' courterparts.)

The resultsof the current paper unify the known lower boundsfor all the above games.
Denote by by, , b, by, br the critical biasesfor the minimum degreek, k-connectivity,
Hamiltonicity and connectivity games,respectively. We now have that

(log2 o(1))$ b b by, (1+o<1»%
and n N
(0g2 o) bu by, M, (L+ o)

Hencethe foremost obstaclestanding in the way of the asymptotic determination of the
critical bias for the connectivity or Hamiltonicity gameis the inability of our current
techniquesto deal with the mindegree-lgame. In other words, what is the smallestbias
of Breaker which allows him to isolate a vertex in Maker's graph?

Problem 1 Determine b, asymptotially.

In the model of random graph processan ewen stronger connectionis true between, say,
the properties of connectivity and mindegree-1. In an informal languagethis says that
the main reason a random graph is not connected is that there exists an isolated vertex
This motivatesour questionwhether a similar phenomenonholdsin the theory of biased
positional games.We think the answer is yes,i.e., the only reasonMaker cannot win the
connectivity gameis that Breaker is able to isolate a vertex in Maker's graph.

Conjecture 1
br = bp,:
We are curious whether one can show anything of this sort without obtaining the asymp-

totic value of thesecritical biases.Other natural questionsmotivated by known facts on
random graph processesre
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Is it true that by = p,?
Is it true that bg, = bp, ?

For Avoider-Enforcergamesour knowledge of the critical biasis much more limited
than for the Maker-Brealer case. In fact the situation is more complicated as Avoider-
Enforcer gameslack bias-monotonicity in general[13]. Still, at least for someof these
gamesthe above described Erdps paradigm can sene as a very good guessin deciding
the winner for a given value of bias b. We would like to closethe open problem section
with an admittedly modest conjecturewhich just highlights our lack of understandingof
Avoider-Enforcergames.

Conjecture 2 Prove that Avoider has a winning strategy in the (1 : {5) Hamiltonicity
game.

3 Tools of the trade

For our proofs one needsto extend the conceptof positional gamesso that Maker and
Avoider can also have a bias larger than one. Given a hypergraph F on a vertex setV,
in a (p: q) positional gamethe rst player occupiesp elemen of V in eat round, while
the secondplayer occupiesq in ead round.
One of the most important technical toolsin the theory of biasedpositional gamesis
the following criterion for Breaker's win due to Bed [1]. If
X . 1
(1+ q)) 9P <
e2F

1+q; (1)

then Breaker has a winning strategy (irregardlessof who moves rst). Historically, since
Erdps and Selfridge establishedthe above criterion for the unbiasedcasep = q= 1in
[10], inequality (1) is often called the biasedErdps-Selfridgecriterion.

The Avoider-Enforcerversionof the above criterion hasbeenobtainedrecerly in [13]
(seealso[5]). In a (p : q) biased Avoider-Enforcer game, played on a collection F of
winning sets, Avoider wins provided

X i e p
1+ 1 < 1+ 1 ; (2)
e2F P P

One should note that the above criterion doesnot involve the parameterq at all and is
thus lesspowerful comparedto the correspnding Maker-Brealer condition (1) of Bed.
Newertheless,the latter criterion will be good enoughfor our purposes.
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4 An example

In this sectionwe presenn and discussa relatively simple example, whosepurposeis to
illustrate a standard approad to analyzing biasedpositional games,its limitations, and
alsoto indicate the main idea behind our proof.

Considerthe following (1 : b) Maker-Brealer gameplayed on the edgesof the complete
graph K,,. An additional parameterk 1 is given (the readershould think about k as
a constart). Maker wins the mindegree-k gameif his graph has minimum degreeat least
k by the end. The correspnding hypergraph, whosemenbers are the edgesetf graphs
with minimum degreek, is denotedby Dy. Obsene that accordingto the above cited
Chvatal-Erdpsresult [8]whenb  (1+ o(1))n=logn, Breaker canisolate a vertex and thus
win the mindegreek gamefor ewery positive k. We will be interestedin nding the bias
b aslarge as possiblefor which Maker still wins, and thereforein nding good strategies
and criteria for Maker's win in the mindegreek game.

As is the casewith quite a few conbinatorial games,in order for Maker to achieve
a win, it turns out very useful to interpret the gamedi erently and to view Maker as
playing Breaker's role in this di erent interpretation. This approad was rst suggested
by Bed in [1] and later usedfrequertly by him and other authors. Its main advantage is
in the possibility of applying criterion (1) for Breaker's win in biasedgames.

Foreathh v 2 V(K,), de ne a hypergraphF, composedof all setsofn k edgesof K,
incidert to v. Clearly, Fyisan (n  k)-uniform hypergraphwith jJE(F,)j= " = 1
hyperedges.Obsene that if Maker managego occupy an edge(of K ) in every hyperedge
of F,, then he has at least k edgesincidert to v. (If this is not the case,then Breaker
hassomen 1 (k 1)=n Kk edgesincidert to v in his possessionthose edgesform
a hyperedgeof F, completely occupied by Breaker.) Therefore, in order for Maker to
win tge mindegreek game,it su ces to break into every hyperedgeof the hypergraph
F = v, Fv- The hypergraphF is(n k)-uniform with n " 1 edges.Applying the

k 1
biasedErdps-Selfridgecriterion (1) to F and substituting p= b, g= 1, it follows that if

n 1 n k 1
< 1.
Kk 12 ° <3

then Maker wins the mindegreek game. Standard asymptotic manipulations show that
the largestb = h(n) for which the above inequality is valid is

b= :
logn

Let usewaluate the obtainedresult. First of all, it is not that bad { the lower bound for
the critical bias we have just obtained is of the sameorder of magnitude asthe Chvatal-
Erdpsupper bound and the constart factor dependsonly linearly on k. Howewer, recalling
the intuition coming from random graphs sud a result is not satisfactory Indeed, the
critical number of edgesm, for which the random graph G(n; m) starts having almost
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surely minimum degreeat leastk, dependson k very weakly { it is % + 0o(1) nlogn for
any constart k.

Let us return to our argumert. A simple obsenation, playing a crucial role in the
current paper, is that the most important property of the hypergraph F, was the fact
that its covering number is at least k (actually, it is exactly k). If Maker hits ewvery
hyperedgeof F, during the gamethen his edgesincidert to v form a cover of F,, and, as

(Fv) k, we canconcludethat Maker occupiesat leastk edgesof K, incidert to v.

We can concludethat insteadof F, it is potertially bene cial to choosea hypergraph
with fewer hyperedgesof still relatively large size (to make it easierfor Maker to hit
eat of them), yet with covering number large enough. Turning this paradigm into a
quartitativ e relation betweenthe parametersinvolved will play a key role in deriving the
improved results. We are thus interested in showving the existenceof hypergraphswith
few hyperedgesand large covering number. This is discussedn the next section.

5 Large covers of small hypergraphs
For positive integersn; r;t satisfyingr n,andt n r+ 1,dene
f(n;r;t) = minfjF j: F is anr-uniform hypergraphon n vertices (F) tg:

Claim 1 For everys t,

S
Pro of. Partition [n] = _, Ai, jAij = n=s. De ne a hypergraph whosevertex set is
V = [n], and whosehyperedgeset is

F =1 i2/A 1 [s];jlj=s t+ 1g

Clearly F is an %n{uniform hypergraph. If asetT [n] intersectslessthan t of the
setsA;, then there is at least one hyperedgeof F left completely outside T, and thus T
is not a cover of F. Therefore, (F) t.

For comparison,hereis a lower bound for f (n; r;t). If F is an r-uniform hypergraph
on n verticeswith (F) t, thenewrysetU V, jUj=1t 1, missesat leastone
menber of F, implying:

n

—
=

JF]

— 3

r

1

In caser = %n and s;t = o(n), both lower and upper boundson f (n; r;t) are of the
form (cs<(t 1))' L.
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6 Biased Hamiltonicit y game

In this sectionwe obtain a new estimatefor the critical biasin the Maker-Brealer Hamil-
tonicity game. This estimate improves substartially the currertly best known result due
to Bed [2] and comesquite closeto the upper bound of Chvatal and Erdps [8]. The
proof of Theorem 1 is a combination of our basic \thinning" trick and the following
Hamiltonicity criterion derived recenly by Hefetz and the authors [14].

Lemma 1 Letl12 d eEW and let G be a graph on n vertices satisfying properties
P1, P2 below:

P1 ForeveryS V,if jSj ky(n;d) = gp2andl thenjN(S)j djSj;

P2 There is an edgein G between any two disjoint subsetsA; BV suchthat

RN SN loglog n log d
JAITIB]  ka(n:d) = Frsgroon wgTooiogn -

Then G is Hamiltonian, for su ciently largen.

In fact, conditions P1 and P2 above will be quite handy in the k-connectivity game
aswell. Theorem1 is now animmediate corollary of Lemmal and the following theorem.

Theorem 5 Letb= ——"+—:In a biase (1 : b) Maker-Breaker gameplayel on

log, n+ log log log n

the edgesof the completegraph K,,, Maker has a strategy to build a graph which satis es
properties P1 and P2 with d = d(n) = %" provided n is large enough.

loglogn’

Remark. No realattempt is madehereto optimize the error term in the above expression
for b.
Pro of. We introduce somenotation:

log| 3
Ki=ki(n) = ki(nid) = 1+ o(1) |ogr2](nolgg(iggl)ogn’
2
k2 = kz(n) = kz(n; d) = (1+ 0(1)) n(|Oglogn)

4130logn logloglogn’

Foreweryl Kk k; andforewerysetS [n], jSj= k, let F(S) be an r(k)-uniform
hypergraph on [n] n S with at most sé';) hyperedgeswhose covering number satis es:
(F(S)) dk+ 1, where

logn d 1

logn (n k=1 loglogn (n- k)

s(k) = klogn; r(k) =

The existenceof sut a hypergraphis guararteed by Claim 1. Obsene that if, by the end
of the game,in Maker's graph M the set S is connectedby an edgeto ewvery menber of
F (S), then jNy (S)] (F(S)) > dk. Indeed,in this casethe external neighborhood of
Sin M forms a cover of F (S).
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It thusfollowsthat in orderto ensureCondition P1, it is enoughto guararteethat in
Maker's graph M, forevery1 k k; andfor everysetS [n], jS] = k, S is connected
to every edgefrom F (S). In order to meet condition P2, it is enoughto guarartee that
in M there is an edgebetweenevery pair of disjoint setsA; B [n] of sizejAj = |Bj = k.
By the generalizedErdps-Selfridgecondition (1) it is thereforeenoughto ched that:

Xu X ; X 2 1
Fe2 e T 2 < @
k=1 jsj=k jAiiBI=k,
or
Xt n klogn 5 Cmgbga)o© non ok, 0?1
kK dk Kk

k=1
We will prove that both summandsin the left hand side of the inequality above are
asymptotically negligible. The rst one can be estimated from above by:

n #
X elogn ¢ 1 2 gy
n 2 (1 mgiogw)(t 7)(logz n+ araetogw)
k:l IId #
Xl | log n I log| 1 kg | 1 log n k
£/°92"* iog log ogz(eloglogn) 1 jgicgn W 10021 3 Gogiog iog 0
k=1
Xl h 0 log n log log log n log n ! k
= 2 ( log log n ) 21og log log n = 0(1)
k=1
The secondsummandis at most:
mn #k n #k
en ?_x O(1) lognlogloglogn 2 _ @ws wgm?
o 2 F = (ogTogn)? 2 “Toglglogn
oglogn
2

2

20(1)|oglogn (log log n)1:9 K - 0(1):

This nishes the proof of Theorem5.

7 Biased k-connectivit y game

In this section we prove Theorem 2. To this end we shawv that if the bias b satis es
b= (log2+ o(l))@ then Maker can build a k-connectedgraph in the biased (1 : b)
game,for any constart k > 0 (and in fact for someslownly growing k as well). Obsene
that this weak dependenceof the obtained result on k matches very well our intuition
derived from random graphsand discussedn Section 2.
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Theorem 6 In a biasa (1 : b) Maker-Breaker game,Maker hasa strategy for creating a

sepem-connected graph provided

n

= logn :
|092 n+ log log log n

b

and n is large enough.

Remark. Here,too, we do not make any seriousattempt to get the best possiblecon-
nectivity result, our aim is rather to get k-connectivity for somek 1, whenthe biasis
b= (1 o(1))n=log,n.

Pro of. In Theorem5 we shoved that Maker can createa graph M satisfying conditions
P1 and P2 of Lemmal with d(n) = Iolg?I%Sn' We claim that every graph M meetingthese
conditions with the above value of d(n) is d(n)-connected.Let S be a subsetof V(M) of
cardinality jSj < d(n). Assumeto the cortrary that S cuts G into two non-emply pieces:
V(M)nS = A[ B sothat jA] jBj and M hasno edgesbetweenA and B. We will

usethe notation of the proof of Theorem 5. First, obsene that jAj] k;d d. Indeed,
if jJAj]  k;, then by P1 we have: [N(A)] djAj] dandN(A) S { a cortradiction.

If kK, JjA] k,d d, chooseA, A of cardinality jAoj = k;, then by P1 we have
IN(Ao)] djAg) = kidandN(Aog) (AnAg)[ S, implying a claimedbound on jAj. But

then jAj k, andsincejBj jAj k,, by Property P2 there is an edgeof M between
A and B { a cortradiction.

Theorem 2 implies immediately the following consequencéor the mindegreek game
consideredin Section4.

Corollary 1 For every xed k > 0 Makerswins the (1 : b) mindegree-k gameprovided

b n -
logn !
|092 n+ log log log n

and n is su ciently large.

8 Biased Av oider-Enforcer games

For biased Avoider-Enforcer gameswe can use a very similar proof strategy to that of
Theorem5 to infer the following.

Theorem 7 Letb W In a biasa (1 : b) Avoider-Enforcer game, Enforcer
log log log n

hasa strategy to force Avoider to create a graph satisfyingP1 and and P2 with d = d(n) =

log n . .
glogn Provided n is large enough.
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The only major di erence is that instead of the generalizedErdps-Selfridgecriterion (1),
Enforcer usescriterion (2) to make surethat Avoider's graph satis es properties P1 and
P2. Plugging into Criterion (2), inequality (3) now becomes

X1 X 1 k r (k) X 1 (k,)?
IF (9)] 1+B + 1+B < 1+

k=1 jsj=k iAjiBI=k,

(4)

We can usenow the asymptotic estimate1+ x = e*( ¥ for x I 0. The rest of the proof
remainsthe samemutatis mutandis.

To derive Theorem 3 we can apply Lemma 1. For Theorem 4 we only note that, as
proved in the previous section, properties P1 and P2 for d(n) = logn=loglogn imply
d(n)-connectivity.

Note added in proof. Very recenly, Gebauerand the secondauthor proved [1]] that
the thresholdsbias for both the connectivity gameand the mindegreek gameare asymp-
totically equalto n=logn. Also, Hefetz, Stojakovic and the authors de ned in [12] a new
and rather natural version of the Avoider-Enforcergameand proved that in this version
the threshold bias for the Hamiltonicity game equalsasymptotically to n=logn, where
the lower bound essetially comesfrom the presen paper.
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