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Abstract

A graph is called integral if all its eigenvalues (of the adjacency matrix) are
integers. In this paper, the graphs S1(t) = K 1;t , S2(n; t), S3(m; n; t), S4(m; n; p;q),
S5(m; n), S6(m; n; t), S8(m; n), S9(m; n; p;q), S10(n), S13(m; n), S17(m; n; p;q),
S18(n; p;q; t), S19(m; n; p; t), S20(n; p;q) and S21(m; t) are de�ned. We construct the
�fteen classesof larger graphs from the known 15 smaller integral graphs S1 � S6,
S8 � S10, S13, S17 � S21 (see also Figures 4 and 5, Bali �nska and Simi�c, Discrete
Math. 236(2001) 13-24). Theseclassesconsist of nonregular and bipartite graphs.
Their spectra and characteristic polynomials are obtained from matrix theory. We
obtain their integral property by using number theory and computer search. All
theseclassesare in�nite. They are di�eren t from thosein the literature. It is proved
that the problem of �nding such integral graphsis equivalent to solving Diophantine
equations. We believe that it is useful for constructing other integral graphs. The
discovery of these integral graphs is a new contribution to the search of integral
graphs. Finally, we proposeseveral open problems for further study.

1 In tro duction

We useG to denotea simple graph with vertex set V(G) = f v1; v2; : : : ; vng and edgeset
E(G). The adjacencymatrix A = A(G) = [aij ] of G is an n � n symmetric matrix of 0's
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and 1's with aij = 1 if and only if vi and vj are joined by an edge. The characteristic
polynomial of G is the polynomial P(G) = P(G; x) = det(xI n � A), where and in the
sequelI n always denotesthe n � n identit y matrix. The spectrum of A(G) is alsocalled
the spectrum of G and denotedby Spec(G) ([5]).

A graph G is called integral if all eigenvaluesof the characteristic polynomial P(G; x)
of G are integers. The research on integral graphswas initiated by Harary and Schwenk
[7]. In general,the problem of characterizing integral graphs seemsto be very di�cult.
Thus, it makessenseto restrict our investigationsto someinteresting families of graphs.
So far, there are many results for someparticular classesof integral graphs [1]. For all
other facts or terminology on graph spectra, see[5].

In [9] we successfullyconstructedintegral treesof diameters4 and 6 by identifying the
centers of two trees. In [10,11]weinvestigatedthe structuresof someclassesof graphsand
deducetheir characteristic polynomialsby spectral graph theory. Integral graphsin these
classeswere given by using number theory and computer search. In this paper, a new
method of constructing �fteen in�nite classesof integral graphs is presented. In getting
the resultswe proceedasfollows: �rstly , we give the construction of the (in�nite) families
of new graphs from the 15 �nite classesof integral graphs identi�ed by Bali �nska and
Simi�c [2], then calculate their characteristic polynomials (Theorem 3.2) by using matrix
theory, and then, by making useof number theory (Diophantine equations)and computer
search, we obtain �fteen in�nite classesof integral graphs in theseclasses.Theseclasses
are connectednonregularand bipartite graphsexcept for several disconnectedgraphsfor
which oneor several of their parametersare taken zero. Finally, we proposeseveral open
problemsfor further study.

2 Some facts in matrix theory and num ber theory

In this section, we shall give a useful property of matrices and somefacts in number
theory.

First of all, we give the following notations. All other notations and terminology on
matrices can be found in [6].
(1) R denotesthe set of real numbers.
(2) Rm� n denotesthe set of m � n matrices whoseentries are in R.
(3) AT denotesthe transposeof the matrix A.
(4) Jm� n and 0m� n denotesthe m � n all 1 and all 0 matrix, respectively.

Lemma 2.1. ([6], page181) Let A =
�

A0 A1

A1 A0

�
, where Ak 2 Rr � r , k = 0; 1. Then the

eigenvaluesof A are thoseof A0 + A1 togetherwith thoseof A0 � A1.

Secondly, we shall give somefacts in number theory. All other notations and termi-
nology on number theory can be found in [4, 8].

Let d be a positive integer but not a perfect square,let m 6= 0 be an integer. We shall
study the Diophantine equation

x2 � dy2 = m: (1)
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If x1, y1 is a solution of (1), for convenience,then x1 + y1

p
d is also called a solution

of Eq.(1). Let s + t
p

d be any solution of the Pell equation

x2 � dy2 = 1: (2)

Clearly, (x1+ y1

p
d)(s+ t

p
d) = x1s+ y1td+ (y1s+ x1t)

p
d is alsoa solution of Eq.(1). This

solution and x1 + y1

p
d are called associate. If two solutionsx1 + y1

p
d and x2 + y2

p
d of

Eq.(1) are associate, then we denotethem by x1 + y1

p
d � x2 + y2

p
d. It is easyto verify

that the associate relation � is an equivalencerelation. Hence,if Eq.(1) has solutions,
then all the solutionscan be classi�ed by the associate relation. Any two solutions in the
sameassociate classare associate each other, any two solutionsnot in the sameclassare
not associate.

The following Lemmas2.2, 2.3, 2.4 and 2.5 can be found in [4].

Lemma 2.2. A necessaryand su�cient condition for two solutions x1 + y1

p
d and x2 +

y2

p
d of Eq.(1) (m �xed) to be in the sameassociate classK is that

x1x2 � dy1y2 � 0(modjmj) and y1x2 � x1y2 � 0(modjmj):

Let x1 + y1

p
d be any solution of Eq.(1). By Lemma2.2, we seethat � (x1 + y1

p
d) �

x1 + y1

p
d, � (x1 � y1

p
d) � x1 � y1

p
d. Let K and K 0 be two associate classesof solutions

of Eq. (1) such that for any solution x + y
p

d 2 K , it follows x � y
p

d 2 K 0. Then alsothe
converseis true. Hence,K and K 0 are calledconjugateclasses. If K = K 0, then this class
is called an ambiguousclass. Let u0 + v0

p
d be the fundamentalsolution of the associate

classK , i.e. v0 is positive and has the smallest value in the classK . If the classK is
ambiguous,we can assumethat u0 � 0:

Lemma 2.3. Let K be any associate classof solutionsof Eq.(1), and let u0 + v0

p
d be the

fundamentalsolution of the associate classK . Let x0 + y0

p
d be the fundamentalsolution

of the Pell equation (2). Then

0 � v0 �

8
<

:

y0
p

mp
2(x0+1)

; if m > 0,
y0

p
� mp

2(x0 � 1)
; if m < 0.

(3)

0 � ju0j �

8
<

:

q
1
2(x0 + 1)m; if m > 0,

q
1
2(x0 � 1)(� m); if m < 0.

(4)

Lemma 2.4.

(1) Let d be a positive integer but not a perfect square, m 6= 0, and let m be an integer.
Then there are only �nitely many associate classesfor Eq.(1), and the fundamental
solutions of all theseclassescan be found from (3) and (4) by a �nite procedure.
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(2) Let K be an associate classof solutions of Eq. (1), and let u0 + v0

p
d be the fun-

damental solution of the associate classK . Then all solutions of the classK are
given by

x + y
p

d = � (u0 + v0

p
d)(x0 + y0

p
d)n ;

where n is an integer, and x0 + y0

p
d is the fundamentalsolution of Eq.(2).

(3) If u0 and v0 satisfy (3) and (4) but are not solutions of Eq.(1), then there is no
solution for Eq.(1).

Lemma 2.5. Let d (> 1) be a positive integer that is not a perfect square. Then there
exist solutions for the Pell equation (2), and all the positive integral solutions xk ; yk of
Eq.(2) are given by

xk + yk

p
d = " k ; k = 1; 2; : : : ; (5)

where " = x0 + y0

p
d is the fundamentalsolution of Eq.(2). Put " = x0 � y0

p
d. Then we

have"" = 1 and

xk =
" k + " k

2
; yk =

" k � " k

2
p

d
; k = 1; 2; : : : : (6)

The following Lemmas2.6, 2.9, 2.11and Lemmas2.7, 2.8 can be found in [8] and [4],
respectively.

Lemma 2.6. Let u; v be the fundamental solution of Eq.(2), where d(> 1) is a positive
integer but not a perfect square. Then the Pell equation

x2 � dy2 = � 1 (7)

hassolutions if and only if there exist positive integer solutions s and t for the equations

s2 + dt2 = u; 2st = v;

suchthat moreover s and t are the fundamentalsolution of Eq.(7).

Lemma 2.7. Suppose the Pell equation (7) is solvable. Let � = x0 + y0

p
d be the fun-

damental solution of Eq.(7), where d(> 1) is a positive integer but not a perfect square.
Then the following holds.

(1) All positive integral solutions xk ; yk of Eq.(7) are given by

xk + yk

p
d = � k ; k = 1; 3; 5; : : : : (8)

(2) All positive integral solutionsxk ; yk of Eq. (2) are givenby relation (8), k = 2; 4; : : : :

(3) Let � = x0 � y0

p
d, then � � = � 1, and the solutions xk , yk in (1) and (2) can be

given by

xk =
� k + � k

2
; yk =

� k � � k

2
p

d
; k = 1; 2; : : : : (9)
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Lemma 2.8.

(1) If there is a solution for Eq.(1), where m 6= 0 is integer and d(> 1) is a positive
integer but not a perfect square, then Eq.(1) has in�nitely many solutions.

(2) Let x1; y1 be the fundamentalsolution of the Diophantine equation

x2 � dy2 = 4; (10)

where d(> 1) is a positive integer but not a perfect square. Then all positive integral
solutions xk ; yk of Eq.(10) are given by

xk + yk

p
d

2
= (

x1 + y1

p
d

2
)k ; k = 1; 2; : : : : (11)

In the following symbol (a;b) = d denotesthe greatestcommondivisor d of integers
a, b, while ajb (a - b) meansthat a divides b (a doesnot divide b) .

Lemma 2.9. Let m be a positive integer. If 2 - m or 4jm, then there exist positive integral
solutions for the Diophantine equation

x2 � y2 = m: (12)

Remark 2.10. We can give a method for �nding the solutions of Eq.(12). Supposethat
m = m1m2. Let x � y = m1, x + y = m2 and 2j(m1 + m2). Then the solutions of Eq.
(12) can be found easily (see [8]).

Lemma 2.11. If x > 0, y > 0, z > 0, (x; y) = 1 and 2jy, then all positive integral
solutions of the Diophantine equation x2 + y2 = z2 are given by

x = r 2 � s2; y = 2rs; z = r 2 + s2;

where (r; s) = 1; r > s > 0 and 2 - r + s.

3 The characteristic polynomials of some classes of
graphs

In this section, we investigate the structures of the nonregular bipartite integral graphs
in [2]. Fifteen new classesof larger graphsare constructedbasedon the structures of 15
onesof the 21 smaller integral graphsin Figures4 and 5 of [2].

Theorem 3.1. ( [2] ) The graphs in Figures 1 and 2 are nonregular bipartite integral
graphswith maximumdegree four. (The graphsin Figure 1 are integral graphswith number
of verticesup to 16.)
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Figure 1: Nonregular bipartite integral graphs with maximum degree4 and at most 16
vertices.

We can generalizethe result of Theorem 3.1 and construct �fteen types of graphs
from 15 smaller integral graphsS1 � S6, S8 � S10, S13, S17 � S21 in Figures1 and 2. The
following Theorem3.2on their characteristic polynomials is obtained from matrix theory.

Theorem 3.2. Let m, n, p, q and t be nonnegative integers. Then the characteristic
polynomials of the �fte en types of graphsin Figures3 and 4 are as follows:

(1) (see [5]) P(K 1;t ; x) = xt � 1(x2 � t); (t � 0):

(2) P(S2(n; t); x) = xn(t � 1)+2 (x2 � t)n� 1[x2 � (2n + t)]; (n � 1, t � 0):

Figure 2: A nonregularbipartite integral graph with maximum degree4 and 26 vertices.
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(3) P(S3(m; n; t); x) = xm+ n+4( t � 1)(x2 � t)2[x4 � 2(m + n + t + 2)x2 + (2m + t)(2n + t)];
(m � 1, n � 1, t � 0):

(3.1) P(S3(n; n; t); x) = x2n+4( t � 1) (x2 � t)2(x2 + 2x � 2n � t)(x2 + 2x � 2n � t); (n � 1,
t � 0):

(3.2) P(S3(m; n; 0); x) = xm+ n [x4 � 2(m + n + 2)x2 + 4mn]; (m � 1, n � 1):

(4) P(S4(m; n; p;q); x) = xmp+ n+2 q� 2(x2 � 2m)p� 1(x2 � pq)[x4 � (2m + 2n + 4q+ pq)x2 +
4mn + 8mq + 2npq]; (m � 0, n � 0, p � 1, q � 1):

(4.1) P(S4(n; n; p;q); x) = xn(p+1)+2 q� 2(x2 � 2n)p(x2 � pq) [x2 � (2n + 4q + pq)]; (n � 0,
p � 1, q � 1):

(4.2) P(S4(n; n; p;p); x) = xn(p+1)+2 p� 2(x2 � 2n)p(x+ p)(x � p) [x2 � (2n+ p2+ 4p)]; (n � 1,
p � 1):

(4.3) P(S4(2; 2; p;p); x) = x4p(x + p+ 2)(x + p)(x + 2)p(x � 2)p(x � p)(x � p� 2); (p � 1):

(4.4) P(S4(0; n; p;q); x) = xn+2 p+2 q� 4(x2 � pq)[x4 � (2n + 4q + pq)x2 + 2npq]; (n � 0,
p � 1, q � 1):

(4.5) P(S4(m; 0; p;q); x) = xmp+2 q� 2(x2 � 2m)p� 1(x2 � pq)[x4 � (2m + 4q+ pq)x2 + 8mq];
(m � 0, p � 1, q � 1):

(5) P(S5(m; n); x) = xm+ n� 2(x + 1)(x � 1)[x4 � (2m+ 2n+ 1)x2 + 4mn]; (m � 0, n � 0):

(5.1) P(S5(n; n); x) = x2n� 2(x + 1)(x � 1)(x2 + x � 2n)(x2 � x � 2n); (n � 0):

(5.2) P(S5(0; n); x) = P(S5(n; 0); x) = xn (x + 1)(x � 1)[x2 � (2n + 1)]; (n � 0):

(6) P(S6(m; n; t); x) = xn(t � 1)+ m+2 (x2 � t)n� 1[x4 � (2m + 2n + t + 2)x2 + 2n(2m + 1) +
2t(m + 1)]; (m � 0, n � 1, t � 0) or (m � 0, n = t = 0):

(6.1) P(S6(m; 0; 0); x) = P(K 2;m+1 [ K 1; x) = xm+2 [x2 � (2m + 2)]; (m � 1):

(6.2) P(S6(0; n; t); x) = xn(t � 1)+2 (x2 � t)n� 1[x4 � (2n + t + 2)x2 + 2n + 2t]; (n � 1, t � 0):

(6.3) P(S6(m; n; 0); x) = xn+ m [x4 � (2m + 2n + 2)x2 + 2n(2m + 1)]; (m � 0, n � 0):

(6.4) P(S6(m; 1; t); x) = xm+ t+1 [x4 � (2m + t + 4)x2 + 2(2m + 1) + 2t(m + 1)]; (m � 0,
t � 0):

(6.5) P(S6(n � 1; n; 1); x) = xn+1 (x + 1)n� 1(x � 1)n� 1(x2 + x � 2n)(x2 � x � 2n); (n � 1):

(6.6) P(S6(n + 1; n; 1); x) = xn+3 (x + 1)n� 1(x � 1)n� 1(x2 + x � 2n � 2)(x2 � x � 2n � 2);
(n � 0):

(6.7) P(S6(n + 1; n; 9); x) = x9n+3 (x + 3)n� 1(x � 3)n� 1(x2 + x � 2n � 6)(x2 � x � 2n � 6);
(n � 1):
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(7) P(S8(m; n); x) = (x + 1)m+ n� 2(x � 1)m+ n� 2[x4 � 4x3 � (m + n � 5)x2 + (2m + 2n �
2)x + mn � m � n][x4 + 4x3 � (m + n � 5)x2 � (2m + 2n � 2)x + mn � m � n];
(m � 0, n � 0):

(7.1) P(S8(n; n); x) = (x + 1)2n� 2(x � 1)2n� 2(x2 + x � n)(x2 � x � n)(x2 + 3x � n + 2)(x2 �
3x � n + 2); (n � 0):

(7.2) P(S8(0; n); x) = P(S8(n; 0); x) = (x + 1)n (x � 1)n (x2 + 2x � n)(x2 � 2x � n); (n � 0):

(8) P(S9(m; n; p;q); x) = xm+ n+ p+ q� 2[x6 � (2m + n + 2p + q + nq + 1)x4 + (m + n +
mn + p+ 4mp+ 2np+ q+ 2mq+ 2nq+ 2mnq + pq+ 2npq)x2 � (mp+ np+ 2mnp +
mq + nq + 2mnq + 2mpq+ 2npq+ 4mpq)]; (m � 1, n � 1 p � 1, q � 1):

(8.1) P(S9(n; n; n; n); x) = x4n� 2(x2 � 2n)2(x + n + 1)(x � n � 1); (n � 1):

(9) P(S10(n); x) = x2(n� 1)(x + 2)n� 1(x + 1)(x � 1)(x � 2)n� 1(x2 + 2x � n)(x2 � 2x � n);
(n � 0):

(10) P(S13(m; n); x) = x2(x+ 1)n(m� 1)(x � 1)n(m� 1) (x2+ x � m)n� 1[x2+ x � m(n+ 1)](x2 �
x � m)n� 1[x2 � x � m(n + 1)]; (m � 1, n � 1):

(11) P(S17(m; n; p;q); x) = xmq+ p+ n� 1(x2 � 2m)q� 1f x6 � (2m + 2n + p+ q+ pq+ 1)x4 +
[m(2 + 4n + 2p + q+ pq) + n + p + np + 2nq + 2pq+ 2npq+ pq2]x2 � [2m(n + p +
np + nq + pq+ npq) + 2npq(q+ 1)]g; (m � 1, n � 1, p � 1, q � 1):

(11.1) P(S17(n; n; n; n); x) = xn2+2 n� 1(x + n + 1)(x � n � 1)(x2 � 2n)n+1 ; (n � 1):

(11.2) P(S17(n; n; p;q); x) = xnq+ n+ p� 1(x2 � 2n)qf x4 � [2n+ (p+ 1)(q+ 1)]x2 + (q+ 1)[n(p+
1) + p(q+ 1)]g; (n � 1, p � 1, q � 1):

(11.3) P(S17(n; n; 1; q); x) = xnq+ n (x2 � 2n)q(x2 � q � 1)(x2 � 2n � q � 1); (n � 1, q � 1):

(11.4) P(S17(m; n; m; n); x) = xmn + m+ n� 1(x2 � 2m)n� 1(x2 � m � n)[x4 � (2m + 2n + mn +
1)x2 + 2m(n + 1)2]; (m � 1, n � 1):

(11.5) P(S17(2; n; 2; n); x) = x3n+1 (x + 2)n� 1(x � 2)n� 1(x2 � n � 2)(x2 + x � 2n � 2)(x2 �
x � 2n � 2); (n � 1):

(12) P(S18(n; p;q; t); x) = x2n(t � 1) (x + 1)p+ q� 2(x � 1)p+ q� 2(x2 � t)2(n� 1) [x6 � 4x5 � (2n +
p+ q+ t � 6)x4 + (6n + 2p+ 2q+ 4t � 4)x3 � (6n + p � np + q� nq � pq+ 6t � pt �
qt � 1)x2 + (2n � np � nq + 4t � 2pt � 2qt)x � t + pt + qt � pqt][x6 + 4x5 � (2n +
p + q + t � 6)x4 � (6n + 2p + 2q + 4t � 4)x3 � (6n + p � np + q � nq � pq+ 6t �
pt � qt � 1)x2 � (2n � np � nq+ 4t � 2pt � 2qt)x � t + pt + qt � pqt]; (n � 1, p � 0,
q � 0, t � 0):

(12.1) P(S18(n; p;p; t); x) = x2n(t � 1)(x + 1)2p� 2(x � 1)2p� 2(x2 � t)2(n� 1) [(x + 1)2 � p][(x �
1)2 � p][x4 � 2x3 � (p+ t + 2n � 1)x2 + 2(n + t)x + t(p � 1)][x4 + 2x3 � (p+ t + 2n �
1)x2 � 2(n + t)x + t(p � 1)]; (n � 1, p � 0, t � 0):
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(12.2) P(S18(n; t; t; t); x) = x2n(t � 1)(x + 1)2t� 2(x � 1)2t� 2(x2 � t)2(n� 1) [(x + 1)2 � t][(x � 1)2 �
t][x4 � 2x3 � (2t + 2n � 1)x2 + 2(n + t)x + t(t � 1)][x4 + 2x3 � (2t + 2n � 1)x2 �
2(n + t)x + t(t � 1)]; (n � 1, t � 0):

(12.3) P(S18(n; 1; 1; 1); x) = x4(x + 2)(x + 1)2n� 1(x � 1)2n� 1(x � 2)(x2 + x � 2n � 2)(x2 �
x � 2n � 2); (n � 1):

(12.4) P(S18(2k2; k2; k2; k2); x) = x4k2 (k2 � 1)(x+ k+ 1)(x+ k)2(2k2 � 1)(x+ k� 1)(x+ 1)2k2� 2(x�
1)2k2 � 2(x � k + 1)(x � k)2(2k2 � 1)(x � k � 1)[x2 + (2k + 1)x � k(k � 1)][x2 � (2k +
1)x � k(k � 1)][x2 + (2k � 1)x � k(k + 1)][x2 � (2k � 1)x � k(k + 1)]; (k � 1):

(13) P(S19(m; n; p; t); x) = xmn (t � 1)+ n (x + 1)n(p� 1)(x � 1)n(p� 1)[x4 � (m + t + p + 1)x2 +
m + t + pt]n� 1(x2 � t)n(m� 1)f x6 � (m + n + mn + p+ np + t + 1)x4 + [m + n + mn +
mn2 � 2np+ 2mnp+ mn2p+ np2 + t(1+ n + p+ np)]x2 � n(p� 1)2(mn + t)g; (m � 1,
n � 1, p � 1, t � 0):

(13.1) P(S19(m; n; 1; t); x) = xmn (t � 1)+ n+2 (x2 � t)n(m� 1) [x4 � (m+ t + 2)x2 + m+ 2t]n� 1[x4 �
(m + 2n + mn + t + 2)x2 + (n + 1)(m + 2mn + 2t); (m � 1, n � 1, t � 0):

(13.2) P(S19(2; n; 1; 1); x) = xn+2 (x + 1)2n� 1(x � 1)2n� 1(x + 2)n� 1(x � 2)n� 1(x2 + x � 2n �
2)(x2 � x � 2n � 2); (n � 1):

(14) P(S20(n; p;q); x) = (x + 1)p(n� 1)+ q(x � 1)p(n� 1)+ q(x2 � x � n)p� 1(x2 + x � n)p� 1(x2 �
x � pq� n)(x2 + x � pq� n); (n � 1, p � 1, q � 1):

(15) P(S21(m; t); x) = x2m(t � 1)+2 (x2� x� t)m� 1(x2+ x� t)m� 1(x2� x� m� t)(x2+ x� m� t);
(m � 1, t � 0):

Proof. We only prove (2) and (10). The characteristic polynomials of the other 13 types
can be obtained similarly.

(2). By properly ordering the vertices of the graph S2(n; t), the adjacencymatrix
A = A(S2(n; t)) of S2(n; t) can be written as the (nt + n + 2) � (nt + n + 2) matrix such
that

A = A(S2(n; t)) =

2

6
6
6
6
6
6
6
4

A11 A12 : : : A1n B1 0t � 2

A21 A22 : : : A2n B2 0t � 2
...

...
. . .

...
...

...
An1 An2 : : : Ann Bn 0t � 2

B T
1 B T

2 : : : B T
n 0n� n Jn� 2

02� t 02� t : : : 02� t J2� n 02� 2

3

7
7
7
7
7
7
7
5

;

whereA ij = 0t � t for i = 1; 2; : : : ; n and j = 1; 2; : : : ; n, and

Bk = [a(k)
ij ] =

�
1 if j = k
0 otherwise

; Bk 2 Rt � n ; for k = 1; 2; : : : ; n:

Then we have
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Figure 3: Nonregularbipartite graphs.

P[S2(n; t); x] = jxI nt + n+2 � A(S2(n; t)) j=

�
�
�
�
�
�
�
�
�
�
�
�
�

xI t 0t � t : : : 0t � t � B1 0t � 2

0t � t xI t : : : 0t � t � B2 0t � 2
...

...
. . .

...
...

...
0t � t 0t � t : : : xI t � Bn 0t � 2

� B T
1 � B T

2 : : : � B T
n xI n � Jn� 2

02� t 02� t : : : 02� t � J2� n xI 2

�
�
�
�
�
�
�
�
�
�
�
�
�

:

By careful calculation, we can prove that the characteristic polynomial of S2(n; t) is

P(S2(n; t); x) = xn(t � 1)+2 (x2 � t)n� 1[x2 � (2n + t)]:

(10). By properly ordering the verticesof the graph S13(m; n), the adjacencymatrix
A = A(S13(m; n)) of S13(m; n) can be written as the (2mn + 2n + 2) � (2mn + 2n + 2)
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Figure 4: Nonregularbipartite graphs.

matrix such that

A = A(S13(m; n)) =
�

A0 A1

A1 A0

�
;

where

A0 =

2

6
6
6
6
6
6
6
4

0m� m 0m� m : : : 0m� m B1 Jm� 1

0m� m 0m� m : : : 0m� m B2 Jm� 1
...

...
. . .

...
...

...
0m� m 0m� m : : : 0m� m Bn Jm� 1

B T
1 B T

2 : : : B T
n 0n� n 0n� 1

J1� m J1� m : : : J1� m 01� n 0

3

7
7
7
7
7
7
7
5

;
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A1 =

2

6
6
6
6
6
6
6
4

I m 0m� m : : : 0m� m 0m� n 0m� 1

0m� m I m : : : 0m� m 0m� n 0m� 1
...

...
. . .

...
...

...
0m� m 0m� m : : : I m 0m� n 0m� 1

0n� m 0n� m : : : 0n� m 0n� n 0n� 1

01� m 01� m : : : 01� m 01� n 0

3

7
7
7
7
7
7
7
5

;

and

Bk = [a(k)
ij ] =

�
1 if j = k
0 otherwise

; Bk 2 Rm� n ; for k = 1; 2; : : : ; n:

In view of Lemma 2.1, we distinguish betweenthe following two cases.

Case 1. Let b0 = jxI mn + n+1 � (A0 + A1)j. Then we have

b0 =

�
�
�
�
�
�
�
�
�
�
�
�
�

(x � 1)I m 0m� m : : : 0m� m � B1 � Jm� 1

0m� m (x � 1)I m : : : 0m� m � B2 Jm� 1
...

...
. . .

...
...

...
0m� m 0m� m : : : (x � 1)I m � Bn � Jm� 1

� B T
1 � B T

2 : : : � B T
n xI n 0n� 1

� J1� m � J1� m : : : � J1� m 01� n x

�
�
�
�
�
�
�
�
�
�
�
�
�

By careful calculation, we can �nd

b0 = x(x � 1)n(m� 1)(x2 � x � m)n� 1[x2 � x � m(n + 1)]:

Case 2. Let b1 = jxI mn + n+1 � (A0 � A1)j. Then we have

b1 =

�
�
�
�
�
�
�
�
�
�
�
�
�

(x + 1)I m 0m� m : : : 0m� m � B1 � Jm� 1

0m� m (x + 1)I m : : : 0m� m � B2 Jm� 1
...

...
. . .

...
...

...
0m� m 0m� m : : : (x + 1)I m � Bn � Jm� 1

� B T
1 � B T

2 : : : � B T
n xI n 0n� 1

� J1� m � J1� m : : : � J1� m 01� n x

�
�
�
�
�
�
�
�
�
�
�
�
�

By careful calculation, we can �nd

b1 = x(x + 1)n(m� 1)(x2 + x � m)n� 1[x2 + x � m(n + 1)]:

Hence,the characteristic polynomial of S13(m; n) is

P(S13(m; n); x) = x2(x + 1)n(m� 1)(x � 1)n(m� 1)(x2 + x � m)n� 1[x2 + x
� m(n + 1)](x2 � x � m)n� 1[x2 � x � m(n + 1)]:

The proof is now complete.

We note that these classesof graphs in Figures 3 and 4 are constructed from the
smaller graphsin Figures1 and 2 (or Figures4 and 5 of [2]). We believe that it is useful
to construct new classesof integral graphsby using this method.
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4 Nonregular in tegral bipartite graphs

In this section,by using number theory and computer search, we shall obtain somenew
classesof integral graphs from Theorem 3.2. All theseclassesare in�nite and consistof
connectedgraphs except for several disconnectedgraphs for which one or more of their
parametersare taken zero.

Theorem 4.1. (see [5, 7]) The tree K 1;t is integral if and only if t is a perfect square.

Theorem 4.2. The graph S2(n; t) is integral if and only if one of the following holds: (i)
t and 2n + t are perfect squares, or (ii) n = 1 and t + 2 is a perfect square, where t (� 0)
and n (� 1) are integers.

In particular, we havethe following resultsfor the graph S2(n; t).

(1) If the graphS2(n; t) is integral, and n (� 2), t (� 0) are integers,then for any positive
integer k the graph S2(nk2; tk 2) is integral.

(2) If the graph S2(1; t � 2) = K 1;t is integral, and t is positive integer, then for any
positive integer k the graph S2(1; tk 2 � 2) = K 1;tk 2 is integral.

(3) If t = a2 � 0, n = b2 � a2

2 � 1, b > a, and a, b, n (� 1), t (� 0) are integers, then for
any positive integer k the graph S2(nk2; tk 2) is integral.

Proof. By (2) of Theorem3.2, we know
P(S2(n; t); x) = xn(t � 1)+2 (x2 � t)n� 1[x2 � (2n + t)]; (n � 1, t � 0).

Hence, a su�cien t and necessarycondition for the graph S2(n; t) to be integral is the
following: (i) when n � 2, t and 2n + t are perfect squares,or (ii) when n = 1, t + 2 is a
perfect square,wheret (� 0) and n (� 1) are integers.

By (2) of Theorem3.2, we alsoget
P(S2(nk2; tk 2); x) = xnk 2 (tk 2 � 1)+2 (x2 � tk 2)n� 1[x2 � (2n + t)k2]; (n � 1, t � 0, k � 1).
(1) Becausethe graph S2(n; t) is integral, and n (� 2), t (� 0), k (� 1) are integers,

we get that t and 2n + t are perfect squares.Then the graph S2(nk2; tk 2) is integral.
(2) Becausethe graph S2(1; t � 2) = K 1;t is integral, and t, k are positive integers.

Then t must be a perfect square.Hencethe graph S2(1; tk 2 � 2) = K 1;tk 2 is integral.
(3) Becauset = a2 � 0, n = b2 � a2

2 � 1, b > a, and a, b, n (� 1), t (� 0), k (� 1) are
integers,by (2) of Theorem3.2, it follows

P(S2( b2 � a2

2 ; a2); x) = x
b2 � a2

2 (a2 � 1)+2 (x2 � a2)
b2 � a2

2 � 1(x2 � b2):
So, the graph S2(n; t) = S2( b2 � a2

2 ; a2) is integral. By Theorem 4.2 or Theorem 3.2 (2),
also the graph S2(nk2; tk 2) = S2( b2 � a2

2 � k2; a2k2) is integral.

Theorem 4.3. The graph S3(m; n; t) (n � m � 1, t � 0) is integral if and only if one of
the following holds:

(1) For m = n, t is a perfect square, and 2n + t = k(k + 2), where k is a positive integer.
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(2) For m < n, let (2m + t; 2n + t) = d, d is a positive integer but not a perfect square,
and m, n, t are given via

2m + t = d(
yk � yl

2
)2; 2n + t = d(

yk + yl

2
)2; k > l > 0; and t = t2

1

where yk ; yl are odd or even,yk ; yl 2 f yn jy0 = 0; y1 = b1; yn+2 = a1yn+1 � yn ; (n � 0)g,
t1 is a nonnegative integer, and a1 + b1

p
d is the fundamentalsolution of Eq.(10).

(Examplesare presented in Table1. Table1 is obtained by computer search, where a
and b be thoseof Eqs.(13) in Theorem 4.3, 1 � a � 15, a � b � a + 10, 1 � m < n,
0 � t � 2500.)

a b m n t a b m n t a b m n t
5 9 13 37 1 5 9 9 33 9 5 9 1 25 25
14 20 100 196 0 14 20 98 194 4 14 20 92 188 16
14 20 82 178 36 14 20 68 164 64 14 20 50 146 100
14 20 28 124 144 14 20 2 98 196 / / / / /

Table 1: Integral graphsS3(m; n; t) = S3(n; m; t).

Proof. By (3) of Theorem 3.2, we know that the graph S3(m; n; t) (n � m � 1, t � 0) is
integral if and only if t(= t2

1) is a perfectsquare,and thereexist nonnegative integersa and
bsuch that x4 � 2(m+ n+ t + 2)x2 + (2m+ t)(2n+ t) canbe factorizedas(x2 � a2)(x2 � b2).

Next we discussthe following two cases:
Case 1. When 1 � m = n, t � 0, by (3) of Theorem3.2, we get
P(S3(n; n; t); x) = x2n+4( t � 1) (x2 � t)2(x2 + 2x � 2n � t)(x2 + 2x � 2n � t):

Hence,the graph S3(n; n; t) is integral if and only if t is a perfect square,and 2n + t =
k(k + 2), wheren (� 1), k (� 1) and t (� 0) are integers.

Case 2. When 1 � m < n, t � 0, by (3) of Theorem3.2, the necessaryand su�cien t
condition for S3(m; n; t) to be an integral graph is that there are nonnegative integersa
and b such that the following Diophantine equations(13) have solutions.

8
<

:

t = t2
1;

a2 + b2 = 2m + 2n + 2t + 4;
a2b2 = (2m + t)(2n + t);

(13)

Let (2m + t; 2n + t) = d, 1 � m < n, a < b. By (13), we �nd

2m + t = dm2
1; 2n + t = dn2

1; ab= dm1n1; (14)

wherem1 and n1 are nonnegative integers,m1 < n1, and (m1; n1) = 1. By (13) and (14),
we obtain

(a + b)2 � d(m1 + n1)2 = 4: (15)

We discussthe following two cases.
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Case 2.1 If d is a perfectsquare,clearly, the Diophantine equation(15) hasno integral
solutions, then the graph S3(m; n; t) is not an integral graph.

Case 2.2 If d is a positive integer but not a perfect square,then the equation (15)
is a Pell equation. Let " 1 = a1+ b1

p
d

2 , wherea1 + b1

p
d is the fundamental solution of the

equation (10). From (15), we deducethat

a + b= " k
1 + "1

k ; m1 + n1 =
" k

1 � "1
k

p
d

; k > 0; (16)

where"1 = a1 � b1
p

d
2 and "1"1 = 1 (seeLemma 2.8).

By using (16) and ab= dm1n1 (see(14)), we get

(2b� (" k
1 + "1

k))2 � d(2n1 �
" k

1 � "1
k

p
d

)2 = 4:

Thus, we have 2b= " k
1 + "1

k + " l
1 + "1

l ; 2n1 =
" k

1 � "1
k

p
d

+
" l

1 � "1
l

p
d

; l > 0:

Hence, m1 =
" k

1 � "1
k

2
p

d
�

" l
1 � "1

l

2
p

d
; n1 =

" k
1 � "1

k

2
p

d
+

" l
1 � "1

l

2
p

d
; k > l > 0:

Let yn =
"n

1 � "1
n

p
d

; n = 0; 1; 2; : : : :

Then we get the Pell sequence

y0 = 0; y1 = b1; yn+2 = a1yn+1 � yn ; (n � 0):

Hence,all integral graphsS3(m; n; t) (where 1 � m < n) are given via

2m + t = d(
yk � yl

2
)2; 2n + t = d(

yk + yl

2
)2; k > l > 0; and t = t2

1;

wheret1 is a nonnegative integer.
The proof is now complete.

Corollary 4.4. For m = n the graph S3(n; n; t) is integral if and only if one of the
following holds: (i) m = n; t = n2, (ii) m = n = 2l(l + 1) � 2k2 � 1, t = 4k2 � 0, or (iii)
m = n = 2l(l + 2) + 1 � 2k(k + 1) � 1, t = (2k + 1)2, where m = n (� 1), t (� 0), l
(� 0), k (� 0) are integers.

Proof. Becausem = n, by Theorem4.3 (1), we know that the graph S3(n; n; t) is integral
if and only if t(= k2

1) is a perfect square,and 2n + t = s(s + 2), wheren (� 1), s (� 1)
and t (� 0) are integers. Thus n = 1

2(s(s + 2) � k2
1) must be a positive integer. Hencewe

discussthe following three cases:
(i). If k1 = n, then m = n, t = n2, 2n + t = n(n + 2).
(ii). If k1 is even, then s must be even. So, let k1 = 2k and s = 2l, wherek and l are

positive integers. Hencem = n = 2l(l + 1) � 2k2 � 1, t = 4k2 � 0.
(iii). If k1 is odd, then s must be odd. So, let k1 = 2k + 1 and s = 2(l + 1), wherek

and l are positive integers. Hencem = n = 2l(l + 2)+ 1� 2k(k + 1) � 1, t = (2k + 1)2.
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Theorem 4.5. The graph S4(m; n; p;q) is integral if and only if there exist nonnegative
integersa and b suchthat x4 � (2m+ 2n+ 4q+ pq)x2 + 4mn + 8mq+ 2npq can be factorized
as (x2 � a2)(x2 � b2), and one of the following holds: (i) 2m and pq (= c2) are perfect
squares, (ii) p = 1, q (= c2) is a perfect square, where m (� 0), n (� 0) p (� 1) and q
(� 1) are integers.

In particular, let a, b, c, m, n, p, q be as in Theorem 4.5, and let m (� 1), n (� 1),
p (� 1), q (� 1), l (� 1), k (� 1), r (� 1), b1, a, b, c be integers. Then we have the
following resultsfor the graph S4(m; n; p;q).

(1) If m = n, then the graphS4(n; n; p;q) is integral if and only if 2n, pqand 2n+ 4q+ pq
are perfect squares, where n (� 0), p (� 1) and q (� 1) are integers.

(2) If m = n, p = q, then the graph S4(n; n; p;p) is integral if and only if 2n and
2n + p2 + 4p are perfect squares, where n and p are positive integers.

(3) If m = n = 2, p = q, then the graph S4(m; n; p;q) is integral.

(4) If m = n = 2l2r 2, q = pk2r 2, a = 2lr , b= b1r , c = pkr , and let b1, p, k, l be positive
integerssatisfying the Diophantine equation

b2
1 � (p2 + 4p)k2 = 4l2: (17)

Then the graph S4(m; n; p;q) is integral.

(5) If m = n = 2l2r 2, p = qk2r 2, a = 2lr , b= b1r , c = qkr , and let b1, q, k, l be positive
integerssatisfying the Diophantine equation

b2
1 � (q2 + 4q)k2 = 4l2: (18)

Then the graph S4(m; n; p;q) is integral.

(6) If m = n = 2l2r 2, p = p2
1, q = q2

1r 2, a = 2lr ,b = b1r , c = p1q1r , and let b1, p1, q1, l
be positive integerssatisfying the Diophantine equation

b2
1 � (p2

1 + 4)q2
1 = 4l2: (19)

Then the graph S4(m; n; p;q) is integral.

(7) If m = n = 2l2, p = q, a = 2l, c = p, and let b, p, l be positive integers satisfying
the Diophantine equation

b2 � 4l2 = p(p + 4): (20)

Then the graph S4(m; n; p;q) is integral.

(8) If m = n, let a, b, c, m, n, p and q be given as in Table 2. Then the graph
S4(m; n; p;q) is integral. (Table2 is obtained by computersearch, where 0 � a � 10,
a � b � a + 10, m = n and m, n, p and q are not as in (3), but representsolutions
of (4)-(7).)
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(9) If m 6= n, p = 1, and (i) a = 4, b = 16, c = 6, m = 2, n = 44, p = 1 and
q = 36, or (ii) a = 6, b = 19, c = 3, m = 14, n = 162, p = 1, q = 9. Then the
graphS4(m; n; p;q) is integral.(Here a, b, c, m, n, p and q are obtained by computer
search, and 0 � a � 15, a � b � a + 30, m 6= n, p = 1).

(10) If m 6= n, anda, b, c, m, n, p, q are givenin Table3. Then the graphS4(m; n; p;q) is
integral. (Table3 is obtained by computer search, where 1 � a � 10, a � b � a+ 20
and m 6= n.)

(11) If m = 0 or n = 0, and a, b, c, m, n, p, q given in Table 4, then the graph
S4(m; n; p;q) is integral.(Table4 is obtained by computer search, where 1 � a � 10,
a � b � a + 30 and m = 0 or n = 0.)

a b c m n p q a b c m n p q
2 7 3 2 2 1 9 4 6 2 8 8 1 4
4 6 4 8 8 16 1 4 8 4 8 8 2 8
4 8 6 8 8 12 3 4 10 6 8 8 3 12
4 12 8 8 8 4 16 4 14 6 8 8 1 36
4 14 10 8 8 5 20 4 14 12 8 8 16 9
6 7 3 18 18 9 1 6 9 3 18 18 1 9
6 9 5 18 18 5 5 6 11 9 18 18 81 1
6 12 6 18 18 2 18 6 12 10 18 18 50 2
6 14 12 18 18 36 4 6 15 9 18 18 3 27
8 12 4 32 32 1 16 8 12 8 32 32 16 4
8 16 8 32 32 2 32 8 16 12 32 32 12 12
8 18 16 32 32 256 1 10 11 3 50 50 3 3
10 12 6 50 50 18 2 10 14 8 50 50 8 8
10 15 5 50 50 1 25 10 15 11 50 50 121 1
10 16 12 50 50 48 3 10 17 9 50 50 3 27
10 18 14 50 50 28 7 10 19 15 50 50 25 9
10 20 10 50 50 2 50 / / / / / / /

Table 2: Integral graphsS4(m; n; p;q).

Proof. By using (4), (4.1) and (4.2) of Theorem3.2, this theoremand (1), (2) of Theorem
4.5 are shown similarly to Theorem4.2.

(3) Becausem = n = 2, p = q, we have by (4.3) of Theorem3.2,
P(S4(2; 2; p;p); x) = x4p(x + p + 2)(x + p)(x + 2)p(x � 2)p(x � p)(x � p � 2);

wherep is a positive integer. Hence,the graph S4(2; 2; p;p) is integral.
(4)-(7) When m = n, by Theorem4.5, the graph S4(m; n; p; q) is integral if and only if

2n and pq(= c2) areperfectsquares,and x4 � (2m+ 2n+ 4q+ pq)x2+ 4mn+ 8mq+ 2npq=
(x2 � 2n)[x2 � (2n + 4q+ pq)] can be factorizedas(x2 � a2)(x2 � b2), wherem = n (� 1),
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a b c m n p q a b c m n p q
4 6 4 2 14 16 1 4 8 6 2 12 9 4
4 16 6 2 44 1 36 6 10 8 2 26 16 4
6 14 8 2 50 4 16 6 14 8 50 2 4 16
6 16 6 2 114 6 6 6 18 8 2 82 2 32
6 22 12 162 2 12 12 7 24 15 162 8 15 15
8 12 10 2 44 25 4 8 12 8 8 56 16 4
8 12 6 18 60 9 4 8 12 6 50 28 9 4
8 14 8 2 92 32 2 8 14 12 8 38 24 6
8 16 12 8 48 9 16 8 18 8 2 152 16 4
8 18 8 128 26 16 4 9 12 9 18 48 27 3
10 14 12 2 66 36 4 10 16 12 2 86 16 9
10 16 12 32 56 16 9 10 20 12 32 74 4 36
10 30 24 18 66 9 64 / / / / / / /

Table 3: Integral graphsS4(m; n; p;q).

a b c m n p q a b c m n p q
1 4 3 2 0 9 1 2 8 6 8 0 9 4
2 28 24 98 0 144 4 3 12 9 18 0 9 9
4 16 12 32 0 9 1 4 21 15 98 0 25 9
5 20 15 50 0 9 25 6 20 12 0 50 3 48
6 24 18 72 0 9 36 7 28 21 98 0 9 49
8 30 24 0 50 8 72 8 32 24 128 0 9 64
9 36 27 162 0 9 81 10 40 30 200 0 9 100

Table 4: Integral graphsS4(m; n; p;q).

p (� 1), q (� 1), a , b and c are integers. Without lossof generality, assumethat a2 = 2n,
b2 = 2n + 4q+ pq. Hence,the graph S4(m; n; p;q) is integral if and only if the equations

8
<

:

a2 = 2n;
b2 = 2n + 4q+ pq;
pq= c2:

(21)

have only integral roots. We distinguish betweenthe following four cases:
Case 1. Supposethat m = n = 2l2r 2, q = pk2r 2, a = 2lr , b = b1r , c = pkr , where l

(� 1), r (� 1), b1 and k(� 1) are integers. By Eqs.(21), we get the Diophantine equation
(17). From Theorem4.5, we seethat (4) of Theorem4.5 is true.

Case 2. Supposethat m = n = 2l2r 2, p = qk2r 2, a = 2lr , b = b1r , c = qkr , where l
(� 1), r (� 1), b1 and k(� 1) are integers. By Eqs.(21), we get the Diophantine equation
(18). From Theorem4.5, the result in (5) follows.

Case 3. Suppose that m = n = 2l2r 2, p = p2
1, a = 2lr , b = b1r , c = p1q1r and

q = q2
1r 2, wherel (� 1), r (� 1), b1, p1(� 1) and q1(� 1) are integers. Eqs.(21)yields the
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Diophantine equation (19), which provesTheorem4.5 (6).
Case 4. Supposethat m = n = 2l2, q = p, a = 2l and c = p, wherel (� 1) and p(� 1)

are integers. Eqs.(21) leadsto the Diophantine equation (20). This shows Theorem 4.5
(7).

The results in (8)-(11) can be shown similarly to (3) by using Theorem3.2 (4).

Remark 4.6. For the Diophantine equations (17)-(19) and (20), all positive integral
solutions can be found from Lemmas2.2-2.8 and Lemma 2.9, respectively. This shows
that there are in�nitely many integral graphsS4(m; n; p; q).

Theorem 4.7. The graph S5(m; n) (m � n) is integral if and only if one of the following
holds:

(1) m = n = 1
2k(k + 1), where k (� 0) is an integer.

(2) m = 0, n = 2k(k + 1), where k (� 0) is an integer.

(3) m < n, let(m; n) = d, 2d is a positive integer but not a perfect square, and m, n are
given by

m = 2d(
yk � yl

2
)2; n = 2d(

yk + yl

2
)2; k > l > 0;

where yk ; yl are odd or even,yk ; yl 2 f yn jy0 = 0; y1 = b1; yn+2 = 2a1yn+1 � yn ; (n � 0)g,
and a1 + b1

p
2d is the fundamentalsolution of the Diophantine equation

x2 � 2dy2 = 1: (22)

Examplesare presented in Table5. (Table5 is obtained by computer search, where a
and b are thoseof Eqs.(23), 1 � a � 155, a � b � a + 80 and 1 � m < n.)

a b m n a b m n a b m n
7 10 25 49 22 27 243 363 41 58 841 1681
76 85 2890 3610 115 126 6615 7935 / / / /

Table 5: Integral graphsS5(m; n).

Proof. (1)-(2) As in the proof of Theorem 4.3 (1), the results follow by using (5.1) and
(5.2) of Theorem3.2.

(3) By Theorem Theorem 3.2 (5), the necessaryand su�cien t condition for S5(m; n)
to be an integral graph is that there are positive integersa and b such that

�
a2 + b2 = 2m + 2n + 1;

a2b2 = 4mn:
(23)
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Let (m; n) = d, 1 � m < n. By (23), we �nd

m = dm2
1; n = dn2

1; ab= 2dm1n1; (24)

wherem1 and n1 are positive integers,and (m1; n1) = 1. By (23) and (24), we obtain

(a + b)2 � 2d(m1 + n1)2 = 1: (25)

We discussthe following two cases.
Case 1. If 2d is a perfectsquare,clearly, the Diophantine equation(25) hasno integral

solutions. Then the graph S5(m; n) is not an integral graph.
Case 2. If 2d is a positive integer but not a perfect square. Then Eq.(25) is a Pell

equation. Let " 1 = a1 + b1

p
2d be the fundamental solution of Eq.(22). From (25), we

deducethat

a + b=
" k + " k

2
; m1 + n1 =

" k � "k

2
p

2d
; k > 0; (26)

where" = a1 � b1

p
2d and "" = 1 (seeLemma 2.5).

By using (26) and ab= 2dm1n1 (see(24)), we get

(2b�
" k + " k

2
)2 � 2d(2n1 �

" k � " k

2
p

2d
)2 = 1:

Thus, we have 2b=
" k + "k

2
+

" l + " l

2
; 2n1 =

" k � "k

2
p

2d
+

" l � " l

2
p

2d
; l > 0:

Hence, m1 = (
" k � "k

2
p

2d
�

" l � " l

2
p

2d
)=2; n1 = (

" k � " k

2
p

2d
+

" l � " l

2
p

2d
)=2; k > l > 0:

Let yn =
"n � "n

2
p

2d
; n = 0; 1; 2; : : : :

Then we get the Pell sequence(see[3])

y0 = 0; y1 = b1; yn+2 = 2a1yn+1 � yn ; (n � 0):

Hence,all integral graphsS5(m; n) (where 1 � m < n) are given by

m = 2d(
yk � yl

2
)2; n = 2d(

yk + yl

2
)2; k > l > 0:

The proof is now complete.

In a similar way the next results can be derived by using Theorem3.2 (6).

Theorem 4.8. The graph S6(m; n; t) is integral if and only if there exist nonnegative
integers a and b such that x4 � (2m + 2n + t + 2)x2 + 2n(2m + 1) + 2t(m + 1) can be
factorized as (x2 � a2)(x2 � b2), and one of the following two conditions holds: (i) t is a
perfect square, (ii) n = 1, where m (� 0), n (� 1), t (� 0) or m (� 0), n = t = 0.

In particular, we havethe following resultsfor the graph S6(m; n; t).
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(1) For n = t = 0 the graph S6(m; 0; 0) = K 2;m+1 [ K 1 is integral if and only if m =
2k2 � 1, where k is a positive integer.

(2) For m = 0, t = 1 the graph S6(0; n; 1) is integral if and only if n = 2k2 � 1, where
k is a positive integer.

(3) For t = 0, let (2m + 1; 2n) = d. We havethe following results.

(i) If d is a perfect square, then S6(m; n; 0) is not an integral graph.

(ii) If d is a positive integer but not a perfect square, then all integral graphs
S6(m; n; 0) (where 1 � m < n) are given via

2m + 1 = d(
yk � yl

2
)2; 2n = d(

yk + yl

2
)2; k > l > 0;

where yk ; yl are odd or even,yk ; yl 2 f yn jy0 = 0; y1 = b1; yn+2 = 2a1yn+1 � yn ; (n �
0)g, and a1 + b1

p
d is the fundamentalsolution of the Pell equation (2).

(Examplesare presented in Table 6. The �rst solution in Table 6 is obtained by
computer search, where a and b are thoseof Theorem 4.8, 0 � a � 100, a � b �
a + 30 and m� 0, n � 0.)

(4) For n = 1, let a, b, m, n, t be as in Theorem 4.8, and a = 1, b = 2, m = 0 and
n = t = 1. Then the graph S6(0; 1; 1) is integral. (This solution is obtained by
computer search, where 0 � a � 25, a � b � a + 20, m � 0, t � 0.)

(5) For m = n � 1, t = 1 the graphS6(n � 1; n; 1) is integral if and only if n = 1
2k(k + 1),

where k is a positive integer.

(6) For m = n + 1, t = 1 the graph S6(n + 1; n; 1) is integral if and only if n =
1
2k(k + 1) � 1, where k is a positive integer.

(7) For m = n + 1, t = 9, then the graph S6(n + 1; n; 9) is integral if and only if
n = 1

2k(k + 1) � 3, where k (� 2) is a positive integer.

(8) Let a, b, m, n and t be as in Theorem 4.8, and given in Table 7, then the graph
S6(m; n; t) is integral. (Table 7 is obtained by computer search, where 1 � a � 8,
a � b � a+ 20). (Note that m, n, t are di�er ent from thosein Theorem 4.8(1)-(7).)

a b m n t a b m n t
12 14 73 96 0 2520 2522 3175537 3179904 0

Table 6: Integral graphsS6(m; n; t), where1 � m < n, t = 0.
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a b m n t a b m n t a b m n t
3 6 4 13 9 3 8 4 27 9 3 10 4 45 9
3 12 4 67 9 3 14 4 93 9 3 16 4 123 9
3 18 4 157 9 3 20 4 195 9 3 22 4 237 9
4 5 11 4 9 5 6 12 5 25 5 6 16 9 9
5 8 12 19 25 5 10 12 37 25 5 12 12 59 25
5 14 12 85 25 5 16 12 115 25 5 18 12 149 25
5 20 12 187 25 5 22 12 229 25 5 24 12 275 25
6 7 18 11 25 6 7 22 15 9 6 7 23 6 25
7 8 24 7 49 7 8 25 18 25 7 8 29 22 9
7 8 30 13 25 7 10 24 25 49 7 12 24 47 49
7 14 24 73 49 7 16 24 103 49 7 18 24 137 49
7 20 24 175 49 7 22 24 217 49 7 24 24 263 49
7 26 24 313 49 8 9 32 15 49 8 9 33 26 25
8 9 37 30 9 8 9 38 21 25 8 9 39 8 49
8 11 32 55 9 8 11 59 28 9 / / / / /

Table 7: Integral graphsS6(m; n; t).

Proof. For (3), by Theorem3.2(6.3), the necessaryand su�cien t condition for S6(m; n; 0)
to be an integral graph is that there are positive integersa and b satisfying

�
a2 + b2 = 2m + 2n + 2;

a2b2 = 2n(2m + 1):
(27)

Let (2m + 1; 2n) = d. By (27) we have

2m + 1 = dm2
1; 2n = dn2

1; ab= dm1n1; (28)

wherem1 and n1 are positive integers,and (m1; n1) = 1. By using (27) and (28), we get

(a + b)2 � d(m1 + n1)2 = 1: (29)

Clearly, if d is a perfect square,then the Diophantine equation (29) has no integral
solutions.

Let d be a positive integer but not a perfect square.Then Eq.(29) is a Pell equation.
Let " = a1 + b1

p
d be the fundamental solution of Eq.(2). By (29), we deduceas before

that

a + b=
" k + " k

2
; m1 + n1 =

" k � "k

2
p

d
; k > 0; (30)

where" = a1 � b1

p
d and "" = 1:

In view of (30) and ab= 2dm1n1 (see(28)), we get

(2b�
" k + "k

2
)2 � d(2n1 �

" k � " k

2
p

d
)2 = 1:
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Thus, we have

2b=
" k + "k

2
+

" l + " l

2
; 2n1 =

" k � "k

2
p

d
+

" l � " l

2
p

d
; l > 0:

Hence,

m1 = (
" k � " k

2
p

d
�

" l � " l

2
p

d
)=2; n1 = (

" k � " k

2
p

d
+

" l � " l

2
p

d
)=2; k > l > 0:

Letting

yn =
"n � "n

2
p

d
; n = 0; 1; 2; � � � ;

we obtain the Pell sequence(see[3])

y0 = 0; y1 = b1; yn+2 = 2a1yn+1 � yn ; (n � 0):

Hence,all integral graphsS6(m; n; 0) (where 1 � m < n) are given via

2m + 1 = d(
yk � yl

2
)2; 2n = d(

yk + yl

2
)2; k > l > 0;

wherem and n are positive integers.
The results in (1)-(2) and (4)-(8) canbe proved similarly to Theorem4.2by using (6),

(6.1)-(6.7) of Theorem3.2.

For S6(m; n; t), when t = 0, 1 � m < n, we have obtained all integral graphs
S6(m; n; 0). However, when t = 0, 1 � n < m, we have not found any such integral
graph. So we raise the following question.

Question 4.9. Are there integral graphs S6(m; n; 0) with 1 � n < m? Can we give a
su�cient and necessarycondition for S6(m; n; 0) (1 � n < m) to be an integral graph?

With similar arguments asbeforethe following resultsare obtained by usingTheorem
3.2 (7).

Theorem 4.10. The graph S8(m; n) (m � 0, n � 0) is integral if and only if there exist
nonnegative integersa, b, c and d suchthat x4 � 4x3 � (m + n � 5)x2 + (2m + 2n � 2)x +
mn � m � n and x4 + 4x3 � (m + n � 5)x2 � (2m + 2n � 2)x + mn � m � n can be factorized
as (x + a)(x � b)(x + c)(x � d) and (x � a)(x + b)(x � c)(x + d), respectively, where m and
n are nonnegative integers.

In particular, we havethe following resultsfor the graph S8(m; n).

(1) For m = 0 the graphS8(0; n) = S8(n; 0) is integral if and only if n = k(k + 2), where
k is a nonnegative integer.

(2) For m = n the graph S8(n; n) is integral if and only if n = k(k + 1), where k is a
nonnegative integer.
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a b c d m n a b c d m n
6 8 9 11 50 98 11 13 13 15 147 192
21 23 26 28 486 726 40 42 57 59 1682 3362
44 46 51 53 2028 2700 47 49 50 52 2312 2592
75 77 84 86 5780 7220 / / / / / /

Table 8: Integral graphsS8(m; n) = S8(n; m).

(3) For m < n, let a, b, c, d, m, n, t be as in Theorem 4.10, and given in Table8, then
the graph S8(m; n) = S8(n; m) is integral.(Table8 is obtained by computer search,
where 0 � a � 100, 0 � b � a+ 30, a � c � a+ 30, b � d � b+ 30 and 0 � m < n.)

The next statements are derived from Theorem3.2 (8) -(11).

Theorem 4.11. The graph S9(m; n; p;q) (m; n; p;q � 1) is integral if and only if there
exist positive integersa, b and c suchthat x6 � (2m + n + 2p+ q+ nq + 1)x4 + (m + n +
mn + p+ 4mp+ 2np + q+ 2mq+ 2nq+ 2mnq + pq+ 2npq)x2 � (mp+ np + 2mnp + mq+
nq + 2mnq + 2mpq+ 2npq+ 4mpq) can be factorized as (x2 � a2)(x2 � b2)(x2 � c2).

In particular, we havethe following resultsfor the graph S9(m; n; p;q).

(1) If m = n = p = q, then the graph S9(n; n; n; n) is integral if and only if n = 2k2,
where k is a positive integer.

(2) If m, n, p, q are not as in (1), and a, b, c, m, n, p, q are as in Theorem 4.11, and
given in Table9 , then the graph S9(m; n; p;q) = S9(p;q; m; n) is integral.(Table9
is obtained by computer search, where 1 � a � 7, a � b � a + 5, b � c � b+ 5, and
m, n, p, q are not as in (1).)

a b c m n p q a b c m n p q
3 4 5 8 1 8 8 6 10 12 51 3 21 33

Table 9: Integral graph S9(m; n; p;q) = S9(p;q; m; n).

Theorem 4.12. The graph S10(n) is integral if and only if n = k(k + 2), where k (� 0)
is an integer.

Theorem 4.13.

(1) For m � 1, n � 1 the graph S13(m; n) is integral if and only if (i) m = k(k + 1)
and m(n + 1) = l(l + 1), where k and l are positive integers, or (ii) n = 1, and
m = 1

2k(k + 1), where k is a positive integer.

(2) For m = n = k(k + 1), k is a positive integer, then the graph S13(n; n) is integral.
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Theorem 4.14. The graph S17(m; n; p;q) is integral if and only if there exist positive
integersa, b and c suchthat x6 � (2m + 2n + p+ q+ pq+ 1)x4 + [m(2+ 4n + 2p+ q+ pq) +
n + p+ np + 2nq+ 2pq+ 2npq+ pq2]x2 � [2m(n + p+ np + nq+ pq+ npq) + 2npq(q+ 1)]
can be factorized as (x2 � a2)(x2 � b2)(x2 � c2), and one of the following two conditions
holds: (i) 2m is a perfect square, (ii) q = 1, where m, n, p, q are positive integers.

In particular, we havethe following resultsfor the graph S17(m; n; p;q).

(1) If m = n, then the graph S17(n; n; p;q) is integral if and only if n = 2k2, and there
exist nonnegativeintegersa and b suchthat x4 � [2n+ (p+ 1)(q+ 1)]x2+ (q+ 1)[n(p+
1)+ p(q+ 1)] can be factorized as (x2 � a2)(x2 � b2), where n, p, q and k are positive
integers.

(2) If m = n = p = q, then the graph S17(n; n; n; n) is integral if and only if n = 2k2,
where k is a positive integer.

(3) If m = n, p = 1, then the graph S17(n; n; 1; q) is integral if and only if n = 2r 2s2h2,
q = (r 2 � s2)2h2 � 1, where (r; s) = 1; r > s, 2 - r + s, and n, q, r , s, h are positive
integers.

(4) If m = n = 2k2l2, p = 2l2 and q = k2(2l2 + 1) � 1, then the graph S17(n; n; p;q) is
integral.

(5) For m = n, let a, b, m, n, p and q be as in (1), and not as in (2)-(4), and given by
Table10. Then the graphS17(n; n; p;q) is integral.(Table10 is obtained by computer
search, where 1 � a � 40, a � b � a+ 20, and m, n, p and q are not as in (2)-(4).)

(6) If m 6= n, p = m, q = n, then the graphS17(m; n; m; n) is integral if and only if there
exist nonnegativeintegersa and b suchthat x4 � (2m + 2n + mn + 1)x2 + 2m(n + 1)2

can be factorized as (x2 � a2)(x2 � b2), and oneof the following two conditions holds:
(i) 2m and n + m are perfect squares, (ii) n = 1, m + 1 is a perfect square, where
m and n are positive integers.

(7) If m = p = 2, q = n, then the graphS17(2; n; 2; n) is integral if and only if n = l2 � 2
and2n+ 2 = k(k+ 1), where n, l and k are positive integers. (Examplesare presented
in Table11. Table11 is obtained by computer search, where 1 � k � 10000.)

(8) For m 6= n, let a, b, c, m, n, p, q be as in Theorem 4.14, and given in Table 12.
Then the graph S17(m; n; p;q) is integral.(Table12 is obtained by computer search,
where 1 � a � 13, a � b � a + 5, b � c � b+ 10, and m 6= n.)

a b m n p q a b m n p q
8 18 50 50 11 23 14 34 288 288 193 3
16 36 200 200 11 95 / / / / / /

Table 10: Integral graph S17(n; n; p;q).
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n l k n l k n l k
2 2 2 14 4 5 119 11 15

527 23 32 4094 64 90 17954 134 189
139127 373 527 609959 781 1104 4726274 2174 3074

20720702 4552 6437 / / / / / /

Table 11: Integral graphsS17(2; n; 2; n).

a b c m n p q a b c m n p q
4 5 6 2 14 2 14 5 5 6 2 16 1 24
7 9 10 18 48 1 48 9 10 11 18 52 1 80
11 11 12 8 64 1 120 11 14 15 50 100 1 120
11 15 16 2 119 2 119 13 14 15 18 108 1 168
13 15 16 32 124 1 168 / / / / / / /

Table 12: Integral graphsS17(m; n; p;q).

Proof. (i) Similar to the proof of Theorem 4.2, this theorem and the statements in (1),
(2), (4)-(8) are proven by Theorem3.2 (11), (11.1)-(11.5).

(ii) Next we shall prove (3). By (11.3) of Theorem 3.2, the graph S17(n; n; 1; q) is
integral if and only if 2n, q+ 1 and 2n+ q+ 1 areperfect squares.Assumethat n = 2k2h2,
q+ 1 = l2h2 and 2n + q+ 1 = t2h2, wherek, l , t, h are positive integers,and (l; 2k) = 1.
Then we get

l2 + (2k)2 = t2:

Lemma 2.11 yields l = r 2 � s2, 2k = 2rs, t = r 2 + s2, n = 2r 2s2h2, q = (r 2 � s2)2h2 � 1,
where(r; s) = 1; r > s > 0, 2 - r + s, and n, q, r , s, h are positive integers.

By (7) of Theorem 4.14,we seethat the graph S17(2; n; 2; n) is integral if and only if
n = l2 � 2 and 2l2 � 2 = k(k + 1), wheren, l and k are positive integers. Hence,we raise
the following question.

Question 4.15. What are all positive integral solutionsof the Diophantine equation 2l 2 �
2 = k(k + 1)?

We �nally list the results obtained from Theorem3.2 (12)-(15).

Theorem 4.16. The graph S18(n; p;q; t) is integral if and only if there exist nonnegative
integersa, b, c, d, e and f suchthat x6� 4x5� (2n+ p+ q+ t� 6)x4+ (6n+ 2p+ 2q+ 4t� 4)x3�
(6n+ p� np+ q� nq� pq+ 6t � pt� qt � 1)x2+ (2n� np� nq+ 4t � 2pt� 2qt)x � t(p� 1)(q� 1)
can be factorized as (x + a)(x + b)(x + c)(x � d)(x � e)(x � f ), and one of the following
two conditions holds: (i) t is a perfect square, (ii) n = 1, where n � 1, p, q and t are
nonnegative integers.

In particular, we havethe following resultsfor the graph S18(n; p;q; t).
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(1) For p = q the graph S18(n; p;p; t) is integral if and only if there exist nonnegative
integersa, b, c and d suchthat x4 � 2x3 � (p+ t + 2n � 1)x2 + 2(n + t)x + t(p� 1) can
be factorized as (x + a)(x � b)(x + c)(x � d), and one of the following two conditions
holds: (i) p and t are perfect squares, (ii) n = 1, and p is a perfect square, where n
is a positive integer, and p, t are nonnegative integers.

(2) For p = q = t = 1 the graphS18(n; 1; 1; 1) is integral if and only if n = 1
2k(k + 1)� 1,

where k (� 2) is a positive integer.

(3) For p = q = t = 0 the graph S18(n; 0; 0; 0) = S5(n; n) is integral if and only if
n = 1

2k(k + 1), where k is a positive integer.

(4) For n = 2t, p = q = t = k2 the graph S18(2k2; k2; k2; k2) is integral if and only if k
is a positive integer satisfying the Pell equation

l2 � 8k2 = 1: (31)

Proof. Similar to the proof of Theorem4.2,we easilycheck the correctnessof this theorem
and the results in (1), (2) and (3) by using Theorem3.2 (12).

Next we prove (4). By Theorem 3.2 (12.4), we seethat the graph S18(2k2; k2; k2; k2)
is integral if and only if there are positive integersk, r and s such that

�
k(k � 1) = r (r + 2k + 1);
k(k + 1) = s(s + 2k � 1):

(32)

This relation yields

(2k + r + s)(s � r � 1) = 0 and s2 + (2k � 1)s � k(k + 1) = 0:

Then s = r + 1, and s = � (2k� 1)�
p

8k2+1
2 :

Hence,s is a positive integer if and only if 8k2 + 1 is a perfect square.Let 8k2 + 1 = l2,
then k is a positive integersatisfying the Pell equation(31). All positive integral solutions
of (31) are given by

l + k
p

8 = un + vn

p
8 = (3 +

p
8)n ;

wheren = 1; 2; � � � :
Thus, the proof is complete.

Theorem 4.17. The graph S19(m; n; p; t) is integral if and only if (x2 � t)n(m� 1) [x4 �
(m + t + p+ 1)x2 + m + t + pt]n� 1f x6 � (m + n + mn + p+ np + t + 1)x4 + [m + n + mn +
mn2 � 2np + 2mnp + mn2p + np2 + t(1 + n + p + np)]x2 � n(p � 1)2(mn + t)g = 0 has
only integral roots, where m (� 1), n (� 1), p (� 1), t (� 0) are integers.

In particular, we havethe following resultsfor the graph S19(m; n; p; t).

(1) If p = 1, then the graph S19(m; n; 1; t) is integral if and only if (x2 � t)n(m� 1) [x4 �
(m + t + 2)x2 + m + 2t]n� 1[x4 � (m + 2n + mn + t + 2)x2 + (n + 1)(m + 2mn + 2t)] = 0
hasonly integral roots, where m(� 1), n (� 1) and t (� 0) are integers.
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(2) If m = 2, p = t = 1, then the graph S19(2; n; 1; 1) is integral if and only if n =
1
2k(k + 1) � 1, where k (� 2) is a positive integer.

Theorem 4.18. The graph S20(n; p;q) is integral if and only if (i) n = k(k + 1) and
pq= (l + k + 1)(l � k), or (ii) p = 1, n = r and q = s(s + 1) � r � 1, where n, p, q, l , k,
r and s are positive integers, and l > k.

Corollary 4.19. If the graphS20(k(k+ 1); p;q) is integral, then the graphS20(k(k+ 1); q; p)
is integral too.

Theorem 4.20. The graph S21(m; t) is integral if and only if (i) t = k(k + 1) and
m = (l + k + 1)(l � k), or (ii) m = 1 and t = r (r + 1) � 1, where m (� 1), t (� 0) , l
(� 1) , k (� 0) and r (� 1) are integers,and l > k.

5 Further discussion

In the present paper, we have mainly investigated the 15 nonregular bipartite integral
graphs S1, S2, S3, S4, S5, S6, S8, S9, S10, S13, S17, S18, S19, S20 and Figure 5 (i.e. S21)
of [2]. Fifteen classesof larger integral graphswere constructedbasedon the structures
of these integral graphs. These classesare connectednonregular and bipartite graphs
except for several disconnectedgraphs for which one or several of the parametersare
zero. However, we have not found appropriate methods to construct new integral graphs
from the graphs S7, S11, S12, S14, S15, S16 of [2] or Theorem 3.1. Thus, we raise the
following question.

Question 5.1. Can we construct new integral graphsfrom the graphsS7, S11, S12, S14,
S15, S16 of [2] or Theorem 3.1?

Although we obtained �fteen new classesof integral graphsfrom the graphsS1 � S6,
S8 � S10, S13, S17 � S21 in Theorem3.1 or [2], we think that other methods can be found
to construct new integral graphs. For example,let K t

n be obtained by joining t new end
verticesto each vertex of K n , then the graph K n(n+1)

n(n+1) is integral (see[10]). We note that
the graph K t

n can be constructedfrom S1 = K 1;4. Hence,we raisethe following question.

Question 5.2. How to construct new integral graphsfrom the graphsS1, S2, S3, S4, S5,
S6, S8, S9, S10, S13, S17, S18, S19, S20, S21 in Theorem 3.1 or [2]?

For the graphs S1(t) = K 1;t , S2(n; t), S3(m; n; t), S5(m; n), S10(n), S13(m; n), S20(n;
p; q), S21(m; t), in fact, we have given a necessaryand su�cien t integrality condition.
However, it is very di�cult to �nd all integral graphsof the typeS4(m; n; p;q), S6(m; n; t),
S8(m; n), S9(m; n; p;q), S17(m; n; p;q), S18(n; p;q; t), S19(m; n; p; t). Hence,we cometo

Question 5.3. Can we give a better necessaryand su�cient condition for the above 7
classesof graphsto be integral?
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Note that in connectionwith Question5.3, in the present paper, we found someresults
for the above 7 classesof graphsby computer search and number theory. It was proved
that the problem of �nding such integral graphs is equivalent to the problem of solving
someDiophantine equations. Finally we ask

Question 5.4. What are all positive integral solutions for theseDiophantine equations,
for examplefor the Diophantine equations (13)-(20), (23), and so on?
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