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Abstract

A graph is called integral if all its eigervalues (of the adjacency matrix) are
integers. In this paper, the graphs Si(t) = K1, Sz(n;t), Ss(m; n; t), Sa(m;n; p;q),
Ss(m; n), Se(m;n;t), Sg(m;n), Se(m;n;p;d), Sio(n), Siz(m;n), Siz(m;n;p;q),
S18(N; p;q;t), S19(M; n; p;t), Soo(Nn; p;g) and Sy1(m;t) are de ned. We construct the
fteen classesof larger graphs from the known 15 smaller integral graphs S;  Se,
Sg  Si10, S13, S17 Sp1 (seealso Figures 4 and 5, Balinska and Simic, Discrete
Math. 236(2001) 13-24). These classesconsist of honregular and bipartite graphs.
Their spectra and characteristic polynomials are obtained from matrix theory. We
obtain their integral property by using number theory and computer seard. All
theseclassesarein nite. They aredi erent from thosein the literature. It is proved
that the problem of nding sud integral graphsis equivalent to solving Diophantine
equations. We beliewve that it is useful for constructing other integral graphs. The
discovery of these integral graphs is a new cortribution to the seard of integral
graphs. Finally, we proposese\eral open problems for further study.

1 Intro duction

E(G). The adjacencymatrix A = A(G) = [g;] of Gisann n symmetric matrix of O's
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and 1's with a; = 1if and only if v; and v; are joined by an edge. The characteristic
polynomial of G is the polynomial P(G) = P(G;x) = det(xl, A), whereand in the
sequell, always denotesthe n  n identity matrix. The spectrum of A(G) is alsocalled
the spectrum of G and denotedby SpedG) ([5]).

A graph G is calledintegral if all eigervaluesof the characteristic polynomial P (G; x)
of G are integers. The researt on integral graphswas initiated by Harary and Sdwenk
[7]. In general,the problem of characterizing integral graphs seemsto be very di cult.
Thus, it makessenseto restrict our investigationsto someinteresting families of graphs.
Sofar, there are many results for someparticular classesof integral graphs[1]. For all
other facts or terminology on graph spectra, see[5].

In [9] we successfullyconstructedintegral treesof diameters4 and 6 by identifying the
certers of two trees. In [10, 11]weinvestigatedthe structuresof someclasse®f graphsand
deducetheir characteristic polynomialsby spectral graph theory. Integral graphsin these
classeswere given by using number theory and computer seard. In this paper, a new
method of constructing fteen in nite classef integral graphsis preserted. In getting
the resultswe proceedasfollows: rstly , we give the construction of the (in nite) families
of new graphs from the 15 nite classesof integral graphs idertied by Balinska and
Simic [2], then calculate their characteristic polynomials (Theorem 3.2) by using matrix
theory, and then, by making useof number theory (Diophantine equations)and computer
seard, we obtain fteen in nite classesf integral graphsin theseclasses.Theseclasses
are connectednonregularand bipartite graphsexceptfor seweral disconnectedgraphsfor
which oneor se\eral of their parametersare taken zero. Finally, we proposese\eral open
problemsfor further study.

2 Some facts in matrix theory and number theory

In this section, we shall give a useful property of matrices and somefacts in number
theory.
First of all, we give the following notations. All other notations and terminology on
matrices can be found in [6].
(1) R denotesthe set of real numbers.
(2) R™ " denotesthe setof m n matriceswhoseertries arein R.
(3) AT denotesthe transposeof the matrix A.
(4) I » and 0, , denotesthe m n all 1 and all 0 matrix, respectively.

Lemma 2.1. ([6], pagel181l) Let A = 20 21 , Wwhee Ay 2 R" ", k= 0;1. Then the
1 0

eigenvaluef A are thoseof Ay + A; togetherwith thoseof A  A;.

Secondly we shall give somefacts in nhumber theory. All other notations and termi-
nology on number theory can be found in [4, 8].
Let d be a positive integer but not a perfectsquare,let m 6 0 be an integer. We shall
study the Diophantine equation
x2  dy?= m: (1)
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: . : P—. :
If X1, y1 is a solytion of (1), for corveniencethen x; + y; d is alsocalled a solution
of Eq.(1). Let s+ t d be any solution of the Pell equation

x2 dy?= 1 (2)

Clearly, (x;+ ylp a)(ﬁt tp d) = xiS+ ytd+ (yis+ xlt)IO disalsoa sofition of Eq.(1); This
solution and x; + y; d are called assiate. If two sgu_tionsxl +y dandxp+y, dof
Eq.(1) are asswiate, then we denotethem by x; +y; d X,+ Yy, d. It iseasyto verify
that the assiate relation is an equivalencerelation. Hence,if Eq.(1) has solutions,
then all the solutionscan be classi ed by the assaiate relation. Any two solutionsin the
sameassaiate classare assaiate ead other, any two solutionsnot in the sameclassare
not assaiate.
The following Lemmas2.2, 2.3, 2.4 and 2.5 can be found in [4].

Leinma 2.2. A necessaryand su cient condition for two solutions x; + ylp d and x, +
y», dof Eq.(l) (m xed) to be in the sameassaeiate classK is that

X1Xz dyiy.  O(modmj) and yiX, Xiy> O(modimj):

Lty + ylp d bepny solution gf Eq.(1). By Lemma2.2, we seethat  (xy + ylp d)
Xa+y: d (X1 y1 d x; y; d. LetK andK%betwo asscﬁiate classeof solutions
of Eqg. (1) sudh that for any solutionx+y d2 K, it followsx y d2 K° Then alsothe
corverseis true. Hence,K and K ®are called conjugateclasses If K = K © then this class
is called an ambiguousclass Let up+ Vo d be the fundamentalsolution of the assiate
classK, i.e. Vg is positive and has the smallestvalue in the classK . If the classK is
ambiguous,we can assumethat ug O:

. . p—
Lemma 2.3. Let K be any assaiate classof solutions of Eq_.(l), andletug+ vy dbethe
fundamentalsolution of the ass@iate classK . Let xo+ yo d be the fundamentalsolution
of the Pell equation (2). Then

8

< pLT_. im0
0 v, . B 3)
: oM - jfm< Q.
2(xo 1)
8qg__
< Lxe+ Dm; if m> 0,
0 juoj q 2 )

T(xo 1)( m); if m<oO.

Lemma 2.4.

(1) Let d be a positive integer but not a perfect squae, m 6 0, and let m be an integer.
Then there are only nitely many assaiate classedor Eq.(1), and the fundamental
solutions of all theseclassescan be found from (3) and (4) by a nite procedure.
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(2) Let K be an assaiate classof solutions of Eq. (1), and let ug + vop d be the fun-
damental solution of the assaiate classK . Then all solutions of the classK are
given by p_ p_ p_

X+y d= (up+ vy d)(Xo+ Yo d)";

wheee n is an integer, and xo + yo d is the fundamentalsolution of Eq.(2).

(3) If up and vy satisfy (3) and (4) but are not solutions of Eq.(1), then there is no
solution for Eq.(1).

Lemma 2.5. Letd (> 1) be a positive integer that is not a perfect squae. Then there
exist solutions for the Pell equation (2), and all the positive integral solutions Xxy;Yyx of
Eq.(2) are given by p_
X+ Yo d="% k=1;2:; (5)
where " = Xgo+ yop d is the fundamentalsolution of Eq.(2). Put * = X yop d. Thenwe

have"* = 1 and
nk + kK nk uk

; = —; k=12:::: 6
z T ©

The following Lemmas2.6, 2.9, 2.11and Lemmas2.7, 2.8 can be found in [8] and [4],
respectively.

Xk =

Lemma 2.6. Let u;v be the fundamentalsolution of Eq.(2), where d(> 1) is a positive
integer but not a perfect squae. Then the Pell equation

x? dy’= 1 (7)
has solutionsif and only if there exist positive integer solutionss and t for the equations
P+ dt?=u; 2st=v;

suchthat moreover s and t are the fundamental solution of Eq.(7).
. . P
Lemma 2.7. Supmsethe Pell equation (7) is solvable.Let = Xo+ Yo d be the fun-

damental solution of Eq.(7), where d(> 1) is a positive integer but not a perfect squae.
Then the following holds.

(1) All positive integral solutions xy; yx of Eq.(7) are given by

xk+ykpa: k. k=1,35:::: (8)
(2) All positive integral solutionsxy; yx of EQ. (2) are givenbyrelation (8), k = 2;4;::::
(3) Let ~ = Xg yop d, then —= 1, and the solutions x,, Yx in (1) and (2) can be
given by
k 4 —k kK —k
Xk = > ; yk——zpa—, k=12:::: (9)
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Lemma 2.8.

(1) If there is a solution for Eqg.(1), whee m 6 0 is integer and d(> 1) is a positive
integer but not a perfect squae, then Eq.(1) hasin nitely many solutions.

(2) Let x1;y: be the fundamental solution of the Diophantine equation
X2 dy?= 4 (10)

where d(> 1) is a positive integer but not a perfect squae. Then all positive integral
solutions xi; yx of Eq.(10) are given by

Xk+ykpa X1+Y1pa

_ K. R P
: = ( 5 o k= L2 (11)

In the following symbol (a;b) = d denotesthe greatestcommondivisor d of integers
a, b, while ajb (a - b) meansthat a divides b (a doesnot divide b) .

Lemma 2.9. Let m be a positive integer. If 2-m or 4jm, then there exist positive integral
solutionsfor the Diophantine equation

X2 y?=m: (12)

Remark 2.10. We can give a methal for nding the solutions of Eq.(12). Supmsethat
m = mym,. Letx y= mg, X+ Yy = m,and2j(m;+ m;). Then the solutions of Eq.
(12) can be found easily (see [8]).

Lemma 2.11. If x > 0,y > 0, z> 0, (x;¥) = 1 and 2y, then all positive integral
solutions of the Diophantine equation x2 + y? = z2 are given by

x=r2 &% y=2rs; z=r%+s%

whee (r;s)=1;, r>s>0and2-r + s.

3 The characteristic polynomials of some classes of
graphs

In this section, we investigate the structures of the nonregular bipartite integral graphs
in [2]. Fifteen new classef larger graphsare constructed basedon the structures of 15
onesof the 21 smallerintegral graphsin Figures4 and 5 of [2].

Theorem 3.1. ( [2] ) The graphsin Figures 1 and 2 are nonregular bipartite integral
graphswith maximumdegree four. (The graphsin Figure 1 are integral graphswith numker
of verticesup to 16.)

the electr onic journal of combinatorics 15 (2008), #R8 5



Figure 1: Nonregular bipartite integral graphswith maximum degree4 and at most 16
vertices.

We can generalizethe result of Theorem 3.1 and construct fteen types of graphs
from 15 smallerintegral graphsS; Sg, Sg Sio, S13, S17 Sp1 in Figures1 and 2. The
following Theorem 3.2 on their characteristic polynomialsis obtained from matrix theory.

Theorem 3.2. Let m, n, p, q and t be nonngyative integers. Then the characteristic
polynomials of the fte en typesof graphsin Figures3 and 4 are as follows:

(1) (see[5]) P(Kye;x) = xt Y(x2 t); (t 0
(2) P(Sy(n;t);x) = x"t D+2(x2 )" I[x2 2n+t)];(n 1, t O0):

Figure 2: A nonregular bipartite integral graph with maximum degree4 and 26 vertices.
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(3) P(Ss(m;n;t);x) = x™ 4t D(x2  £)2[x* 2(m+ n+t+ 2)x>+ 2m+ t)(2n + t)];
(m 1,n 1, t O)

(3.1) P(Ss(n;n;t);x) = x4t D(x2  1)2(x2+ 2x 2n t)(x?+ 2 2n t);(n 1,
t O)

(3.2) P(S3(m;n;0);x) = x™"x* 2(m+ n+ 2)x2+ 4mn]; (m 1, n 1)

(4) P(Ss(m;n;p;g);x) = XMP+n*+2a 2(x2  2m)P 1(x2 pg[x* (2m+ 2n+ 4q+ pgx>+
dmn+ 8mqg+ 2npg; (m O, n O, p 1,9 1)

(4.1) P(Si(n;m;pi);x) = x"PD28 22 2n)p(x® pg) [x* (20 + 49+ pa]; (0 O,

p l1Lg 1)
(4.2) P(Sa(n;n;p;p);x) = x"PHH2P 2(x2 2n)P(x+p)(x p) [x* (2n+pP+4p)l; (0 1,
p 1)

(4.3) P(Sa(2;2,p;p);x) = xP(x+ p+ 2)(x+ p)(x+ 2P(x  2P(x p(x p 2);(p 1)

(4.4) P(S4(0;n;p;q);x) = x"2P*24 4(x2  pg)[x* (2n + 49+ pgx? + 2npq); (n O,
p Lq 1)

(4.5) P(Sa(m;0;p;q);x) = xMP*29 2(x2 2m)P (x> pg[x* (2m+ 4g+ pg)x?+ 8md];
(m Op 1,q 1)

(5) P(Ss(m;n);x) = x™" 2(x+ 1)(x 1DX* @m+2n+ 1)x2+4mn]; (m 0, n 0):
(5.1) P(Ss(n;n);x) = x2" 2(x+ 1)(x 1DX*+x 2n)(x> x 2n);(n 0):
(5.2) P(S5(0;n);x) = P(Ss(n;0);x) = x"(x+ 1)(x 1x> ((2n+ 1)]; (n 0):

(6) P(Sg(m;n;t);x) = x"t DFrm+2(x2 )0 x4  2m+ 2n+ t+ 2)x2+ 2n(2m+ 1)+
2t(m+ 1), (m O n 1, t Oor(m O, n=t=0):

(6.1) P(Se(m;0;0);x) = P(Kam+r [ K13X) = xM2[x2 (2m+ 2)[; (m 1)
(6.2) P(Se(0;n;t);x) = x"t D*2(x2 )" Ix* (2n+t+2x2+2n+ 2t;(n  1,t O):
(6.3) P(Ss(m;n;0);x) = x""M[x* (@2m+ 2n+ 2)x°>+ 2n(2m+ 1); (m 0O, n 0):

(6.4) P(Sg(m; L;1);x) = xM W [x4  2m+ t+ 4)x%>+ 22m+ 1)+ 2t((m+ 1)]; (m 0,
t O)

(6.5) P(Sg(n  1;n;1);x) = x"(x+1)" }(x 1" Y(x2+x 2n)(x> x 2n);(n 1)
(6.6) P(Sg(n+ L;n;1);x) = x"3(x+ )" ¥(x D" (x*+x 2n 2)(x* x 2n 2)

(n O):
(6.7) P(Sg(n+ L;n;9);x) = x**3(x+3)" Y(x 3)" Y(x2+x 2n 6)(Xx* x 2n 6);
(n 1)
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(7) P(Sg(m;n);x) = (x+ 1)M" 2(x  1)MN" 2[x* 4x3 (m+n 55X+ (2m+ 2n
2x+mn m njx*+43 (m+n 5x2 2m+2n 2)x+mn m nj;
(m O,n O0):

(7.1) P(Sg(n;n);x) = (x+ 1) 2(x 1) 2(x2+x n)(x2 x n)(x?>+3x n+ 2)(x?
3X n+2);(n 0):

(7.2) P(Sg(0;n);x) = P(Sg(n; 0);x) = (x+ 1)"(x 1)"(x?+2x n)(x> 2x n);(n O0):

(8) P(So(m;n;p;g);x) = XM™*N*Prad 2[x6  (2m+ n+ 2p+ g+ ng+ Lx*+ (m+ n+
mn+ p+ 4mp+ 2np+ g+ 2mg+ 2nq+ 2mnq+ pg+ 2npg)x?  (mp+ np+ 2mnp +
mg+ ngq+ 2mng+ 2mpq+ 2npg+ 4mpg]; (m 1, n 1p 1,q 1)

(8.1) P(Se(n;n;n;n);x) = x* 2(x2 2n)’(x+n+ 1)(x n 1);(n 1)

(9) P(Swo(n);x) = x*™ D(x+2)" Hx+1(x 1)(x 2" *(x*+2x n)(x* 2x n);
(n O):

(10) P(Siz(m;n);x) = x3(x+ )™M D(x  1)MM D(x2+x m)" x%+x m(n+ 1)](x?
x m"ix2 x mn+1;m 1,n 1)

(11) P(Syz(m;n;p;q);x) = xMarpPrn 1(x2 2m)d fx® (2m+ 2n+ p+ g+ pg+ 1)x* +
[M(2+ 4n+ 2p+ g+ pg) + n+ p+ np+ 2nq+ 2pq+ 2npg+ pglx®> [2m(n+ p+
np+ nq+ pg+ npg + 2npg(g+ )]jg;(m 1, n 1, p 1,9 1)

(11.1) P(Si7(n;n;n;n);x) = xV’*2" Yx+ n+ 1)(x n  1)(x2 2n)"1:(n 1)

(11.2) P(Swz(n;n; p;0);x) = X"+ P 1(x2 2n)dfx?  [2n+ (p+ 1)(g+ 1)X*+ (g+ 1)[n(p+
1)+ p@+ lgg(n L p 1,9 1)

(11.3) P(Sz(mm; L g);x) = X" (x* 2n)9(x> q 1)(x* 2n g 1);(n 1,9 1)

(11.4) P(Sy7(m;n;m;n);x) = xm+m+n 152 2m)" 1(x2 m n)[x* (2m+ 2n+ mn+
Dx2+2m(n+ 1)?; (m 1, n 1)

(11.5) P(S17(2;n;2;n);x) = X3 (x+ 2" {(x 2" Y{(x2 n 2)(x2+x 2n 2)(x?
X 2n 2);(n 1)

(12) P(Sig(n; p;;t);x) = x2" D(x+ 1)P*a 2(x  1)P*d 2(x2 )2 D[x6 4x> (2n+
p+q+t 6)x*+ (6n+ 2p+2q+ 4t 4)x2 (6Gn+p np+q ng pg+ 6t pt
g 1x?+(@2n np ng+ 4t 2pt 2gH)x t+ pt+ g pa][x®+ 4x> (2n+
p+ g+t 6)x* (6n+ 2p+ 29+ 4t 4)x3 (Bn+p np+qg ng pg+ 6t
pt g 1)x> (2n np nq+4t 2pt 2q)x t+pt+qg pal;(n 1, p O,
g Ot O0):

(12.1) P(Swg(n; p;p;t); x) = X D(x + 1) 2(x = 1)® 2(x*> )" V[(x+ 1)* pll(x
12 pl[x* 2x3 (p+t+2n 1x2+2n+t)x+t(p 1x*+ 2x3 (p+t+2n
Dx2 2n+t)x+t(p 1;(h 1,p Ot O0):
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(12.2) P(Sts(m; t 6 1);X) = X2 D+ 12 2(x 1% 202 )20 D[(x+ 12 t][(x 1)?
tx* 2x3 @2t+2n Dx2+ 2(n+ t)x+ t(t DIx*+ 2x3 (2t+2n  1)x?
2N+ t)x+t(t );(n 1, t 0):

(12.3) P(Sig(n; 1;1;1);x) = x*(x+ 2)(x+ 1) Y(x 1) Y(x 2)(x°+x 2n 2)(x?
X 2n 2);(n 1)

(12.4) P(S1s(2k% k2; k2 k2): x) = x¥2 (62 Dy k+ 1) (x+ k)22 D(x+k  1)(x+ 1)%* 2(x
1) 2(x  k+ 1)(x k)2 D(x  k DX2+ 2k + 1)x  k(k  DIX2 2k +
Dx  k(k DX+ 2k x  k(k+ DIx2 2k 1)x  k(k+ 1] (k1)

(13) P(Spo(m;n;p;t);x) = xm® Drnx + )0 D(x )P Vx4 (m+t+ p+ 1)x2+
m+ t+ pt]" }(x2 O™ DEx® (m+ n+ mn+ p+np+t+ Dx*+ [m+n+ mn+
mn?  2np+ 2mnp+ mn?p+ np?+ t(1+ n+ p+ np)]x> n(p 1)*(mn+t)g; (m 1,
n 1Lp 1t O)

(13.1) P(Sigo(m;n; 1;t);x) = xmn Drn+2 (2 )nm Dixd  (m+ t+ 2)x2+ m+ 2t]" x*
(m+2n+mn+t+ 2)x2+ (n+ )(M+2mn+ 2t);(m 1, n 1, t O0):

(13.2) P(S19(2;n; 1;1);x) = x"2(x + 1)>" Y(x 1) Y(x+2)" Y(x 2)" Y(x2+x 2n
2)(x? x 2n 2);(n 1)

(14) P(Sxo(n;p;);x) = (x+ 1P Drax  1)p(n Drax2  x  p)P (x2+x n)P 1(x?
X pg n)(x*+x pgq n);( 1,p 1,qg 1)

(15) P(So(m;t);x) = x2mM( 2 (x2 x )™ Yx2+x t)™ 1(x2 x m t)(x*+x m t);
(m 1,t O)

Proof. We only prove (2) and (10). The characteristic polynomials of the other 13 types
can be obtained similarly.

(2). By properly ordering the vertices of the graph S,(n;t), the adjacency matrix
A = A(Sy(n;t)) of Sy(n;t) canbe written asthe (nt + n+ 2) (nt+ n+ 2) matrix sud

that 2 3
Ain A i Al B; G 2
Ay Ax il Ay B G 2
A= A(S,(nt) = 8 : oo : :
( Z(n,t)) Anl An2 Ll Ann Bn Ot 2 '
Bf BJ i Bl 0Oy, Jn2
Ot Oy 0 Oy Jon O

whereA; = G (fori=1,2:::;nandj = 1;2;:::;n, and
Bk:[ai(jk)]: Lty =k Bk2R'"; fork=1;2:::;n:

0 otherwise !
Then we have
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Figure 3: Nonregular bipartite graphs.

Xl O ¢ it Oy B, O »
O ¢« Xxl¢ i1 Oy B, O
PISNt);X] = Xl mnse A(S(it)j= = : E
e Ot O ¢ i Xy B, O >
Bf BJ ::: Bl xl, Jn 2
Q¢ O 20 O¢  Joan Xy

By careful calculation, we can prove that the characteristic polynomial of Sy(n;t) is
P(Sp(n;t);x) = x"¢ D2 (x* )" [x*  (@n+t)]:
(10). By properly ordering the vertices of the graph S;3(m; n), the adjacencymatrix
A = A(S13(m;n)) of S;3(m; n) can be written asthe 2mn+ 2n+ 2) (2mn + 2n + 2)

the electr onic journal of combinatorics 15 (2008), #R8 10



matrix sud that

where

the electr onic journal

Figure 4. Nonregular bipartite graphs.

A= AS(mm) = Ao A

A Ay
2 3
Omm Omm Ll Omm Bl Jml
0 O0nm By Jna
0 Onm Bn JInma
Br-ll- onn Onl
m Jlm Lol Jlm Oln 0

of combinatorics 15 (2008), #R8
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2
| m Om m - 0m m 0m n 0m 1
E Om m | m Ll 0m m 0m n 0m 1

Al = . . . . . . ;
om m om m - Im 0m n 0m 1
On m 0n m Ll 0n m On n On 1
01 m 01 m - 01 m 01 n 0
and
1 ifj=k

— 1K)y — . m n. P .
Bk—[aij 1= 0 otherwise ’ B2 R fork=1;2:::0n:

In view of Lemma 2.1, we distinguish betweenthe following two cases.

Case 1. Let by = jXI mn+n+1 (Ao + Aj)j. Then we have

tbz . . . . . .
0m m om m e (X 1)|m Bn Jm 1
BS B Bl XIn 0 1

Jl m J1 m e J1 m 01 n X

By careful calculation, we can nd
bh=x(x 1D"™IYxZ x m"Ix2 x m(n+ 1)

Case 2. Let by = Xl mn+n+1 (Ao Aj)j. Then we have

On m (X+Dly 20 On m By Jma

b = : : : : :
Om m Om m (X + Dy Brn Jm 1
Bl BJ i B, xl, 0O, 1

By careful calculation, we can nd
b= x(x+ 1)"™ Y(x®+x m)" x%2+x m(n+ 1)
Hence,the characteristic polynomial of S;3(m;n) is

P(Sis(m;n);x) = x3(x + 1)"M D(x  1)nM D(x2+x  m)" Yx2+ x
m(n+ 1)(x* x m)" x* x m(n+ 1)

The proof is now complete. O

We note that these classesof graphsin Figures 3 and 4 are constructed from the
smaller graphsin Figures1 and 2 (or Figures4 and 5 of [2]). We beliewe that it is useful
to construct new classeof integral graphsby using this method.
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4 Nonregular integral bipartite graphs

In this section, by using number theory and computer searti, we shall obtain somenew
classesof integral graphsfrom Theorem 3.2. All theseclassesare in nite and consistof
connectedgraphs except for seweral disconnectedgraphsfor which one or more of their
parametersare taken zero.

Theorem 4.1. (see[5, 7]) The tree K, is integral if and only if t is a perfect squae.

Theorem 4.2. The graph S;(n;t) is integral if and only if one of the following holds: (i)
t and 2n + t are perfect squaes,or (i) n= 1landt+ 2is a perfect squae, wheet ( 0)
andn (1) are integers.

In particular, we havethe following resultsfor the graph S,(n; t).

(1) If thegraphS,(n;t) isintegral, andn ( 2),t ( 0) areintegers,then for any positive
integer k the graph S,(nk?;tk?) is integral.

(2) If the graph S,(1;t 2) = Ky is integral, and t is positive integer, then for any
positive integer k the graph S,(1;tk?  2) = K142 is integral.

) Ift=a? 0,n= # 1, b>a anda, bn( 1),t( O0)areintegers,then for
any positive integer k the graph S,(nk?;tk?) is integral.

Proof. By (2) of Theorem 3.2, we know

P(Sy(n;t);x) = x" D*2(x2 )" I[x2 @2n+t)];(n 1,t O0).
Hence, a su cient and necessarycondition for the graph S,(n;t) to be integral is the
following: (i) whenn 2,t and 2n + t are perfect squares,or (i) whenn=1,t+ 2isa
perfect square,wheret ( 0) andn (1) areintegers.

By (2) of Theorem 3.2, we also get

P(Sy(nk?;tk?);x) = x"k2(K? +2(x2 )0 %2 (2n+ t)k?; (n 1,t O,k 1)

(1) Becausethe graph Sy(n;t) isintegral,andn ( 2),t ( 0), k ( 1) areintegers,
we get that t and 2n + t are perfect squares.Then the graph S,(nk?;tk?) is integral.

(2) Becausethe graph Sp(1;t  2) = Ky is integral, and t, k are positive integers.
Then t must be a perfect square. Hencethe graph S,(1;tk?  2) = Ky is integral.

(3) Becauset = @ O,n="2 1 b>aandabn( 1),t( 0)k( 1)are
integers,by (2) of Theorem 3.2, it follows

P(S(P,2a%)x) = X2 @ D2 (2 @)™ (x? B):

So, the graph S,(n;t) = Sg(bzzaz ;@) is integral. By Theorem 4.2 or Theorem 3.2 (2),

alsothe graph Sy(nk?;tk?) = Sz(g k?; a%k?) is integral. O

Theorem 4.3. The graphSz(m;n;t) (n m 1, t 0) is integral if and only if one of
the following holds:

(1) For m = n, t is a perfect squae, and 2n+ t = k(k + 2), where k is a positive integer.
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(2) Form< n, let (2m+ t;2n+ t) = d, d is a positive integer but not a perfect squae,
and m, n, t are givenvia

Yk
2

Yk t Vi

Yiyo. _
)5 2n+t = d( >

2m+ t = d( )%, k>1>0; andt = t?

whee yi;y) are odd or even,yi; yi 2 fynhYo = Ojy1 = bi;ynez = &1yna Yo (N 0)g,
t; is a nonnegative integer, and a; + by d is the fundamentalsolution of Eq.(10).

(Examplesare presentel in Tablel. Tablel is obtained by computer search, where a
and b be thoseof Eqs(13) in Theorem4.3,1 a 15a b a+ 101 m<n,
0 t 2500)

alb| m n t al|lb| m|n t alb | m|n t
5191337 | 1 519|933 9 5191|2525
141 20| 100|196 O ||14|20|98|194| 4 | 14|20|92|188| 16
14| 20| 82 | 178| 36 || 14| 20|68 |164| 64 | 14| 20| 50| 146 | 100
14| 20| 28 | 124 144| 14|20 2 | 98 [ 196 / / / / /

Table 1: Integral graphs Sz(m; n; t) = Sz(n; m;t).

Proof. By (3) of Theorem 3.2, we know that the graph Sz(m;n;t) (n m 1,t O0)is
integral if and only if t(= t2) is a perfectsquare,and there exist nonnegatie integersa and
bsud that x* 2(m+ n+t+ 2)x2+ (2m+ t)(2n+t) canbefactorizedas(x®> a?)(x*> 7).

Next we discussthe following two cases:

Case 1. Whenl m=n,t O,by (3) of Theorem3.2, we get

P(Ss(n;n;t);x) = x24(t D(x2  1)2(x2+ 2x 2n t)(x2+2x 2n t):
Hence,the graph Ss(n; n;t) is integral if and only if t is a perfect square,and 2n + t =
k(k+ 2), wheren ( 1),k ( 1)andt ( 0) areintegers.

Case 2. Whenl m<n,t O0,by (3) of Theorem3.2,the necessaryand su cien t
condition for S3(m; n;t) to be an integral graph is that there are nonnegatie integersa
and b sud that the following Diophantine equations(13) have solutions.

< t=1t%
aZ+b=2m+2n+ 2t + 4 (13)
at? = (2m + t)(2n + t);

Let2m+ t;2n+t)=d, 1 m<n,a< b By (13), we nd
2m+t=dm?, 2n+t=dn? ab= dmn;; (14)

wherem; and n; are nonnegatiwe integers,m; < ny, and (mq;n;) = 1. By (13) and (14),
we obtain
(a+ b? d(m;+ n)?= 4 (15)

We discussthe following two cases.
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Case 2.1 If dis a perfectsquare,clearly, the Diophartine equation(15) hasno integral
solutions, then the graph Sz(m; n; t) is not an integral graph.

Case 2.2 If d is a positive in&qger but not a pperfect square,then the equation (15)
is a Pell equation. Let "y = &*29d wherea, + by d is the fundamertal solution of the
equation (10). From (15), we deducethat

nk kK
a+b="{+"TG mit = Ap=—; k>0 (16)

p_
where*7 = 224 and ";*7 = 1 (seeLemma2.8).

By using (16) and ab= dmyn; (see(14)), we get

nk sk
(@b ("f+N? den Ap=)?=4

Thus, we have 2b= K+ kel g 2ng = ulipaﬂzk+"|1paﬂzl, | > 0
e W DR D O

Hence, my = 2,'0a 2,'0a ; Np= zpa + zpa  k>1>0

Let ynzipailn; n=20;12;::

Then we get the Pell sequence

Yo=0; Y1= D1, VYne2 = @Ynsr Yy (0 O):
Hence,all integral graphsSz(m; n;t) (wherel m < n) are givenvia

Y Wi
2
wheret; is a nonnegatiwe integer.
The proof is now complete. O

om+t = o )2;2n+t=d(&2y')2;k>I>O;andt:t§;

Corollary 4.4. For m = n the graph S3(n;n;t) is integral if and only if one of the
following holds: (i) m= n;t=n?, (i) m=n=2(+1) 2k? 1,t=4k? 0, or (iii)
m=n=2(l+2+1 2kk+1) 1,t=2k+ 1)? wheem=n( 1), t( 0),]I
( 0), k( O0)areintegers.

Proof. Becausem = n, by Theorem4.3 (1), we know that the graph Sz(n; n; t) is integral
if and only if t(= k2) is a perfect square,and 2n + t = s(s+ 2), wheren ( 1),s( 1)
andt ( 0) areintegers. Thusn = %(s(s+ 2) k2) must be a positive integer. Hencewe
discussthe following three cases:

(). fky=n,thenm=n,t=n? 2n+t=n(n+ 2).

(ii). If ky is even, then s must be even. So,let k; = 2k and s = 2|, wherek and | are
positive integers.Hencem = n= 2I(1 + 1) 2k?> 1,t=4k®> O.

(iii). If ky is odd, then s must be odd. So,let k; = 2k + 1 ands = 2(l + 1), wherek
and| arepositiveintegers.Hencem = n= 2I(1+2)+ 1 2k(k+1) 1,t= (2k+1)2 O
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Theorem 4.5. The graph S;(m; n; p;q) is integral if and only if there exist nonneggative
integersa and b suchthat x*  (2m+ 2n+ 4g+ pg)x2+ 4mn+ 8mg+ 2npq can be factorized
as (x> a?(x?> ), and one of the following holds: (i) 2m and pq (= ¢?) are perfect
squaes, (i) p= 1, q(= ) is a perfect squae, wheem ( 0),n( 0)p( 1) andg
(1) areintegers.

In particular, leta, b, ¢, m, n, p, gbe asin Theorem4.5, andletm ( 1), n ( 1),
p( 1),q( 1,1 ( 1),k( 21),r ( 1), b, a b cbeintegers. Then we havethe
following resultsfor the graph S,(m; n; p;q).

(1) If m= n, thenthe graph S4(n; n; p;q) is integral if and only if 2n, pgand 2n+ 4g+ pq
are perfect squaes,wheen ( 0),p( 1)andqg( 1) areintegers.

(2) If m = n, p = q, then the graph S4(n; n; p;p) is integral if and only if 2n and
2n + p? + 4p are perfect squaes, whee n and p are positive integers.

(3) If m=n= 2, p= q, then the graph S;(m; n; p;q) is integral.

(4) f m=n= 222 q= pk?r?, a= 2r, b= byr, c= pkr, andlet by, p, k, | be positive
integers satisfying the Diophantine equation

B (p*+ 4p)k? = 412 (17)
Then the graph S4(m; n; p; ) is integral.

(5) f m=n= 222 p= gk?r? a= 2r, b= br, c= okr, andlet by, g, k, | be positive
integers satisfying the Diophantine equation

B (qF+ 4q)k? = 412 (18)
Then the graph S4(m; n; p; ) is integral.
6) f m=n= 21?2 p=p} q= fr?, a= 2r,b= byr, c= pyur, and let by, p;, a, |
be positive integers satisfying the Diophantine equation
B (pi+ 4)g = 4% (19)
Then the graph S4(m; n; p; ) is integral.

(7) fm=n=22p=gq a=2,c=p, andlet b, p, | be positive integers satisfying
the Diophantine equation
¥ 4%=p(p+ 4): (20)

Then the graph S4(m; n; p; ) is integral.

8) If m=n,leta b ¢, m n, pandq be givenasin Table2. Then the graph
S4(m; n; p; ) is integral. (Table2 is obtained by computersearch, whee0 a 10,
a b a+10 m=nandm, n, pandgarenot asin (3), but representsolutions

of (4)-(7).)

the electr onic journal of combinatorics 15 (2008), #R8 16



@ Ifmén p=1and() a=4b=16c=6, m=2, n= 44 p=1and
g=36o0or (i) a=6,b=19¢c=3 m=14n= 162 p= 1, q— 9 Then the
graph S4(m; n; p; Q) is integral.(Here a, b, ¢, m, n, p and q are obtained by computer
sarch,and0 a 15a b a+30 mén, p=1).

(10) If m6 n, anda, b, ¢c, m, n, p, garegivenin Table3. Thenthe graphS;(m; n; p;q) is
integral. (Table3 is obtained by computersearch, wheel a 10,a b a+ 20
andm 6 n.)

(1)) f m = 0orn =0, and a, b, ¢, m, n, p, q given in Table 4, then the graph
S4(m; n; p;q) is integral.(Table4 is obtained by computer search, whee 1 a 10,
a b a+30andm=0o0orn=0)

a|lbjcim|n|p|lgllalblc|m|n| p|q
2713|221 |9|4/6|2|8|8|1/|4
41 6,4|8|8|16|1|4,8|4,8|8| 2|8
4186|8812 |3|4|10/6|8|8]| 3 |12
4112/ 8|1 8| 8| 4 |16 4|14/ 6 | 8|8 | 1 |36
4114110/ 8| 8| 5 |20 4 |14|12, 8| 8| 16| 9
6|7|3(18/18| 9 |1| 6|9 |3 18|18 1 |9
6|/9|5(18/18| 5 | 5| 6 (11| 9 |18|18| 81| 1
6 12| 6 |18|18| 2 |18| 6 [12(10|18|18| 50 | 2
6 114/12|18|18| 36 | 4 | 6 |15] 9 |18|18| 3 |27
8 12| 4 |32|32| 1 |16|| 8 |12| 8 |32|32| 16 | 4
8 16| 8 |32|32| 2 (32| 8 |16(12|32|32| 12 |12
8 |18|16(32|32|256| 1 |10|11| 3 |50|50| 3 | 3
10/ 12| 6 |50|50| 18 | 2 | 10|14| 8 |[50|50| 8 | 8
10/ 15| 5 |50|50| 1 | 25(10|15|11|50|50|121| 1
10/ 16|12|50|50| 48 | 3 | 10|17 9 |50|50| 3 |27
10/18|14|50|50| 28 | 7 [ 10{19|15|50|50| 25 | 9
10[ 2010|5050 2 |50/ |/ |1 [ |1 I |/

Table 2: Integral graphs S;(m; n; p; Q).

Proof. By using(4), (4.1) and (4.2) of Theorem 3.2, this theoremand (1), (2) of Theorem
4.5 are shown similarly to Theorem4.2.

(3) Becausem = n = 2, p= @, we have by (4.3) of Theorem 3.2,

P(Sa(2;2,p;p); X) = x®P(x + p+ 2)(x + p(x + 2P(x  2P(x p(x p 2);
wherep is a positive integer. Hence,the graph S4(2; 2; p; p) is integral.

(4)-(7) Whenm = n, by Theorem4.5,the graph S;(m; n; p; g) is integral if and only if
2n and pq(= ) areperfectsquaresandx* (2m+ 2n+ 4g+ pg)x2+ 4mn+ 8mg+ 2npg =
(x2 2n)[x? (2n+ 4g+ pg)] canbefactorizedas(x®> a%)(x> ?), wherem=n( 1),
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a|b|c|m n |plglajlb|c|m n | pj|g
41642 |14|16|1 | 4|8|6| 2 [12|9]| 4
4116/ 6| 2 |44 |1 |36 6|10 8| 2 |26 16| 4
6|14/ 8| 2 | 50| 4 16| 6 |14 8 | 50| 2 | 4 |16
6 (16| 6 | 2 |114/ 6 | 6 | 6 |18 8| 2 | 82 | 2 |32
6 (2212|162 2 1212 7 | 2415|162 8 |15|15
8 112|10| 2 |44 |25 4| 8|12| 8| 8 |56 |16]| 4
8112 6|18 | 60| 9| 4| 8|12 6|50 (28|94
814/ 8| 2 | 92|32 2| 8|14|12| 8 | 38 24| 6
8|116|/12| 8 | 48| 9 |16 8 |18 8| 2 |152|16| 4
8 18| 8 |128| 26 (16| 4 | 9 |12| 9 | 18 | 48 | 27| 3
10| 14|12 2 | 66 |36 4 |10|16|12| 2 | 86 |16| 9
10/ 16| 12| 32 | 56 | 16| 9 || 10|20 12| 32 | 74 | 4 | 36
1030|2418 | 66 | 9 |64 / |/ |/ / / I
Table 3: Integral graphs S;(m; n; p; Q).
albj{c| m|n|pjl|glalbjc|m|n|p| g
114,32 |0| 9 |1)2|8|6| 8 |0|]9] 4
2|128{241 98 |0 |144) 4| 3|12, 9|18 0|9 | 9
4/16(12| 32| 0| 9 (1] 42115/ 98| 0 |25| 9
5/20115( 50| 0| 9 |25|| 6 |20(12| O |50| 3 | 48
6124|118 72 | 0| 9 |36 7 |28|21| 98| 0| 9| 49
8130124 0 |50| 8 |72 8 |32]24]128| 0| 9 | 64
913627162 0| 9 |81|10(40|30|200| O | 9 |100

Table 4: Integral graphs S;(m; n; p; Q).

p( 1),q( 1),a,bandcareintegers. Without lossof generality, assumethat a? = 2n,
> = 2n + 4q+ pg Hence,the graph S;(m; n; p;g) is integral if and only if the equations

8

< a’=2n;
> = 2n+ 49+ pqg (21)
pa= c*

have only integral roots. We distinguish betweenthe following four cases:

Case 1. Supposethat m = n = 21%r2, g = pk®r?, a= 2r, b= byr, c= pkr, wherel
( 1),r( 1),b andk( 1) areintegers.By EQs.(21) we get the Diophantine equation
(17). From Theorem4.5, we seethat (4) of Theorem4.5is true.

Case 2. Supposethat m = n= 21%r2, p= gk?r?, a= 2r, b= byr, c= gkr, wherel
( 1),r( 1),b andk( 1) areintegers.By EQs.(21) we get the Diophantine equation
(18). From Theorem4.5, the result in (5) follows.

Case 3. Supposethat m = n = 2%r2, p= p?, a= 2r, b= byr, c = pyur and
q= ¢gr?, wherel ( 1),r ( 1),b, pi( 1)andq( 1) areintegers.Eqgs.(21)yields the
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Diophartine equation (19), which provesTheorem4.5 (6).

Case 4. Supposethat m= n= 212, q= p,a= 2l andc= p, wherel ( 1)andp( 1)
are integers. Egs.(21) leadsto the Diophantine equation (20). This shovs Theorem4.5
(7).

The resultsin (8)-(11) can be shovn similarly to (3) by using Theorem 3.2 (4). O

Remark 4.6. For the Diophantine equations (17)-(19) and (20), all positive integral
solutions can be found from Lemmas2.2-2.8 and Lemma 2.9, resgectively. This shows
that there are in nitely many integral graphsS,(m; n; p; g).

Theorem 4.7. The graphSs(m;n) (m n) is integral if and only if one of the following
holds:

(1) m=n= Zk(k+ 1), whee k ( 0) is an integer.
(2) m=0, n= 2k(k+ 1), whee k ( 0) is an integer.

(3) m< n, let(m;n) = d, 2d is a positive integer but not a perfect squae, and m, n are
given by
Yo Vi Yt Yi
2 2

wheeyi; yi gre odd or even,yi; yi 2 fynjYo = 0;Y1 = Di;¥nez = 28101 Yas (N 0)g,
anda; + by 2d is the fundamentalsolution of the Diophantine equation

m = 2d( )% n= 2d( )2 k> 1> 0;

x? 2dy?= 1: (22)

Examplesare presentel in Table5. (Table5 is obtained by computer search, where a
and b are thoseof Eqs(23), 1 a 155a b a+80andl m<n.)

alb m n a b m n alb| m n
7 10| 25 49 22 | 27 | 243 | 363|141 |58|841| 1681
76| 85| 2890| 3610|| 115| 126 | 6615| 7935/ / | / / /

Table 5: Integral graphs Ss(m; n).

Proof. (1)-(2) As in the proof of Theorem 4.3 (1), the results follow by using (5.1) and
(5.2) of Theorem 3.2.

(3) By Theorem Theorem 3.2 (5), the necessaryand su cient condition for Ss(m; n)
to be an integral graph is that there are positive integersa and b sud that

2 - )
az+ :2m+2n+1, (23)

a’k? amn:
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Let(m;n)=d,1 m< n. By (23), we nd
m = dmi; n=dn}; ab= 2dm;ng; (24)
wherem; and n; are positive integers,and (mi; n;) = 1. By (23) and (24), we obtain
(a+ b? 2d(m,+ ny)?= 1 (25)

We discussthe following two cases.

Case 1. If 2d is a perfectsquare,clearly, the Diophantine equation(25) hasno integral
solutions. Then the graph Ss(m; n) is not an integral graph.

Case 2. If 2disa postiiinteger but not a perfect square. Then Eq.(25) is a Pell
equation. Let "; = a; + by 2d be the fundamenal solution of Eq.(22). From (25), we
deducethat

nk+H-k nk uk
a+ b= D mp+ng= —: k>0 26
z 0 MM P )

where" = a; blp 2d and "* = 1 (seeLemma2.5).
By using (26) and ab= 2dm;n; (see(24)), we get

@ e aden, py2= 1
2 2
wk g vk onl oy el nk ek ol el

Thus, we have 2b= > + > ;2N = Zp% + 2p2_; | > 0O;

nk wk  ul ] nk wk  ul ]
Hence, ml:(zpz_d 2p2_d)=2; n1:(2p2_+2p2_d):2; k>1>0:

nn wn
Let yn:—zpi; n=012::::

Then we get the Pell sequencdsee[3])

Yo=0; V1= b, Yne2 = 284Yne1 Yn; (0 O):

Hence,all integral graphsSs(m; n) (wherel m < n) are given by

_ Yk Yiyo. _ Yk t Vi
m = 2d( > )5 n=2d( >

The proof is now complete. O

2 k> 1> 0

In a similar way the next results can be derived by using Theorem 3.2 (6).

Theorem 4.8. The graph Sg(m;n;t) is integral if and only if there exist nonneyative
integersa and b suchthat x* (2m+ 2n+ t+ 2)x?>+ 2n2m+ 1)+ 2t((m + 1) can ke
factorized as (x? a?)(x? %), and one of the following two conditions holds: (i) t is a
perfect squae, (i) n=1, wheem ( 0),n( 1),t( Oorm( 0),n=t=0.

In particular, we havethe following resultsfor the graph Sg(m; n; t).
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(1) For n = t = 0 the graph Sg(m; 0;0) = Kom+1 [ Ky is integral if and only if m =
2k? 1, whee k is a positive integer.

(2) For m = 0, t = 1 the graph Sg(0; n; 1) is integral if and only if n = 2k? 1, wher
k is a positive integer.

(3) Fort= 0, let (2m + 1;2n) = d. We havethe following results.
(i) If dis a perfect squae, then Sg(m; n; 0) is not an integral graph.
(i) If d is a positive integer but not a perfect squae, then all integral graphs
Ss(m; n; 0) (wherel m < n) are givenvia

Yo Y
2

Yk t Vi

2m+ 1= d( >

)% 2n = d( )2 k> 1> 0;

whee yi;y are gdd or even,yi;yi 2 fynjyo = 0;y1 = bijynsa = 281Yna Yai(N
0)g, anda; + by d is the fundamental solution of the Pell equation (2).

(Examplesare presentel in Table6. The rst solution in Table 6 is obtained by

computer sarch, where a and b are thoseof Theorem4.8,0 a 100 a b
a+30andm O,n 0)

(4) Forn=1,leta, b m, n, t beasin Theorem4.8,anda= 1, b= 2 m = 0and
n =t = 1. Then the graph Sg(0;1;1) is integral. (This solution is obtainal by
computer saarch, whee0 a 25a b a+20m O, t 0)

(5) Form=n 1,t= 1thegraphSg(n 1;n;1)isintegral if andonlyif n = %k(k+ 1),
whee Kk is a positive integer.

(6) For m = n+ 1, t = 1 the graph Sg(n + 1;n;1) is integral if and only if n =
%k(k + 1) 1, whee k is a positive integer.

(7) Form = n+ 1, t = 9, then the graph Sg(n + 1;n;9) is integral if and only if
n= %k(k +1) 3, wheek ( 2)is a positive integer.

(8) Leta, b m, n andt be asin Theorem 4.8, and given in Table 7, then the graph
Ss(m; n;t) is integral. (Table7 is obtainal by computer search, whee 1 a 8,
a b a+20. (Notethat m, n, t are di er ent from thosein Theorem 4.8(1)-(7).)

alb|im|n|t a b m n t
121 14| 73| 96| 0 || 2520| 2522 | 3175537| 3179904/ 0

Table 6: Integral graphsSg(m; n; t), wherel m<n,t= 0.
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alb|imj|n t |lal b|m| n tlalb|/m| n t
3/ 6413|938 |4|27|9|3|10|4 ]| 45| 9
31124 (67| 93|14, 4|93 |9 |3|16] 4 |123]| 9
3118 4 (157 9 ||3|20| 4 |195| 9 | 3|22| 4 |237| 9
45|11 4 | 9|5/ 6|12 5 |[25|5|6 |16 9 |9
58|12 19 |25|5|10|12| 37 | 25| 5|12| 12| 59 | 25
5(14(12| 85 | 25| 5|16|12|115|25| 5|18| 12| 149| 25
5120112187 |25|5(22|12|229|25|| 5|24 | 12| 275| 25
6|7 18| 11 |25||6| 7 |22 15| 9| 6| 7 |23| 6 |25
71824 7 |49||7| 8|25 18 |25 7| 8 |29| 22| 9
718 |30 1325|1710 24| 25 49| 7|12|24| 47 |49
711424 73 |49 7|16(24|103(49| 7|18| 24| 137 49
712024 |175|49||7|22|24|217|49| 7|24 |24|263]|49
7126|124, 313/4918| 9|32 15|49| 8| 9 [33| 26 |25
8/ 9 (3730|989 |38 21|25(18|9|39| 8 |49
8/11(32(55| 9 |8|11/59| 28 |9 |/ |/ |/ / /

Table 7: Integral graphs Sg(m; n; t).

Proof. For (3), by Theorem3.2(6.3), the necessaryand su cien t condition for Sg(m; n; 0)
to be an integral graph is that there are positive integersa and b satisfying

a2+ =2m+2n+ 2

a2k = 2n@2m+ 1): (27)
Let (2m+ 1;2n) = d. By (27) we have
2m+ 1=dm?; 2n=dn?, ab= dmin;; (28)

wherem; and n; are positive integers,and (my;n;) = 1. By using (27) and (28), we get
(a+ b? d(m;+ n)?= 1. (29)

Clearly, if d is a perfect square,then the Diophartine equation (29) has no integral
solutions.

Let d bea plgs_itive integer but not a perfect square. Then Eq.(29) is a Pell equation.
Let" = a; + by d be the fundamertal solution of Eq.(2). By (29), we deduceas before

that
nk + wk nk wk

a+ b= ©omq+ n1=—2|aa—; k> 0; (30)

where* = a; blp dand"* = 1
In view of (30) and ab= 2dm;n; (see(28)), we get

nk + K

(20 —

nk  #k
)2 d(2n1 —Zpa—)Z =1
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Thus, we have

nk g vkl o nk owk o owl o
2b= > + > 2n; = Zpa + Zpa, | > 0:
Hence,
nk wk nl ] nk wk nl ]
m1=(2.0a Zpa)=, n1=(2.0a + Zpa)=2, k>1>0
Letting .
Yo = —Po n=07%2 ;

we obtain the Pell sequencdsee|3])

Yo=0; V1= b, VYne2 = 28qYne1 Yn; (0 O):

Hence,all integral graphsSg(m; n; 0) (wherel m < n) are given via

om+ 1= d(%¥ 5 Yz, on = d(yk;y')z; k>1>0;
wherem and n are positive integers.
The resultsin (1)-(2) and (4)-(8) canbe proved similarly to Theorem4.2 by using (6),
(6.1)-(6.7) of Theorem 3.2. O

For Sg(m;n;t), whent = 0, 1 m < n, we have obtained all integral graphs
Ss(m; n; 0). Howewer, whent = 0,1 n < m, we have not found any sud integral
graph. Sowe raisethe following question.

Question 4.9. Are there integral graphs Sg(m; n;0) with 1  n < m? Can we give a
su cient and necessarycondition for Sg(m;n;0) (1 n < m) to be an integral graph?

With similar argumernts as beforethe following results are obtained by using Theorem
3.2 (7).

Theorem 4.10. The graph Sg(m;n) (m 0, n  0) is integral if and only if there exist
nonnegativeintegersa, b, c andd suchthat x* 4x®> (m+n 5)x>+ (2m+ 2n 2)x +
mn m nandx*+4x® (m+n 5x?> (2m+2n 2)x+mn m n can be factorized
as(x+a)(x b(x+co(x d)yand(x a)(x+b(x c)(x+d), respctively, where m and
n are nonnegative integers.

In particular, we havethe following resultsfor the graph Sg(m; n).

(1) For m = 0the graph Sg(0; n) = Sg(n; 0) is integral if and only if n = k(k+ 2), where
k is a nonnegative integer.

(2) For m = n the graph Sg(n; n) is integral if and only if n = k(k + 1), whee k is a
nonnegative integer.
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D
(e

c| d m n al|lblc|d m n
6| 8| 9|11 50 98 || 11|13| 13| 15| 147 | 192
21| 23| 26| 28| 486 | 726 | 40| 42|57 |59 | 1682 | 3362
44| 46| 51| 53| 2028| 2700 47| 49| 50| 52 | 2312 | 2592
75| 77|84|86|5780| 7220\ / |/ | [ |/ / /

Table 8: Integral graphs Sg(m; n) = Sg(n; m).

(3) Form< n,leta, b ¢, d, m, n,thkeasin Theorem4.10, and givenin Table8, then
the graph Sg(m; n) = Sg(n; m) is integral.(Table 8 is obtained by computer serch,
whee0O a 1000 b a+30a ¢ a+30b d b+30and0 m<n.)

The next statemerts are derived from Theorem 3.2 (8) -(11).

Theorem 4.11. The graph Sg(m;n;p;q) (m;n;p;q 1) is integral if and only if there
exist positive integersa, b and c suchthat x® (2m+ n+ 2p+ q+ ng+ L)x*+ (m+ n+
mn+ p+ 4mp+ 2np+ g+ 2mg+ 2nq+ 2mng+ pg+ 2npg)x?  (mp+ np+ 2mnp+ mqg+
ng+ 2mng+ 2mpq+ 2npg+ 4mpag) can be factorized as (x> a?)(x> )(x? &A).

In particular, we havethe following resultsfor the graph Sg(m; n; p;q).

(1) If m = n = p= g, then the graph Sg(n; n; n; n) is integral if and only if n = 2k2,
wheee Kk is a positive integer.

(2) If m, n, p, garenotasin (1), anda, b, ¢c, m, n, p, gare asin Theorem4.11, and
givenin Table9 , then the graph Sg(m; n; p;q) = Se(p;q; m; n) is integral.(Table 9
is obtainad by computerseaarch, wheel a 7,a b a+5b ¢ b+ 5 and
m, n, p, g are not asin (1).)

albjcim|{n|{plqlla|b|jc|m|{n|p]|q
3/4/5/8(1|8|8||6[1012|51|3|21]|33

Table 9: Integral graph Sg(m; n; p;q) = Se(p;g; m; n).

Theorem 4.12. The graph Sio(n) is integral if and only if n = k(k + 2), whee k (  0)
is an integer.
Theorem 4.13.

(1) Form 1, n 1 the graph S;3(m;n) is integral if and only if (i) m = k(k + 1)
and m(n + 1) = I(l + 1), whee k and | are positive integers, or (i) n = 1, and
m = %k(k + 1), whee k is a positive integer.

(2) For m = n= k(k + 1), k is a positive integer, then the graph S;3(n; n) is integral.
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Theorem 4.14. The graph S;7(m;n;p;q) is integral if and only if there exist positive
integersa, band c suchthat x®  (2m+ 2n+ p+ g+ pg+ 1)x*+ [m(2+ 4n+ 2p+ g+ pg) +
N+ p+ np+ 2nq+ 2pg+ 2npg+ pFIx*  [2m(n+ p+ np+ ng+ pg+ npg) + 2npg(q+ 1)]
can ke factorized as (x> a?)(x> ©)(x? ¢?), and one of the following two conditions
holds: (i) 2m is a perfect squae, (i) q= 1, whee m, n, p, q are positive integers.

In particular, we havethe following resultsfor the graph S;7(m; n; p;q).

(1) If m = n, then the graph S;7(n; n; p;g) is integral if and only if n = 2k?, and there
exist nonnggativeintegersa and b suchthat x* [2n+ (p+ 1)(g+ 1)]x2+ (g+ 1)[n(p+
1)+ p(g+ 1)] can be factorized as (x> a?)(x?> I?), whern, p, g andk are positive
integers.

(2) If m = n= p= q, then the graph S;7(n; n; n; n) is integral if and only if n = 2k2,
wheee Kk is a positive integer.

(3) If m= n, p= 1, thenthe graph S;7(n; n; 1; g) is integral if and only if n = 2r2s?h?,
q=(r? s»)?h?> 1, whee(r;s)=1, r>s,2-r+s,andn, q, r, s, h are positive
integers.

(4) If m=n=2k%? p= 22 andq= k?@2I>+ 1) 1, thenthe graph S;7(n;n;p;q) is
integral.

(5) Form=n, leta, b m, n, pandqbeasin (1), and not asin (2)-(4), and givenby
Table10. Then the graph S;7(n; n; p; ) is integral.(Table10 is obtained by computer
sarch,wheel a 40 a b a+ 20 andm,n, pandqarenotasin (2)-(4).)

(6) If m6& n, p=m, q= n, thenthe graph S;7(m; n; m; n) is integral if and only if there
exist nonnegativeintegersa and b suchthat x* (2m+ 2n+ mn+ 1)x2+ 2m(n+ 1)?
can be factorized as (x> a?)(x?> b?), and one of the following two conditions holds:
(i) 2m and n + m are perfect squaes, (i) n = 1, m+ 1is a perfect squae, whewe
m and n are positive integers.

(7) If m= p= 2, q= n, thenthe graph S;7(2;n; 2;n) is integral if andonlyif n= 12 2
and2n+ 2 = k(k+ 1), wheen, | andk are positive integers. (Examplesare presentel
in Tablel11. Tablel1l is obtained by computer search, whee 1 k 10000)

(8 Form6 n, leta, b, ¢, m, n, p, g be asin Theorem 4.14, and givenin Table 12.
Then the graph S;7(m; n; p;q) is integral.(Table 12 is obtained by computer serch,
wheel a 13 a b a+5b ¢ b+ 10 andmé6 n.)

al bl m n plqglalb|m n P |q
8 18| 50| 50 | 11| 23| 14|34|288|288|193| 3
16|/ 36|200(200|11(95| / |/ / / [ |1

Table 10: Integral graph S;7(n; n; p; Q).

the electr onic journal of combinatorics 15 (2008), #R8 25



n | k n | k n I k

2 2 2 14 4 5 119 11 15

527 23 32 4094 | 64 | 90 17954 | 134 | 189
139127 | 373 | 527 || 609959| 781 | 1104 | 4726274| 2174 | 3074
20720702 4552 | 6437 / / / / / /

Table 11: Integral graphs S;7(2; n; 2; n).

alblcim|n |p| q al/blcim|n |p|q
4|1 5/6 2142 14| 5|5|6|2]|16|1| 24
7191]10|18| 48 (1| 48 || 9 |10|11|18| 52 |1 | 80
11|11 12| 8 | 64 |1]120|11|14|15|50|100|1 120
11|15|16| 2 [ 1192 |119|13|14|15|18|108|1 | 168
13| 15|16 |32 (1241 168| / |/ |1 |/ [ 7]/

Table 12: Integral graphs S;7(m; n; p; ).

Proof. (i) Similar to the proof of Theorem 4.2, this theorem and the statemerns in (1),
(2), (4)-(8) are proven by Theorem3.2(11), (11.1)-(11.5).

(i) Next we shall prove (3). By (11.3) of Theorem 3.2, the graph S;7(n;n; 1; q) is
integral if and only if 2n, g+ 1 and 2n+ g+ 1 are perfectsquares.Assumethat n = 2k2h?,
g+ 1= 1%2h? and 2n + g+ 1= t?h?, wherek, I, t, h are positive integers,and (I; 2k) = 1.
Then we get

12+ (2k)? = t%
LemmaZ2.1lyields| = r2 s?2, 2k = 2rs, t=r2+ s?, n= 2r?s?h?,q= (r> s%2h? 1,
where(r;s)=1, r>s>0,2-r+ s,andn, q, r, s, h are positive integers. O

By (7) of Theorem4.14, we seethat the graph S;7(2; n; 2; n) is integral if and only if
n=12 2and2? 2= k(k+ 1), wheren, | and k are positive integers. Hence,we raise
the following question.

Question 4.15. What are all positive integral solutions of the Diophantine equation 2|2
2= k(k+ 1)?

We nally list the results obtained from Theorem 3.2 (12)-(15).

Theorem 4.16. The graph S;g(n; p;q;t) is integral if and only if there exist nonneggative
integersa, b, ¢, d, eandf suchthatx® 4x®> (2n+p+qg+t 6)x*+ (6n+2p+2g+ 4t 4)x3
(6n+p np+q ng pg+6t pt g 1)x*+(2n np ng+4t 2pt 200)x t(p 1)(q 1)
can be factorized as (x + a)(x + b)(x + ¢)(x d)(x e€)(x f), and one of the following
two conditions holds: (i) t is a perfect squae, (i) n =1, wheen 1, p, gandt are
nonnegative integers.

In particular, we havethe following resultsfor the graph Sig(n; p;q;t).
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(1) For p = q the graph S;g(n; p;p;t) is integral if and only if there exist nonnegative
integersa, b, candd suchthat x* 2x3 (p+t+2n 1)x?+2(n+t)x+t(p 1)can
ke factorized as (x + a)(x b)(x+ c)(x d), and one of the following two conditions
holds: (i) p andt are perfect squaes, (i) n= 1, and p is a perfect squae, whee n
is a positive integer, and p, t are nonnegative integers.

(2) For p= g=t = 1lthegraphSig(n;1;1;1)is integral if andonly if n = %k(k+ 1) 1,
where k ( 2) is a positive integer.

(3) For p = g =t = 0 the graph Sig(n;0;0;0) = Ss(n;n) is integral if and only if
n= %k(k + 1), whee k is a positive integer.

(4) Forn= 2t, p= gq=t = k? the graph S;5(2k?; k?; k?; k?) is integral if and only if k
is a positive integer satisfying the Pell equation

12 8k?=1: (31)

Proof. Similar to the proof of Theorem4.2, we easilyched the correctnesof this theorem
and the resultsin (1), (2) and (3) by using Theorem 3.2 (12).

Next we prove (4). By Theorem 3.2 (12.4), we seethat the graph S;g(2k?; k?; k?; k?)
is integral if and only if there are positive integersk, r and s sud that

k(k 1)=r(r+ 2k+ 1)

k(k+ 1) = s(s+ 2k 1) (32)

This relation yields
(2k+r+s)(s r 1)=0 and s*°+ (2k 1)s k(k+ 1)= 0
|
Thens=r+1,ands= &1 81,

Hence,s is a positive integerif and only if 8k?+ 1 is a perfectsquare.Let 8k?>+ 1= 12,
then k is a positive integer satisfying the Pell equation(31). All positive integral solutions
of (31) are given by p_ p_ p_
l+k 8=u,+v, 8= 3+ 9§

wheren = 1;2;
Thus, the proof is complete. O

Theorem 4.17. The graph Sio(m; n; p;t) is integral if and only if (x> t)"™ D [x*
(Mm+t+p+ X2+ m+t+pt]” x5 (m+n+mn+p+np+t+ Dx*+[M+n+mn+
mn2  2np+ 2mnp+ mn?p+ np?+ t(1+ n+ p+ np)]x?2 n(p 1)’(mn + t)g= 0 has
only integral roots, wheem ( 1), n( 1),p( 1), t( O0) areintegers.

In particular, we havethe following resultsfor the graph S;g(m; n; p;t).

(1) If p= 1, then the graph Syo(m; n; 1;t) is integral if and only if (x> t)"(™ D[x4
(m+t+2)x2+ m+ 2t]" Ix* (m+2n+ mn+t+ 2)x%+ (n+ 1)(m+ 2mn+ 2t)] = 0
hasonly integral roots, wheem( 1), n( 1) andt ( 0) are integers.
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(2) If m= 2, p=t= 1, thenthe graph S;9(2;n;1;1) is integral if and only if n =
Tk(k+ 1) 1, wheek ( 2)is a positive integer.

Theorem 4.18. The graph Syo(n; p;q) is integral if and only if (i) n = k(k + 1) and
pg= (I+ k+ 1)(I k),or (i) p=1, n=randq=s(s+1) r 1 wheen,p,ql, K,
r and s are positive integers,and | > k.

Corollary 4.19. If thegraphS,o(k(k+ 1); p; Q) is integral, thenthe graph S;o(k(k+ 1); g; p)
is integral too.

Theorem 4.20. The graph Sy;(m;t) is integral if and only if (i) t = k(k + 1) and
m=(+k+2)( k),or(i) m=1andt=r(r+1) 1, wheem ( 1),t( 0),I
( 1),k( O)andr ( 1)areintegers,and| > k.

5 Further discussion

In the presen paper, we have mainly investigated the 15 nonregular bipartite integral
graphsSl, Sy, Ss, Su, Ss, S, Ss, Sg, Si0, Si13, Si17, Sis, Si9, Soo and Figure 5 (Ie 521)
of [2]. Fifteen classef larger integral graphswere constructed basedon the structures
of theseintegral graphs. These classesare connectednonregular and bipartite graphs
except for seweral disconnectedgraphs for which one or se\eral of the parametersare
zero. Howeer, we have not found appropriate methods to construct new integral graphs
from the graphs S;, Si1, Sip, Sis, Sis, Sie 0Of [2] or Theorem 3.1. Thus, we raise the
following question.

Question 5.1. Can we construct new integral graphsfrom the graphsS;, Si1, Si2, Si4,
Sis5, Sy Of [2] or Theorem 3.17?

Although we obtained fteen new classesf integral graphsfrom the graphsS; S,
Sg  Sio, Si3, S17 Sp1 in Theorem 3.1 or [2], we think that other methods can be found
to construct new integral graphs. For example,let K| be obtained by joining t new end
verticesto eadt vertex of K, then the graph K:((:Ill)) is integral (see[10]). We note that
the graph K can be constructedfrom S; = K1.4. Hence,we raisethe following question.

Question 5.2. How to construct new integral graphsfrom the graphsS;, S,, Ss, Ss4, Ss,
Se, Sg, Sg, S]_o, 813, 817, 813, Slg, Szo, 821 in Theorem 3.1 or [2]7

For the graphs Sy(t) = Ky, Sx(n;t), Sz(m;n;t), Ss(m;n), Sio(n), Siz(m;n), Sxo(n;
p; 9), S;i(m;t), in fact, we have given a necessaryand su cient integrality condition.
Howeer, it isvery dicult to nd all integral graphsof the type S4(m; n; p;q), Sg(m; n; t),
Sg(m; n), Se(m; n; p;d), Siz(M; N; p;d), Sis(N; P;G;t), Sio(M; N; p; t). Hence,we cometo

Question 5.3. Can we give a better necessaryand su cient condition for the alove 7
classesof graphsto be integral?
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Note that in connectionwith Question5.3,in the presern paper, we found someresults
for the above 7 classesf graphsby computer sear&r and number theory. It was proved
that the problem of nding sud integral graphsis equivalert to the problem of solving
someDiophartine equations. Finally we ask

Question 5.4. What are all positive integral solutions for theseDiophantine equations,
for examplefor the Diophantine equations (13)-(20), (23), and soon?
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