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Abstract

We �nd generating functions for the number of words avoiding certain patterns
or setsof patterns with at most 2 distinct letters and determine which of them are
equally avoided. We also �nd exact numbersof words avoiding certain patterns and
provide bijective proofs for the resulting formulae.

Let [k] = f 1; 2; : : : ; kg bea (totally ordered)alphabet on k letters. Wecall the elements
of [k]n words. Considertwo words, � 2 [k]n and � 2 [`]m . In other words, � is an n-long
k-ary word and � is an m-long `-ary word. Assumeadditionally that � contains all letters
1 through `. We say that � contains an occurrence of � , or simply that � contains � , if
� hasa subsequenceorder-isomorphic to � , i.e. if there exist 1 � i 1 < : : : < im � n such
that, for any relation � 2 f <; = ; > g and indices1 � a;b � m, � (i a)�� (ib) if and only if
� (a)�� (b). In this situation, the word � is called a pattern. If � contains no occurrences
of � , we say that � avoids � .

Up to now, most research on forbidden patterns dealt with caseswhereboth � and �
arepermutations, i.e. have no repeatedletters. Somepapers(Alb ert et al. [AH], Burstein
[B], Regev[R]) also dealt with caseswhere only � is a permutation. In this paper, we
considersomecaseswhere forbidden patterns � contain repeated letters. Just like [B],
this paper is structured in the mannerof Simion and Schmidt [SS],which was the �rst to
systematically investigateforbidden patterns and setsof patterns.

1 Preliminaries

Let [k]n (� ) denote the set of n-long k-ary words which avoid pattern � . If T is a set of
patterns, let [k]n (T) denotethe set of n-long k-ary words which simultaneously avoid all
patterns in T, that is [k]n (T) = \ � 2 T [k]n (� ).
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For a given set of patterns T, let f T (n; k) be the number of T-avoiding words in [k]n ,
i.e. f T (n; k) = j[k]n (T)j. We denote the corresponding exponential generatingfunction
by FT (x; k); that is, FT (x; k) =

P
n� 0 f T (n; k)xn=n!. Further, we denote the ordinary

generating function of FT (x; k) by FT (x; y); that is, FT (x; y) =
P

k� 0 FT (x; k)yk . The
reasonfor our choicesof generatingfunctions is that kn � j[k]n (T)j � n!

� k
n

�
for any set

of patterns with repeated letters (since permutations without repeated letters avoid all
such patterns). We also let GT (n; y) =

P 1
k=0 f T (n; k)yk , then FT (x; y) is the exponential

generatingfunction of GT (n; y).
We say that two sets of patterns T1 and T2 belong to the samecardinality class, or

Wilf class, or areWilf-equivalent, if for all valuesof k and n, we have f T1 (n; k) = f T2 (n; k).
It is easyto seethat, for each � , two mapsgive us patterns Wilf-equivalent to � . One

map, r : � (i ) 7! � (m+ 1� i ), where� is readright-to-left, is calledreversal; the other map,
where� is read upsidedown, c : � (i ) 7! ` + 1 � � (i ), is called complement. For example,
if ` = 3, m = 4, then r (1231) = 1321,c(1231) = 3213,r (c(1231)) = c(r (1231)) = 3123.
Clearly, c � r = r � c and r 2 = c2 = (c � r )2 = id, so hr; ci is a group of symmetriesof a
rectangle. Therefore,we call f � ; r (� ); c(� ); r (c(� ))g the symmetry classof � .

Hence,to determine cardinality classesof patterns it is enoughto consideronly rep-
resentativ esof each symmetry class.

2 Tw o-letter patterns

There are two symmetry classesherewith representativ es11 and 12. Avoiding 11 simply
meanshaving no repeated letters, so

f 11(n; k) =
�

k
n

�
n! = (k)n ; F11(x; k) = (1 + x)k :

A word avoiding 12 is just a non-increasingstring, so

f 12(n; k) =
�

n + k � 1
n

�
; F12(x; k) =

1
(1 � x)k

:

3 Single 3-letter patterns

The symmetry classrepresentativ esare 123,132,112,121,111. It is well-known [K] that

jSn (123)j = jSn (132)j = Cn =
1

n + 1

�
2n
n

�
;

the nth Catalan number. It was alsoshown earlier by the �rst author [B] that

f 123(n; k) = f 132(n; k) = 2n� 2(k� 2)
k� 2X

j =0

ak� 2;j

�
n + 2j

n

�
;
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where

ak;j =
kX

m= j

CmDk� m ; D t =
�

2t
t

�
;

and

F123(x; y) = F132(x; y) = 1 +
y

1 � x
+

2y2

(1 � 2x)(1 � y) +
p

((1 � 2x)2 � y)(1 � y)
:

Avoiding pattern 111 meanshaving no more than 2 copiesof each letter. There are
0 � i � k distinct letters in each word � 2 [k]n avoiding 111, 0 � j � i of which occur
twice. Hence,2j + (i � j ) = n, so j = n � i . Therefore,

f 111(n; k) =
kX

i =0

�
k
i

��
i

n � i

�
n!

2n� i
=

kX

i =0

n!
2n� i (n � i )!(2i � n)!

(k) i =
kX

i =0

B(i; n � i )(k) i ;

where (k) i is the falling factorial, and B(r; s) =
(r + s)!

2s(r � s)!s!
is the Besselnumber of the

�rst kind. In particular, we note that f 111(n; k) = 0 when n > 2k.

Theorem 1 F111(x; k) =
�

1 + x +
x2

2

� k

:

Pro of. This can be derived from the exact formula above. Alternativ ely, let � be any
word in [k]n (111). Since� avoids 111,the number of occurrencesof the letter k in � is 0,
1 or 2. Hence,there are f 111(n; k � 1), nf 111(n � 1; k � 1) and

� n
2

�
f 111(n � 2; k � 1) words

� with 0, 1 and 2 copiesof k, respectively. Hence

f 111(n; k) = f 111(n; k � 1) + nf 111(n � 1; k � 1) +
�

n
2

�
f 111(n � 2; k � 1);

for all n; k � 2. Also, f 111(n; 1) = 1 for n = 0; 1; 2, f 111(n; 1) = 0 for all n � 3,
f 111(0; k) = 1 and f 111(1; k) = k for all k, hencethe theorem holds. 2

Finally, we considerpatterns 112and 121. We start with pattern 121.
If a word � 2 [k]n avoids pattern 121,then it contains no letters other than 1 between

any two 1's, which meansthat all 1's in � , if any, are consecutive. Deletion of all 1's from
� leavesanother word � 1 which avoids 121and contains no 1's, soall 2's in � 1, if any, are
consecutive. In general,deletion of all letters 1 through j leavesa (possiblyempty) word
� j on letters j + 1 through k in which all letters j + 1, if any, occur consecutively.

If a word � 2 [k]n avoids pattern 112, then only the leftmost 1 of � may occur before
a greater letter. The rest of the 1's must occur at the end of � . In fact, just as in the
previous case,deletion of all letters 1 through j leaves a (possibly empty) word � j on
letters j + 1 through k in which all occurrencesof j + 1, exceptpossibly the leftmost one,
are at the endof � j . We will call all occurrencesof a letter j , exceptthe leftmost j , excess
j 's.
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The precedinganalysissuggestsa natural bijection � : [k]n (121) ! [k]n (112). Given a
word � 2 [k]n (121), we apply the following algorithm of k steps. Say it yields a word � (j )

after Step j , with � (0) = � . Then Step j (1 � j � k) is:
Step j . Cut the block of excessj 's, then insert it immediately beforethe �nal block

of all smaller excessletters of � (j � 1), or at the end of � (j � 1) if there are no smallerexcess
letters.

It is easyto seethat, at the end of the algorithm, we get a word � (k) 2 [k]n (112).
The inversemap, � � 1 : [k]n (112) ! [k]n (121) is givenby a similar algorithm of k steps.

Given a word � 2 [k]n (112) and keepingthe samenotation asabove, Step j is as follows:
Step j . Cut the block of excessj 's (which are at the end of � (j � 1)), then insert it

immediately after the leftmost j in � (j � 1).
Clearly, we get � (k) 2 [k]n (121) at the end of the algorithm.
Thus, we have the following

Theorem 2 Patterns 121 and 112 are Wilf-equivalent.

We will now �nd f 112(n; k) and provide a bijective proof of the resulting formula.
Considerall words � 2 [k]n (112) which contain a letter 1. Their number is

g112(n; k) = f 112(n; k) � jf � 2 [k]n (112) : � hasno 1'sgj = f 112(n; k) � f 112(n; k � 1): (1)

On the other hand, each such � either endson 1 or not.
If � ends on 1, then deletion of this 1 may produce any word in �� 2 [k]n� 1(112),

sinceaddition of the rightmost 1 to any word in �� 2 [k]n� 1(112) doesnot produceextra
occurrencesof pattern 112.

If � doesnot end on 1, then it hasno excess1's, so its only 1 is the leftmost 1 which
doesnot occur at end of � . Deletion of this 1 producesa word in �� 2 f 2; : : : ; kgn� 1(112).
Sinceinsertion of a single1 into each such �� doesnot produceextra occurrencesof pattern
112, for each word �� 2 f 2; : : : ; kgn� 1(112) we may insert a single1 in n � 1 positions (all
except the rightmost one) to get a word � 2 [k]n (112) which contains a single 1 not at
the end.

Thus, we have

g112(n; k) = f 112(n � 1; k) + (n � 1)jf � 2 [k]n� 1(112) : � hasno 1'sgj =

= f 112(n � 1; k) + (n � 1)f 112(n � 1; k � 1): (2)

Combining (1) and (2), we get

f 112(n; k) � f 112(n; k � 1) = f 112(n � 1; k) + (n � 1)f 112(n � 1; k � 1); n � 1; k � 1: (3)

The initial valuesare f 112(n; 0) = � n0 for all n � 0 and f 112(0; k) = 1, f 112(1; k) = k
for all k � 0.

Therefore,multiplying (6) by yk and summingover k, we get

G112(n; y) � � n0 � yG112(n; y) = G112(n � 1;y) � � n� 1;0 + (n � 1)yG112(n � 1;y); n � 1;
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hence,
(1 � y)G112(n; y) = (1 + (n � 1)y)G112(n � 1;y); n � 2:

Therefore,

G112(n; y) =
1 + (n � 1)y

1 � y
G112(n � 1;y); n � 2: (4)

Also, G112(0; y) =
1

1 � y
and G112(1; y) =

y
(1 � y)2

, so applying the previous equation

repeatedly yields

G112(n; y) =
y(1 + y)(1 + 2y) � � � (1 + (n � 1)y)

(1 � y)n+1
: (5)

We have

1
y

N umer(G112(n; y)) = (1 + y)(1 + 2y) � � � (1 + (n � 1)y) = yn
n� 1Y

j =0

�
1
y

+ j
�

=

= yn
nX

k=0

c(n; k)
�

1
y

� k

=
nX

k=0

c(n; k)yn� k =
nX

k=0

c(n; n � k)yk ;

wherec(n; j ) is the signlessStirling number of the �rst kind, and

y
Denom(G112(n; y))

=
y

(1 � y)n+1
=

1X

k=0

�
n + k � 1

n

�
yk ;

so f (n; k) is the convolution of the two coe�cien ts:

f 112(n; k) =
�

c(n; n � k) �
�

n + k � 1
n

��
=

kX

j =0

�
n + k � j � 1

n

�
c(n; n � j ):

Thus, we have a new and improved versionof Theorem2.

Theorem 3 Patterns 112 and 121 are Wilf-equivalent, and

f 121(n; k) = f 112(n; k) =
kX

j =0

�
n + k � j � 1

n

�
c(n; n � j );

F121(x; y) = F112(x; y) =
1

1 � y
�
�

1 � y
1 � y � xy

� 1=y

:

(6)

We note that this is the �rst time that Stirling numbers appear in enumeration of
words (or permutations) with forbidden patterns.

the electr onic journal of combina torics 9(2) (2002), #R3 5



Pro of. The �rst formula is proved above. The secondformula canbe obtained asthe ex-
ponential generatingfunction of G112(n; y) from the recursive equation(4). Alternativ ely,
multiplying the recursive formula (3) by xn� 1=(n � 1)! and summingover n � 1 yields

d
dx

F112(x; k) = F112(x; k) + (1 + x)
d

dx
F112(x; k � 1):

Multiplying this by yk and summingover k � 1, we obtain

d
dx

F112(x; y) =
1

1 � y � yx
F112(x; y):

Solving this equation together with the initial condition F112(0; y) =
1

1 � y
yields the

desiredformula. 2
We will now prove the exact formula (6) bijectively. As it turns out, a little more

natural bijective proof of the sameformula obtains for f 221(n; k), an equivalent result
since221= c(112). This bijective proof is suggestedby equation (3) and by the fact that
c(n; n � j ) enumeratespermutations of n letters with n � j right-to-left minima (i.e. with
j right-to-left nonminima), and

� n+ k� j � 1
n

�
enumeratesnondecreasingstrings of length n

on letters in f 0; 1; : : : ; k � j � 1g.
Given a permutation � 2 Sn which has n � j right-to-left minima, we will construct

a word � 2 [j + 1]n (221) with certain additional properties to be discussedlater. The
algorithm for this construction is as follows.

Algorithm 1
1. Let d = (d1; : : : ; dn ), wheredr =

(
0; if r is a right-to-left minimum in � ,

1; otherwise.

2. Let s = (s1; s2; : : : ; sn ), wheresr = 1 +
P r

i =1 dr , r = 1; : : : ; n.

3. Let � = � � s (i.e. � r = s� (r ) , r = 1; : : : ; n). This is the desiredword � .

Example 1 Let � = 621=93=574=8=10 2 S10. Then n � j = 5, so j + 1 = 6, d =
0100111010,s = 1222345566,so the corresponding word � = 42162352562 [6]10(221).

Note that each letter sr in � is in the sameposition as that of r in � , i.e. � � 1(r ).
Let us show that our algorithm doesindeedproducea word � 2 [j + 1]n (221).
Since� has n � j right-to-left minima, only j of the dr 's are 1s, the rest are 0s. The

sequencef sr g is clearly nondecreasingand its maximum, sn = 1 + 1 � j = j + 1. Thus,
� 2 [j + 1]n and � contains all letters from 1 to j + 1.

Supposenow � contains an occurrenceof the pattern 221. This means� contains a
subsequencebcaor cba, a < b< c. On the other hand, sb = sc, so0 = sc � sb =

P c
r = b+1 dr ,

hencedc = 0 and c must be a right-to-left minimum. But a < c is to the right of c, so c
is not a right-to-left minimum; a contradiction. Therefore,� avoids pattern 221.

Thus, � 2 [j + 1]n (221) and contains all letters 1 through j + 1. Moreover, the leftmost
(and only the leftmost) occurrenceof each letter (except 1) is to the left of somesmaller
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letter. This is becausesb = sb� 1 meansdb = 0, that is b is a right-to-left minimum, i.e.
occursto the right of all smaller letters. Hence,sb is alsoto the right of all smaller letters,
i.e. is a right-to-left minimum of � . On the other hand, sb > sb� 1 meansdb = 1, that is b
is not a right-to-left minimum of � , so sb is not a right-to-left minimum of � .

It is easyto construct an inverseof Algorithm 1. Assumewe are given a word � as
above. We will construct a permutation � 2 Sn which hasn � j right-to-left minima.

Algorithm 2
1. Reorderthe elements of � in nondecreasingorder and call the resulting string s.

2. Let � 2 Sn be the permutation such that � r = s� (r ) , r = 1; : : : ; n, given that � a = � b

(i.e. s� (a) = s� (b) ) implies � (a) < � (b) , a < b). In other words, � is monotone
increasingon positions of equal letters. Then � is the desiredpermutation.

Example 2 Let � = 42162352562 [6]10(221) from our earlier example(so j + 1 = 6).
Then s = 1222345566,so looking at positions of 1s, 2s, etc., 6s, we get

� (1) = 6

� (f 2; 5; 8g) = f 2; 3; 4g =) � (2) = 2; � (5) = 3; � (8) = 4

� (3) = 1

� (f 4; 10g) = f 9; 10g =) � (9) = 4; � (10) = 10

� (6) = 5

� (f 7; 9g) = f 7; 8g =) � (7) = 7; � (9) = 8:

Hence,� = (6; 2; 1; 9; 3; 5; 7; 4; 8; 10) (in the one-linenotation, not the cyclenotation) and
� hasn � j right-to-left minima: 10, 8, 4, 3, 1.

Note that the position of each sr in � is � � 1(r ), i.e. again the sameas r has in � .
Therefore,we concludeasabove that � has j + 1 � 1 = j right-to-left nonminima, hence,
n � j right-to-left minima. Furthermore, the sameproperty implies that Algorithm 2 is
the inverseof Algorithm 1.

Note, however, that more than oneword in [k]n (221) may map to a given permutation
� 2 Sn with exactly n � j right-to-left minima. We only needrequire that just the letters
corresponding to the right-to-left nonminima of � be to the left of a smaller letter (i.e. not
at the end) in � . Valuesof 0 and 1 of dr in Step 1 of Algorithm 1 are minimal increases
requiredto recover back the permutation � with Algorithm 2. We must have dr � 1 when
we haveto increasesr , that is when sr is not a right-to-left minimum of � , i.e. when r is
not a right-to-left minimum of � . Otherwise,we don't have to increasesr , so dr � 0.

Let � 2 [k]n (221), � = Al g2(� ), ~� = Al g1(� ) = Al g1(Al g2(� )) 2 [j + 1]n (221), and
� = � � ~� (vector subtraction). Note that er = sr (� ) � sr (~� ) � 0 doesnot decrease(since
sr (� ) cannot stay the sameif sr (~� ) is increasedby 1) and 0 � e1 � : : : � en � k � j � 1.

Since position of each er in � is the same as position of sr in � (i.e. � a = e� (a) ,
e = e1e2 : : : en ), the number of such sequences� is the number of nondecreasingsequences
e of length n on letters in f 0; : : : ; k � j � 1g, which is

� n+ k� j � 1
n

�
.
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Thus, � 2 [k]n (221) uniquely determinesthe pair (� ; e), and vice versa. This proves
the formula (6) of Theorem3.

All of the above lets us state the following

Theorem 4 There are 3 Wilf classesof multipermutations of length 3, with representa-
tives 123, 112 and 111.

4 Pairs of 3-letter patterns

There are 8 symmetric classesof pairs of 3-letters words, which are

f 111; 112g; f 111; 121g; f 112; 121g; f 112; 122g; f 112; 211g; f 112; 212g; f 112; 221g; f 121; 212g:

Theorem 5 The pairs f 111; 112g and f 111; 121g are Wilf equivalent, and

F111;121(x; y) = F111;112(x; y) =
e� x

1 � y
�
�

1 � y
1 � y � xy

� 1=y

;

f 111;112(n; k) =
nX

i =0

kX

j =0

(� 1)n� i

�
n
i

� �
k + i � j � 1

i

�
c(i; i � j ):

Pro of. To prove equivalence,notice that the bijection � : [k]n (121) ! [k]n (112) preserves
the number of excesscopiesof each letter and that avoiding pattern 111 is the sameas
having at most 1 excessletter j for each j = 1; : : : ; k. Thus, restriction of � to words with
� 1 excessletter of each kind yields a bijection � � 111: [k]n (111; 121) ! [k]n (111; 112).

Let � 2 [k]n (111; 112) contain i copiesof letter 1. Since� avoids 111,we seethat i 2
f 0; 1; 2g. Corresponding to thesethree cases,the number of such words � is f 111;112(n; k �
1), nf 111;112(n � 1; k � 1) or (n � 1)f 111;112(n � 2; k � 1), respectively. Therefore,

f 111;112(n; k) = f 111;112(n; k � 1) + nf 111;112(n � 1; k � 1) + (n � 1)f 111;112(n � 2; k � 1);

for n; k � 1. Also, f 111;112(n; 0) = � n0 and f 111;112(0; k) = 1, hence

F111;112(x; k) = (1 + x)F111;112(x; k � 1) +
Z

xF111;112(x; k � 1)dx;

wheref 111;112(0; k) = 1. Multiply the above equationby yk and sum over all k � 1 to get

F111;112(x; y) = c(y)e� x �
�

1 � y
1 � y � xy

� 1=y

;

which, together with F111;112(0; y) =
1

1 � y
, yields the generatingfunction.

Notice that F111;112(x; y) = e� xF112(x; y), hence, F111;112(x; k) = e� xF112(x; k), so
f 111;112(n; k) is the exponential convolution of (� 1)n and f 112(n; k). This yields the second
formula. 2
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Theorem 6 Let H112;121(x; k) =
P

n� 0 f 112;121(n; k)xn . Then for any k � 1,

Hk(x) =
1

1 � x
H112;121(x; k � 1) + x2 d

dx
H112;121(x; k � 1);

and H112;121(x; 0) = 1.

Pro of. Let � 2 [k]n (112; 121) such that contains j letters 1. Since� avoids 112and 121,
we have that for j > 1, all j copiesof letter 1 appear in � in positions n � j + 1 through
n. When j = 1, the single1 may appear in any position. Therefore,

f 112;121(n; k) = f 112;121(n; k � 1) + nf 112;121(n � 1; k � 1) +
nX

j =2

f 112;121(n � j ; k � 1);

which meansthat

f 112;121(n; k) = f 112;121(n � 1;k) + f 112;121(n; k � 1)

+ (n � 1)f 112;121(n � 1; k � 1) � (n � 2)f 112;121(n � 2; k � 1):

We alsohave f 112;121(n; 0) = 1, henceit is easyto seethe theorem holds. 2

Theorem 7 Let H112;211(x; k) =
P

n� 0 f 112;211(n; k)xn . Then for any k � 1,

H112;211(x; k) = (1 + x + x2)H112;211(x; k � 1) +
x3

1 � x
+

d
dx

H112;211(x; k � 1);

and H112;211(x; 0) = 1.

Pro of. Let � 2 [k]n (112; 211) such that contains j letters 1. Since � avoids 112 and
211 we have that j = 0; 1; 2; n. When j = 2, the two 1's must at the beginning and
at the end. Hence, it is easy to seethat for j = 0; 1; 2; n there are f 112;211(n; k � 1),
nf 112;211(n � 1;k � 1), f 112;211(n � 2;k � 1) and 1 such � , respectively. Therefore,

f 112;211(n; k) = f 112;211(n; k � 1) + nf 112;211(n � 1; k � 1) + f 112;211(n � 2; k � 1) + � n� 3:

We alsohave f 112;121(n; 0) = 1, henceit is easyto seethe theorem holds. 2

Theorem 8 Let an;k = f 112;212(n; k), then

an;k = an;k � 1 +
nX

d=1

k� 1X

r =0

n� dX

j =0

aj;r an� d� j;k � 1� r

and a0;k = 1, an;1 = 1.

Pro of. Let � 2 [k]n (112; 212) have exactly d letters 1. If d = 0, there are an;k � 1 such � .
Let d � 1, and assumethat � i d = 1 where d = 1; 2; : : : j . Since � avoids 112, we have
i2 = n + 2 � d (if d = 1, we de�ne i 2 = n + 1), and since � avoids 212 we have that
� a; � b are di�erent for all a < i 1 < b < i 2. Therefore, � avoids f 112; 212g if and only if
(� 1; : : : ; � i 1 � 1), and (� i 1+1 ; : : : ; � i 2 � 1) are f 112; 212g-avoiding. The rest is easyto obtain.
2
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Theorem 9

f 112;221(n; k) =
kX

j =1

j � j !
�

k
j

�

for all n � k + 1,

f 112;221(n; k) = n!
�

k
n

�
+

n� 1X

j =1

j � j !
�

k
j

�

for all k � n � 2, and f 112;221(0; k) = 1, f 112;221(1; k) = k.

Pro of. Let � 2 [k]n (112; 221) and j � n be such that � 1; : : : ; � j are all distinct and j
is maximal. Clearly, j � k. Since� avoids f 112; 221g and j is maximal, we get that the
letters � j +1 ; : : : ; � n , if any, must all be the sameand equalto oneof the letters � 1; : : : ; � j .
Hence,there are j � j !

� k
j

�
such � if , for j < n or j = n > k. For j = n � k, there are

n!
� k

n

�
such � . Hence,summingover all possiblej = 1; : : : ; k, we obtain the theorem. 2

Theorem 10

f 121;212(n; k) =
kX

j =0

j !
�

k
j

� �
n � 1
j � 1

�

for k � 0, n � 1, and f 121;212(0; k) = 1 for k � 0.

Pro of. Let � 2 [k]n (121; 212) contain exactly j distinct letters. Then all copiesof each
letter 1 through j must be consecutive, or � would contain an occurrenceof either 121
or 212. Hence,� is a concatenationof j constant strings. Supposethe i -th string has
length ni > 0, then n =

P j
i =1 ni . Therefore, to obtain any � 2 [k]n (121; 212), we can

choosej letters out of k in
� k

j

�
ways, then chooseany orderedpartition of n into j parts

in
� n� 1

j � 1

�
ways, then label each part ni with a distinct number l i 2 f 1; : : : ; j g in j ! ways,

then substitute ni copiesof letter l i for the part ni (i = 1; : : : ; j ). This yields the desired
formula. 2

Unfortunately, the caseof the pair (112; 122) still remainsunsolved.

5 Some triples of 3-letter patterns

Theorem 11

F112;121;211(x; k) = 1 +
(ex � 1)((1 + x)k � 1)

x
;

f 112;121;211(n; k) =

8
><

>:

nX

j =1

1
j !

�
n + 1

j

��
k

n + 1 � j

�
; n � 1;

1; n = 0:
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Pro of. Let � 2 [k]n (112; 121; 211) contain j letters 1. For j � 2, there are no letters
between the 1's, to the left of the �rst 1 or to the right of the last 1, hencej = n. For
j = 1, j = 0 it is easyto seefrom de�nition that there are nf 112;121;211(n � 1; k � 1) and
f 112;121;211(n; k � 1) such � , respectively. Hence,

f 112;121;211(n; k) = f 112;121;211(n; k � 1) + nf 112;121;211(n � 1; k � 1) + 1;

for n; k � 2. Also, a(n; 1) = a(n; 0) = 1, a(0; k) = 1, and a(1; k) = k. Let b(n; k) =
f 112;121;211(n; k)=n!, then

b(n; k) = b(n; k � 1) + b(n � 1; k � 1) +
1
n!

:

Let bk(x) =
P

n� 0 b(n; k)xn , then it is easyto seethat bk(x) = (1 + x)bk� 1(x) + ex � 1.
Sincewe alsohave b0(x) = ex , the theoremfollows by induction. 2

6 Some patterns of arbitrary length

6.1 Pattern 11: : : 1

Let us denoteby hai l the word consistingof l copiesof letter a.

Theorem 12 For any l; k � 0,

Fh1i l (x; k) =

 
l � 1X

j =0

x j

j !

! k

:

Pro of. Let � 2 [k]n (h1i l ) contain j letters 1. Since� avoids h1i l , we have j � l � 1. If �
contains exactly j letters of 1, then there are

� n
j

�
f h1i l (n � j; k � 1) such � , therefore

f h1i l (n; k) =
l � 1X

j =0

�
n
j

�
f h1i l (n � j; k � 1):

We alsohave f h1i l (n; k) = kn for n � l � 1, henceit is easyto seethe theorem holds. 2
In fact, [CS] shows that we have

f h1i l (n; k) =
nX

i =1

M l � 1
2 (n; i )(k) i ;

whereM l � 1
2 (n; i ) is the number of partitions of an n-set into i parts of size� l � 1.
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6.2 Pattern 11: : : 121: : : 11

Let us denotevm;l = 11: : : 121: : : 11, wherem (respectively, l) is the number of 1's on the
left (respectively, right) sideof 2 in vm;l . In this sectionwe prove the number of words in
[k]n (vm;l ) is the sameas the number of words in [k]n (vm+ l;0) for all m; l � 0.

Theorem 13 Let m; l � 0, k � 1. Then for n � 1,

f vm;l (n + 1; k) � f vm;l (n; k) =
m+ l � 1X

j =0

�
n
j

�
f vm;l (n + 1 � j; k � 1):

Pro of. Let � 2 [k]n (vm;l ) contain exactly j letters 1. Since the 1's cannot be part of
an occurrenceof vm;l in � when j � m + l � 1, these1's can be in any j positions, so
there are

� n
j

�
f vm;l (n; k � 1) such � . If j � m + l, then the m-th through (j � l + 1)-

st (l-th from the right) 1's must be consecutive letters in � (with the convention that
the 0-th 1 is the beginning of � and (j + 1)-st 1 is the end of � ). Hence, there are� n� j + m+ l � 1

m+ l � 1

�
f vm;l (n � j; k � 1) such � , and hence

f vm;l (n; k) =
m+ l � 1X

j =0

�
n
j

�
f vm;l (n � j; k � 1) +

nX

j = m+ l

�
n � j + m + l � 1

m + l � 1

�
f vm;l (n � j; k � 1):

Hencefor all n � 1,

f vm;l (n + 1; k) � f vm;l (n; k) =
m+ l � 1X

j =0

�
n
j

�
f vm;l (n + 1 � j; k � 1):

2
An immediate corollary of Theorem13 is the following.

Corollary 14 Let m; l � 0, k � 0. Then for n � 0

f vm;l (n; k) = f vm + l; 0 (n; k):

In other words, all patterns vm;l with the samem + l are Wilf-equivalent.

Pro of. We will give an alternative, bijective proof of this by generalizingour earlier
bijection � : [k]n (121) ! [k]n (112). Let � 2 [k]n (vm;l ). Recall that � j is a word obtained
by deleting all letters 1 through j from � (with � 0 := � ).

Suppose that � contains i letters j + 1. Then all occurrencesof j + 1 from m-th
through (i � l + 1)-st, if any (i.e. if j � m + l), must be consecutive letters in � j . We will
denoteasexcessj 's the (m + 1)-st through (i � l + 1)-st copiesof j when l > 0, and m-th
through i -th copiesof j when l = 0.

Supposethat m + l = m0+ l0. Then the bijection � m;l ;m0;l 0 : [k]n (vm;l ) ! [k]n (vm0;l 0) is
an algorithm of k steps. Given a word � 2 [k]n (vm;l ), say it yields a word � (j ) after Step
j , with � (0) := � . Then Step j (1 � j � k) is as follows:

Step j .
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1. Cut the block of excessj 's from � (j � 1)
j � 1 (which is immediately after the m-th

occurrenceof j ), then insert it immediately after the m0-th occurrenceof j if l0 > 0,
or at the end of � (j � 1)

j � 1 if l0 = 0.

2. Insert letters 1 through j � 1 into the resulting string in the samepositionsthey are
in � (j � 1) and call the combined string � (j ) .

Clearly,
� (j )

j = � (j � 1)
j = : : : = � (0)

j = � j

and at Step j , the j 's are rearrangedso that no j can be part of an occurrenceof vm0;l 0.
Also, positions of letters 1 through j � 1 are the samein � (j ) and � (j � 1), hence,no letter
from 1 to j can be part of vm0;l 0 in � (j ) by induction. Therefore, � (k) 2 [k]n (vm0;l 0) as
desired.

Clearly, this map is invertible, and � m0;l 0;m;l = (� m;l ;m0;l 0)� 1. This endsthe proof. 2

Theorem 15 Let p � 1 and dp(f (x)) =
R

: : :
R

f (x)dx : : : dx (and we de�ne d0(f (x)) =
f (x))). Then for any k � 1,

Fvp; 0 (x; k) �
Z

Fvp; 0 (x; k)dx =
p� 1X

j =0

 

(� 1)j dp(Fvp; 0 (x; k � 1))
p� 1� jX

i =0

x i

i !

!

;

and Fvp; 0 (x; 1) = ex , Fvp; 0 (0; k) = 1.

Pro of. By de�nition, we have f vp; 0 (n; 1) = 1 for all n � 0 so Fvp; 0 (x; 1) = ex . On the
other hand, Theorem13 yields immediately the rest of this theorem. 2

Example 3 For p = 1, Theorem15 yields

X

n� 0

j[k]n (12)j
xn

n!
= ex

k� 1X

j =0

�
k � 1

j

�
x j

j !
;

which meansthat, for any n � 0

j[k]n (12)j =
�

n + k � 1
k � 1

�
:

(cf. Section2.)

Example 4 For p = 2, Theorem15 yields

F112(x; k) = ex �
Z

(1 + x)e� xF112(x; k � 1)dx;

and F112(x; 0) = 1.
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Corollary 16 For any p � 0

Fvp; 0 (x; 2) = ex
pX

j =0

x j

j !
:

Pro of. From Theorem15, we immediately get that

Fvp; 0 (x; 2) �
Z

Fvp; 0 (x; 2)dx = ex
p� 1X

j =0

(� 1)j
p� 1� jX

i =0

x i

i !
;

which meansthat

ex d
dx

�
e� xFvp; 0 (x; 2)

�
= ex

p� 1X

j =0

x j

j !
;

hencethe corollary holds. 2

References

[AH] M. Albert, R. Aldred, M.D. Atkinson, C. Handley, D. Holton, Permutations of
a multiset avoiding permutations of length 3, European J. Combinatorics 22
(2001), 1021-1031.

[B] A. Burstein, Enumeration of words with forbidden patterns, Ph.D. thesis,Uni-
versity of Pennsylvania, 1998.

[CS] J.Y. Choi, J.D.H. Smith, Multi-restricted numbers and powers of permutation
representations, preprint.

[K] D.E. Knuth, The Art of Computer Programming,2nd edition, Addison Wesley,
Reading,MA, 1973.

[R] A. Regev.Asymptotics of the number of k-words with an `-descent, Electronic
J. of Combinatorics 5 (1998), #R15.

[SS] R. Simion, F.W. Schmidt, Restricted Permutations, Europ. J. of Combinatorics
6 (1985), 383{406.

the electr onic journal of combina torics 9(2) (2002), #R3 14



Corrigendum { submitted Ma y 3, 2007

This is a correction of a bijection between two pattern-restricted sets that appeared in
our original paper (herein referredto as [BM]) and was alsoreferred to in

S. Heubach, T. Mansour, Avoiding patterns of length three in compositions and multiset
permutations, Adv. Appl. Math. 36:2 (2006), 156{174.

Let [k] = f 1; 2; : : : ; kg, then [k]n is the set of n-long words over [k]. A word in � 2 [k]n

is said to contain an occurrence (or instance) of a pattern � 2 [`]m if � hasa subsequence
that is order-isomorphic to � (i.e. � has the samepairwise comparisonsas � ) and �
contains all letters in [`]. If � has no occurrencesof � then � is said to avoid � . We
denotethe set of � -avoiding permutations in [k]n by [k]n (� ).

This corrigendum corrects the algorithm on page 4 of [BM] that yields a bijection
� : [k]n (112) ! [k]n (121).

Let w = (a(1); a(2); :::; a(n)) 2 [k]n (121). De�ne excess x as any letter x occurring
after the leftmost x and beforea larger letter. De�ne excessj -block as follows: If a letter
j occursat least twice in w, then an excessj -block is the longestsequenceof consecutive
letters starting from the secondj from the left (say a(i ) = j; a(i + 1); :::; a(i + v); v > 0))
satisfying the conditions:

1. a(i + r ) � j for all 0 � r � v.

2. if a(i + r ) = a < j for some0 � r � v, then a(i + r ) is not an excessa.

Then the following modi�cation of the algorithm in [BM] will give a bijection. Let
w(j ) be the subword of w(j � 1) consistingof all non-excessletters lessthan j and all letters
greater than j . De�ne p = � (w) as follows. Let p(k) = w(k) . Now, for j from k � 1 down
to 1, to obtain p(j ) from p(j +1) insert the leftmost j into p(j +1) in the sameposition asthat
of the leftmost j in p(j ) , then insert the excessj -block at the end of p(j +1) . Then append
the sequenceof letters smaller than j that werepreviously at the end of w(j ) . Finally, let
p = p(1) . Then p 2 [k]n (112). Note that the movement of excessj -blocks must beginwith
the smallest j = 1 successively to the largest j = k.

The following is a moreconciseversion,bearingthe crucial de�nition of excessj -block
in mind. Let w = (a(1); a(2); :::; a(n)) 2 [k]n (121). Set � (w) = p(k) , where p(k) is given
by the following algorithm. Let p(0) = w, and let p(j � 1) be the result of applying the
algorithm j � 1 times. Then de�ne p(j ) asthe word obtained from p(j � 1) after successively
doing the following for each i < j : \cut out the excessi -block and insert it immediately
before other excesst-blocks in p(j � 1), where t < i , or at the end of p(j � 1) if there is no
excessblock there." Then � (w) = p(k) 2 [k]n (112). The inverse map is now obvious
becauseof the strict de�nition of excessj -block, provided we return each to the position
immediately after the leftmost j , beginning from j = k down to j = 1 this time.

Thus 33111322242 [4]10(121) transforms through j = 0; 1; 2; 3; 4, respectively, as
follows:

[4]10(121) 3 33111322247! 33132224117! 3313242211

7! 34313222117! 34313222112 [4]10(112):
(7)
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Conversely, starting with 34313222112 [4]10(112), there is no excess4-block, sowe locate
the excess3-block 3132and insert it immediately after the leftmost 3, i.e., 3313242211,
then we similarly return the excess2-block 22, and �nally the excess1-block 11 to recover
the original word.

Let r i denote the i th occurrenceof letter r , and let w(j ) be the word w without all
letters lessthan j (so w = w(1)). Then the j 1 (the leftmost j ) in p(j ) immediately follows
r i for somer > j if and only if j in w(j ) immediately follows r i . Now the excessj 's occur
as a consecutive block immediately following j 1 in w(j ) and at the end of p(j ).

For example,w = 31321112133221222341 2 [4]10(121) is obtained as follows:

41 ! 31323341 ! 31323321222341 ! 31321112133321222341 2 [4]10(121):

Thus, 41 and 31 are inserted in the beginning, the 21 is inserted after the 33, and the 11

is inserted after the 32. Now p = � (w) 2 [4]10(112) is obtained as follows:

41 ! 31413233 ! 31413233212223 ! 31413211332122231213 2 [4]10(112):

The authors would like to thank Augustine Munagi for bringing the error in the proof of
Theorem2 to their attention as well as for his signi�cant help in correcting it.

Wealsonote that the secondformula in Theorem3 of [BM] for the generatingfunction
F112(x; y) for the number of words in [k]n (112) is slightly incorrect. Indeed, the solution
of the seconddi�erential equation in the proof of Theorem3 of [BM] is not F112(x; y), but
F112(x; y) � F112(x; 0) = F112(x; y) � 1, sincethe precedingsummation is over k � 1, not
k � 0. Therefore,the correct generatingfunction is

F121(x; y) = F112(x; y) = 1 +
y

1 � y

�
1 � y

1 � y � xy

� 1=y

:

The authors would like to thank Lara Pudwell for noticing this error.
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