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Abstract

We nd generatingfunctions for the number of words avoiding certain patterns
or setsof patterns with at most 2 distinct letters and determine which of them are
equally avoided. We also nd exact numbersof words avoiding certain patterns and
provide bijective proofs for the resulting formulae.

Let[K] = f1;2;:::;kgbea(totally ordered)alphabet onk letters. We call the elemerts
of [kK]" words. Considertwo words, 2 [K]" and 2 []™. In other words, is an n-long
k-ary word and is an m-long "-ary word. Assumeadditionally that cortains all letters
1 through *. We say that  cortains an occurrence of , or simply that contains , if

has a subsequencerder-isomorphicto , i.e. if thereexistl i;<:::<i, hnsud
that, for any relation 2 f<;=;>gandindicesl a;b m, (i) (ip) if and only if

(a) (b. In this situation, the word s called a pattern. If  cortains no occurrences
of , wesa that avoids .

Up to now, most researtr on forbidden patterns dealt with casesvhereboth and
are permutations, i.e. have no repeatedletters. Somepapers(Alb ert et al. [AH], Burstein
[B], RegeVv[R]) also dealt with caseswhereonly is a permutation. In this paper, we
considersome caseswhere forbidden patterns cortain repeated letters. Just like [B],
this paper is structured in the mannerof Simion and Sdmidt [SS],which wasthe rst to
systematically investigate forbidden patterns and setsof patterns.

1 Preliminaries

Let [k]"( ) denotethe set of n-long k-ary words which avoid pattern . If T is a set of
patterns, let [k]"(T) denotethe set of n-long k-ary words which simultaneously avoid all
patternsin T, that is [K]"(T) =\ 1[K]"( ).
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For a given set of patterns T, let f+(n; k) be the number of T-avoiding wordsin [k]",
ie. fr(n;k) = j[K]"(T)). We denlgtethe correspnding exponerial generatingfunction
by Fr(x;k); that is, Fr(x;k) = | fr(n;k)x"=nl. Further, wg denote the ordinary
generating function of Fr(x;k) by Fr(x;y); that is, Fr(xy) = |, oFr(x;K)y. The
reasonfor our choicesof generatingfunctions is that k" j[k]"(T)j] n! r'j for any set
of patterns with repeated letters (sincepperrmtations without repeated letters avoid all
sud patterns). We alsolet Gr(n;y) = LO f+(n; k)yX, then Fr(x;y) is the exponertial
generatingfunction of Gt (n;y).

We say that two sets of patterns T; and T, belongto the samecardinality class or
Wilf class or are Wilf-equivalent if for all valuesof k and n, we havef 1, (n; k) = f1,(n; k).

It is easyto seethat, for eadr , two mapsgive us patterns Wilf-equivalert to . One
map,r : (i) 7! (m+1 i), where isreadright-to-left, is calledreversal the other map,
where isreadupsidedown,c: (i) 7! "+ 1 (i), is called complement For example,
if ~ =3, m= 4,thenr(1231)= 1321,c¢(1231)= 3213,r(c(1231)) = c(r(1231)) = 3123.
Clearly c r=r candr?=c¢ = (c r)?>=id, sohr;c is a group of symmetriesof a
rectangle. Therefore,we call f ; r( ); c( ); r(c( ))g the symmetryclassof .

Hence,to determine cardinality classesof patterns it is enoughto consideronly rep-
resermativ es of eadn symmetry class.

2 Two-letter patterns

There are two symmetry classederewith represetatives1land 12. Avoiding 11 simply
meanshaving no repeated letters, so

k= < ni= (e Futok) = @+ 0"

A word avoiding 12 is just a non-increasingstring, so

n+k 1 1
f12(n; k) = N ; Fi2(X; k) = W

3 Single 3-letter patterns

The symmetry classrepresemativesare 123,132,112,121,111. It is well-known [K] that

2n

jS(123) = jSy(182) = Co = ——

the nth Catalan number. It was alsoshowvn earlier by the rst author [B] that

2 .
n+ 2
Froa(nik) = frga(nik) = 20 26 2 g 5 s

=0 "
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where

and

y 2y?

+ p :
I x 1 2901 y+ (@ 22?2 y@a v

Fioa(X;y) = Fiza(X;y) = 1+

Avoiding pattern 111 meanshaving no more than 2 copiesof ead letter. There are

0 i kdistinct letters in ead word 2 [K]" avoiding 111,0 | i of which occur
twice. Hence,2j + (i j) = n,soj = n i. Therefore,
Xk [ n! X n! X : .
e B T oo T AN LA
i=0 i=0 i=0
(r+9)

W is the Besselnumber of the

rst kind. In particular, we note that f1;;(n; k) = O whenn > 2k.

where (k); is the falling factorial, and B(r;s) =

2 k

Theorem 1 Fppi(x;k)= 1+ x+ %

Pro of. This can be derived from the exact formula above. Alternatively, let be any

word in [K]"(111). Since avoids 111,the number of occurrencesof the letter k in  is 0,

1 or 2. Hence,therearef11(n;k 1), nf11(n 1,k 1) and 2 fi11(n 2,k 1) words
with 0, 1 and 2 copiesof k, respectively. Hence

fia1(m k) = fra(mk 1)+ nfy(n Lk 1)+ gflll(n 2k 1),

for all n;k 2. Also, fq11(n;1) = 1 for n = 0;1;2, f111(n;1) = O for all n 3,
f111(0; k) = 1 and f 111(1; k) = k for all k, hencethe theorem holds. 2
Finally, we considerpatterns 112and 121. We start with pattern 121.
If aword 2 [K]" avoids pattern 121,then it cortains no letters other than 1 between
any two 1's, which meansthat all 1'sin , if any, are consecutie. Deletion of all 1's from
leavesanotherword ; which avoids 121and cortains no 1's, soall 2'sin 4, if any, are
consecutie. In general,deletion of all letters 1 through j leavesa (possibly empty) word
j onlettersj + 1 through k in which all letters j + 1, if any, occur consecutiely.
If aword 2 [K]" avoids pattern 112,then only the leftmost 1 of may occur before
a greater letter. The rest of the 1's must occur at the end of . In fact, just asin the
previous case,deletion of all letters 1 through j leaves a (possibly empty) word ; on
letters j + 1 through k in which all occurrencesof | + 1, exceptpossiblythe leftmost one,
areat the endof ;. Wewill call all occurrencesof a letter j, exceptthe leftmost j, exess
I's.

the electr onic journal of combinatorics 9(2) (2002), #R3 3



The precedinganalysissuggestsa natural bijection : [k]"(121)! [k]"(112). Givena
word 2 [K]"(121), we apply the following algorithm of k steps. Say it yieldsaword @)
after Stepj, with @ = ThenStepj (1 | k) is:

Stepj. Cut the block of excesg's, then insert it immediately beforethe nal block
of all smallerexcesdetters of 0 Y, or at the endof 0 b if there are no smallerexcess
letters.

It is easyto seethat, at the end of the algorithm, we getaword &) 2 [k]"(112).

Theinversemap, 1:[k]"(112)! [k]"(121)is givenby a similar algorithm of k steps.
Givenaword 2 [k]"(112) and keepingthe samenotation asabove, Stepj is asfollows:

Stepj. Cut the block of excessj's (which are at the end of 0 1), then insert it
immediately after the leftmostj in 0 D,

Clearly, we get ) 2 [k]"(121) at the end of the algorithm.

Thus, we have the following

Theorem 2 Patterns 121 and 112 are Wilf-equivalent.

We will now nd f;,5(n; k) and provide a bijective proof of the resulting formula.
Considerall words 2 [k]"(112) which cortain a letter 1. Their number is

Gi2(M K) = faa(n; k) jf 2 [K]"(112): hasno1'sgj = fi1o(n;K)  frap(nk  1): (1)

On the other hand, ead such  either endson 1 or not.

If endson 1, then deletion of this 1 may produce any word in 2 [k]" %(112),
sinceaddition of the rightmost 1 to any word in 2 [k]" 1(112) doesnot produce extra
occurrencesof pattern 112.

If doesnot endon 1, then it hasno excessl's, soits only 1 is the leftmost 1 which
doesnot occur at end of . Deletion of this 1 producesaword in 2 f2;:::;kg" (112).

112,for ead word 2 f2;:::;kg" 1(112) we may insert a singlelin n 1 positions (all
exceptthe rightmost one) to get a word 2 [K]"(112) which cortains a single 1 not at
the end.

Thus, we have

Gz(M k) = fuo(n - Lk)+ (n 1jf 2 [K]" *(112): hasno 1'sgj =
= fia(n LK)+ (n Dfia(n Lk 1) (2)

Combining (1) and (2), we get
fr2(n;K)  fip(nk 1) =fo(n Lk)+(n L)fyo(n L,k 1); n 1,k 1. (3)

The initial valuesaref15(n;0) = o foralln 0andf15(0;k) = 1, f112(1;k) = k
forall k O.
Therefore, multiplying (6) by y* and summing over k, we get

Gi2(MyY)  no YGi2(my) = Gio(n Lyy)  n 10+t (N 1yGi(n 1y); n 1
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hence,
(1 Y)GuaAny)= 2+ (n 1)y)Gua(n 1yy); n 2

Therefore,

an(n;y)=me(n 1y), n 2 4)

1 : . .
Also, G115(0;y) = 1y and Gi15(1;y) = ﬁ so applying the previous equation

repeatedly yields

yd+y)d+2y) @A+ 1),

@y ©

Gia(nyy) =

We have

IYl

%Numer(an(n;Y))z(1+Y)(1+2y) L+ Dy) =y $+j =
j=0

N 1k X X
=y"  omk) = = omky" k= cnn Ky~
k=0 y k=0 k=0

wherec(n;j) is the signlessStirling number of the rst kind, and

y B y _ R n+k 1 K
Denom(Giip(n;y)) (1 y)n*t k=0 : ’

sof (n; k) is the corvolution of the two coe cien ts:

n+k 1 X n+ k j 1 .
fi(mk) = omn k) ) = nJ on;n j):

Thus, we have a new and improved version of Theorem 2.
Theorem 3 Patterns 112 and 121 are Wilf-equivalent, and
Xnek ,
fa2a(n; K) = Faaa(ni ko) = T dmn
1= (6)
1y 7
1y 1y xy

We note that this is the rst time that Stirling numbers appear in erumeration of
words (or permutations) with forbidden patterns.

Fii(Xy) = Fia(Xy) =
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Pro of. The rst formula is proved above. The secondformula canbe obtained asthe ex-
ponertial generatingfunction of Gi15(n;y) from the recursive equation(4). Alternativ ely,
multiplying the recursive formula (3) by x" '*=(n  1)! and summingover n 1 yields

d d
&FllZ(X; K) = Fia(X; k) + (1 + X)&FllZ(X; k 1)
Multiplying this by y* and summingover k 1, we obtain
d 1
&Fnz(x: y) = anz(X; y):
Solving this equation together with the initial condition F115(0;y) = 1—1y yields the
desiredformula. 2

We will now prove the exact formula (6) bijectively. As it turns out, a little more
natural bijective proof of the sameformula obtains for f,;(n; k), an equivalert result
since221= c¢(112). This bijective proof is suggestedy equation (3) and by the fact that
c(n;n j) erumeratespermutations of n letters with n  j right-to-left minima (i.e. with
j right-to-left nonminima), and ”*"nj ! erumeratesnondecreasingstrings of length n
onlettersin f0;1;:::;k J 1g.

Given a permutation 2 S, which hasn | right-to-left minima, we will construct
aword 2 [j + 1]"(221) with certain additional properties to be discussedater. The
algorithm for this construction is asfollows.

A|90“thm 1 0; if r is a right-to-left minimum in |

1; otherwise.
P
2. Let s= (S1;S2;::1;Sn), Wheres, = 1+ [, d,, r=1;:::;n.
3. Let = s(i.e. =5, r=1L:::;n). This is the desiredword

Example 1 Let = 621=935748=102 S;o. Thenn | = 5,s0j+ 1= 6,d=
0100111010s = 1222345566s0the correspndingword = 421623525@ [6]°(221).

Note that ead letter s, in is in the sameposition asthat of r in ,i.e.  (r).

Let us show that our algorithm doesindeedproduceaword 2 [j + 1]"(221).

Since hasn | right-to-left minima, only j of the d,'s are 1s, the rest are Os. The
sequencd s, g is clearly nondecreasingand its maximum, s, = 1+ 1 j = j + 1. Thus,

2 [} + 1]" and cortains all letters from 1to j + 1.

Supposenow  cortains an occurrenceof the pattern 221. This means |50rta|ns a
subsequencécaor cbg a< b< c. Onthe other hand,s, = s, s00=s; s,= _,,, d,
henced. = 0 and ¢ must be a right-to-left minimum. But a < c s to the right of ¢, soc
is not a right-to-left minimum; a cortradiction. Therefore, avoids pattern 221.

Thus, 2 [j +1]"(221) and cortains all letters 1 through j + 1. Moreover, the leftmost
(and only the leftmost) occurrenceof ead letter (exceptl) is to the left of somesmaller
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letter. This is becauses, = s, 1 meansd, = 0, that is bis a right-to-left minimum, i.e.
occursto the right of all smallerletters. Hence,s, is alsoto the right of all smallerletters,
i.e. is a right-to-left minimum of . On the other hand, s, > s, ; meansd, = 1,that isb
is not a right-to-left minimum of , sos, is not a right-to-left minimum of

It is easyto construct an inverseof Algorithm 1. Assumewe are given a word as
above. We will construct a permutation 2 S, which hasn j right-to-left minima.

Algorithm 2
1. Reorderthe elemeits of in nondecreasingrder and call the resulting string s.

2. Let 2 S, bethe permutation sudthat = s (), r = 1;:::;n, giventhat ;=
(i.,e. S @ = S () implies (a) < (b, a< b. In other words, is monotone
increasingon positions of equal letters. Then is the desiredpermutation.

Example 2 Let = 421623525@ [6]'°(221) from our earlier example(soj + 1 = 6).
Then s = 1222345566s0 looking at positions of 1s, 2s, etc., 6s, we get

(1)=6
(f2,5,89) = 2,349 =) =2 (5=3 @B)=4
@®)=1
(f4,109) = f9;10g =) 9 =4 (10=10
6)=5

(f7,99) = f7,89 =) 7MH=7 =8

Hence, = (6;2;1,9;3;5;7;4,;8;10)(in the one-linenotation, not the cycle notation) and
hasn j right-to-left minima: 10,8, 4, 3, 1.

Note that the position of ead s, in is  (r), i.e. againthe sameasr hasin
Therefore,we concludeasabove that hasj + 1 1= j right-to-left nonminima, hence,
n j right-to-left minima. Furthermore, the sameproperty implies that Algorithm 2 is
the inverseof Algorithm 1.

Note, howewer, that morethan oneword in [K]"(221) may map to a given permutation

2 S, with exactly n j right-to-left minima. We only needrequire that just the letters
correspndingto the right-to-left nonminimaof beto the left of a smallerletter (i.e. not
at the end) in . Valuesof 0 and 1 of d; in Step 1 of Algorithm 1 are minimal increases
requiredto recover badk the permutation  with Algorithm 2. We must haved, 1 when
we haveto increases;, that is whens, is not a right-to-left minimum of , i.e. whenr is
not a right-to-left minimum of . Otherwise,we don't have to increases;, sod, 0.

Let 2 [K]"(221), = Alg2( ), ~= Algl( ) = Algl(Alg2( )) 2 [j + 1]"(221), and

= ~ (vector subtraction). Notethat e = s;( ) s/(~) 0 doesnot decreasgsince
s;( ) cannot stay the sameif s,(~) isincreasedby 1) and0 e ::: e, k | 1

Since position of eat e in is the sameas position of s, in  (i.e. 5 = € (),
e= e6:::6,), the number of sud sequences is the number of nondecreasingequences
eoflengthn onlettersin f0;:::;k j 1g whichis "% J 1

n
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Thus, 2 [K]"(221) uniquely determinesthe pair ( ;€), and vice versa. This proves
the formula (6) of Theorem 3.
All of the above lets us state the following

Theorem 4 There are 3 Wilf classesof multipermutations of length 3, with representa-
tives 123,112 and 111.

4 Pairs of 3-letter patterns

There are 8 symmetric classesof pairs of 3-letters words, which are

111 112,111 121g; f 112 121g; f 112; 122g; f 112, 211g; f 112 212y; f 112; 221g; f 121; 212g;
Theorem 5 The pairs f111,112 and f111;121g are Wilf equivalent, and

e 1 1=y
Fi11121(X; Y) = Fi1iz112(Xy) = 1y 1y yxy ,
XX n k+i ) 1 ... .
f111112(N K) = ("' : c(i;i j):
i=0 j=0

Pro of. To prove equivalence,notice that the bijection : [k]"(121)! [K]"(112) presenes
the number of excesscopiesof eat letter and that avoiding pattern 111 is the sameas

1 excesdetter of eat kind yields a bijection 155 [K]"(111 121)! [k]"(111 112).

Let 2 [K]"(111 112)cortain i copiesof letter 1. Since avoids111,we seethat i 2
f0; 1; 2g. Corresponding to thesethree casesthe number of suc words  isf111.112(N; K
1), nfi1112(n Lk 1)or(n  1)f11112(n 25k 1), respectively. Therefore,

fr11112(M K) = friea2(n k. 1)+ nfagpae(n Lk 1)+ (0 1)fa1012(n 25k 1)

for n; k 1. Also, f111;112(n; O) = no and f 111;112(0; k) = 1, hence
Z
Fi11112(X K) = (1 + X)F110112(0k - 1)+ XFie112(x k 1)dx;

wheref 111.112(0; k) = 1. Multiply the above equationby y* and sumoverall k  1to get

1=y

y

Fii1112(X; y) = c(y)e * m

which, together with Fi11.112(0;y) = % yields the generatingfunction.

Notice that Fi11.112(XY) = e *Fi12(X;y), hence, Fi11:112(X;K) = e *Fi12(x; k), so
f111:112(N; K) is the exponertial corvolution of ( 1)" and f 115(n; k). This yieldsthe second
formula. 2
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Theorem 6 Let Hi1p101(X;K) = | of112121(N; K)X". Thenfor any k 1,
Hk(x) = iH112-121(X;k 1)+ X2£H112-121(X;k 1);
1 X ’ dx ’
and Hiip10:1(%;0) = 1.
Proof. Let 2 [k]"(112 121)sud that contains j letters 1. Since avoids112and 121,

we have that for j > 1, all j copiesof letter 1 appearin in positionsn j + 1 through
n. Whenj = 1, the single1 may appearin any position. Therefore,

xXn
f112121(N;K) = fa12101(Nsk 1)+ nfypa(n Lk 1)+ fr12100(n j5k 1)
j=2

which meansthat
f112121(N;K) = f112101(n LK) + f112120(Ns Kk 1)
+ (N Dfipoi(n Lk 1) (n 2)f112100(n 2k 1):

We alsohave f 112.121(N; 0) = 1, henceit is easyto seethe theorem holds. 2

P
Theorem 7 Let Hi12211(X;K) = | of112211(N; K)X". Thenfor any k 1,

x3 d
+ —Haon(X;k 1),

Hi122011(X;K) = (1 + X + X*)H112011(X; Kk 1)+
112211(X; K) = ( X + X9 )H112211(X ) 1 x . dx

and H112;211(X; O) =1

Proof. Let 2 [k]"(112 211) such that contains j letters 1. Since avoids 112 and
211 we have that j = 0;1;2;n. When | = 2, the two 1's must at the beginning and
at the end. Hence,it is easyto seethat for j = 0;1;2;n there are f112211(n;k 1),
Nf112012(n 1;k 1), f100103(n 2;k 1) and 1 sudr , respectively. Therefore,

f112212(N;K) = fri0010(M k. 1)+ nfip01i(n Lk 1)+ fr01i(n 2k 1)+ 4 3t

We alsohave f 112.121(N; 0) = 1, henceit is easyto seethe theorem holds. 2

Theorem 8 Let ank = f112212(N; K), then
X X1ixd
Ank = nk 1t Gran djk 1
d=1 r=0 j=0
andagk = 1, ap.1 = 1
Proof. Let 2 [k]"(112 212)have exactly d letters 1. If d = O, there are a,x 1 sut
Letd 1, and assumethat ;, = 1whered = 1;2;:::j. Since avoids 112, we have

ip=n+2 d(fd= 1, wedenei, = n+ 1), and since avoids 212 we have that
a, paredierent foralla< i; < b< i,. Therefore, avoidsfll12 212 if and only if
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Theorem 9

A '¢
f112201(N; K) = J ! J
foralln k+ 1,

k o
f112201(N; K) = n! + g
n =1 J

for all k n 2, andf112;221(0; k) =1, f112;221(1; k) = k.

Proof. Let 2 [k]"(112221)andj n besud that ,;:::; ; areall distinct and j
is maximal. Clearly,j k. Since avoidsfl112221gandj is maximal, we get that the
letters j+1;:::; n, if any, must all be the sameand equalto oneof the letters 4;:::; ;.

Hence,there arej j! :‘ sudh if ,forj <norj=n>k. Forj = n Kk, thereare
n! r'j sudr . Hence,summingover all possiblej = 1;:::; Kk, we obtain the theorem. 2

Theorem 10 "
.k n 1
f121.212(N; K) = jro. )
j=
fork 0O,n 1, andfi21212(0;k) = 1for k O.

Proof. Let 2 [K]"(121;212)cortain exactly j distinct letters. Then all copiesof eah
letter 1 through j must be consecutie, or  would cortain an occurrenceof either 121
or 212. Hence, is a corllgatenationofj constarnt strings. Supposethe i-th string has
length n; > 0, thenn = !_ n;. Therefore,to obtain any 2 [k]"(121;212), we can

-
choosej letters out of k in I:‘ ways, then chooseany orderedpartition of n into j parts

i N1 e than [akhal aads nart ~ wwith A dictine~t riimbhoarl O F 4 e
Injl .

formula. 2
Unfortunately, the caseof the pair (112 122) still remainsunsoled.

5 Some triples of 3-letter patterns

Theorem 11

& DL+ x)X 1
Fii2101011(X k) = 1+ ( )( ) );
8 X
2% 1+l Kk
it n+1 |

f112121011(Ns K) = S j=1

"1 n=0:
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Proof. Let 2 [k]"(112121;211) cortain | letters 1. For j 2, there are no letters
betweenthe 1's, to the left of the rst 1 or to the right of the last 1, hencej = n. For
] = 1,j = 01it is easyto seefrom de nition that there are nf 11210101:(n 1,k 1) and
f112101211(N; k1) sudh |, respectively. Hence,

f112121212(N; K) = fr1210001(M K 1)+ nfiiz10101(n Lk 1)+ 1,

for n;k 2. Also, a(n;1) = a(n;0) = 1, a(0;k) = 1, and a(1;k) = k. Let b(n;k)
f112121.211(N; K)=n!, then

b(n; k) = b(n;k 1)+ b(n 1k 1)+$:

=

P
Let b(x) = , ob(n;k)x", then it is easyto seethat b(x) = (1 + x)b 1(X) + €
Sincewe also have p(x) = €, the theoremfollows by induction. 2

6 Some patterns of arbitrary length

6.1 Pattern 11:::1

Let us denoteby hai, the word consistingof | copiesof letter a.

Theorem 12 For anyl;k 0,

|
X1y X
Frai, (x; K) = o
j=0 1"

Pro of. Let 2 [k]"(hli|) contain j letters 1. Since avoidshli;, wehavej | 1.If
contains exactly j letters of 1, then there are ;‘ frai,(n j; k 1)sud , therefore

Xt
frai, (N;K) = j frai, (N J; k1)
i=0

We alsohave fy;,(n;k) = k" forn | 1, henceit is easyto seethe theoremholds. 2
In fact, [CS]shaws that we have

x
frai, (M K) = Mj (n;i)(K)i;
i=1

whereM), 1(n;i) is the number of partitions of an n-setinto i parts of size | 1.
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6.2 Pattern 11:::121:::11

Let usdenotevy, = 11:::121:::11, wherem (respectively, 1) is the number of 1's on the
left (respectively, right) sideof 2 in v, . In this sectionwe prove the number of words in
[K]" (Vm: ) is the sameasthe number of words in [K]"(Vm+.0) for all m;l 0.

Theorem 13 Letm;l 0O,k 1. Thenforn 1,

my! 1
n .
fVm;I (n + 17 k) fVm;I (n’ k) = J fVm;I (n + 1 J’ k 1)
j=0

Proof. Let 2 [k]"(vm,) cortain exactly j letters 1. Sincethe 1's cannot be part of
an occurrenceof v,y in - whenj m+ | 1, thesel's canbein any j positions, so
there are ;‘ fum (Nbk 1) suh . If ] m + |, then the m-th through (j |+ 1)-
st (I-th from the right) 1's must be consecutie letters in  (with the corvertion that
the O-th 1 is the beginningof and (j + 1)-st 1 is the end of ). Hence,there are

naemrlb g, (0 j;k 1)sud , and hence

't . X'n j+rm+l 1
fum (NK) = j fum (N Ji Kk 1)+ mel 1

j=0 j=m+l

f\,m;,(n i k1)
Hencefor all n 1,

mX n
fVm;I (n + 17 k) fVm;I (n’ k) = J fVm;I (n + 1 J’ k 1)
j=0

An immediate corollary of Theorem 13 is the following.
Corollary 14 Letm;l 0,k 0. Thenforn O
fum (NTK) = fy .o (N1K):
In other words, all patterns vy, with the samem + | are Wilf-equivalent.

Pro of. We will give an alternative, bijective proof of this by generalizingour earlier
bijection :[k]"(121)! [k]"(112). Let 2 [K]"(vmi). Recallthat ; is a word obtained
by deleting all letters 1 through j from (with o:= ).

Supposethat cortains i letters j + 1. Then all occurrencesof j + 1 from m-th
through (i I+ 1)-st, if any (i.e. if ] m+ I), must be consecutie lettersin ;. We will
denoteasexessj's the (m+ 1)-st through (i |+ 1)-st copiesofj whenl > 0, and m-th
through i-th copiesof j whenl = 0.

Supposethat m + | = m%+ 1% Then the bijection my:moo i [K]"(Vimg) ' [K]"(Vinoro) is
an algorithm of k steps. Givenaword 2 [K]"(Vm;), S& it yieldsaword () after Step
j,with ©:=  ThenStepj (1 | k) is asfollows:

Stepj.
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1. Cut the block of excessj's from U b, ; (which is immediately after the m-th
occurrenceof j ), then insert it immediately after the m®th occurrenceofj if 1°> 0,
orat the endof 0 b; ;if 1= 0.

2. Insert letters 1 through j 1 into the resulting string in the samepositionsthey are
in 0 1 and call the conmbined string ).

Clearly,
i), = 6 =...=- (0 —
J J R J

and at Stepj, the j's are rearrangedsothat noj can be part of an occurrenceof Vmoo.
Also, positions of letters 1 through j 1 arethe samein @) and ( Y, hence,no letter
from 1 to j can be part of Voo in ) by induction. Therefore, ® 2 [K]"(Vmoo) as
desired.

Clearly, this map is invertible, and moomi = ( mi:mao) 1. This endsthe proof. 2

R R
Theorem 15 Letp landdy(f(x)) = ::: f(x)dx:::dx (and wede ne do(f (x)) =
f(x))). Thenfor anyk 1,

Z X 1 . pxl i Xi '
Fup.0 (X K) Fu,.o (X K)dx = ( 1) dp(Fv,.o (X3 k1)) T :
j=0 i=0
andF, ,(x;1) = €, F,,,(0;k) = L

Pro of. By de nition, we have f, ,(n;1) = 1foralln 0soF,,(x;1) = €. On the
other hand, Theorem 13 yields immediately the rest of this theorem. 2

Example 3 For p= 1, Theorem 15 yields

n K1 j
et =e KON X
0o n! =0 J J!
which meansthat, foranyn 0
e NEK 1
kP@2y=

(cf. Section2.)

Example 4 For p= 2, Theorem 15 yields
VA
Fio(X; k) = € A+ x)e *Fio(x;k  1)dx;

and F115(x;0) = 1.
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Corollary 16 Foranyp O

X i

X
Fu,o(x;2) = € =
i=o 1
Pro of. From Theorem 15, we immediately get that
Z X1 Pt j X
Fu,o(X;2) Fu,o(X; 2)dx = € ( 1) i—';
j=0 i=0 ’

which meansthat

d X!
ex& e XFVp;O(X;Z) = eP< J_I’
j=0
hencethe corollary holds. 2
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Corrigendum { submitted May 3, 2007

This is a correction of a bijection betweentwo pattern-restricted setsthat appearedin
our original paper (herein referredto as[BM]) and was alsoreferredto in

S. Heubad, T. Mansour, Avoiding patterns of length three in compositions and multiset
permutations, Adv. Appl. Math. 36:2 (2006), 156{174.

Let [k] = f1;2;:::;kg, then [k]" is the setof n-long words over [k]. A wordin 2 [K]"
is saidto cortain an occurrence (or instance) of apattern 2 [']™ if hasa subsequence
that is order-isomorphicto  (i.e. has the same pairwise comparisonsas ) and
cortains all letters in [']. If hasno occurrencesof then is said to avoid . We
denotethe setof -avoiding permutations in [k]" by [K]"( ).

This corrigendum corrects the algorithm on page 4 of [BM] that yields a bijection

([k]M(112) ! [K]"(121).

Let w = (a(1);a(2);::;;a(n)) 2 [k]"(121). De ne ex@ssx as any letter x occurring
after the leftmost x and beforea larger letter. De ne exessj -black asfollows: If a letter
] occursat leasttwice in w, then an exessj -black is the longestsequencef consecutie
letters starting from the secondj from the left (say a(i) = j; a(i + 1);::;;a(i + v); v> 0))
satisfying the conditions:

l.a(i+r) jforallO r .

2.ifa(i+r)=a<j forsome0 r v, thena( + r)isnot anexcess.

Then the following modi cation of the algorithm in [BM] will give a bijection. Let
w() be the subword of wi Y consistingof all non-excessetters lessthan j and all letters
greaterthan j. Dene p= (w) asfollows. Let p¥) = wk), Now, for j from k 1 down
to 1, to obtain pi) from pl*Y insert the leftmostj into pi *Y in the sameposition asthat
of the leftmost j in pU), then insert the excesg -block at the end of pi *Y . Then append
the sequencef letters smallerthan j that were previously at the end of wi). Finally, let
p=p®. Then p 2 [K]"(112). Note that the movemen of excesg -blocks must begin with
the smallestj = 1 successiely to the largestj = k.

The following is a more conciseversion, bearingthe crucial de nition of excesg -block
in mind. Let w = (a(1);a(2);:::;a(n)) 2 [k]"(121). Set (w) = p®, where p& is given
by the following algorithm. Let p©@ = w, and let pi V' be the result of applying the
algorithm j 1 times. Then de ne pU) asthe word obtained from pl ) after successiely
doing the following for ead i < j: \cut out the excesd-block and insert it immediately
before other excesst-blocks in pl Y, wheret < i, or at the end of pi V) if there is no
excessblock there." Then (w) = p® 2 [k]"(112). The inverse map is now obvious
becauseof the strict de nition of excesg -block, provided we return ead to the position
immediately after the leftmost j, beginningfrom j = k down to j = 1 this time.

Thus 33111322242 [4]*°(121) transforms through j = 0;1;2;3;4, respectively, as
follows:

[41°(121) 3 3311132224! 3313222417! 3313242211

7
7! 3431322217 3431322212 [4]"°(112): 0
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Corversely starting with 3431322212 [4]*°(112), there is no excess4-block, sowe locate
the excess3-block 3132and insert it immediately after the leftmost 3, i.e., 3313242211,
then we similarly return the exces2-block 22, and nally the excessl-block 11 to recover
the original word.

Let r; denotethe ith occurrenceof letter r, and let w(j) be the word w without all
letters lessthan j (sow = w(1)). Thenthe j; (the leftmostj) in p(j ) immediately follows
ri for somer > j if andonly if j in w(j ) immediately followsr;. Now the excesg 's occur
as a consecutie block immediately following j; in w(j) and at the end of p(j ).

For example,w = 3;3,1,1,153,2,:2,234, 2 [4]*°(121) is obtained as follows:

A4 ) 333! 313:35212,2:4 ! 313,11151533212,2:4, 2 [41°(121):

Thus, 4, and 3; are insertedin the beginning, the 2; is inserted after the 33, and the 1;
is inserted after the 3,. Now p=(w) 2 [4]}°(112) is obtained as follows:

4\ 343330 3143,3:3212,2; ! 31413,1133212,2:1,15 2 [41°(112):

The authors would like to thank Augustine Munagi for bringing the error in the proof of
Theorem 2 to their attention aswell asfor his signi cant help in correctingit.

We alsonote that the secondformula in Theorem3 of [BM] for the generatingfunction
F112(x; y) for the number of words in [k]"(112) is slightly incorrect. Indeed, the solution
of the seconddi erential equationin the proof of Theorem3 of [BM] is not F11,(X; y), but
Fi12(X;y)  F112(x;0) = F112(X;y) 1, sincethe precedingsummationis over k 1, not
k 0. Therefore,the correct generatingfunction is
y 1y 7
1y 1y xy

Fioa(X;y) = Fia(Xy) = 1+

The authors would like to thank Lara Pudwell for noticing this error.
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