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Abstract
We present 15 new partial difference sets over 4 non-abelian groups of order 100
and 2 new strongly regular graphs with intransitive automorphism groups. The
strongly regular graphs and corresponding partial difference sets have the following parameters: (100,22,0,6), (100,36,14,12), (100,45,20,20), (100,44,18,20). The
existence of strongly regular graphs with the latter set of parameters was an open
question. Our method is based on combination of Galois correspondence between
permutation groups and association schemes, classical Seidel’s switching of edges
and essential use of computer algebra packages. As a by-product, a few new amorphic association schemes with 3 classes on 100 points are discovered.

1

Introduction

Strongly regular graphs were frequently investigated during the last few decades in different contexts, including group theory, algebraic graph theory, design of experiments, finite
geometries, error-correcting codes, etc. (see [Bro96] for a short digest of some important
results in this area).
The (in a sense) most symmetric strongly regular graphs are rank 3 graphs, that is such
graphs Γ that the automorphism group Aut(Γ) acts transitively on the vertices, ordered
pairs of adjacent vertices and ordered pairs of non-adjacent vertices. Rank 3 graphs play
a significant role in group theory (cf. [Asc94]). The class of Cayley graphs forms a natural
class of graphs with quite high symmetry: the automorphism group of a Cayley graph
∗
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acts transitively on the set of vertices, the latter can be identified with the elements of a
suitable (regular) subgroup of the whole group Aut(Γ). This is why the investigation of
strongly regular Cayley graphs during the last decade attracted attention of a number of
experts in the area of algebraic combinatorics.
This direction is the main subject of our paper: we construct a few new strongly regular
Cayley graphs, as well as we prove that certain well-known strongly regular graphs may
be interpreted as Cayley graphs (all these graphs have 100 vertices).
If a Cayley graph Γ = Cay(H, S) over a group H is a strongly regular graph, then
the subset S of H (the connection set of Γ) is called a partial difference set in H. Since
the pioneering paper [Ma84] by Ma it became clear that an adequate approach to the
investigation of partial difference sets should be, in principle, based on the combined use
of tools from permutation groups, association schemes and Schur rings. An alternative
approach (which goes back to the classical theory of difference sets, see for example
[Tur65]) is mostly exploiting powerful tools from number theory and character theory. It
so happened that for a long time the second approach was prevailed. A lot of researchers
in the area still are not aware of the many advantages of the first approach.
The main goal of our paper is to present an informal outline of a computational
toolkit which enables to search quite efficiently for partial difference sets with prescribed
properties. It is mainly based on the use of Galois correspondence between permutation
groups and association schemes. The opportunities of developed tools are demonstrated
on the discovery of a family of new partial difference sets on 100 vertices.
One more origin of our approach is the exploitation of the classical Seidel’s switching
of edges in strongly regular Cayley graphs. In fact systematical use and development of
Seidel’s ideas will hopefully be presented in the current series of papers. This first paper
in the series touches the most simple and evident features of this approach.
The goal of the paper dictates its style: besides new scientific input it was our intention
that it should also fulfill educational and expository loads. We were trying to bring
together and to submit to a wide community of experts a number of tools (part of which
may be regarded as folklore ones), which being merged together serve as a powerful
computational method.
This paper consists of 9 sections. All necessary preliminaries are concentrated in
Section 2. The main requested facts about switching of edges are presented in Section 3.
Elementary properties of partial difference sets are discussed in Section 4.
Section 5 deals with a certain transitive permutation group H of degree 100 and order
1200, which is a maximal subgroup of Aut(J2 ). Mergings of some 2-orbits of this group
leads to a number of known and new strongly regular graphs. The automorphism groups
of the resulting graphs contain 4 regular non-abelian subgroups of order 100: the groups
H1 , H2 , H3 , H4 are introduced in Section 6. An essential part of our results is computations
arranged with the aid of various computer packages (COCO, GAP, GRAPE with nauty)
which are considered in section 7. A special attention is paid to COCO. This package
conceptually was introduced in [FarK91] and [FarKM94], however in the current paper
we use a nice option to introduce the reader to a “kitchen” of computations, including
into the text a fragment of a protocol of real computations.
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Our main results are collected in Section 8; Table 8.1 contains important information
about 15 new partial difference sets and 2 new strongly regular graphs with intransitive
automorphism groups. The partial difference sets are explicitly presented in the same
section.
A number of remarks of a historical, bibliographical, methodological and technical
nature are collected in the concluding Section 9.
Besides purely computational results the paper presents also a few simple theoretical
results of a possible independent interest. In a more general form some of these results
(like e.g. Proposition 9) will be considered in the subsequent parts of this series.

2

Preliminaries

In this section we introduce some terminology from permutation group theory and algebraic combinatorics. More details may be found, for example, in [CamL91], [FarKM94],
[Cam99], [Ma94] and [Asc94].

2.1

Strongly regular graphs

A (simple) graph Γ consists of a finite set V = {x1 , . . . , xv } of vertices and a set E of
2-subsets of V called edges. The adjacency matrix of Γ (with respect to the given labelling
of vertices) is a v × v matrix A = (aij ) such that aij = 1 if {xi , xj } ∈ E and aij = 0
otherwise.
A strongly regular graph (srg) with parameters (v, k, λ, µ) is a graph with v vertices
which is regular of valency k, i.e. every vertex is incident with k edges, such that any
pair of adjacent vertices have exactly λ common neighbours and any pair of non-adjacent
vertices have exactly µ common neighbours. An easy counting argument shows that
k(k − λ − 1) = µ(v − k − 1).

(1)

The complementary graph Γ of a strongly regular graph Γ with parameters (v, k, λ, µ)
is a strongly regular graph with parameters (v, v − k − 1, v − 2k + µ − 2, v − 2k + λ).
The adjacency matrix A of a strongly regular graph satisfies the equation
A2 = kI + λA + µ(J − I − A),
where I is the identity matrix and J is the all ones matrix. It follows from this equation
that the eigenvalues k, r and s of A can be computed and the multiplicities f and g of r
and s can be expressed in terms of the parameters v, k, λ and µ.
We say that a set (v, k, λ, µ) of numbers with 0 ≤ k < v and 0 ≤ λ, µ ≤ k is a feasible
parameter set for a strongly regular graph if equation 1 is satisfied and the expressions f
and g are non-negative integers.
Sometimes it is convenient to identify an edge {a, b} of a graph with oppositely directed
arcs (a, b) and (b, a).
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2.2

Association schemes

A (d-class) association scheme, (X, R) consists of a finite set X and a partition R =
{R0 , . . . , Rd } of X × X such that
1) R0 = {(x, x) | x ∈ X},
2) for each i ∈ {0, . . . , d} there exists i0 ∈ {0, . . . , d} such that
Ri0 = {(x, y) | (y, x) ∈ Ri },
3) for each triple (i, j, k), i, j, k ∈ {0, . . . , d} there exist a number pkij such that for all
x, y ∈ X with (x, y) ∈ Rk there are exactly pkij elements z ∈ X so that (x, z) ∈ Ri
and (z, y) ∈ Rj .
The numbers pkij are called intersection numbers.
Each Ri may be identified with a (possibly directed) regular graph with vertex set X
and valency p0ii0 . We say that p0110 , . . . , p0dd0 are the valencies of the association scheme.
The association scheme is said to be primitive if each Ri , i 6= 0, is a connected graph.
Otherwise we say that it is imprimitive.
An association scheme is called symmetric if i = i0 for all i ∈ {0, . . . , d}. If R1 and R2
are the relations of a symmetric 2-class association scheme then R1 and R2 are the edge
sets of complementary strongly regular graphs. Conversely, if R1 denotes the edge set of
a strongly regular graph and R2 is the edge set of its complement then R1 and R2 form
a symmetric 2-class association scheme.
If pkij = pkji for all i, j, k ∈ {0, . . . , d} then we say the association scheme it commutative.
Every symmetric association scheme is commutative.
We denote the adjacency matrices of R0 , . . . , Rd by A0 , . . . , Ad , respectively. If the
association scheme is commutative then the matrices A0 , . . . , Ad span a d + 1 dimensional,
commutative matrix algebra called the Bose-Mesner algebra. We may generalize the
above-mentioned eigenvalue computations for strongly regular graphs to get a feasibility
condition for commutative association schemes.
Let I0 , . . . , Is be a partition of {0, . . . , d} such that I0 = {0}. Then let Si = {(x, y) |
(x, y) ∈ Rj for some j ∈ Ii }. Then it may happen that (X, {S0 , . . . , Ss }) is an association
scheme. This procedure for constructing new association schemes is called merging of
classes.
A symmetric association scheme (X, {R0 , . . . , Rd }) is called amorphic if each partition
of its classes via merging produces a new association scheme. In such a case each class
Ri , 1 ≤ i ≤ d defines an edge set of a strongly regular graph.
A more general notion is a coherent configuration (see, e.g. [FarKM94]). However it
will not be requested in our presentation. A matrix analogue of a coherent configuration
usually is called a coherent algebra.
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2.3

Permutation groups

In this section we consider a permutation group denoted by G or (G, Ω) where Ω is a finite
set and G is a group consisting of permutations of Ω. The action of g ∈ G on an element
x ∈ Ω is denoted by xg . The cardinality of Ω is called the degree of the permutation
group. The orbit of an element x ∈ Ω is the set {xg | g ∈ G}. The orbits form a partition
of Ω. If there is only one orbit then (G, Ω) is called transitive. If for every pair x, y ∈ Ω
there is a unique g ∈ G so that xg = y then we say that G is a regular permutation group.
The stabilizer of an element x ∈ Ω is the subgroup Gx = {g ∈ G | xg = x}. If (G, Ω) is
a transitive permutation group and x ∈ Ω, then the cardinalities of the orbits of (Gx , Ω)
are called the subdegrees of (G, Ω). These are independent of the choice of x. The number
of orbits of (Gx , Ω) is called the rank of G.
Starting from any association scheme (X, R) we can construct a permutation group
as follows. An automorphism of (X, R) is a permutation g of X so that (x, y) and (xg , y g )
belong to the same relation of R for all x, y ∈ X. The set of automorphisms form the
automorphism group of (X, R).
Conversely, we can construct an association scheme from a transitive permutation
group. The permutation group (G, Ω) induces another permutation group (G, Ω × Ω)
defined by (x, y)g = (xg , y g ) for all x, y ∈ Ω and g ∈ G. The orbits of (G, Ω × Ω) are
called 2-orbits of (G, Ω). The set of 2-orbits of (G, Ω) is denoted by 2-orb(G, Ω). Then
2-orb(G, Ω) is a partition of Ω × Ω and if (G, Ω) is transitive then (Ω, 2-orb(G, Ω)) is
an association scheme whose valencies are the subdegrees of (G, Ω). A matrix analogue
of (Ω, 2-orb(G, Ω)) is called the centralizer algebra V (G, Ω) of (G, Ω). If G is the full
automorphism group of this association scheme then we say that (G, Ω) is 2-closed.

2.4

Difference sets

Let H be a finite group of order v. Since we in particular will consider non-abelian groups,
we will in most cases use multiplicative notation for H. The group identity in H will be
denoted by e. A (v, k, λ) difference set in H is a subset S ⊂ H of cardinality |S| = k,
such that each element g ∈ H, g 6= e can be written as g = st−1 , where s, t ∈ S, in exactly
λ ways.
If S ⊂ H is a difference set then for any g ∈ H the set Sg = {sg | s ∈ S} is also a
difference set with the same parameters as S.
A difference set S ⊂ H is used for the construction of a symmetric 2-design with the
elements of H as its points and the sets Sg, g ∈ H as blocks. A symmetric 2-design
D can be constructed in this way if and only if the group H is isomorphic to a group of
automorphisms of D acting regularly on the points. (In this case the full automorphism
group Aut(D) of D is obligatory transitive.)

2.5

Partial difference sets

For a group H and a set S ⊂ H with the property that e ∈
/ S and S (−1) = S, where
S (−1) = {s−1 | s ∈ S}, the Cayley graph Γ = Cay(H, S) of H with connection set S is the
the electronic journal of combinatorics 10 (2003), #R17
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graph with vertex set H so that the vertices x and y are adjacent if and only if x−1 y ∈ S.
Then Γ is an undirected graph without loops.
A graph Γ is isomorphic to a Cayley graph of a group H if and only if H is isomorphic
to a group of automorphisms of Γ acting regularly on the vertices. In that case the
vertices of Γ may be identified with the elements of H by identifying e with any vertex x
and g ∈ H with xg . Then the connection set is the set of neighbours of e.
P
For a (multiplicative) group H, the group ring ZH is the set of formal sums g∈H cg g,
where cg ∈ Z. Then ZH is a ring with sum
X
X
X
cg g) + (
dg g) =
(cg + dg )g
(
g∈H

and product
(

X
g∈H

cg g) · (

g∈H

X

dg g) =

g∈H

P

g∈H

X X
(
ch dh−1 g )g.
g∈H h∈H

For a set S ⊆ H we define S = g∈S g ∈ ZH. We write {g} as g. The set difference
of H and S is denoted by H − S and H − {e} is also written as H − e.
A subset S ⊂ H of a group H of order v is a (v, k, λ) difference set if and only if the
equation S · S (−1) = ke + λH − e is satisfied in the group ring.
We say that S ⊂ H with |S| = k is a partial difference set (pds) with parameters
(v, k, λ, µ) if, in the group ring, we have
S · S (−1) = γe + λS + µH − S,
for some number γ.
Any (v, k, λ) difference set is a (v, k, λ, λ) partial difference set.
A partial difference set S is called reversible if S = S (−1) . A reversible partial difference
set, S, is called regular if e ∈
/ S.
A Cayley graph Cay(H, S) is a strongly regular graph if and only if S is a regular
partial difference set.
Suppose that S1 and S2 are difference sets or partial difference sets in a group H,
and suppose that there exist an automorphism of H that maps S1 to S2 . Then in a
characterization of (partial) difference sets in H, S1 and S2 will considered to be the same
(more exactly CI-equivalent, where CI stands for Cayley isomorphism, cf. [Bab77]).
We note that even if S1 and S2 are two different partial difference sets in H (i.e.,
no group automorphism maps S1 to S2 ), it is possible that the graphs Cay(H, S1 ) and
Cay(H, S2 ) are isomorphic.

2.6

Sporadic simple groups

Some of the finite simple groups are related to strongly regular graphs in the sense that
they possess rank 3 actions and thus a (symmetric) 2-orbit is a strongly regular graph.
In addition to the infinite families there are 26 sporadic finite simple groups. Two of
these sporadic groups have rank 3 actions on 100 points.
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The Higman-Sims group denoted by HS has order 44352000. It was first constructed as
a subgroup of index 2 of the full automorphism group of the unique strongly regular graph
with parameters (100,22,0,6). The graph and the group were constructed by Higman
and Sims [HigS68]. The uniqueness of the graph was proved by Gewirtz [Gew69]. The
automorphism group of the graph is Aut(HS).
The Hall-Janko-Wales group denoted by J2 has order 604800. It was first constructed
by Hall and Wales [HalW68] but its existence was predicted by Janko [Jan69]. The 2orbits of its rank 3 action on 100 points are strongly regular graphs with parameters
(100,36,14,12) and (100,63,38,40). The automorphism group of these graphs is Aut(J2 ).
J2 is a subgroup of Aut(J2 ) of index 2.
The strongly regular graphs of Hall-Wales with parameters (100, 36, 14, 12) and HigmanSims with parameters (100, 22, 0, 6) will be denoted by Θ and Ξ, respectively, in this paper.

3

Switching of edges in srg’s

Let Γ be any graph and let {V1 , V2 } be a partition of the vertex set of Γ. Let E1 =
{{u, v} | u ∈ V1 , v ∈ V2 , {u, v} ∈ E(Γ)} and E2 = {{u, v} | u ∈ V1 , v ∈ V2 , {u, v} ∈
/ E(Γ)}.
Then switching of edges with respect to the partition {V1 , V2 } means to delete the edges
E1 from Γ and to add new edges E2 , i.e. it means to switch edges and non-edges between
V1 and V2 . Switching was introduced by Seidel in [Sei67], see Section 9 for more details.
Our motivation for considering switching of edges in graphs is the fact that if certain
conditions are satisfied then switching of edges in a strongly regular graph may produce
another strongly regular graph.
If switching of edges in a regular graph produces a regular graph then the corresponding
partition provides a particular case of the following notion.
Definition 1 A partition {V1 , . . . , Vn } of the vertex set of a graph is called equitable if
there exist numbers cij , i, j ∈ {1, . . . , n} such that every vertex in Vi has exactly cij
neighbours in Vj , for i, j = 1, . . . , n.
Proposition 2 The partition into vertex orbits under the action of a group of automorphisms of a graph provides an equitable partition.
Suppose that {V1 , V2 } is an equitable partition of the vertices of a strongly regular
graph into two sets with |V1 | = |V2 | = v2 . Then the number of edges between V1 and V2 is
v
c = v2 c21 . Write c = c12 = c21 . In this case we may get a strongly regular graph with
2 12
new parameters by switching with respect to {V1 , V2 }.
Proposition 3 Let Γ be a strongly regular graph with parameters (v, k, λ, µ) satisfying
the equation v2 = 2k − λ − µ. Let {V1 , V2 } be an equitable partition of the vertices of Γ
into two sets of equal size. Then the graph obtained by switching with respect to {V1 , V2 }
is a strongly regular graph with parameters (v, k + a, λ + a, µ + a), where a = v2 − 2c and
c = c12 = c21 .
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Proof Let Γ0 denote the graph obtained by switching edges in Γ with respect to the
partition {V1 , V2 }. By switching we delete c edges incident with each vertex and add v2 − c
new edges. Thus Γ0 is regular of degree k + v2 − 2c.
Let x and y be vertices in Γ and let di denote the number of common neighbours of x
and y in Vi , i = 1, 2. Clearly, d1 + d2 = λ or µ depending on whether x and y are adjacent
or not. Suppose first that x, y ∈ V1 . Then, in V2 , d2 vertices are adjacent to both x and
y, c − d2 vertices are adjacent to x but not to y, c − d2 vertices are adjacent to y but not
to x and thus v2 − 2(c − d2 ) − d2 = d2 + v2 − 2c vertices in V2 are not adjacent to x or y.
In Γ0 , x and y have in total d1 + d2 + v2 − 2c common neighbours.
Similarly, if x and y are both in V2 then the number of common neighbours of x and
y is increased by v2 − 2c after switching.
Now suppose that x ∈ V1 and y ∈ V2 . Then, in V1 , x has k − c neighbours; d1 of these
are also neighbours of y. In Γ0 , x and y have k − c − d1 common neighbours in V1 and
similarly they have k − c − d2 common neighbours in V2 ; in total 2k − 2c − (d1 + d2 ).
Thus the new graph is strongly regular with parameters (v, k + v2 − 2c, λ0 , µ0) if and
only if
v
λ0 = λ + − 2c = 2k − 2c − µ
2
and
v
µ0 = µ + − 2c = 2k − 2c − λ,
2
i.e. it is strongly regular if and only if v2 = 2k − µ − λ.

Remark. Note that the formulation of Proposition 3 does not specify the value of c as
a function of the parameters v, k, λ, µ. However using some other counting
techniques or
√
with the aid of the spectrum of Γ it can be shown that c =

2k+µ−λ±

(µ−λ)2 +4k−4µ
.
4

Corollary 4 If Γ is a strongly regular graph with v2 = 2k − µ − λ and if Aut(Γ) has
an intransitive subgroup with exactly two orbits and these orbits have equal size then the
graph obtained by switching with respect to the partition into orbits is strongly regular.
We will in particular consider the case where the automorphism group of a strongly
regular graph (with v2 = 2k − µ − λ) has a regular subgroup and this subgroup has a
subgroup of index 2. We will first consider in general strongly regular graphs with a
regular group of automorphisms.

4

Elementary properties of partial difference sets

In this section we collect a few simple propositions about partial difference sets which will
be used by us in the subsequent part of this paper. We refer to Ma [Ma84] and [Ma94]
for a detailed discussion of elementary properties of partial difference sets.
Proposition 5 Suppose that D is a (v, k, λ, µ) pds in a group H. Then H − D is a
(v, v − k, v − 2k + µ, v − 2k + λ) pds in H.
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Proof It is clear that (H − D)(−1) = H − D (−1) . Therefore from the equality D · D (−1) =
λD + µ(H − D) + γe it follows that (H − D) · (H − D)(−1) = (H − D) · (H − D (−1) ) =
H · H − D · H − H · D (−1) + D · D (−1) = vH − 2kH + λD + µH − D + γe = (v − 2k +
λ)D + (v − 2k + µ)H − D + γe = (v − 2k + µ)H − D + (v − 2k + λ)(H − H − D) + γe. 
Proposition 6 Suppose that D is a reversible (v, k, λ, µ) pds in a group H, such that
e ∈ D. Then (D − e) is a regular (v, k − 1, λ − 2, µ) pds in H. Conversely, if D is a
regular pds in H then D + e is a reversible pds with corresponding parameters.
Proof According to the assumption of the proposition, we have D · D (−1) = D · D =
λD+µH − D+γe. Therefore, D − e·D − e = D·D−2D+e = λD+µH − D+γe−2D+e =
(λ − 2)D + µH − D + (γ + 1)e = (λ − 2)D − e + µH − D + e + (γ + λ − µ − 1)e.

Proposition 7 Suppose that D is a (v, k, λ) difference set in H. Then for each x ∈ H
the shift Dx is also a (v, k, λ) difference set in H.
Proof Dx · (Dx)(−1) = D · x · x−1 · D (−1) = ke + λG − e.



Corollary 8 Suppose that D is a (v, k, λ) difference set in H, x ∈ H. Then
• Dx is a regular (v, k, λ, λ) pds if and only if x−1 ∈
/ D and Dx is a reversible set,
• Dx − e is a regular (v, k, λ − 2, λ) pds if and only if x−1 ∈ D and Dx is a reversible
set.

Corollary 8 provides a simple and efficient procedure for the search of regular pds’s
starting from a known difference set D. For this purpose it is necessary:
• to construct all shifts Dx of D, x ∈ H,
• to select those shifts which are reversible sets in H,
• each shift which does not contain e is a regular (v, k, λ, λ) pds,
• each shift which includes e implies a regular (v, k, λ − 2, λ) pds Dx − e.
In what follows we will call this method the shift procedure. Note that, in principle,
different shifts may produce non-equivalent pds’s or even non-isomorphic srg’s.
Example 1 (a) One of the simplest examples, which properly illustrates the abovedescribed procedure, can be constructed on 16 points. Following Exercise 2.10 in Hughes
and Piper [HugP85], let us consider in the elementary abelian group H = V4 (2) = (Z2 )4
a subset D1 = {0000, 1000, 0100, 0010, 0001, 1111}. It is easy to see that D1 is a
(16, 6, 2) difference set in H. Since, for each x ∈ H, the inverse element of x coincides
with x, all shifts of D1 (we use here additive notation) are reversible. Therefore we get,
using shifts, 6 regular pds’s with the parameters (16, 5, 0, 2) and 10 regular pds’s with the
parameters (16, 6, 2, 2). In particular, D2 = D1 − 0000 = {1000, 0100, 0010, 0001, 1111}
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is a regular pds, which implies the well-known Clebsch graph (see Klin, Pöschel and
Rosenbaum [KliPR88] for more details about srg’s appearing in this example), D3 =
(D1 ⊕ 0001) − 0001 produces an L2 (4). Note that the shifts of D1 produce the “nicest”
biplane B (in the notation of Hughes and Piper [HugP85], see also [Rog84]) which has
doubly transitive automorphism group of order 24 · 6!.
(b) Now let us consider a group H = (Z4 )2 , and let D4 = {01, 03, 10, 13, 30, 31}.
One can easily check that D4 is also a (16, 6, 2) difference set. Clearly, D4 is a regular
pds. This pds defines another srg with the parameters (16, 6, 2, 2) which is well-known
under the name Shrikhande graph. In this case not all shifts of D4 lead to reversible
sets, for example, D4 ⊕ 01 is not reversible. However, we can get here another pds
D5 = D4 ⊕ 22 = {12, 13, 21, 23, 31, 32} which also produces the Shrikhande graph. We
refer to [HeiK] for a more detailed analysis of various links between pds’s on 16 points. 
Now we introduce one more technique for the manipulations with pds’s which is based
on the use of switching of edges in the corresponding srg’s. It turns out that in certain
cases such switching can be properly formulated in terms of the group algebra over H.
Proposition 9 Suppose that D is a regular pds with parameters (4n, k, λ, λ) over a group
H of order 4n. Suppose there exists such subgroup H 0 of index 2 in H that |D 0 | = n, where
D0 = D ∩ H 0 . Let D = D − D 0 ∪ (H 0 − D 0 − e). Then D is a regular pds over the same
group H with the parameters (4n, k − 1, λ − 2, λ).
Proof The proof is based on the use of propositions proved in section 3. We have to check
that for the srg Γ = Cay(H, D) the partition τ = {H 0, H − H 0 } satisfies all assumptions
of Proposition 3. The fact that τ is an equitable partition follows immediately from
Proposition 2, see also Corollary 4. An easy counting (cf. Remark in Section 3) shows
that the existence√of such equitable partition implies that k = n + λ, i.e., v2 = 2k − λ − µ
(and also λ = n± n). The srg Γ0 obtained by switching with respect to τ has parameters
(4n, k + a, λ + a, µ + a), where a = 2n − 2λ. Cay(H, D) is the complement of Γ0 .

Example 2 (Continuation of Example 1). Here v = 4n = 16, n = 4. Let H = (Z2 )4 ,
D1 as was defined above. Let D6 = D1 ⊕ 0011 = {0011, 1011, 0111, 0001, 0010, 1100}.
Let us consider as H 0 the subgroup of H which is defined by the equation x1 = 0. Then
the intersection H 0 ∩ D6 has cardinality n = 4, therefore all assumptions of Proposition 9
are satisfied. Therefore we get a new pds D7 with the parameters (16, 5, 0, 2), D7 =
{0100, 0101, 0110, 1011, 1100}.

Remark. As it was mentioned in the introduction, Proposition 9 may be formulated and
proved with weaker assumptions. In this paper we restrict our attention to a particular
case which is suitable for our main goal of the investigation of pds’s on 100 vertices.

5

Starting permutation group

The starting point for our computations was the following fact (for more details, see
[FinR73], [FisM78], [IvaKF82]).
the electronic journal of combinatorics 10 (2003), #R17

10

The simple group of Hall-Janko-Wales, J2 , of order 604800 has a maximal subgroup H
of order 600 which is isomorphic to the direct product D5 × A5 , where D5 is the dihedral
group of order 10 and A5 is the alternating group of degree 5. Group H as a subgroup
of the automorphism group of an srg Θ with the parameters (100, 36, 14, 12) is acting
transitively on 100 vertices.
We decided to construct this action and to describe all association schemes which
appear as merging of classes in the scheme of 2-orbits of this action of H. It was clear
from the beginning that one of the resulting schemes will give the graph Θ, however
we were hoping to get other interesting association schemes. Fortunately, this hope was
indeed justified.
All computations were done with the aid of computer package COCO, see section 7
for more details.
It turns out that H has rank 24, and it is 2-closed. The association scheme of 2-orbits
of H has 125 non-trivial mergings, 10 of which are primitive. These primitive association
schemes were the main target of our interest. On next step of computations we tried
group H of order 1200 which is an overgroup of H. By definition, H is the normalizer
of H in the full automorphism group of the graph Θ. This group Aut(Θ) has J2 as a
subgroup of index 2. In principle, using information about maximal subgroups together
with the argumentation presented in [Wil85], one can easily describe the structure of H.
In order to make our presentation self-contained we prefer to give here direct description
of H, as it was obtained by COCO. All above information may be used by the reader as
a motivation of the appearance of H.
Therefore we restart with the definition of the group H = (F520 × S5 )pos . At the
beginning we consider this group as an intransitive group acting on the set {0, . . . , 9}.
The group H is a subgroup of index 2 in the direct product of the Frobenius group F520 of
order 20 and the symmetric group S5 . This subgroup consists of all even permutations in
F520 ×S5 . It is clear that H = hg1, g2 , g3 , g4 , g5 i, where g1 = (0, 1, 2, 3, 4), g2 = (5, 6, 7, 8, 9),
g3 = (1, 4)(2, 3), g4 = (5, 6, 7), and g5 = (1, 2, 4, 3)(6, 7, 9, 8).
Let α = (0, {(5, 6), (6, 7), (7, 5)}) be a simple combinatorial structure which consists of
a point 0 and a directed triangle with the vertices {5, 6, 7}. One can easily check that the
subgroup K of H which stabilizes α has order 12 and is isomorphic to (Z4 × Z3 × Z2 )pos .
More precisely, K = hg3 , g4 , g6 i, where g6 = (1, 2, 4, 3)(8, 9). Let us now consider the
transitive faithful action of H on the set Ω of right cosets with respect to K. According
to the main paradigm of COCO, it is convenient to identify Ω with the set {αg | g ∈ H}
of all the images of the structure α under the initial action of H. This 100-element set
was indeed constructed with the aid of the function “inducing” of COCO.
Below we collect some other results about the permutation group (H, Ω) and results
related to its association scheme M = (Ω, 2-orb(H, Ω)) which were obtained with the aid
of functions from COCO.
Fact 1. (H, Ω) is a transitive permutation group of rank 13 with the subdegrees 12 , 42 , 63 ,
124+2×1 (here, for example like in [FarKM94], 42 means two subdegrees equal to 4 corresponding to symmetric 2-orbits, while 124+2×1 means 6 subdegrees equal to 12, one pair
of which corresponds to antisymmetrical 2-orbits).
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Fact 2. (H, Ω) is a 2-closed imprimitive permutation group of order 1200.
Fact 3. The association scheme M allows 39 non-trivial mergings of classes, including 10
primitive mergings of classes. All these primitive mergings correspond to srg’s, in particular, 2 srg’s with the parameters (100,22,0,6), 4 srg’s with the parameters (100,36,14,12),
and 4 srg’s with the parameters (100,45,20,20). There exist 4 mergings, each of which is
an imprimitive amorphic association scheme with 3 classes having the valencies 36, 9, 54.
A few further facts were obtained using besides COCO also GAP [GAP] and its share
package GRAPE [Soi93], including nauty [McKay90].
Fact 4. Up to isomorphisms we get just one srg for each parameter set with the automorphism groups Aut(HS), Aut(J2 ), and H respectively, where HS and J2 are the sporadic
simple groups of Higman-Sims and Hall-Janko-Wales. All 4 amorphic association schemes
are also isomorphic.
Fact 5. The above-mentioned amorphic association scheme with the valencies 36, 9, 54
may be interpreted as follows. Consider srg Θ - the complementary graph to the above
mentioned srg Θ. This graph has a spread which consists of 10 disjoint 10-vertex cliques.
Deletion of this spread from the edge set of Θ leads to a new srg with the parameters
(100, 45, 20, 20).
Fact 6. Graph Θ has exactly 280 different 10-vertex cliques on which J2 and Aut(J2 ) are
acting primitively as rank 4 groups. The 2-orbits of this action form an association scheme
with 3 classes, having valencies 36, 108, 135. Two of three possible mergings imply strongly
regular graphs on 280 vertices (these were discovered in [IvaKF82], [IvaKF84], see also
[FarKM94], and independently in [Bag88]). One of these srg’s ∆ has valency 144. In this
srg, two vertices (anticliques of Θ) are adjacent iff they are disjoint. Therefore a spread in
Θ corresponds to a clique of size 10 in this new srg ∆. It turns out that ∆ has four orbits
of these cliques with respect to the action of Aut(J2 ) having length 1008, 12096, 12096 and
12096, respectively. The representatives of these orbits may be used for the construction
of two new strongly regular graphs, namely: Γ1 and three isomorphic copies of a graph Γ2
with the parameters (100,45,20,20), and with the automorphism groups of order 1200 and
100 respectively. The switching procedure gives also four amorphic association schemes
with the valencies 36, 9, 54, see Corollary 13. The graph Γ1 is isomorphic to the new
srg which was discussed above. The graph Γ2 is one more new strongly regular graph
obtained by us. We will discuss additional properties of these graphs in the following
sections.
Remark. In principle, the existence of such spreads in Θ can also be deduced from
the information about intersections of maximal subgroups in J2 which is presented in
[KomT86].

6

Groups of order 100.

A part of the main results of this paper consists of the proof of the existence of partial
difference sets over four groups of order 100. All these groups are non-abelian. These
groups will be introduced below.
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H1 is the group generated by x, y, z with relations x5 = y 5 = z 4 = e, xy = yx, zx =
x3 z, zy = yz.
H2 is the group generated by x, y, z with relations x5 = y 5 = z 4 = e, xy = yx, zx =
3
x z, zy = y 4 z.
H3 is the group generated by x, y, z with relations x5 = y 5 = z 4 = e, xy = yx, zx =
2
x z, zy = y 2 z.
H4 is the group generated by x, y, z with relations x5 = y 5 = z 4 = e, xy = yx, zx =
x2 z, zy = y 3 z.
In the GAP catalogue of groups of order 100, H1 , H2 , H3 , and H4 have numbers 9,
10, 11, and 12, respectively. In principle the above relations are sufficient to identify each
group. However, it turns out that all four groups can be represented in a similar manner
as intransitive permutation groups of degree 10. Extending notation introduced in section
5, let us put g1 = (0, 1, 2, 3, 4), g2 = (5, 6, 7, 8, 9), g5 = (1, 2, 4, 3)(6, 7, 9, 8), g7 = (1, 2, 4, 3),
g8 = (1, 2, 4, 3)(6, 9)(8, 7), g9 = (1, 3, 4, 2)(6, 7, 9, 8).
Then for all four groups we assign x = g1 , y = g2 , while z = g7 for H1 , z = g8 for H2 ,
z = g5−1 for H3 , z = g9 for H4 .
An additional advantage of this representation is that the desired actions of the groups
H3 and H4 may be proceeded in a similar manner as for the group H in section 5: we
have to take induced action of these groups on the set of all images of the combinatorial
structure α = (0, {(5, 6), (6, 7), (7, 5)}). In each case we get a transitive induced permutation group of degree 100. In principle, this information is enough for further presentation
of the new partial difference sets. However, we were able to prove that all regular subgroups of the groups Aut(J2 ) and Aut(HS) are contained in the above list. We think
that this fact is of an independent interest for the reader. This is why the formulations
of corresponding propositions and outlines of their proofs are given below.
Proposition 10 The group J2 in its action of degree 100 does not have any regular
subgroup. The automorphism group Aut(J2 ) in its action of degree 100 has exactly two
classes of conjugate regular subgroups of order 100. The representatives of these classes
are the groups H3 and H4 .
Proof It was shown above that H3 and H4 are indeed regular subgroups of H (and
therefore of Aut(J2 )). Recall that |J2 | = 604800 and |Aut(J2 )| = 2|J2 |. Therefore a Sylow
5-subgroup of these groups has order 25.
Let K be a regular subgroup of Aut(J2 ). Then a Sylow 5-subgroup of K also has order
25. Let us fix a Sylow 5-subgroup S of Aut(J2 ) and let us consider only those groups K
which contain S.
By Sylow’s theorems, S is a normal subgroup of K. Therefore K is a subgroup of the
normalizer of K in Aut(J2 ). This normalizer N can be computed in GAP. It is a group
of order 600 with 55 elements of order 2 and 200 elements of order 4. (In fact, N is a
maximal subgroup of Aut(J2 ), see for example, [IvaKF84], [FarKM94].)
Routine inspection in GAP shows that N has no subgroup of order 100 generated by
S and (at most) two elements of order 2 and that each subgroup of N generated by S
and an element of order 4 is a regular subgroup.
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In total, N has four regular subgroups: one regular subgroup isomorphic to H3 and
three regular subgroups isomorphic to H4 . Computation in GAP shows that the regular
subgroups of N isomorphic to H4 are conjugate in N.
Thus there are just two conjugacy classes of regular subgroups in Aut(J2 ). None of
these groups are subgroups of J2 . In fact the normalizer of S in J2 has order 300 and is
a maximal subgroup of J2 , but it has no elements of order 4.

Proposition 11 The group HS in its action of degree 100 does not have any regular
subgroups. The automorphism group Aut(HS) in its action of degree 100 has exactly four
classes of conjugate subgroups of order 100. The representatives of these classes are the
groups H1 , H2 , H3 , H4 .
Proof In this case our proof requires more computations in GAP. We give below just its
short sketch, omitting some technical details of computation in GAP.
• Find a Sylow 5-subgroup S of Aut(HS) of order 125.
• S has six subgroups of order 25, four of them are not semiregular (in the action on
100 points). The other two are conjugate in Aut(HS). Let L be one of them.
• Again L is a normal subgroup of a prospective regular subgroup of order 100. Therefore we may consider only those subgroups which are contained in the normalizer N
of L in Aut(HS). N has order 2000. It has 75 elements of order 2 and 900 elements
of order 4.
• Routine inspection shows that all subgroups of N generated by L and two elements
of order 2 are not regular, while there are 16 regular subgroups of N which are
generated by L and one of the elements of order 4.
• The above 16 regular subgroups belong to four different conjugacy classes of Aut(HS).
The representatives of these are the groups H1 , H2 , H3 , H4 .
• None of the subgroups H1 , H2 , H3 , H4 are subgroups of HS, i.e., HS does not have
any regular subgroup.
This completes the proof.



Remark. All maximal subgroups of HS are known ([Mag71]). Taking this information
into account, the group L can be identified as a subgroup of the stabilizer in Aut(HS) of
the partition of the Higman-Sims graph into two copies of the Hoffman-Singleton graph,
see for example [HaeH89]. The examination of this partition may give a more geometrical
way for the proof of Proposition 11.
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7

Computations

In this section we are giving a short digest of various computer tools which were used
by us in the course of our investigation. We do not have a goal to give a comprehensive
presentation of all the computations which were done, nevertheless we hope that this
digest will provide the reader with some information which may be used successfully in
other situations.

7.1

COCO

COCO (COherent COnfigurations) is a computer package which was created in Moscow
in 1990–1992 by I. A. Faradžev with the support of Klin. Its main features are introduced
in [FarK91], most of the algorithms which were used and the general methodology are
described in [FarKM94].
COCO has a number of functions which have as input two variables and as output one
or two variables. The values of variables may be files with appropriate data created in
advance or data introduced from the keyboard (in this case the input filename is replaced
by “*”). There are two versions of COCO, the original one, which was designed to work
in MS DOS on a personal computer, and the UNIX implementation by A. E. Brouwer
(1992–1993). The UNIX implementation is available from the home page of Brouwer
[Bro].
For our purpose we were using the following functions from COCO: ind, cgr, inm,
sub, and aut. We describe below each of these functions.
• ind input1.gen input2 output1.gen output2.map
Starting from permutation group with generators in the file input1.gen this function enumerates in output2.map the elements in the orbit of the structure (e.g.
(0, {(5, 6), (6, 7), (7, 5)}), see section 5) in input2 and computes (in output1.gen) the
generators of the induced action according to this enumeration.
• cgr input.gen * output.cgr
constructs the 2-orbits (or colour graph) of the permutation group with generators
in input.gen and lists information about the 2-orbits on the screen.
• inm input.cgr * output.nrs
computes the intersection numbers of a coherent configuration (in particular case
association scheme) formed by the 2-orbits in input.cgr
• sub input.nrs option output.sub
computes all mergings which are association schemes, starting from initial association scheme (coherent configuration) with intersection numbers in input.nrs. In
option it can be specified that only symmetrical (s), primitive (p), or symmetrical
and primitive (sp) mergings are requested.
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• aut input1.cgr input2.sub
computes the order of the automorphism group of each merging in input2.sub of the
2-orbits input1.cgr.
For the reader’s convenience we present below an incomplete output listing from a
computation in COCO. Some comments have been added, written in italics. These computations with COCO show that the centralizer algebra V (H, Ω) has exactly 10 non-trivial
primitive subalgebras all of which correspond to srg’s.
*** system CO-CO for construction of coherent configurations ***
The file m20xs5.pos.gen contains the generators g1 , g2 , g3, g4 , g5 of the group
H. The following command constructs the induced action on the structure
α, see section 5.
COCO>> ind m20xs5.pos.gen * 100a 100a

COCO>> cgr 100a * 100a

This action has 13 2-orbits. The following table gives the valency of
each 2-orbit and a representative x so that (0, x) is in that 2-orbit.
number
0
1
2
3
4
5
6
7
8
9
10
11
12

length
1
4
6
6
12
12
6
12
12
12
12
1
4

representative
0
1
2
3
6
7
8
11
16
20
25
37
60

reflexive suborbits:0
symmetrical suborbits:1,2,3,5,6,7,9,10,11,12
pairs of antisymmetrical suborbits:(4,8)
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COCO>> inm 100a * 100a

COCO>> sub 100a * 100a
disconnected classes: 1,2,3,6,11,12
imprimitive scheme of rank 13
options(s,p,sp):
p
COCO lists the 10 primitive mergings of the 2-orbits.
1. subscheme of rank 3 with parameters (100,22,0) by merging *
(1,2,3,4,8,5,9,10,11)(6,7,12)
2. subscheme of rank 3 with parameters (100,22,0) by merging *
(1,2,3,4,8,7,9,10,11)(5,6,12)
3. subscheme of rank 3 with parameters (100,45,20) by merging *
(1,2,3,5,9,11,12)(4,8,6,7,10)
4. subscheme of rank 3 with parameters (100,45,20) by merging *
(1,2,3,5,10,11,12)(4,8,6,7,9)
5. subscheme of rank 3 with parameters (100,45,20) by merging *
(1,2,3,7,9,11,12)(4,8,5,6,10)
6. subscheme of rank 3 with parameters (100,45,20) by merging *
(1,2,3,7,10,11,12)(4,8,5,6,9)
7. subscheme of rank 3 with parameters (100,36,14) by merging *
(1,4,8,5,6,9,11,12)(2,3,7,10)
8. subscheme of rank 3 with parameters (100,36,14) by merging *
(1,4,8,5,6,10,11,12)(2,3,7,9)
9. subscheme of rank 3 with parameters (100,36,14) by merging *
(1,4,8,6,7,9,11,12)(2,3,5,10)
10. subscheme of rank 3 with parameters (100,36,14) by merging *
(1,4,8,6,7,10,11,12)(2,3,5,9)
COCO>> aut 100a 100a
The automorphism group of each of the above subschemes is computed.
colour graph of rank 13
transitive automorphism group of order 1200
rank=13; subdegrees:1,4,6,6,12,12,6,12,12,12,12,1,4
base of length 2, 5 generators
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colour graph of rank 3
transitive automorphism group of order 88704000
rank=3; subdegrees:1,77,22
base of length 10, 15 generators
colour graph of rank 3
transitive automorphism group of order 88704000
rank=3; subdegrees:1,77,22
base of length 10, 15 generators
colour graph of rank 3
transitive automorphism group of order 1200
rank=13; subdegrees:1,4,6,6,12,12,6,12,12,12,12,1,4
base of length 2, 5 generators
colour graph of rank 3
transitive automorphism group of order 1200
rank=13; subdegrees:1,4,6,6,12,12,6,12,12,12,12,1,4
base of length 2, 5 generators
colour graph of rank 3
transitive automorphism group of order 1200
rank=13; subdegrees:1,4,6,6,12,12,6,12,12,12,12,1,4
base of length 2, 5 generators
colour graph of rank 3
transitive automorphism group of order 1200
rank=13; subdegrees:1,4,6,6,12,12,6,12,12,12,12,1,4
base of length 2, 5 generators
colour graph of rank 3
transitive automorphism group of order 1209600
rank=3; subdegrees:1,63,36
base of length 6, 11 generators
colour graph of rank 3
transitive automorphism group of order 1209600
rank=3; subdegrees:1,63,36
base of length 6, 11 generators
colour graph of rank 3
transitive automorphism group of order 1209600
rank=3; subdegrees:1,63,36
base of length 6, 11 generators
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colour graph of rank 3
transitive automorphism group of order 1209600
rank=3; subdegrees:1,63,36
base of length 6, 10 generators

COCO>> end
* end of CO-CO *

7.2

GAP and GRAPE

The computer package GAP (Groups, Algorithms, Programming), see [GAP] allows to
arrange numerous computations in a framework of computational group theory, especially
with permutation groups.
We were using GAP in various situations, for example for the fulfillment of all computational steps in the proof of Propositions 10 and 11.
The patterns of computations with GAP nowadays are available from numerous sources,
including [GAP], e-messages distributed to the members of GAP-forum, scientific papers,
and even books (see [Cam99]). This is why we do not include into this text any fragments
from the protocols of our computations.
(Note that there exist various versions of GAP, which is continuously upgraded each
1–2 years.)
GRAPE (see [Soi93]) is a share package of GAP. An essential part of GRAPE is the
program nauty by B. D. McKay [McKay90] for the computation of isomorphisms and
automorphisms of graphs. GRAPE is very efficient for the investigation of a prescribed
graph Γ which is represented with the aid of a subgroup K of Aut(Γ). Such a representation in particular allows to reduce redundant routine computations in the course of the
enumeration of cliques of a given size in Γ.
In spite of a difference in formats for the input and output data in COCO and GAP,
the use of these two packages in join proved to be very efficient.
One of the crucial procedures, fulfilled with the aid of GAP were the computations
based on the use of the shift procedure and of Proposition 9. In each of the groups
H3 and H4 there is a subgroup K of order 50 generated by x, y and w = z 2 with
relations x5 = y 5 = w 2 = e, xy = yx, wx = x4 w, wy = y 4 w. For each of the regular
partial difference sets γ with parameters (100, 45, 20, 20), that we found in these groups,
a new pds δ with parameters (100, 44, 18, 20) was found in the same group by applying
Proposition 9 to the subgroup K.
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8

Main Results

Below we present our main “positive” results, namely discovery of a number of new
pds’s. A few comments show why we think that these results and their corollaries are
of scientific interest. Further comments, as well as discussions of some “negative” results
(i.e., of computations which do not lead to new interesting combinatorial structures), are
postponed to the last Section 9.
Proposition 12 a) There exist at least 15 regular partial difference sets over groups
H1 , H2 , H3 , H4 of order 100. Altogether these pds’s imply 9 different (up to isomorphism)
srg’s.
b)There exist two srg’s with parameters (100,45,20,20) and (100,44,18,20), respectively, both having as the automorphism group the same intransitive group K of order
50.
Remark. Two of the srg’s from Proposition 12 are known. The main information about
the pds’s is summarised in Table 8.1. The pds’s themselves are presented in Table 8.2.
Here each of the pds’s is presented with the aid of a string of length k which includes
triples αβγ such that xα y β ziγ is an element of the corresponding pds over the group
Hi = hx, y, zii, i = 1, 2, 3, 4.
The information about the graphs Γ4 and ∆4 in part b) of Proposition 12 is also
included in Table 8.1.
Graph (Γ)
Γ1
Γ1
∆1
∆1
Γ2
∆2
Γ3
∆3
Γ4
∆4
Θ
Θ
Ξ
Ξ
Ξ
Ξ
Ψ

pds
γ1
γ10
δ1
δ10
γ2
δ2
γ3
δ3

θ1
θ2
ξ1
ξ2
ξ3
ξ4
ψ

parameters
regular group order of Aut(Γ)
(100,45,20,20)
H3
1200
(100,45,20,20)
H4
1200
(100,44,18,20)
H3
200
(100,44,18,20)
H4
200
(100,45,20,20)
H4
100
(100,44,18,20)
H4
100
(100,45,20,20)
H3
100
(100,44,18,20)
H3
100
(100,45,20,20)
50
(100,44,18,20)
50
(100,36,14,12)
H3
2 · 604800
(100,36,14,12)
H4
2 · 604800
(100,22,0,6)
H1
2 · 44352000
(100,22,0,6)
H2
2 · 44352000
(100,22,0,6)
H3
2 · 44352000
(100,22,0,6)
H4
2 · 44352000
(100,36,14,12)
H3
300
Table 8.1
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Aut(Γ)
H
H
G1
G1
H4
H4
H3
H3
K
K
Aut(J2 )
Aut(J2 )
Aut(HS)
Aut(HS)
Aut(HS)
Aut(HS)
G2
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γ1 , a pds in H3 :
010 020 030 040
041 111 221 231
012 022 032 102
033 113 143 223

120
241
132
303

210
321
202
333

220
331
222
343

330
401
302
413

340
421
312
433

430
441
332 402 412 422 432 442
443

γ10 , a pds in H4 :
010 040 100 120
011 031 141 201
032 042 102 132
033 043 123 223

130
221
142
333

200
231
232
343

300
241
242
403

400
341
302
413

420
411
312
423

430
431
322 342 402 412 422 442
443

δ1 , a pds in H3 :
100 110 130 140
041 111 221 231
002 042 112 122
033 113 143 223

200
241
142
303

230
321
212
333

240
331
232
343

300
401
242
413

310
421
322
433

320 400 410 420 440
441
342
443

δ10 , a pds in H4 :
020 030 110 140
011 031 141 201
002 012 022 112
033 043 123 223

210
221
122
333

220
231
202
343

230
241
212
403

240
341
222
413

310
411
332
423

320 330 340 410 440
431
432
443

γ2 , a pds in H4 :
110 130 140 200
011 111 131 141
002 012 022 042
033 133 223 233

210
201
112
243

300
211
122
303

340
221
132
313

410
311
212
403

420
401
312
413

440
421
322 342 402 422 432 442
433

δ2 , a pds in H4 :
010 020 030 040
011 111 131 141
032 102 142 202
033 133 223 233

100
201
222
243

120
211
232
303

220
221
242
313

230
311
302
403

240
401
332
413

310 320 330 400 430
421
412
433

γ3 , a pds in H3 :
120 140 200 210
201 401 411 321
002 012 022 042
303 403 013 413

240
031
102
323

300
231
132
133

310
141
142
233

340
241
202
333

410
341
222
433

430
441
242 302 312 322 332 442
143
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δ3 , a pds in H3 :
100 400 010 110
201 401 411 321
402 112 212 412
303 403 013 413

020
031
122
323

220
231
422
133

θ1 , a pds in H3 :
120 210 220 330
041 111 221 231
012 022 032 102
033 113 143 223

340
241
132
303

430
321 331 401 421 441
202 222 302 312 332
333 343 413 433 443

θ2 , a pds in H4 :
110 140 200 300
011 111 131 141
012 022 042 112
033 133 223 233

410
201
122
243

440
211 221 311 401 421
312 322 402 432 442
303 313 403 413 433

320
141
032
233

420
241
232
333

030
341
432
433

130 230 330 040 440
441
342
143

ξ1 , a pds in H1 :
100 400
011 041 201 421 431
012 042 122 132 202 312 322 332 342 402
013 043 103 223 233
ξ2 , a pds in H2 :
100 400
011 041 201 421 431
012 042 122 132 202 312 322 332 342 402
013 043 103 223 233
ξ3 , a pds in H3 :
100 400
101 321 331 411 441
012 042 122 132 202 312 322 332 342 402
113 143 203 323 333
ξ4 , a pds in H4 :
100 400
101 321 331 411 441
012 042 122 132 202 312 322 332 342 402
113 143 203 323 333
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ψ, a pds in H3 :
200 300 210 410
201 401 411 321
002 102 302 312
303 403 013 413

140
031
022
323

340
231 141 241 341 441
222 332 042 142 242
133 233 333 433 143
Table 8.2

Remarks.
1. The existence of pds δ3 follows implicitly from the results of K. W. Smith [Smi95]
who found a reversible difference set over the group H3 with the parameters (100,45,20).
Nevertheless Smith is not claiming in explicit manner the existence of the pds itself
and of the corresponding srg.
2. The existence of the difference sets γ1 , γ10 , δ1 ∪{e} and δ10 ∪{e} was recently discovered
independently by Golemac and Vučičić in [GolV01]. The difference sets as given in
their paper are not reversible. However, reversible pds’s can be found by using the
shift procedure.
3. We believe that all above pds’s except (implicitly) γ1 , γ10 , δ1 , δ10 , γ3 and δ3 are new.
4. The four non-isomorphic srg’s, ∆1 , ∆2 , ∆3 , ∆4 provide existence of an srg with the
parameters (100,44,18,20). The problem of the existence of such srg was regarded
as open in Brouwer’s catalogue [Bro96] as well as by a computer daemon available
from Brouwer’s home page (http://www.win.tue.nl/~aeb/).
5. The automorphism group G1 of the graph ∆1 is a subgroup of H. It is generated
by x, y, z ∈ H3 and an element u, such that x5 = y 5 = z 4 = u2 = e, xy = yx, zx =
x2 z, zy = y 2 z, ux = x4 yu, uy = yu, uz = zu.
6. The automorphism group G2 of the graph Ψ is generated by x, y, z ∈ H3 and an
element v, such that x5 = y 5 = z 4 = v 3 = e, xy = yx, zx = x2 z, zy = y 2z, vx =
xy 3 v, vy = x4 y 3 v, vz = zv
7. It follows from Propositions 10 and 11 that we know all pds’s which correspond to
the classical sporadic srg’s of Hall-Wales and Higman-Sims.
Corollary 13 There exist exactly four non-isomorphic amorphic association schemes on
100 points with 3 classes having valencies 54, 36, and 9, and with the Hall-Wales graph
as the relation of valency 36.
Proof
• consider the complement Θ of the srg of Hall-Wales,
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• find a spread Σ in Θ, delete the edges of the spread and get a graph with the edge
set Θ \ Σ,
• Then Θ \ Σ, Θ, and Σ provide 3 classes of a requested association scheme. There are
four orbits of spreads in Θ with representatives Σi , i = 1, . . . , 4. The graphs Θ \ Σi
are isomorphic to Γ1 , Γ2 , Γ2 and Γ2 , and the isomorphism groups of the association
scheme are the groups H, H4 , H4 and H4 , respectively.

In a similar way we can find all amorphic association schemes containing the srg Ψ.
In this case there are three orbits of spreads.
Corollary 14 There exist exactly three non-isomorphic amorphic association schemes on
100 points with 3 classes having valencies 54, 36, and 9, and with the srg Ψ as the relation
of valency 36.
One of these amorphic association schemes contains the graph Γ3 as one of the relations. Another srg, Γ4 with parameters (100,54,28,30) is contained as one of the relations
in each of the other two amorphic association schemes. Γ4 has automorphism group K
of order 50 with two orbits. K is the index 2 subgroup of H3 and H4 . Switching in
Γ4 with respect to the partition into these orbits gives a new srg ∆4 with parameters
(100,44,18,20) and with the same automorphism group K.
Remark. According to Appendix A in [Dam99], the existence of an association scheme
with the above parameters was one of the five open cases for amorphic association schemes
with 3 classes having at most 100 points.

9

Concluding remarks.

9.1. Classical Seidel’s switching is certainly the first origin of this paper. It goes back to
the paper [vLinS66]. Explicitly the notion was introduced in terms of (0, 1, −1) adjacency
matrices in [Sei67] as an equivalence relation on graphs, called complementation with
respect to a subset of vertices. In this paper Seidel investigated the new operation in case
of strongly regular graphs on 16 and 28 vertices. The operation was used in [BhaS68]
under the name Seidel-equivalence. It seems that the term “switching” was firstly coined
in [BusS70].
We believe that Proposition 3 is of folklore nature. Conceptually it goes back to Seidel
who was exploiting (0, 1, −1) matrices. Evident use of equitable partitions for similar
purposes can be traced to [GodM82], where also a generalized switching was proposed
and used. Our consideration of this proposition was influenced from [MuzK98].
An analogue of Seidel’s switching was used in [Hae84] for the investigation of the
relation between (v, k, λ)-graphs and (v, k, λ)-designs.
9.2. Main results of this paper were announced in September 2000 at Varna during
the international summerschool “Algebraic Combinatorics and Computer Algebra”, see
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abstract [Kli00]. Implicitly, part of our results are related to other investigations of
difference sets and block designs on 100 points. The strict relations with the papers
[Smi95] and [GolV01], were discussed in Section 8 (see also the recent paper [GolV02]).
A family of new difference sets with the parameters (100,45,20) was described in
[Vuč00]. These difference sets imply 6 non-isomorphic designs with the automorphism
group E25 · Z12 of order 300. This group contains a regular Frobenius group of order 100.
Our computer investigation shows that no one of the difference sets discussed in [Vuč00]
implies (via the shift procedure) pds’s.
Another family of new difference sets with these parameters was recently found in
[GolV01]. These difference sets imply 8 non-isomorphic designs. As mentioned in Section
8, two of these designs are related to the srg’s Γ1 and ∆1 . Our computer investigation
shows that the remaining 6 designs are not related to any srg.
It is worth to mention that in fact the paper [Smi95], besides presentation of a new
difference set, provides a very promising pattern of search for difference sets, combining
initial clever restrictions approached purely theoretically with the final computer inspection of “suspicious cases”.
9.3. If D = (P, B, I) is a symmetric (v, k, λ)-design then the dual incidence structure
D T = (B, P, I T ), I T = {(y, x) | (x, y) ∈ I} is also a (v, k, λ)-design. A design D is called
self-dual if D and D T are isomorphic. A duality σ : D 7→ D T is called a polarity if σ 2
acts trivially on the points and blocks of D. A point x ∈ P of a design D is called an
absolute point of a polarity σ if x ∈ xσ . Two special cases of polarities: those without
absolute points, and those for which each point is absolute, are establishing special links
between (v, k, λ)-designs and strongly regular graphs, see, for example, [Rud71], [CamL91]
for more details.
Difference sets over abelian groups always allow polarities, see [Hal47], [BetJL93].
It turns out that the method of shifting of difference sets can be formulated in more
general terms of polarities of designs. However, such consideration is not necessarily
requested in the framework of our presentation.
However, as an example of practical opportunities of such more general approach, let
us consider results from [JanKT01], where in particular a new 2 − (100, 45, 20) design
is described. The authors mention that this design is not self-dual. This automatically
implies that there does not exist an srg with the parameters (100, 45, 20, 20) which corresponds to this design. To arrange a double check, we compared, using GAP, all designs
discovered in our project with the design from [JanKT01] and confirmed that they are
not isomorphic.
9.4. One of the initial leads in this project was to construct an srg with the parameters
(100, 44, 18, 20). Our intention was to apply Proposition 3 to an srg with the parameters
(100, 45, 20, 20). If in this case, c = 20 then a = 100
− 2 · 20 = 10, and we get an srg
2
with the parameters (100, 55, 30, 30), that is complementary to the desired parameters
(100, 44, 18, 20).
This is why we have started from the consideration of two known examples of srg’s with
the parameters (100, 45, 20, 20), see [GoeS70] and [Lin83]. These graphs were examined
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with the aid of GAP. Both of these graphs have intransitive automorphism groups with
one fixed vertex and the lengths of other orbits is a multiple of 9. For both graphs, using
heuristic methods, we were trying to construct an equitable partition into two equal parts.
However our attempts were not successful.
Note that the parameter set (100, 45, 20, 20) is corresponding to a Latin type graph
L5 (10). Such graph may appear from a set of three mutually orthogonal Latin squares of
order 10. Inspection of all known and new srg’s of L5 (10) type shows that they are pseudoL5 (10) graphs. In our eyes the problem of the existence of three mutually orthogonal
Latin squares of order 10 still remains one the most challenging tasks in “experimental”
combinatorics.
9.5. One of the by-products of the use of switching is the discovery of 7 pairwise nonisomorphic 3-class amorphic association schemes with valencies 9, 36, 45 (Corollaries 13
and 14). We refer to [Dam99] for more detailed consideration of this class of association
schemes. As it was mentioned earlier, the paper by van Dam contains a list of all feasible
parameters for such schemes of order at most 100, together with information about the
existence. At the time of preparation of our paper, for most of the parameters on 100
points the question of existence remained open. A small progress achieved in our project
hopefully will stimulate further investigations of the existence of such amorphic schemes.
Note that a more general question of existence of a partition of a group to d ≥ 3 pds’s is
also of a definite interest.
Note that one of the remaining open cases has valencies 9, 45, 45. A search for spreads
10 ◦ K10 in srg’s, complementary to srg’s of valency 45 discovered by us, did not result in
construction of such association schemes.
9.6. The strongly regular graph Ξ with the parameters (100, 22, 0, 6) is known to be
unique, see [Gew69]. The graphs with parameters (100, 36, 14, 12) are of L4 (10) type.
There exist a rank 3 Hall-Wales graph Θ with these parameters which is pseudo-Latin.
Due to [BosPS60] there exist at least one graph of L4 (10) type which is indeed geometrical,
that is coming from a pair of orthogonal Latin squares. It was checked, using a computer,
that our new srg Ψ is also pseudo-geometrical. An evident interesting question is to
describe up to isomorphism all geometrical L4 (10) srg’s.
One more natural question is to describe all srg’s with the parameters (100,36,14,12)
which satisfy a 4-vertex condition in the sense of [HesH71]. Each rank 3 graph, and
therefore Θ has this property. We are not aware of any other example with this parameter
set, satisfying the 4-vertex condition. Note that it was shown in [Wal69] that Θ can be
characterised uniquely as a rank 3 graph.
9.7. We attract the reader’s attention to the following phenomenon. The Higman-Sims
graph Ξ allows 4 partial difference sets over 4 non-Abelian groups H1 , H2 , H3 , H4 . All
these groups have a similar representation in terms of generators x, y, z, see Section 6. It
turns out that our strings for the pds’s ξ1 , ξ2 (with respect to the corresponding generators
x, y, z) are equal. The similar occurrence appears for the pds’s ξ3 , ξ4 . In other words, the
knowledge of one pds in each pair allows in this case to predict another pds in the same
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pair in a sense “automatically”. We believe that such phenomenon can be explained
theoretically by a careful inspection of the group H which is a maximal subgroup of
Aut(HS) acting transitively on the vertex set of the graph Ξ, see [Mag71].
Note also that it will be very interesting to get a complete list of all pds’s over the
above-mentioned four groups.
9.8. One more interesting problem will be description of all mergings of classes of the
2-orbits of the group G1 of order 200 in its transitive action of degree 100 on the set Ω.
This group is naturally described as a subgroup of H, namely G1 ∼
= (F520 × F520 )pos (like
in Section 5). The rank of the action of G1 on 100 points is equal to 60, this is why we
were not able find with the aid of COCO all BM-algebras of V (G1 , Ω).
We think that a specially arranged attack on this problem may simultaneously result in discovery of new interesting srg’s, as well as imply some further progress in the
development of computational tools for the investigation of coherent algebras.
(Note that the transitive group G2 of order 300 has rank 36. V (G2 , Ω) has 24 symmetrical primitive subalgebras. All these subalgebras have rank 3 and correspond to an
srg which is isomorphic to either Θ or Ψ. These computations were easily done with the
aid of COCO.)
9.9. One more way to approach the graphs, which were discovered by us, may be
based on the use of two-graphs (see, for example, [CamL91]). We intend to consider such
approach in the conjunction with other methods exploited in the current paper in one of
subsequent papers of this series.
9.10. Difference sets with the parameters (100, 45, 20) play a significant role in the
development of the theory of ”genuinely non-abelian difference sets” (in the sense of
Liebler [Lie99]). We hope that this paper will shed an extra light on the links of such
objects with pds’s.
9.11. When the authors had finished the preparation of this paper we became aware
of a second paper by Bagchi [Bag92]. In this paper he gives a construction of the srg Γ1
with automorphism group of order 1200.
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