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Abstract

A word is abelian square-free if it does not contain two adjacent subwords which
are permutations of each other. Over an alphabet Y, on k letters, an abelian square-
free word is maximal if it cannot be extended to the left or right by letters from
Y, and remain abelian square-free. Michael Korn proved that the length (k) of
a shortest maximal abelian square-free word satisfies 4k — 7 < {(k) < 6k — 10 for
k > 6. In this paper, we refine Korn’s methods to show that 6k—29 < ¢(k) < 6k—12
for k > 8.

1 Introduction

We consider words over an alphabet of k letters, which will be taken to be ¥ = {0, 1, ..., k—
1}. We say b is a subword of d if d is the concatenation abe, where a and ¢ are words,
possibly empty. An abelian square is a word of the form

ajag - - - anaT(l)aT(Q) e aT(n)7

where the a; are letters and 7 is a permutation of {1,...n}. A word is abelian square-free
if it does not contain a nonempty subword which is an abelian square. For example, any
word in which the same letter appears twice in a row is not abelian square-free.

A word w over Xy is left-maximal if, for every a € ¥, the word aw contains an abelian
square subword beginning with the initial a. In particular, an abelian square-free word
w is left-maximal over ¥ if aw contains an abelian square for every a € ;. Similarly,
a word w is right-maximal over ¥ if for every a € Y, wa contains an abelian square
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subword ending with the final a. A word is maximal over X if it is both left-maximal and
right-maximal.

Abelian square-free words were first introduced by Erdés [4], who asked for a charac-
terization of alphabet sizes for which arbitrary long abelian square-free words exist (see
[5], [8], and [6]). Maximal abelian square-free words were first constructed by Zimin [9],
who gave the following recursive construction: z; = 0 and z; = 2z;_1(k — 1)z for k > 1.
The first four Zimin words are

21 = 0,
zo = 010,
zz = 0102010,

zg = 010201030102010.

It is easy to check that zp is maximal abelian square-free over ¥; and that the length
of 2z, is 28 — 1. Thus for any positive integer k, we may define (k) to be the minimum
length of a maximal abelian square-free word over Y. Zimin’s construction shows that
((k) < 2F —1. Cummings and Mays [2] gave a construction improving Zimin’s bound
to (k) = O(2¥/?). Recently, Korn [7] constructed maximal abelian square-free words of
length 6k — 10 over ¥ for k > 4, a dramatic improvement over previous constructions.
The first four words of Korn’s construction are the following:

ya = 02120213202320,

ys = 02312302132430234230,

ys = 02341234021324354023452340,

yr = 02345123450213243546502345623450.

In Section 2, we will describe a similar construction which is shorter by two, improving
the upper bound on ¢(k) to 6k — 12.

Korn also proved that any left-maximal word over X has length at least 4k — 7. In
fact, for left-maximal words this bound is optimal; taking the first 4k — 7 letters of Korn’s
construction yields a left-maximal abelian square-free word. In Section 3, we will use
left-maximality and right-maximality together to show that ¢(k) > 6k — 29.

For more details on the history of abelian square-free words, see [7].

2 The upper bound for /(k)

In this section, we will construct maximal abelian square-free words of length 6k — 12 over
Y for k > 8, proving the following theorem.

Theorem 2.1. For k > 8, the upper bound (k) < 6k — 12 holds.

For integers a and b with 0 < a < b < k, let u,, denote a(a + 1)---(b — 1)b, the
concatenation of the integers from a to b in ascending order. For integers a and b with
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1 <a<b<k,let v,y denote a(a—1)(a+1)a---(b—1)(b—2)b(b— 1), the concatenation
in ascending order of a block i(i — 1) for each ¢ with a < i < b. We are now ready to
present our construction. For k& > 8, set

T — 01)17]{,4(]6 — 3)(l€ — 1)(l€ — 4)(l€ — 2)’LL37]€,20(1€ — 1)’&17]{,41302?)47]{,1(]6 — 1)
The first three words z;, are the following:

rg = 010213243574634560712341302435465767,
Ty 010213243546857345670812345130243546576878,
r10 = 010213243546579683456780912345613024354657687989.

We note that the words x; are symmetric in the sense that reversing x; produces the
same result as replacing every appearance of ¢ with k — 1 — . Also, it is easy to check
that the length of xy is 6k — 12. Thus to prove Theorem 2.1, it will suffice to prove the
following;:

Lemma 2.2. For k > 8, the word xy, 1s left-mazximal and abelian square-free.

Proof. First, we show that z; is left-maximal. When the letters 0, 1, and 2 are added to
the left of x;, they are contained in abelian squares 00, 1010, and 201021, respectively.
When 3 is added to the left of zj, the two subwords

30U1,k,4(l€ — 3)(l€ — 1)(l€ — 4)(l€ — 2)

and
U37k,20(l€ — 1)’&17]{,41302

are consecutive and each contains the letters k — 1, k — 2, and k — 3 exactly one time, the
letter 3 exactly three times, and every other letter exactly two times. Thus together they
form an abelian square, s3 = 30 - - - u; ,—41302.

Adding the first pair from the vy ;_; block, namely 43, to the right side of s3 increases
its length by two. This shifts the half-way point to the right by one, moving the initial 3
in the usz;_o block from the right half to the left, for a net addition of a 3 to the left half
and a 4 to the right half. Thus if we also change the letter initially added to the left of
xy, from a 3 to a 4, we get another abelian square, s4 = 40 - - - uy ;_4130243. Continuing
in this way, we find that when ¢ > 3 is added to the left of xy, it is included in an abelian
square whose first half is

’L.OU17]§_4(]€ - 3)(]€ - ].)UC - 4)(]43 - 2)“3,i—1

and whose second half is
uz"k-_QO(k - 1)U17k_413021}47i.

Finally, we show that xj is abelian square-free. First, we note that any non-empty
subword of Ov; ;_4 contains an odd number of occurrences of some letter. In particular,
it contains exactly one occurrence of the greatest letter it contains, since between two
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occurrences of ¢ there is always an 7 4+ 1. This shows that no subwords of Ov; ;_4 are
abelian squares. It shows also that no subwords of z;, starting within Ov; ;_4 and ending
at the end of x;, are abelian squares, since every letter occurs an even number of times in
x). By symmetry, the same holds for vy y_;(k —1).

Now, suppose w is a non-empty abelian square subword of xp. If we delete every
instance of some letter from w, then the result is an abelian square since the same number
of occurrences of the given letter must have been deleted from the left half of w as from
the right. The resulting abelian square is a subword, possibly empty, of the word obtained
from x5 by deleting every occurrence of the same letter. Now, if we delete from z; every
letter besides the first three and the last three in the alphabet, for all &k, the resulting
word is

where 1 = k—1—i. If w contains none of the first three and last three letters, either it must
lie entirely in some block w; ;, which contains only one of any given letter and thus certainly
contains no abelian squares, or it must lie entirely in some v; ; block, which contains no
abelian squares by the work above. On the other hand, one can check that the only non-

letters {3,4,...,k —4} from w, then w must be either a word starting within the Ovy ;4
block and ending at the end of x; or a word starting at the beginning of z; and ending
within the vy,_1(k — 1) block; but we have shown above that in this case, w is not an
abelian square, which is a contradiction. O

3 The lower bound for /(k)

Our goal in this section is to show that ¢(k) > 6k — 29 by proving the following.

Theorem 3.1. Any mazimal word over Xy has length at least 6k — 29. Moreover, for
k > 7 any maximal word over Xy has length at least 5k — 11.

The proof consists of a series of technical lemmas. We begin by recalling that if we
remove every occurrence of some letter from an abelian square, we must have removed the
same number of occurrences of that letter from the first half as from the second, whence
the result is again an abelian square. It follows that if w is a left-maximal word over
Yk, then the word obtained from w by deletion of every occurrence of a € ¥ is left-
maximal over ¥ — {a}. The same holds for right-maximal words and for maximal words.
(Note, however, that the word obtained from an abelian square-free word by deleting
every occurrence of some letter need not be abelian square-free.) This observation on the
deletion of letters provides the basic argument in our proof of the lower bound.

Lemma 3.2. Assume that A, B, and C are positive integers with A > B such that

1. no mazimal word over X4 contains 5 or fewer occurrences of each letter,
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2. no maximal word over X contains 4 or fewer occurrences of each letter, and
3. every maximal word over Xp_1 has length at least C'.

Then for k > B — 1, every mazximal word over ¥ has length greater than or equal to

max {6(k —B+1)+C,6(k—A+1)+5(A—-B)+C}.

Proof. First, we note that 6(k — A+ 1)+ 5(A— B)+C > 5(k— B+ 1)+ C only when
k > A and that the result is obvious when k = B — 1.

Let w be a maximal word over >, for £ > B. There must be at least £k — B + 1
letters in Y that occur at least 5 times in w. If not, deleting from w every instance of
k — B letters including all those appearing at least 5 times would yield a maximal word
over an alphabet of size k — (k — B) = B in which each letter appears at most 4 times,
contradicting assumption 2. Thus deleting from w every instance of £ — B + 1 letters
which occur at least 5 times yields a maximal word on an alphabet of size B — 1, whence
w has length at least 5(k — B+ 1) + C.

Similarly, if K > A, there must be at least k — A 4+ 1 letters in ¥, which appear in w
at least 6 times, and removing every instance of these k — A + 1 letters yields a maximal
word on an alphabet of size A — 1; applying the above argument to this word shows that
the length of w is at least 6(k — A+ 1) +5(A—1— B+ 1) + C, as desired. O

The remainder of this section will be devoted to showing that the values A = 19,
B = 8, C = 24 satisfy the hypotheses of Lemma 3.2. This will give the lower bound
6k — 29 stated in Theorem 3.1 for £ > 7, and for k < 7, this bound follows immediately
from the proof of the lower bound ¢(k) > 4k — 7 in [7]. For k > 7, Lemma 3.2 will
also imply the second lower bound 5k — 11 stated in Theorem 3.1, which is better when
7T<k<18.

Our arguments will be based on an analysis of left-maximal words, especially those in
which each letter appears at most four times. We begin by recalling the argument used
to prove the lower bound in [7].

Let w be a left-maximal word over ;. For each i € Y, there is a shortest initial
subword of w which yields an abelian square when ¢ is added to it on the left. Different
values of i give rise to different initial subwords, so we can permute ¥, so that w =
Wowqws + - - wi_1€ and the word s; = twowy - - - w; is an abelian square for 1 < i < k£ — 1.
Clearly wy = 0. Also, left-maximality places no restriction on e, so in analyzing the
structure of left-maximal words, we will generally be able to assume that e is empty. For
0 <i< k—1, the word Ow; - - -w;_; contains an even number of occurrences of every
letter except ¢+ — 1 and an odd number of occurrences of ¢ — 1. Similarly, Owy - - - w;_qw;
contains an odd number of occurrences of ¢ and an even number of each other letter. Thus
w; contains an odd number of occurrences of © — 1 and 7, and also w; contains an even
number of occurrences of every other letter.

Now, assume k& > 1. The halfway point of the abelian square s;_; must lie in w,, for
some 1 < m < k — 1. More precisely, for some m, the first half of s;_; has the form
(k —1)0wy - - - wy,—1t; and the second half has the form towy, 1 - - - wg_1, where w,, = tits
and t; may be empty.
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For m < i < k—1, the letter i appears at least twice in the second half of s;,_1, namely
once in w; and once in w; 1, but sx_; is an abelian square, so ¢ must also appear at least
twice in the first half of s;_;, and hence ¢ must appear at least four times in w. Similarly,
if 0 < i < m — 1, the letter ¢ must appear twice in the first half of s;_; and hence four
times in w. The letter kK — 1 must appear in w;_; and the letter m — 1 must occur at least
twice, as must m unless m = k — 1. From this we can conclude that the length of w is at
least 4k —3 —2 -2 =4k —T.

Lemma 3.3. Let w = Qw; - - -wi_1 be a left-mazimal word over ¥y with k > 6 in which
each letter appears at most four times. Let m be defined as above. Assume also that it
1s not the case that w contains a single occurrence of k — 1 in the last six letters and no
other occurrence of k — 1. Then m < 3 and w,, contains a subword containing m + 1,
m+2, ..., k—11in some order, followed by a subword containing m, m+1,..., k—1 in
increasing order. Furthermore |w;| =2 for all 1 <i < k—1 except for i =m and possibly
for one other value of © where w; contains an additional pair of m — 1°s.

Proof. Assume m > 4. For 0 <1 < 2, the letter ¢ appears two times in w before the start
of w,,, since 2 < m — 1. Thus 0, 1, and 2 must also appear at least two times in w,,
or later, since s,_; is an abelian square whose halfway point lies in w,,. Now, consider
the word obtained by deleting from Ow; - - - w,,_1 every occurrence of a letter greater than
m — 1. The result is a left-maximal word over ,,. Moreover, since the letters 0, 1, and
2 each occur at most four times in w and occur at least two times in w,, or later, these
three letters appear at most two times in the resulting word. However, 2 < m — 1, so none
of these letters is equal to m — 1, and the above discussion shows that in a left-maximal
word over Y,,, at most two letters besides m — 1 can appear fewer than four times. From
this contradiction we conclude that m < 3.

Now, for 1 < ¢ < k — 1, define h; so that thihy - - - h; is the first half of the abelian
square s; = i0wjwsy - - - w;. Then h; must have half the length of w; and, more specifically,
h; must contain ¢ — 1 and one j for each additional pair of j’s contained in w;. This is
because the initial ¢ — 1 in s;,_; has been removed and an 7 — 1 has been added to the
right, so an ¢ — 1 must be moved from the right to the left for the result to be an abelian
square. Similarly, if two of some letter is added to the right, one of that letter must be
shifted to the left half for the result to be an abelian square.

By the definition of m, the word hq - - - hy_1 is contained in Owy - - - w,,. Thus the letters
m, m+ 1,..., k — 2 appear in increasing order somewhere in Qw - - - w,,, and since the
m is in h,,yq1, all are in the right half of s,,. For m +1 < i < k — 2, the letter ¢ must
appear in the left half of s,,, since it appears in the right half. The two appearances of
¢ in s,,, however, must both be in the same word w; for some j < m, since the number
of appearances of ¢ in each word w; with j < m must be even: the only w; in which i
appears an odd number of times are those where 7 = 7,7 + 1 and here we have assumed
¢ > m. In particular, the £ — 2 in h;_; must be in the same w; as another k —2 in the left

half of s3, whence the m, m +1, ..., k — 3 in hyq1, ..., hx—o must all be in the same w;
as the k — 2. We have thus established that some w; with 1 < 57 < m contains a subword
containing m + 1, m + 2, ..., k — 2 in some order, followed by a subword containing m,
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m + 1,..., k — 2 in increasing order. Note that since k > 6, we know m +1 < k — 2,
so since m + 1 occurs twice in wj;, the half-way point of s; is between them and we may
conclude that the half-way points of s;, 541, ..., sx—2 all lie between letters in wj.

Assume j = m. In this case, we are nearly done. For m <1 < k — 1, we have already
determined the location of four occurrences of [. Moreover, if m = 2 or 3, there are two
occurrences of 0 in 0w, which must be on the left half of s,,, so there must be two more
occurrences of 0 in w,, which are on the right half of s; for all : > m. Similarly, if m = 3,
there are two occurrences of 1 in Qwjws so there must be two more occurrences of 1 in
W, on the right half of s; for all © > 3. Thus m — 1, m, and k — 1 are the only remaining
letters which might appear in a pair in w; for some i # m. It is not possible for there to
be a pair of m’s, (m —1)’s, or (k — 1)’s in w; for ¢ < m, since then m, m — 1, or k — 1
would appear three times on the left side of s;,_;. Similarly, since one m is already known
to appear in w,, 1 on the right side of s;_1, there can not be a pair of m’s in w; for i > m.
If a pair of (k — 1)’s appeared in w; for i > m, then another k¥ — 1 would appear in h;,
and this k — 1 must therefore be part of another pair of (k — 1)’s appearing in w,,, giving
a total of at least five (k — 1)’s. Thus |w;| = 2 for all but possibly one i # m where w;
may contain an additional pair of (m — 1)’s, as desired. Finally, since wy_; has length
at most four, in order for it not to be the case that w contains exactly one occurrence
of K — 1 and that £ — 1 is one of the last six letters of w, the word w must not contain
exactly one occurrence of k — 1. Thus a pair of (k —1)’s appears in w; for some i, and we
have already eliminated every possibility except for « = m. Further, if there is a pair of
(k —1)’s in w,,, one must be on the left half of s, and hence before the m in h,, 41, and
the other must be on the right half of s;_; and hence after the &k — 2 in hy_;.

It now remains only to show that j = m. If m = 1, then this is obvious. If m = 3 and
J = 1, since the halfway point of s;_s is between letters in w; but the halfway point of
sp—1 is after at least one letter in ws, all of wy is contained in hj_1, so there is a pair of
2’s in wy_1. The half-way point for s3, however, is in wy, so all four appearances of 2 are
to the right of the half-way point for s3, but there are two occurrences of 2 in s3, one of
which must be on the left half of s3, which is a contradiction.

If m =3 and 7 = 2, two 0’s occur in the left half of s,. Thus there must be two more
occurrences of 0 in we, which must be on the right half of s; for ¢ > 2, but the halfway
point for s;_ lies in w3 so they can’t be on the right half of s;_;, which is a contradiction.

Assume now that m = 2 and j = 1. We will show that in this case £ — 1 can occur
at most one time and that it is one of the last six letters of w. Since 2 appears in wy, it
must appear twice in w;. Thus four of every letter but 0, 1, and £ — 1 have already been
located. Even if there are pairs of both 0’s and 1’s in wy_1, a £ — 1 will still then be one
of the last six letters of w, so it remains only to show that there can be no more than one
k —1in w. The number of (k —1)’s in w must be odd and at most four, hence either one
or three. If there were three (k — 1)’s, then one of the additional (k — 1)’s would have to
be in the right half of s;_; and one would have to be in the left. Since both would have
to be in the same w;, both must be in ws, but then the first, being in wy and on the left
half of s;_1, would be in h;_1, and there would then be an additional pair of (kK —1)’s in
wy_1, which is a contradiction. O
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The m = 2 and j = 1 case considered at the end of the proof of the lemma actually
can occur, as in the word 0234512034512320430541615. We will not be interested in this
case, however, because a single occurrence of kK — 1 at the end of a left-maximal word
makes it impossible to extend the word to the right to make a short maximal word.

More precisely, let w = Qwy - - - wi_1e be a maximal word over ¥, with &£ > 8 in which
each letter appears at most four times. Assume only one k£ — 1 occurs in Ow; - - - wy_1 and
it is within the last 6 letters. We will show this is impossible.

For convenience, let w be the reversal of w, and let W = Wy - - - Wi_1€ be the de-
composition of w analogous to the decomposition w = Ow; - - -wi_1e, so that for some
permutation o of ¥, the word §; = (i)W - - - w; is an abelian square for all ¢ € 3.

Now we know Qw; - - - w1 contains four occurrences of every letter except possibly m
and m — 1, which may occur only twice, and k — 1, which may occur only 1 or 3 times.
Thus |e| < 5, since if there were two or more (k — 1)’s in e, then these (k — 1)’s would
surely be in the first half of 5;_;, which is impossible since then there would only be
at most one k — 1 in the right half s;_;. Thus every occurrence of £k — 1 is in the last
546 = 11 letters of w, and hence in the first 11 letters of w. However, w is a left-maximal
word over ¥ and hence has at least 4k — 7 letters by the lower bound in [7]. Therefore,
there are at least 2k — 4 letters of w in the first half of §,_;. Since k > 8, the first 12
letters of w are all in the first half of §,_1, whence every occurrence of kK —1 in w is in the
first half of 5,_1, which is a contradiction.

The same argument can be used to show that if £ > 15, there can be no maximal
word w = Ow; - - - wi_1e over X, in which each letter appears at most five times but only
one k — 1 occurs in Ow; - - -wy_; and it occurs within the last 6 letters.

The following lemma shows that A = 19 satisfies the first hypothesis in Lemma 3.2.

Lemma 3.4. For k > 19, there is no maximal word over Y in which each letter appears
at most five times.

Proof. Assume, for the sake of a contradiction, that there is a maximal word w’ over
Ykao, for some k > 17, in which each letter appears at most five times. First, let w' =
Owf - - -wj €' be the usual decomposition of w’. Then the number of occurrences of each
letter in ¥y, other than £+ 1 in w’ = Ow] - - -wy,,, is an even number which is at most 5,
hence at most 4. On the other hand, k 4 1 may appear 5 times in w’ = Owj - - -wy, ;. We
thus delete from w every instance of the letter k£ + 1 and also every instance of o(k + 1),
where o(i) is, as above, the letter that would have the same role as i if we reversed w.
The result, after renaming letters, is a maximal word, w = Qwy - - - wg_1€, over ¥ with
reversal w = wywy - - - Wwi_1€ such that every letter occurs at most five times in w and at
most four times in Qw; - - - wy_1 and in o(0)wy - - - Wg_1.

We will say a letter ¢ € Xy is typically configured in w if it appears in Qwy - - - wy_1
exactly four times and the number of letters between the first and second occurrences
and the number of letters between the second and third occurrences of ¢ are both at least
three but the number of letters between the third and fourth occurrences of i is at most
two. It will suffice to show that at least k£ — 8 letters are typically configured, since then
the majority of the letters would be typically configured, and the same would hold for the
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reversal, w, so at least one letter would be typically configured for both w and w. But
this is impossible, since the third and fourth occurrences of i from the left would be either
the first and second or the second and third occurrences of ¢ from the right.

By the discussion following Lemma 3.3, the hypotheses of Lemma 3.3 are satisfied by
Owy - - - wy_1. Thus w,,, where m < 3, contains a subword containing m + 1, m + 2, ...,
k — 1 in some order, followed by a subword containing m, m + 1,..., k — 1 in increasing
order, and all but at most one of wg, wr, ..., w,_1 are of length 2.

If all have length 2 or if w; has length 4 for 4 < j < 6, then 7,8,...,k — 2 are all
typically configured; for if 7 < ¢ < k — 2, then the last two occurrences of i are in w;
and w;41. Since these each have length two, the last two occurrences of ¢ have at most
two letters between them. The second and third occurrences of i certainly have at least
three letters between them, since w, and ws are both between them, whereas the first and
second occurrences of ¢ have the letters 3, 4, and 5 between them.

If w; has length four where 6 < 7 < k — 1, then m — 1 is typically configured, as is
every 1 satisfying 6 < i < k —2 except for j —1 and j. It follows from the same argument
as above that every ¢ satisfying 6 <1 < k—2 except for j —1 and j is typically configured.
On the other hand, m — 1 is typically configured since the last two occurrences of m — 1
are both in wj;, which has length four, whereas the first two occurrences, the first of which
is in wy,—1 and the second of which is in h; which is contained in w,,, are separated from
each other by hy, hs, hg and from the last two by w4 and ws. Thus in either case, at least
k — 8 letters are typically configured, as desired. O

The next lemma shows that B = 8 satisfies the second hypothesis in Lemma 3.2.

Lemma 3.5. For k > 8, there is no maximal word over Xy in which each letter appears
at most four times.

Proof. Deleting all instances of some letters as necessary, it suffices to consider the case
where k = 8. Suppose that w = Ow; - - - wre is a maximal word over g in which each
letter appears at most four times. By the discussion following Lemma 3.3, the hypotheses
of Lemma 3.3 are satisfied by Owy - - - wy.

The length of Ow; - - - w7 is at least (4)(8) — 5 = 27. The length of wywswgwy is either
8 or 10, where in the latter case, the length of Ow; ---wy; is at least 29. In either case
then, Ow;wsws has length at least 19 and the number of letters of w on the left side of s3
is at least 9.

Now, wiwswgwre certainly contains a 3, two 4’s, two 5’s, two 6’s and a 7. It may also
contain up to two 2’s, up to two additional 3’s, and an additional 7. Even if it contained
all of these, however, the last 9 letters of w would include all of wg and w;. This implies
that the reversal of wgwsy is contained in the first half of 3, and, in particular, there are
two occurrences of 6 in w which are in the first half of S3, whence the remaining two
occurrences of 6 in w must also be in §s.

Now, recall that by Lemma 3.3, we have m < 3 and w,, contains a subword containing
m+ 1, m+ 2, ..., 7 in some order, followed by a subword containing m, m +1,..., 7
in increasing order. In particular, the leftmost occurrence of 6 is before the subword
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containing m, m + 1,..., 7 in that order. The leftmost 6 must lie on the left side of s,,,
whereas the m in the second subword must lie on the right side of s,,, since it is in A, 1.
Thus for ¢ > m, there are two i’s to the right of the leftmost 6, at least one of which is
not in s,,, so there is at most one 7 to the left of the leftmost 6 in Ow; - - - w,,.

Since there are at least three letters which appear twice in wywswgwy, it must be
that m = 3 and the subword to the left of the leftmost 6 in w contains two 0’s, two 1’s,
and two 2’s. However, w; must consist of 0 and 1 in some order, and wy of 1 and 2, so
the two letters in w4wswgw; which are not in a pair must all be among the first three
letters of wywswgwy;. But one of the two letters which is not in a pair is in wy;, which is a
contradiction. O

Lemma 3.5 is sharp: for & = 7, the word 0102132645345061230124354656 is maximal
abelian square-free with exactly four appearances of each letter. Note that, together with
the following lemma which shows that C' = 24 satisfies the third hypothesis in Lemma 3.2,
this example shows that 24 < ¢(7) < 28.

Lemma 3.6. If k > 6, and w is a mazimal word over Xy, then |w| > 4k — 4.

Proof. Let w = Ow; - --wy_1e be a maximal word over ¥ of length at most 4k — 5 for
k > 6. Then the length of Ow; - - - wg_1 is an odd number which is at least 4k — 7, by the
lower bound in [7], hence it must be either 4k — 7 or 4k — 5.

In the first case, there is only one occurrence of k — 1 in Ow; - - - wg_1, and the word
Owy -« - wy_g is left-maximal over ¥j_; and hence has length at least 4(k — 1) — 7. From
this we may conclude that |w,_1| < 4, and every k£ — 1 in w is in wg_1e, which has
length at most 6. Now, each half of §;_; has at least 2k — 4 letters, so at least the last
2(6) —4 — 1 = 7 letters of w are in the first half of 5;_;. However, the last 6 letters of w
include every occurrence of k — 1 in this case, and it is impossible for every occurrence of
k — 1 to be in the first half of §,_1, which is a contradiction.

We may now assume that w = Ow; - --wi_1, with length exactly 4k — 5. It is not
possible that w contains only a single occurrence of k — 1 which is in the last six letters
since this would yield the same contradiction as above. Thus the hypotheses of Lemma 3.3
are satisfied, and we conclude that w must contain exactly 3 occurrences of k£ — 1, exactly
2 occurrences of m and m — 1, and exactly 4 occurrences of every other letter. Indeed
Lemma 3.3 provides, in some sense, the location of every letter: m < 3 and w,, contains
a subword containing m + 1, m + 2, ..., k — 1 in some order, followed by a subword
containing m, m+1,..., k— 1 in that order, whereas |w;| = 2 for all i # m. In particular,
|wi_1| = 2, so there is an occurrence of k — 1 in the last two letters of w.

Now, we may apply the same argument to w and conclude that there is an occurrence
of kK — 1 within the first two letters of w: since k — 1 is the only letter to occur exactly
three times, it must also be the letter which forms an abelian square when added to the
left of w, i.e. o(k —1) = k — 1. But the first occurrence of kK — 1 in w is in w,,, so we
may conclude that m = 1 and that £ — 1 is the second letter of w. But wj_; also has
length two, so the last four letters of w contain one letter twice, namely k& — 2. Applying
the same argument to w, we may conclude that the first four letters of w also contain two
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occurrences of the same letter. But w must start with a 0, followed by a block containing
2,3,...,k — 1 in some order, and nothing else, since every occurrence of every letter has
already been accounted for. Thus it is impossible that the first four letters of w include
some letter twice, and we have a contradiction. O

Lemma 3.6 shows in particular that every maximal word over Y7 has length at least
24. It follows from Lemmas 3.4, 3.5, and 3.6 that A =19, B = 8, and C = 24 satisfy the
hypotheses of Lemma 3.2, which completes the proof of Theorem 3.1.

Lemma 3.6 also shows that, as Korn [7] verified by a computer search, the word
01021453405120143545 is maximal abelian square-free of minimum length for £ = 6. Since
Korn’s computer search was for maximal abelian square-free words rather than maximal
words, it does not provide a proof of Lemma 3.6. It seems reasonable, however, to expect
that Lemma 3.6 could be verified computationally. Moreover, any improvement of the
bounds in Theorem 3.1 for a particular value of £ > 6 would imply the same improvement
for all greater values of k. It thus might be interesting, for example, to compute the
minimum length of a maximal word over ;.

4 Conclusion

Although we have determined ¢(k) asymptotically, there is still a gap between the upper
and lower bounds. Nor is it clear how important the original abelian square-freeness
condition is: we have found no example of a k such that there are shorter maximal
words than there are maximal abelian square-free words. Even within the framework of
Lemma 3.2, it seems plausible that improvements might be made; although Lemma 3.5 is
known to be sharp, we have no reason to believe that Lemma 3.4 is. Indeed, we know of
no examples of maximal words over ¥, with k£ > 7, in which every letter appears at most
five times. Also, one might generalize the basic problem being considered; for example,
it is easy to generalize the Zimin construction to show the existence of maximal abelian
[th-power-free words, and one might consider how short such words can be in the general
case. The problem of characterizing alphabet sizes for which there are arbitrarily long
abelian [th-power-free words was solved in the [ > 2 case by Dekking [3]. It has also been
shown by Bean, Ehrenfeucht and McNulty [1] that any abelian [th-power-free word can
be extended to a maximal abelian [th-power-free word.
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