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4�^ð�ü	é��«ñ�ò¤élóð�ô õ�öxò¤÷@ó	é��«ö©îlí&�lð�ëhò¤ð�ë¦îxìPï

õJí�ìPï¦í¤ë¼ö	îlüPö��¦ïÃå
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P ð~ì
M

�^ð�ö7îlüPö��¦ï � ö k Ð _.Ñ Ò�h�c0^Cn	aÓ_�Ô�Ñ�g�hij�Õ5d�Ô Ö�í¤ë
M
í¤ó°öLñ�ò¤élóð�ô±õ�öxò¤÷Åé��&ò¤ð�ë¦îxìPï

k
í¤ë

Müê¦ë¦ë¦í¤ë¦îÅìPï¦üélê¦îlï×d�ÔCÔ�ìPï¦ðfð�ô¦îlð�ó�öTì�ò¤ð
öxóÄìÀélë¦ñ�ðxå P ð~ì
G

�^ð7öÅîlüPö��¦ï � M(G)
ô¦ð�ë¦éxìPð�ó�ìPï¦ðfóð~ì

é��&öxò¤ò�ô¦í¤óÄìPí¤ë¦ñ~ì«óê��¦îlüPö��¦ï¦ó6v2ë¦éxì�ë¦ð�ñ�ð�óóPöxüí¤ò&��í¤ë¦ô¦ê¦ñ�ð�ôX{¯é��
G
í¤óé�
�élü��¦ï¦í¤ñ°ìPé

M
öxë¦ô |M(G)| í¤óìPï¦ð	ë@ê�
4�^ð�ü°é��&ð�ò¤ð�
�ð�ë4ìPó°é��

M(G)
å D ñ�ñ�élüô¦í¤ë¦î7ìPé¼ìPï�öTì-�^élí¤ë4ì°é��5�6í¤ð~õ � M


fö,�Ø�^ð	ñ
öxò¤ò¤ð�ô©ö

�éxìPí&�)v2élü�öØ��öTììPð�üëX{#å��»ï¦ð7ë@ê�
4�^ð�ü�é��

k
�Bñ�é��lð�üí¤ë¦î±ñ�ò¤élóð�ô£õ�öxò¤÷@óÀí¤ë öØ
�éxìPí&�

M
í¤óÀô¦ð�ë¦éxìPð�ô

���
wk(M)

öxë¦ôÂõ&ð�ô¦ð���ë¦ð�ìPï¦ð�óð~ì Mk = {M, wk(M) > 0} öxë¦ô´õ&ð�ë¦éxìPðÅìPï�öTìfìPï¦ð�óð~ì
{M ∈ Mk, |M(G)| > 0} í¤ó®��ë¦í�ìPð6v2í&�

G
í¤óJö4��ë¦í�ìPð�îlüPö��¦ïX{#åD ó�ö	ñ�élë¦óð�Y@ê¦ð�ë¦ñ�ð � ìPï¦ð°ë@ê�
4�^ð�üJé��0ñ�ò¤élóð�ô¼õ�öxò¤÷@óJé��0ò¤ð�ë¦îxìPï

k
í¤ë

G
í¤ó�

∑

i

λk
i =

∑

M∈Mk

wk(M)|M(G)| v[æ3{

(BëÙ�¦üPöxñ~ìPí¤ñ�ð � ìPï¦ð�üð öxüðöTìÅò¤ð
öxóÄì7ìBõ&é"
�ð~ìPï¦é6ô¦ó7ìPé ô¦ð~ìPð�ü�
�í¤ë¦ð
wk(M)

hélë½élë¦ð©ï�öxë¦ô ö
ñ�é�
4�¦í¤ë�öTìPélüíeöxò;õ�ö,�±õJï¦í¤ñUïñ�élê¦ë4ìPó°ìPï¦ð	ë@ê�
4�^ð�ü°é��&ñ�é��lð�üí¤ë¦îÅñ�ò¤élóð�ô±õ�öxò¤÷@óQé��&ò¤ð�ë¦îxìPï

k
í¤ë

M �élëfìPï¦ð«éxìPï¦ð�ü&ï�öxë¦ô¼öxë7öxò¤îlð��¦üPöxí¤ñ~
�ð~ìPï¦é6ôfõJï¦í¤ñUïLê¦óð�ó�ìPï¦ð1�2élò¤ò¤éjõJí¤ë¦î°óÄìPüPöxí¤îlï4ì��2élüÄõ�öxüô]�2élü�
Àê¦òeöU

wk(M) =
∑

λi∈ Ú�Û (M)

λk
i −

∑

M ′∈Mk,M ′ 6=M

wk(M
′)|M ′(M)|

õJï¦ð�üð4Ü	�
(M)

ô¦ð�ë¦éxìPð�óJìPï¦ð°ó��^ð�ñ~ìPüê�
�é���ìPï¦ðQöxô3QPöxñ�ð�ë¦ñ���
föTìPüíS+Lé��
M
å

/�óí¤ë¦î	ð�Y@ê�öTìPí¤élëÝv[æ3{�öxë¦ô7ìUö��¦ò¤ðQý�í¤ë¼ö����^ð�ë¦ô¦íS+ � õ&ðQï�ö,�lð�ìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦î4�¦üé��^élóí�ìPí¤élë}
ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð½Îfà ^ á4âCã

G
^�g�dVa�c�d0ef\�Õ�^ClC\fÑ s	l5lrc0^rd�n	a�Ô�h.g�d�n=j

C5
lC\fh�n=ä

∑

i

λ6
i = 12|C6(G)| + 2|P2(G)| + 12|P3(G)| + 6|P4(G)| + 12|S1,1,1(G)|

+48|C4(G)| + 12|L(4, 1)(G)|
^C^ á4âCã

G
^�g�dVa�c�d0ef\�Õ�^ClC\fÑ s	l

Cp å p ∈ {3, 5, 6, 7} d�n=jpÑÃã-m6d,æ�^Cm6d�ÔKjkh;a�cih.h
3
lC\fh�n=ä

∑

i

λ8
i = 2|P2(G)| + 28|P3(G)| + 32|P4(G)| + 8|P5(G)|

+72|S1,1,1(G)| + 16|S1,1,2(G)| + 264|C4(G)|
+112|L(4, 1)(G)|+ 16|L(4, 2)(G)| + 16|C8(G)|

^C^C^ ápâCã
G

^�gpd�a�c�d0ef\�Õ�^ClC\fÑ s	l
Cp å p ∈ {3, 5, 6, 7, 8, 9} å ÑÃã6m6d,æ�^Cm6d�Ô5jkh;a�cih.h

3
d�n=jRg�sf_.\�lC\�d�l

δ(u) = δ(v) = 3, u 6= v ⇒ d(u, v) > 1 å lC\fh�n=ä
∑

i

λ10
i = 2|P2(G)| + 60|P3(G)| + 120|P4(G)| + 60|P5(G)| + 10|P6(G)|

+300|S1,1,1(G)| + 140|S1,1,2(G)| + 20|S1,2,2(G)|
+20|S1,1,3(G)| + 1320|C4(G)| + 840|L(4, 1)(G)|
+180|L(4, 2)(G)|+ 20|L(4, 3)(G)|+ 20|C10(G)|
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(Bë£ìPï¦í¤ó4��ö��^ð�ü�õ&ð¼óï�öxò¤òWï�ö,�lð7ìPé±ñ�élê¦ë4ì�öxò¤òGìPï¦ð |M(G)| � M ∈ Mi

é���ö�îlí&�lð�ë ê¦ë¦í¤ñ��6ñ�ò¤í¤ñ
îlüPö��¦ï

G
å � élü¯ìPï�öTì�öxí�
$õ&ð�ô¦ð�óñ�üí��^ð�ï¦ð�üðÀìPï¦ðÀóÄìPð��¦ó°é��'ìPï¦ðV�¦üé6ñ�ð�óó«õ&ðV�2élò¤ò¤éjõ ìPé7ñ�élê¦ë4ì�ìPï¦ð

Pk(G)
õJï¦í¤ñUï�öxüð«ìPï¦ð°élë¦ò&�b
�éxìPí&�2ó�ï�öxüô¼ìPé	ñ�élê¦ë4ì
å P ð~ì

p
�^ð�ìPï¦ð°ò¤ð�ë¦îxìPï¼é���ìPï¦ð°ñ��6ñ�ò¤ð°é��

G
å

@pç®èÓéWê Ï���ëÓì ÑjÓ ÖlÓ^Õ�Ð^Ñ
Pk(G) íóð~ì

H = Góð~ì |Pk(G)| = 0
å

î ��×>Þ2Ý ìPï¦ð�üð°ð0+�í¤óÄìPó�öV�^ð�ë¦ô�öxë4ì��lð�üÄìPð0+
u
í¤ë

H
Ô;Ó

ñ�élê¦ë4ìJìPï¦ð°ë@ê�
4�^ð�ü
q
é��8��öTìPï¦ó

Pk

é��
H
ñ�élë4ìUöxí¤ë¦í¤ë¦î

uò¤ð~ì |Pk(G)| = |Pk(G)| + qò¤ð~ì
H = H\{u}Ý6Ð�Ô î ��×>Þ2Ý

×2â
p ≥ k

Ñ3�;Ý6Ð
|Pk(G)| = |Pk(G)| + pÝ6Ð�Ô£×2â

ÒYÝ4ÑYÕ;ÒTÐ |Pk(G)|

¹»º`¹ ïÙÀ1¾2ÌðÀÍñ�ÇKÊ	¿1É;ÁUÊ
ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð Ø}à�ò;ó�ô»õ h�l

G
o0hÞdÞa�c�d0ef\]Õ�^ClC\

n
Ò�h�c0lr^`_.h.gÞd�n=j

m
hij�akh.g�d�n=j�Ô�h�l

λi

^ClCgÞd3g.g�Ñ�_�^rd�l'hij
h�^&akh�nfÒ d�Ôösfh.g,÷WZWh5\�d�Ò�h,ä ∑

i λ
4
i = 8|C4(G)|+2m+4|P3(G)| ÷ õ h�l nk

o0h»lC\fh»nfs	m6o0h�c~ÑÃã®Ò�h�c0lr^`_.h.g
ÑÃã�jkh;a�cih.h

k
^Cn

G å Õ�h�\�d�Ò�h,ä
∑

i

λ4
i = 8c4 +

∑

k

knk + 4
∑

k≥2

k(k − 1)

2
nk

�»ï¦ð1�2élò¤ò¤éjõJí¤ë¦î�üð�óê¦ò�ì&üð�òeöTìPð�óGìPï¦ð¯ñ�é6ð�ø�ñ�í¤ð�ë4ìPó&é��ÃìPï¦ð¯ñUï�öxüPöxñ~ìPð�üí¤óÄìPí¤ñ��^élò&�6ë¦é�
�íeöxò�é��;öQîlüPö��¦ï
õJí�ìPï¼óÄìPüê¦ñ~ìPê¦üPöxòK�¦üé��^ð�üÄìPí¤ð�óJé���ìPï¦í¤ó»îlüPö��¦ï}
���;Ý@Ó9ÒYÝ	�ÚÎfà�òÃù�ôWõ h�l

QG(X) = Xn + a1X
n−1 + a2X

n−2 + ... + an

o0hblC\fhR_.\�d�c�dk_�l'h�c0^�g�lr^`_
efÑ Ôöq n$Ñ mV^rd�Ô�ÑÃã�d�a�c�d0ef\

G
÷FZWh�_id�ÔCÔ�d�nûú`h�Ô�h�m]h�nfl;d�c0q]ü�a�s	cih�ýblC\fh�a�c�d0ef\

P2
Ñ cØlC\fhRa�c�d0ef\�g

Cq, q > 0
÷bZWh�_id�ÔCÔKd�úro.d3g�^`_8ü�a�s	cih�ý

U
h�Ò�h�c0q�a�c�d0ef\Rd�ÔCÔ2ÑÃã�Õ�\fÑ�g�h)_.Ñ m1efÑ n$h�nflCg-d�cih4h�Ô�h�m]h�nfl;d�c0q

ü�a�s	cih.g,÷ õ h�l
p(U)

o0hWlC\fh6nfs	m6o0h�cbÑÃã]_.Ñ nfn$h._�l'hij�_.Ñ m1efÑ n$h�nflCg]ÑÃã
U

d�n=j
c(U)

lC\fh6nfs	m6o0h�c]ÑÃã
_�q�_�Ô�h.g-^Cn

U
÷pZWh)n$Ñ l'h Ui

lC\fhÞg�h�l»ÑÃã)o.d3g�^`_�ü�a�s	cih.g)Õ�^ClC\
i
Ò�h�c0lr^`_.h.g,÷6þ}\fh�n

ai =
∑

U∈Ui

(−1)p(U)2c(U) , i = 1, 2, ..., n

( ì~�2élò¤ò¤éjõJó&ìPï¦í¤ó�ìPï¦ð�élüð�
R
���;Ý@Ó9ÒYÝ	� Ø}à�òÃù�ôWõ h�l

QG(X) = Xn + a1X
n−1 + a2X

n−2 + ... + an

o0hblC\fhR_.\�d�c�dk_�l'h�c0^�g�lr^`_
efÑ Ôöq n$Ñ mV^rd�ÔXÑÃã�d�a�c�d0ef\

G
÷Vþ}\fh~Ô�h�n	a�lC\bÑÃã»lC\fh®g.\fÑ c0l'h.g�l�Ñ,j�jV_�q�_�Ô�h~^Cn

G
^�g�a�^CÒ�h�n�o�q-lC\fh»g�m6d�ÔCÔ�h.g�l

Ñ,j�j6^Cn=jkh�æ
p
g�sf_.\RlC\�d�l

ap 6= 0
d�n=j6lC\fh)Ò d�Ôösfh4ÑÃã

ap

a�^CÒ�h.g-lC\fh-nfs	m6o0h�c4ÑÃã
p Ð _�q�_�Ô�h.g)^Cn

G
÷

the electronic journal of combinatorics 15 (2008), #R74 5



( ì�ð�ë¦óê¦ð�óJìPï�öTì�öV�¦í���öxüÄìPí�ìPð«îlüPö��¦ï�vÃ^`h�ö�îlüPö��¦ï7õJí�ìPï¼ë¦é	é6ô¦ôÅñ��6ñ�ò¤ð�ó.{�ñ
öxë¦ë¦éxì��^ð�ñ�éló��^ð�ñ~ìPüPöxò
õJí�ìPïÅö�ë¦élë	�'�¦í���öxüÄìPí�ìPð«îlüPö��¦ïÃå

�»ï¦ð��2élò¤ò¤éjõJí¤ë¦î	üð�óê¦ò�ì«í¤ó�ê¦óð��2ê¦ò�öTì1
föxë��¼ìPí�
�ð°í¤ëÅìPï¦ð���ö��^ð�ü � �2élü�í¤ë¦óÄìUöxë¦ñ�ðQìPé6��ë¦ôØ�^élê¦ë¦ô¦ó
élë¼ð�í¤îlð�ë��xöxò¤ê¦ð�ó�
���;Ý@Ó9ÒYÝ	��ã�ÿÄÏ�Ð^ÑjÝ@ÒTÞ2Û�Ö4×>Ð��LÑ3�;Ý@Ó9ÒYÝ	���3à�ò��`ô�õ h�l

G
o0h1dÞa�c�d0ef\WÕ�^ClC\

n
Ò�h�c0lr^`_.h.g1d�n=j4d3g.g�Ñ�_�^rd�l'hij

h�^&akh�nfÒ d�Ôösfh.g
λ1 ≥ λ2 ≥ ... ≥ λn

d�n=jÓÔ�h�l
H

o0hbd�n ^Cn=j�sf_.hijpg�s�o'a�c�d0ef\ÝÑÃã
G

Õ�^ClC\
m

Ò�h�c0lr^`_.h.g
d�n=jbd3g.g�Ñ�_�^rd�l'h.g4h�^&akh�nfÒ d�Ôösfh.g

µ1 ≥ µ2 ≥ ... ≥ µm

÷Wþ}\fh�n�ã,Ñ c
i = 1, ..., m å λn−m+i ≤ µi ≤ λi

÷
�»ï¦ð«ë¦ð0+6ì&ìPï¦ð�élüð�
�ó&îlí&�lð«ö°õ�ö,��ìPé�ñ�é�
6�¦ê�ìPð�ìPï¦ð¯ñUï�öxüPöxñ~ìPð�üí¤óÄìPí¤ñ��^élò&�6ë¦é�
�íeöxò¦é��;ö�îlüPö��¦ï]���

ô¦ð�ò¤ð~ìPí¤ë¦î	öV�lð�üÄìPð0+ÅélüJöxëÅð�ô¦îlð�
���;Ý@Ó9ÒYÝ	� >2à~òÃù�ô)õ h�l

G
o0h]d]a�c�d0ef\�Ñ�o�l;d�^Cn$hijRo�q��,Ñ ^Cnf^Cn	aRo�qÓd�nðhij�akh6d�Ò�h�c0l'h�æ

x
ÑÃãWdba�c�d0ef\

G1
d�n=jbd]Ò�h�c0l'h�æ

y
ÑÃã)dVa�c�d0ef\

G2
÷Wþ}\fh�n

QG(X) = QG1(X)QG2(X) − QG1\x(X)QG2\y(X)���;Ý@Ó9ÒYÝ	�	�}à®òÃùÃô�õ h�l
G

o0h4d4a�c�d0ef\Ód�n=j
x

d]Ò�h�c0l'h�æ�ÑÃã
G å lC\fh�n=ä

QG(X) = XQG\x(X) −
∑

y∼x

QG\{x,y}(X) − 2
∑

C, x∈C

QG\C(X)

Õ�\fh�cih
y ∼ x

m]hid�nUg�lC\�d�l
yx

^�g-d�n�hij�akh)ÑÃã
G

d�n=jVlC\fh1g�h._.Ñ n=j�g�s	m ^�g�Ñ nRlC\fh1g�h�l�ÑÃã�lC\fh)_�q�_�Ô�h.g
C

_.Ñ nfl;d�^Cnf^Cn	a
x
÷

���;Ý@Ó9ÒYÝ	�	
}à®òÃùÃô�õ h�l
G

o0h4d4a�c�d0ef\Ód�n=j
x

d-efh�n=j�d�nfl�Ò�h�c0l'h�æ�ÑÃã
G
÷Wþ}\fh�n=ä

QG(X) = XQG\x(X) − QG\{x,y}(X)Õ�\fh�cih
y
^�g)lC\fh)n$h�^&a3\�o0Ñ c)ÑÃã

x
÷

ß ÒYÓ9á'Ý@ÒjÑ0# Îfà ZWh�\�d�Ò�h-lC\fh�ã,Ñ ÔCÔ�Ñ Õ�^Cn	aph���s�d�Ôö^Clr^`h.g,ä
QCp

(X) = XQPp−1(X) − 2QPp−2(X) − 2
QPp

(X) = XQPp−1(X) − QPp−2(X)ß ÒYÓÃÓ9â å D ô¦í¤üð�ñ~ì�ñ�élë¦óð�Y@ê¦ð�ë¦ñ�ð�é���ìPï¦ð�élüð�
�ó~��öxë¦ôÓ��å
��»ï¦ð4�2élò¤ò¤éjõJí¤ë¦î	ìPï¦ð�élüð�
�üð�òeöTìPð�ó¯ìPï¦ð4�^ð�ï�ö,�6í¤élü«é��'ìPï¦ðÀó��^ð�ñ~ìPüPöxò0üPöxô¦í¤ê¦ó«é��WöfîlüPö��¦ï�����óê��	�

ô¦í&�6í¤ô¦í¤ë¦î�öxë£ð�ô¦îlðxå D ë£í¤ë4ìPð�üë�öxò���öTìPï£é���ö�îlüPö��¦ï
G
í¤óÀöxë£ð�ò¤ð�
�ð�ë4ìUöxü�����öTìPï

x0x1 · · ·xk

vÃ^`h
xi 6= xj

�2élüJöxò¤ò
i 6= j

�¦ê�ì�ð��lð�ë4ìPê�öxò¤ò&�
x0 = xk

{&é��
G
õJí�ìPï

δ(x0) > 2, δ(xk) > 2, δ(xi) = 2
�2élü

öxò¤ò.éxìPï¦ð�ü
i  ó�å���;Ý@Ó9ÒYÝ	���$à�òÃù�ù å�� ô5õ h�l xy

o0h�d�n�hij�akh1ÑÃã~d4_.Ñ nfn$h._�l'hij�a�c�d0ef\
G

n$Ñ l%o0h�Ô�Ñ n	a�^Cn	aÞl'Ñ�d�n]^Cnfl'h�c0n=d�Ô
e�d�lC\ å lC\fh�nØlC\fhÞg'efh._�lrc�d�Ô}c�d�j�^Cs�gÞg�lrc0^`_�lrÔöq6^Cn$_�cihid3g�h.g�o�qVg�s�o.j�^CÒ�^rj�^Cn	a

xy
÷

õ h�l
xy

o0hbd�n"hij�akhpÑÃã]d�_.Ñ nfn$h._�l'hijpa�c�d0ef\
G 6= Tn

o0h�Ô�Ñ n	a�^Cn	aRl'Ñ�d�n ^Cnfl'h�c0n=d�Ô$e�d�lC\ å lC\fh�n lC\fh
g'efh._�lrc�d�Ô}c�d�j�^Cs�gÞg�lrc0^`_�lrÔöqbjkh._�cihid3g�h.g�o�qVg�s�o.j�^CÒ�^rj�^Cn	a

xy
÷

���;Ý@Ó9ÒYÝ	�	�}à®ò��'ô�õ h�l
G

o0h4d4a�c�d0ef\�Õ�^ClC\Rm6d,æ�^Cm6d�ÔKjkh;a�cih.h
δM å lC\fh�n λ1(G) ≥

√
δM

÷
P ð~ì

B(p, q)
�^ð�ìPï¦ð°ñ�é4öxò¤ð�óñ�ð�ë¦ñ�ðQé���ìBõ&é�ñ��6ñ�ò¤ð�ó

Cp

öxë¦ô
Cq

v2óð�ð-��îlê¦üð-�V�2élüJöxëÅð0+¦ö�
6�¦ò¤ð�{#å
���;Ý@Ó9ÒYÝ	�	�}à®òÃù�ùÃô�� Ñ c

p ≥ 3, q ≥ 3 å λ1(B(p, q)) > 4√
3

>
√

5
÷
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� í¤îlê¦üð���WþÞvr7 � ý�{

¹»º10 2�¾�¿1À1Ë1Êð¾�ÀwÇKÂÃÄ�ÇKÀ43�Î�ÉÃ¿1ÇKÊ
�»ï¦ð�élüð�
w�Àîlí&�lð�ó»ìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦îÀñ�élüélò¤òeöxüí¤ð�ó�
?�Ó9ÒYÓ^Þ>Þ2Û¦Ò�# Îfà

λ1(L(p, k)) > λ1(L(p + 1, k))
÷

?�Ó9ÒYÓ^Þ>Þ2Û¦Ò�#´Ø}à
λ1(L(p, k)) < λ1(L(p, k + 1))

÷
<�í&�lð�ë

p ≥ 3 � q ≥ 3 � ò¤ð~ì H(p, q)
�^ð�ìPï¦ð�ñ�é4öxò¤ð�óñ�ð�ë¦ñ�ð°é��

Cp

öxë¦ô
L(q, 1)

õJí�ìPï7ìPï¦ðÞ�^ð�ë¦ô�öxë4ì
�lð�üÄìPð0+�öxóJô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ôp�lð�üÄìPð0+Ýv2óð�ð-��îlê¦üðQý4�2élüJöxë¼ð0+¦ö�
6�¦ò¤ð�{#å

5566
7788
99:: ;;<< ==>>

??@@ AABB CCDD EEFF
GGHH
IIJJKKLLMMNNO

OPP

� í¤îlê¦üð°ý	RQ4vr� � 7�{

���;Ý@Ó9ÒYÝ	� ÎTSKà
λ1(H(p, q)) >

√
5
÷

ß ÒYÓÃÓ9â å � í�ìPï¦élê�ì�ò¤élóó«é��Gîlð�ë¦ð�üPöxò¤í�ì'�Åõ&ð�óê����^élóðÀìPï�öTì
p ≥ q

å D ñ�ñ�élüô¦í¤ë¦î7ìPéfìPï¦ð�élüð�
|�
õ&ðQï�ö,�lð

λ1(H(p, q)) ≥ λ1(H(p, p))
óé�í�ìJí¤ó»óêUø�ñ�í¤ð�ë4ìJìPé6�¦üé��lð°ìPï¦ð�ìPï¦ð�élüð�
 �2élü

H(p, p)
å D ó

limx→+∞ QH(p,q)(x) = +∞ í�ì»í¤óJóêUø�ñ�í¤ð�ë4ìJìPéW�¦üé��lð°ìPï�öTì
QH(p,p)(

√
5) < 0�»ï¦ð�élüð�
G�	îlí&�lð�ó�

QH(p,p)(X) = QCp
(X)QCp

(X) − QPp−1(X)QPp−1(X)

QH(p,p)(X) = [QCp
(X)]2 − [QPp−1(X)]2

öxë¦ôR���p�¦üé��^ð�üÄì'�±æ°õ&ð°ï�ö,�lð�
QH(p,p)(X) = [XQPp−1(X) − 2QPp−2(X) − 2]2 − [QPp−1(X)]2

P ð~ì
(un)n∈N

�^ðQìPï¦ðÀóð�Y@ê¦ð�ë¦ñ�ð	ô¦ð���ë¦ð�ô����
un = QPn

(
√

5)
å � ðÀï�ö,�lð�v �¦üé��^ð�üÄì'� æ3{0

un =√
5un−1 − un−2

å»Ü6í¤ë¦ñ�ð
u1 =

√
2
öxë¦ô

u2 = 4
ìPï¦ð�ë

un = βn+1
1 − βn+1

2

õJï¦ð�üð
β1 =

√
5+1
2

öxë¦ô
β2 =

√
5−1
2

å
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QH(p,p)(
√

5) = [
√

5up−1 − 2up−2 − 2]2 − (up−1)
2

= [(
√

5 + 1)βp−1
1 − 2][(

√
5 − 1)βp−1

2 − 2]

� ð°ï�ö,�lð
[(
√

5 + 1)βp−1
1 − 2] > 0

öxë¦ô
[(
√

5 − 1)βp−1
2 − 2] < 0

óé
QH(p,p)(

√
5) < 0

å

�

���;Ý@Ó9ÒYÝ	� Î9ÎfàU� Ñ c
k 6= 0

Õ�hÞ\�d�Ò�h
λ1(L(p, k)) > 2

d�n=j
λ2(L(p, k)) < 2

÷
ß ÒYÓÃÓ9â å
λ1(L(p, k)) > 2

0ìPï¦ð�ó��^ð�ñ~ìPüPöxòÃüPöxô¦í¤ê¦ó�é��0öÀñ��6ñ�ò¤ð�í¤ó
2
öxë¦ô¼öÀñ��6ñ�ò¤ð�í¤ó»öxë¼í¤ë¦ô¦ê¦ñ�ð�ô7óê��¦îlüPö��¦ï

é��
L(p, k)

óéV����ìPï¦ð«í¤ë4ìPð�üòeöxñ�í¤ë¦îQìPï¦ð�élüð�
 õ&ð�ï�ö,�lð
λ1(L(p, k)) ≥ 2

å�( ì�üð�
föxí¤ë¦óWìPéÀóï¦éjõ½ìPï�öTì
λ1(L(p, k)) 6= 2

å&þ5�7ìPï¦ð�élüð�
G�	õ&ðQï�ö,�lð
QL(p,k)(2) = QCp

(2)QPk
(2) − QPp−1(2)QPk−1

(2) =
−QPp−1(2)QPk−1

(2) 6= 0
v �^ð�ñ
öxê¦óð�ìPï¦ð°ó��^ð�ñ~ìPüPöxò;üPöxô¦í¤ê¦ó»é���öV��öTìPïÅí¤ó»óÄìPüí¤ñ~ìPò&�Lò¤ð�óó�ìPï�öxë

2
{#å

λ2(L(p, k)) < 2
ÃìPï¦ð5��öTìPï

Pp+k−1
í¤ó�öxëQí¤ë¦ô¦ê¦ñ�ð�ô�óê��¦îlüPö��¦ï�é��

L(p, k)
óé1����ìPï¦ðWí¤ë4ìPð�üòeöxñ�í¤ë¦î

ìPï¦ð�élüð�
 õ&ðQï�ö,�lð
λ2(L(p, k)) ≤ λ1(Pp+k−1) < 2

å

�

���;Ý@Ó9ÒYÝ	� Î6Ø}à ^ á�ZWhÞ\�d�Ò�h å ã,Ñ c p ≥ 3 å λ1(L(p, k)) <
√

5 ≈ 2.2361
÷

^C^ á�ZWhÞ\�d�Ò�h å ã,Ñ c p ≥ 4 å λ1(L(p, k)) <
√

2 + 2
√

2 ≈ 2.1974
÷

ß ÒYÓÃÓ9â å íC{Wþ5�Lñ�élüélò¤òeöxü��¼æ«õ&ð�ï�ö,�lð
λ1(L(p, k)) ≤ λ1(L(3, k))

óé�í�ì�í¤ó�óêUø�ñ�í¤ð�ë4ì»ìPéV�¦üé��lð
ìPï¦ð�ìPï¦ð�élüð�
 �2élü

p = 3
å � élü

k = 0 � λ1(L(3, 0)) = 2 <
√

5
å � ð	ë¦éjõ öxóóê�
�ð�ìPï�öTì

k > 0
å

/�óí¤ë¦î�ìPï¦ð�élüð�
9�föxë¦ô
QC3(X) = (X + 1)2(X − 2)

õ&ðQï�ö,�lð�
QL(3,k)(X) = (X + 1)2(X − 2)QPk

(X) − (X − 1)(X + 1)QPk−1
(X)

öxë¦ô
QL(3,k)(

√
5) = (2

√
5 − 2)QPk

(
√

5) − 4QPk−1
(
√

5)
P ð~ì�ê¦óJóê����^élóð°ìPï�öTì

QL(3,k)(
√

5) > 0
å

� ð°ï�ö,�lð
QL(3,k+1)(

√
5) = (2

√
5 − 2)QPk+1

(
√

5) − 4QPk
(
√

5)�¦ê�ì
QPk+1

(
√

5) =
√

5QPk
(
√

5) − QPk−1
(
√

5)
óé

QL(3,k+1)(
√

5) =
2
√

5 − 2

4

(

(2
√

5 − 2)QPk
(
√

5) − 4QPk−1
(
√

5)
)

öxë¦ôR���7í¤ë¦ô¦ê¦ñ~ìPí¤élë¼élë
k ≥ 1

õ&ðQï�ö,�lð
QL(3,k+1)(

√
5) > 0

å
Ü6í¤ë¦ñ�ð¼ìPï¦ðR�^élò&�6ë¦é�
�íeöxò

QL(3,k)
ï�öxó�élë¦ð�öxë¦ôÂélë¦ò&�£élë¦ðÅüé6éxì�í¤ë

]2, +∞[
vºìPï¦ð�élüð�
 ælæ3{�ìPï¦ð�ë

QL(3,k)(2) < 0
öxë¦ô

QL(3,k)(
√

5) > 0
í�
6�¦ò¤í¤ð�óWìPï�öTì

λ1(L(3, k)) <
√

5
å
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í¤íC{5�»ï¦ð-�¦üé6é��0é��0í¤íC{Gí¤óJò¤ð�ô¼í¤ëLìPï¦ð°óPö�
�ð�õ�ö,�lå P ð~ì
α =

√

2 + 2
√

2
å � ð°ï�ö,�lð�

QL(4,k)(X) = X2(X2 − 4)QPk
(X) − X(X2 − 2)QPk−1

(X)

öxë¦ô
QL(4,k)(α) = 4QPk

(α) − 2
√

2αQPk−1
(α)P ð~ì�ê¦óJóê����^élóð°ìPï�öTì

QL(4,k)(α) > 0
å D ó

QPk+1
(α) = αQPk

(α) − QPk−1
(α)

õ&ð°ï�ö,�lð

QL(4,k+1)(α) =
2 −

√
2

2
α
(

4QPk
(α) − 2

√
2αQPk−1

(α)
)

öxë¦ôR���7í¤ë¦ô¦ê¦ñ~ìPí¤élë¼élë
k ≥ 1

õ&ðQï�ö,�lð
QL(4,k+1)(α) > 0

å

�

���;Ý@Ó9ÒYÝ	� Î6ã}à~õ h�l
G

o0h�dVa�c�d0ef\Ø_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\
L(p, k) å lC\fh�n

max{δ(v), v ∈ V (G)} ≤ 4.

ß ÒYÓÃÓ9â å D ô¦í¤üð�ñ~ì�ñ�élë¦óð�Y@ê¦ð�ë¦ñ�ð�é���ìPï¦ð�élüð�
�ó°æYä�öxë¦ôÓ7�å
�

���;Ý@Ó9ÒYÝ	� Î�>2à�õ h�l
G

o0h]dba�c�d0ef\Ý_.Ñ�g'efh._�lrc�d�Ô�Õ�^ClC\�dRÔ�Ñ ÔCÔö^ efÑ.e}÷Ýþ}\fh�n å ã,Ñ c p ≥ 3
d�n=j

q ≥ 3 å
Cp ∪ Cq

Ñ c
H(p, q)

Ñ c
B(p, q)

_id�nfn$Ñ l®o0h-^Cn=j�sf_.hijVg�s�o'a�c�d0ef\�g4ÑÃã
G

ß ÒYÓÃÓ9â å (;�
Cp∪Cq

í¤óGöxëfí¤ë¦ô¦ê¦ñ�ð�ôfóê��¦îlüPö��¦ïfé��
G
ìPï¦ð�ëLöxó

λ2(Cp∪Cq) = 2
���	í¤ë4ìPð�üòeöxñ�í¤ë¦î

ìPï¦ð�élüð�
 õ&ðQîlð~ì
λ2(G) ≥ 2 � í�
6�^élóóí��¦ò¤ð1���LìPï¦ð�élüð�
 ælælå

H(p, q)
élü

B(p, q)
ñ
öxë¦ë¦éxì��^ðÀí¤ë¦ô¦ê¦ñ�ð�ô�óê��¦îlüPö��¦ï¦ó�é��

G
�^ð�ñ
öxê¦óð

λ1(G) <
√

5
vºìPï¦ð�élüð�
 æYä�{

öxë¦ô
λ1(H(p, q)) >

√
5
vºìPï¦ð�élüð�
²æ���{ � λ1(B(p, q)) >

√
5
vºìPï¦ð�élüð�
G��{#å

�

¹»ºWV X�Æ1Ç}ñ�ÇwÎ�ñ�ÇGÀ1¾ È$¾�ÊTY�ÇKÈXÁ	ñ�Î�É�À1¾�À[Z ÂÃÊ	¾R\Å¾�ñ]Y�Æ1ÂÃÈGÉÃ¾�ÉÃÉÃÂ^Y�¾_Y�Êa` ñ�Çb3»ÂÃÊ	Â;ÁUÇKË
Y1ñ�¾»¾dc

(Bë�x 7 z.í�ì�í¤ó��¦üé��lð�ôLìPï�öTì�ìBõ&é�ñ�éló��^ð�ñ~ìPüPöxò.ò¤élò¤ò¤í��^é��¦óGöxüð¯í¤óé�
�élü��¦ï¦í¤ñxå � ð«üð��6í¤óí�ì�ï¦ð�üð¯ìPï¦í¤ó&üð�óê¦ò�ì
í¤ëÅö�óï¦élüÄìPð�óÄì1�¦üé6é���ê¦óí¤ë¦î	ñ�ò¤élóð�ô¼õ�öxò¤÷@ó�å
���;Ý@Ó9ÒYÝ	� Îe�}à þ}\fh�cih�d�cih-n$Ñp_.Ñ�g'efh._�lrc�d�Ô}n$Ñ n Ð ^�g�Ñ m]Ñ c;ef\	^`_�Ô�Ñ ÔCÔö^ efÑ.efg,÷

ß ÒYÓÃÓ9â å P ð~ì
L(p, k)

öxë¦ô
L(p′, k′)

õJí�ìPï
n = p + k = p′ + k′ öxë¦ô p < p′

�^ð	ìBõ&é�ë¦élë
í¤óé�
�élü��¦ï¦í¤ñ�ò¤élò¤ò¤í��^é��¦ó�åK��é�óï¦éjõ´ìPï�öTìGìPï¦ð���ï�ö,�lð¯ô¦ígf.ð�üð�ë4ìWó��^ð�ñ~ìPüPö°õ&ð�óï¦éjõ´ìPï�öTìGìPï¦ð�üð¯öxüðJò¤ð�óó
ñ�ò¤élóð�ô¼õ�öxò¤÷@óJé��0ò¤ð�ë¦îxìPï

p
í¤ë

L(p′, k′)
ìPï�öxëÅí¤ë

L(p, k)
å

P ð~ì
e
v2üð�ó��Ãå

e′
{��^ð«öxëfð�ô¦îlð�é��ÃìPï¦ð�ñ��6ñ�ò¤ð¯é��

L(p, k)
v2üð�ó��Ãå

L(p′, k′)
{'í¤ë¦ñ�í¤ô¦ð�ë4ìGìPéQìPï¦ð��lð�üÄìPð0+fé��

ô¦ð�îlüð�ð
3 � W v2üð�ó�� W ′ {»ìPï¦ðÀóð~ì�é��Gñ�ò¤élóð�ô�õ�öxò¤÷@ó«é��Gò¤ð�ë¦îxìPï p

é��
L(p, k)

v2üð�ó��Ãå
L(p′, k′)

{ � Ŵ
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v2üð�ó�� Ŵ ′ {»ìPï¦ð�óð~ì�é��Gñ�ò¤élóð�ô�õ�öxò¤÷@ó«é��'ò¤ð�ë¦îxìPï p
é��

L(p, k)
v2üð�ó��Ãå

L(p′, k′)
{Jë¦éxì«ñ�élë4ìUöxí¤ë¦í¤ë¦î

ev2üð�ó��Ãå
e′
{»öxë¦ô W̃ v2üð�ó�� W̃ ′ {�ìPï¦ðQóð~ì¯é���ñ�ò¤élóð�ôÅõ�öxò¤÷@ó�é���ò¤ð�ë¦îxìPï p

é��
L(p, k)

v2üð�ó��Ãå
L(p′, k′)

{
ñ�élë4ìUöxí¤ë¦í¤ë¦î

e
v2üð�ó��Ãå

e′
{#å

� ð�ï�ö,�lð� |W| = |Ŵ| + |W̃| v2üð�ó��Ãå |W ′| = |Ŵ ′| + |W̃ ′| {#åp( ì  ó�é����6í¤élê¦ó°ìPï�öTì |Ŵ| = |Ŵ ′|�^ð�ñ
öxê¦óð
L(p, k)\{e} = L(p′, k′)\{e′} = Pn

å � ð°öxüð�îlélí¤ë¦îÀìPé�óï¦éjõ ìPï�öTì |W̃| < |W̃ ′| ���LìPï¦ð�2élò¤ò¤éjõJí¤ë¦îÀð�Y@ê�öTìPí¤élë}
|W̃| =

∑

M∈Mp, e∈E(M)

wp(M)|M(G)|

õJï¦ð�üð
E(M)

í¤ó�ìPï¦ð°óð~ì�é���ìPï¦ð°ð�ô¦îlð�ó�é��
M
å

� ð�ô¦ð�ë¦éxìPð4���
M e ö6
�éxìPí&�

M
ñ�élë4ìUöxí¤ë¦í¤ë¦î

e
å��»ï¦ð�
�éxìPí&�2óJñ�élë4ìUöxí¤ë¦í¤ë¦î

e
v2üð�ó��

e′
{�õJí�ìPï�öTì

ò¤ð
öxóÄìJélë¦ð
p
�Bñ�é��lð�üí¤ë¦î	ñ�ò¤élóð�ô¼õ�öxò¤÷7öxüð�ð0+¦öxñ~ìPò&�=

• ìPï¦ð Pi  ó»�2élü 2 ≤ i ≤ p

2
+ 1

v2í&�
p
í¤ó»ð��lð�ëX{Jöxë¦ô¼õ&ð°ï�ö,�lð |P e′

i (L(p′, k′))| ≤ |P e
i (L(p, k))| å

• ìPï¦ð Sa,b,c  ó�õJí�ìPï a+b+c ≤ p

2

v2í&�
p
í¤ó�ð��lð�ëX{0öxë¦ô�õ&ð&ï�ö,�lð |Se′

a,b,c(L(p′, k′))| ≤ |Se
a,b,c(L(p, k))| å

• ìPï¦ð Cp  ó�öxë¦ô 0 = |Ce′

p (L(p′, k′))| < |Ce
p(L(p, k))| = 1

å
Ü6é � |W̃| < |W̃ ′| öxë¦ô |W| < |W ′| õJï¦í¤ñUïÅñ�élë¦ñ�ò¤ê¦ô¦ð�óJìPï¦ð-�¦üé6é��[å

�

¹»ºih X�Æ1Ç ÉÃ¾�ÉÃÉÃÂ^Y�¾_Y
L(p, k) j p 6= 4 j ÂÃÊðË1Ç$ÁUÇ}ñk\ÅÂÃÀ1ÇKËmlonGÂ;ÁUÊðÊTY�ÇKÈXÁ	ñ�¿�\

�»ï¦í¤ó�üð�óê¦ò�ì»
�ð�ë4ìPí¤élë¦ë¦ð�ô7í¤ë�x 7 � ù z$�2élü�ð��lð�ë¼ò¤élò¤ò¤í��^é��¦ó'õJí�ìPï p ≥ 6
öxó»ö4�¦üí&�xöTìPð«ñ�é�
6
Àê¦ë¦í¤ñ
öTìPí¤élë

é���þ&ð�ï¦üê��-�0ö,�k�2ð�ï	�qpJð��
öxí¤ð�í¤ó�ìPüê¦ð��2élüJöxò¤ò.ò¤élò¤ò¤í��^é��¦ó
L(p, k)

õJí�ìPï
p 6= 4

å��»ï¦ðQöxí�
 é��;ìPï¦ð-�¦üé6é��
í¤ó°ìPé�ô¦ð~ìPð�ü�
�í¤ë¦ð	ìPï¦ðfô¦ð�îlüð�ðfô¦í¤óÄìPüí��¦ê�ìPí¤élëÃå � ðLöxò¤üð
öxôU�©÷@ë¦éjõ ìPï�öTìQìPï¦ð�üðLöxüð�ë¦éÓ�lð�üÄìPí¤ñ�ð�ó�é��
ô¦ð�îlüð�ð°îlüð
öTìPð�üJélü»ð�Y@ê�öxòÃìPï�öxë�ý�vºìPï¦ð�élüð�
 æjù�{#å
���;Ý@Ó9ÒYÝ	� Îe
}à~õ h�l

G
o0h4dVa�c�d0ef\�_.Ñ�g'efh._�lrc�d�ÔKÕ�^ClC\

L(p, k) å p 6= 4
÷bþ}\fh�n

G
^�g)^�g�Ñ m]Ñ c;ef\	^`_-l'Ñ

L(p, k)
÷

ß ÒYÓÃÓ9â å P ð~ì
ni

�^ðÀìPï¦ð�ë@ê�
4�^ð�ü�é����lð�üÄìPí¤ñ�ð�ó°é��Wô¦ð�îlüð�ð
i
�2élü

i ∈ {0, 1, 2, 3, 4} å � ð�ï�ö,�lð
n = n0 +n1 +n2 +n3 +n4

öxë¦ô
2n = n1 +2n2 +3n3 +4n4

vºìPï¦ð¯óê�
 é��ÃìPï¦ð¯ô¦ð�îlüð�ð�ó�í¤óGìBõJí¤ñ�ð
ìPï¦ð°ë@ê�
4�^ð�üJé��0ð�ô¦îlð�ó.{ � óé 2n0 + n1 = n3 + 2n4

å
P ð~ì

c = |C4(G)| � õ&ð�ï�ö,�lð4�����¦üé��^élóí�ìPí¤élë�ä � ∑λi∈ Ú�Û (G) λ4
i = 8c + 2m + 4(n2 + 3n3 + 6n4)

å
D ó ∑

λi∈ Ú�Û (G) λ4
i =

∑

λi∈ Ú�Û (L(p,k)) λ4
i

õ&ð©îlð~ì
5n4 + 2n3 − n0 − n1 + 2c = 1

öxë¦ô � ê¦óí¤ë¦î
2n0 + n1 = n3 + 2n4 � õ&ðQï�ö,�lð 3n4 + n3 + n0 + 2c = 1

å
Ü6é

n4 = 0
öxë¦ô

c = 0
å�(;�

n3 = 0
ìPï¦ð�ë

n0 = 1
õJï¦í¤ñUï�ñ�élë4ìPüPöxô¦í¤ñ~ìPó

2n0 + n1 = n3 + 2n4
å-Ü6é

n3 = 1
öxë¦ô

n0 = 0
å � ð°ô¦ð�ô¦ê¦ñ�ð

n1 = 1
öxë¦ô

n2 = n − 2
å

D ó»ìPï¦ð�óê�
 é��;ìPï¦ð°ô¦ð�îlüð�ð�óJé��0ö�îlüPö��¦ï¼í¤ó�ð��lð�ë � ìPï¦ð��lð�üÄìPð0+Åé���ô¦ð�îlüð�ð
1
öxë¦ô7ìPï¦ðÞ�lð�üÄìPð0+¼é��

ô¦ð�îlüð�ð
3
�^ð�ò¤élë¦îló«ìPéLìPï¦ð	óPö�
�ð�ñ�élë¦ë¦ð�ñ~ìPð�ôñ�é�
6�^élë¦ð�ë4ì
å4(;�

G
í¤ó�ë¦éxì°ñ�élë¦ë¦ð�ñ~ìPð�ô©ìPï¦ð�üð	í¤ó�öÅä��

üð�îlê¦òeöxü�ñ�élë¦ë¦ð�ñ~ìPð�ô�ñ�é�
6�^élë¦ð�ë4ì~vÃ^`h»ö¯ñ��6ñ�ò¤ð�{�õJï¦í¤ñUï�í¤ó�í�
6�^élóóí��¦ò¤ð1v
2
í¤ó0ë¦éxì�öxëÀð�í¤îlð�ë��xöxò¤ê¦ð&é��

G
{#å

D ó»ö�üð�óê¦ò�ì � G í¤ó&ö�ñ�élë¦ë¦ð�ñ~ìPð�ô¼îlüPö��¦ïfõJí�ìPïLô¦ð�îlüð�ð«ô¦í¤óÄìPüí��¦ê�ìPí¤élë�ð�Y@ê�öxò.ìPé
(1, 2, 2, 2, ..., 2, 2, 3) �óé

G
í¤óJö	ò¤élò¤ò¤í��^é��föxë¦ô � ���LìPï¦ð�élüð�
²æYý � G í¤ó»í¤óé�
�élü��¦ï¦í¤ñ¯ìPé

L(p, k)
å

�
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r sut Ì ³~È)³�³�O�¶±È)¶
L(4, k)

O�Í L7Ì�Ë;Ì®Jwv O�Ê7Ì~Lyx{z O#Ë�Í ÍK¶±Ì~NWËKJ8M|v
P ð~ì

G
�^ð&öJîlüPö��¦ïQñ�éló��^ð�ñ~ìPüPöxò@õJí�ìPï

L(4, k) � ò¤ð~ì ni � i ∈ {0, 1, 2, 3, 4} � �^ðGìPï¦ðWë@ê�
4�^ð�ü�é��U�lð�üÄìPí¤ñ�ð�ó
é��Gô¦ð�îlüð�ð

i
é��

G
öxë¦ô±ò¤ð~ì

c = |C4(G)| åÞ(;�Gõ&ð�ê¦óðÀìPï¦ðÀóPö�
�ð4
�ð~ìPï¦é6ô±öxó��¦üð��6í¤élê¦óò&�ÅìPép�¦üé��lð
ìPï�öTìWö«ò¤élò¤ò¤í��^é��

L(4, k)
í¤ó�ô¦ð~ìPð�ü�
�í¤ë¦ð�ôW���Àí�ìPó'ó��^ð�ñ~ìPüê�
 � õ&ðJé���ìUöxí¤ë ∑

λi∈ Ú�Û (L(4,k)) λ4
i = 6n+12öxë¦ô¼õ&ð°ï�ö,�lð°ìPé	óélò&�lð

3n4 + n3 + n0 + 2c = 3} éxìPí¤ë¦îÀìPï�öTì
2n0 + n1 = n3 + 2n4 � õ&ðQï�ö,�lð�ìPé�ñ�élë¦óí¤ô¦ð�ü�ìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦îÀñ
öxóð�ó�

• ñ
öxóð-(.
n4 = 0 � n3 = 1 � n0 = 0 � c = 1

öxë¦ôÅñ�élë¦óð�Y@ê¦ð�ë4ìPò&�
n1 = 1 � n2 = n − 2

å

• ñ
öxóð-(�(.
n4 = 0 � n3 = 2 � n0 = 1 � c = 0

öxë¦ô¼ñ�élë¦óð�Y@ê¦ð�ë4ìPò&�
n1 = 0 � n2 = n − 3

å

• ñ
öxóð-(�(�(.
n4 = 0 � n3 = 3 � n0 = 0 � c = 0

öxë¦ôÅñ�élë¦óð�Y@ê¦ð�ë4ìPò&�
n1 = 3 � n2 = n − 6

å

• ñ
öxóð-(;:4
n4 = 1 � n3 = 0 � n0 = 0 � c = 0

öxë¦ôÅñ�élë¦óð�Y@ê¦ð�ë4ìPò&�
n1 = 2 � n2 = n − 3

å
�»ï¦ð®��üóÄìGñ
öxóð»í�
6�¦ò¤í¤ð�ó�ìPï�öTì�ìPï¦ð�îlüPö��¦ï�í¤ó

L(4, k) � í�ì�üð�
föxí¤ë¦ó�ìPé�óï¦éjõhìPï�öTì�ìPï¦ð»òeöxóÄì0ìPï¦üð�ð»ñ
öxóð�óöxüð«í�
6�^élóóí��¦ò¤ð � ìPï¦í¤ó�í¤ó�ô¦élë¦ð�í¤ëfìPï¦ð�ë¦ð0+6ìJóê��¦óð�ñ~ìPí¤élë¦ó�å5(Bë7élüô¦ð�ü&ìPé�óí�
6�¦ò¤í&�C��ìPï¦ð�ð�ë@ê�
�ð�üPöTìPí¤élë
é��°îlüPö��¦ï¦ófí¤ëhìPï¦ð�ñ
öxóð�óp(�( � (�(�(	öxë¦ôy(;: � õ&ðØ�^ð��2élüð�ð�óÄìUö��¦ò¤í¤óïÂìPï¦ð�ñ�élë¦ë¦ð�ñ~ìPí&�6í�ì'�Âé��°ö îlüPö��¦ï
ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï

L(4, k)
å

0~º�¼ ½�¾�À1À1ÇKÈXÁUÂ^3»Â;Á~nwÎ�À1ËÍÈ$Î�Ê	Ç��e�
(Bë©élüô¦ð�ü«ìPé¼óí�
6�¦ò¤í&�C�7ìPï¦ð�óÄìPê¦ôU�±é��GìPï¦ð�óð�ìPï¦üð�ð	ñ
öxóð�ó�õ&ð	óï¦éjõ í¤ë�ìPï¦í¤ó«óð�ñ~ìPí¤élë±ìPï�öTìQöLîlüPö��¦ï
ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï¼ö

L(4, k)
í¤ó�ñ�élë¦ë¦ð�ñ~ìPð�ôÃå D óJë¦éxìPí¤ñ�ð�ô7í¤ë�x 7 zÃìPï¦í¤ó�í¤óJöÀô¦í&ø�ñ�ê¦ò�ì»�¦üé��¦ò¤ð�
 öxë¦ô7ìPé

ò¤í¤îlï4ìPð�ëLìPï¦í¤óJóð�ñ~ìPí¤élë¼óé�
�ð�ìPð�ñUï¦ë¦í¤ñ
öxòK�¦üé6é��2ó»ï�ö,�lð)�^ð�ð�ëÅô¦ð~ìUöxí¤ò¤ð�ô7í¤ëÅö����^ð�ë¦ô¦íS+.å
/�óí¤ë¦î	üð�óê¦ò�ìPóJé��0óð�ñ~ìPí¤élë�ä6å�ä�õ&ðQð
öxóí¤ò&�Lé���ìUöxí¤ëLìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦î4�¦üé��^ð�üÄì'�=

ß ÒYÓ9á'Ý@ÒjÑ0# Ø}à ∀a, b, c ∈ N å k ∈ N
∗ å p > 2

ä
QCp

(2) = 0 å QPk
(2) = k + 1 å QSa,b,c

(2) =
a + b + c + 2 − abc å QS1,1,a

(2) = 4
÷

P ð~ì
P (p1, p2, p3)

�^ðfìPï¦ðLîlüPö��¦ï é���ìUöxí¤ë¦ð�ôÝ��� í¤ô¦ð�ë4ìPí&�C�6í¤ë¦î¼ìPï¦ðfìPï¦üð�ðp�^ð�ë¦ô�öxë4ì4�lð�üÄìPí¤ñ�ð�óÀé��
Sp1+1,p2+1,p3+1

v>öxë¼ð0+¦ö�
6�¦ò¤ð�í¤ó»îlí&�lð�ëÅí¤ëp��îlê¦üð-��{#å

��������
���� ��������

��������
���� ���� ���� ���� ���� ���� ����

����

����   ¡¡ ¢¢££ ¤¤¥¥

¦¦§§

� í¤îlê¦üð-�U�E�v � � � � ��{
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���;Ý@Ó9ÒYÝ	� Î]�$à þ}\fh�a�c�d0ef\
P (p1, p2, p3)

_id�nfn$Ñ l�o0h1d�nb^Cn=j�sf_.hij�g�s�o'a�c�d0ef\bÑÃã�d�a�c�d0ef\
G

_.Ñ�g'efh._ Ðlrc�d�ÔKÕ�^ClC\Ød6Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

÷
ß ÒYÓÃÓ9â å Ü6÷xð~ìPñUï�é���ìPï¦ð-�¦üé6é��Ã
� ð���üóÄì±óï¦éjõ ìPï�öTìØ�2élü�óé�
�ð��xöxò¤ê¦ð�ó�é��

p1 � p2
öxë¦ô

p3
õ&ð£ï�ö,�lð

λ1(P (p1, p2, p3)) >
√

2 + 2
√

2
öxë¦ô¼í¤ë7ìPï¦ð�óðQñ
öxóð�ó

P (p1, p2, p3)
ñ
öxë¦ë¦éxì��^ðQöxë¼í¤ë¦ô¦ê¦ñ�ð�ôÅóê��¦îlüPö��¦ïÅé���<�å

� élü�ìPï¦ð°éxìPï¦ð�üóJñ
öxóð�óJõ&ðQñ�é�
6�¦ê�ìPð
QP (p1,p2,p3)(2)

å

• í&� QP (p1,p2,p3)(2) ≥ 0
ìPï¦ð�ë

P (p1, p2, p3)
öxë¦ôyd-ã,Ñ c0lr^`Ñ c0^

G
v2í¤ë4ìPð�üòeöxñ�í¤ë¦îfìPï¦ð�élüð�
b{1�^élóÃ�

óð�óóð�ó�ìBõ&éfð�í¤îlð�ë��xöxò¤ê¦ð�óJîlüð
öTìPð�ü»ìPï�öxë
2
õJï¦í¤ñUïÅñ�élë4ìPüPöxô¦í¤ñ~ìPóJìPï�öTì

G
í¤óJñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPïÅö

ò¤élò¤ò¤í��^é��ØvºìPï¦ð�élüð�
 ælæ3{#å
• í&� QP (p1,p2,p3)(2) < 0

ìPï¦ð�ë£õ&ðLóï¦éjõ ìPï�öTì
P (p1, p2, p3)

ñ
öxë¦ë¦éxìV�^ð7ö�ñ�élë¦ë¦ð�ñ~ìPð�ô ñ�é�
V�
�^élë¦ð�ë4ìfé��

G
óéìPï¦ð�üðÅí¤ó�ö��lð�üÄìPð0+

x
ë¦éxì�í¤ë

P (p1, p2, p3)
öxô3QPöxñ�ð�ë4ì�ìPé ö��lð�üÄìPð0+

y
é��

P (p1, p2, p3)
öxë¦ô´õ&ð��¦üé��lð�ìPï�öTìLìPï¦í¤ófîlüPö��¦ïßóé£ñ�élë¦óÄìPüê¦ñ~ìPð�ô ñ
öxë¦ë¦éxì��^ð±öxë´í¤ë¦ô¦ê¦ñ�ð�ô

óê��¦îlüPö��¦ïÅé��
G
å

D ô¦ð~ìUöxí¤ò¤ð�ôp�¦üé6é��0í¤ó»îlí&�lð�ëÅí¤ëÅö����^ð�ë¦ô¦íS+ D å

�

���;Ý@Ó9ÒYÝ	� Îe�}à~õ h�l
G

o0h�dVa�c�d0ef\Ø_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød6Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

÷Wþ}\fh�n
G

^�gV_.Ñ nfn$h._�l'hij�÷
ß ÒYÓÃÓ9â å �»ï¦ð¼îlüPö��¦ï

G
ï�öxó	öxóW
föxë�� ð�ô¦îlð�ó�öxó4�lð�üÄìPí¤ñ�ð�ó � óé©í&� G

í¤ó�ë¦éxì	ñ�élë¦ë¦ð�ñ~ìPð�ô � í�ì�^élóóð�óóð�ó«öTì�ò¤ð
öxóÄì»ìBõ&éfñ��6ñ�ò¤ð�ó�å5�»ï¦ðQóê��¦îlüPö��¦ïÅí¤ë¦ô¦ê¦ñ�ð�ôR���7ìPï¦ð�ìBõ&éfñ��6ñ�ò¤ð�ó�é���
�í¤ë¦í�
föxò^ò¤ð�ë¦îxìPï
í¤ó

Ca ∪ Cb � B(a, b) � H(a, b)
élü

P (p1, p2, p3)
�¦ê�ìJìPï¦í¤ó»í¤ó»í�
6�^élóóí��¦ò¤ðVvºìPï¦ð�élüð�
�ó°æ,��öxë¦ô©æ3��{#å

�

?�Ó9ÒYÓ^Þ>Þ2Û¦Ò�#´ã}à[¨ a�c�d0ef\Ø_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød]Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

^�g)s	nf^`_�q�_�Ôö^`_,÷
�»ï¦í¤óJóð�ñ~ìPí¤élëÅóélò&�lð�ó»ìPï¦ð°ñ
öxóð-(�(.

?�Ó9ÒYÓ^Þ>Þ2Û¦Ò�#R>2à þ}\fh�cih»d�cih�n$Ñ~a�c�d0ef\�g»_.Ñ�g'efh._�lrc�d�ÔkÕ�^ClC\
L(4, k)

d�n=j�Õ�^ClC\
n3 = 2 å n1 = 0 å n0 = 1 å

c = 0
d�n=j

n2 = n − 3
÷

0~º`¹ ©ð¿�ñðÁU¾»¾�É^l�¾�ª«`ØÊ	¾R\ÅÇ ñ�ÇKÊ	¿1É;ÁUÊð¾�À
L(4, k)

(Bë ìPï¦ð6�2élò¤ò¤éjõJí¤ë¦î7õ&ð7öxüð�îlélí¤ë¦î¼ìPéØ�¦üé��lðfìPï�öTì
L(4, k)

í¤ó�ë¦éxì�ñ�éló��^ð�ñ~ìPüPöxòWõJí�ìPïìPï¦ðfê¦ë¦í¤ñ��6ñ�ò¤í¤ñ
îlüPö��¦ï¦ó»é��0ñ
öxóð�ó�(�(�(&öxë¦ô�(;:Àå � élü&ìPï�öTì~�¦ê¦ü��^élóð�õ&ð°ê¦óðQóð��lð�üPöxòÃìPé6élò¤ó�ô¦ð~ìUöxí¤ò¤ð�ô7í¤ë7ìPï¦í¤ó»óð�ñ~ìPí¤élë}
ñ�élê¦ë4ìPí¤ë¦î7ñ�ò¤élóð�ô�õ�öxò¤÷@ó«é��Wò¤ð�ë¦îxìPï

6 � 8
élü

10 � ð��xöxò¤ê�öTìPí¤ë¦î�ìPï¦ð�ñUï�öxüPöxñ~ìPð�üí¤óÄìPí¤ñ4�^élò&�6ë¦é�
�íeöxò�í¤ë
1élü

2 � ê¦óí¤ë¦î�ìPï¦ðÞ�>öxñ~ì»ìPï�öTì�ö	ò¤élò¤ò¤í��^é���ï�öxóJélë¦ò&�Lélë¦ð°ð�í¤îlð�ë��xöxò¤ê¦ð�îlüð
öTìPð�ü�ìPï�öxë
2
å
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ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^ÐÂã}à ^ á � Ñ c
L(4, k) å k > 1

Õ�h�\�d�Ò�h,ä
∑

i

λ6
i = 20n + 96

^C^ á � Ñ c
L(4, k) å k > 2

Õ�h�\�d�Ò�h,ä
∑

i

λ8
i = 70n + 596

^C^C^ á � Ñ c
L(4, k) å k > 3

Õ�h�\�d�Ò�h
∑

i

λ10
i = 252n + 3360

ß ÒYÓÃÓ9â å ç&élê¦ë4ìPí¤ë¦î	ñ�ò¤élóð�ô¼õ�öxò¤÷@ó � õ&ðQñUï¦ð�ñU÷LìPï�öTì
i)

� élü
k > 1 � |P2(L(4, k))| = n � |P3(L(4, k))| = n+1 � |P4(L(4, k))| = n+2 � |C4(L(4, k))| =

1 � |L(4, 1)(L(4, k))| = 1
å

ii) ¬ élüð�é��lð�ü � �2élü k > 2 � |P5(L(4, k))| = n − 1 � |S1,1,1(L(4, k))| = 3 � |S1,1,2(L(4, k))| = 3 �
|L(4, 2)(L(4, k))| = 1

å
iii) ¬ élüð�é��lð�ü � �2élü k > 3 � |P6(L(4, k))| = n − 2 � |S1,2,2(L(4, k))| = 2 � |S1,1,3(L(4, k))| = 1 �
|L(4, 2)(L(4, k))| = 1 � |L(4, 3)(L(4, k))| = 1öxë¦ô�ö����¦ò&�b�¦üé��^élóí�ìPí¤élë�ælå

�

ß ÒYÓ9á'Ý@ÒjÑ0#£ã}à ZWh~\�d�Ò�h
QPp

(1) = QPp
(1)

d�n=j
QCp

(1) = QCp
(1)

Õ�\fh�cih
p
^�g

p
m]Ñ,j�s	Ô�Ñ

6
d�n=j�ä

QP0
(1) = 1 QC0

(1) = 0
QP1

(1) = 1 QC1
(1) = −1

QP2
(1) = 0 QC2

(1) = −3
QP3

(1) = −1 QC3
(1) = −4

QP4
(1) = −1 QC4

(1) = −3
QP5

(1) = 0 QC5
(1) = −1

ß ÒYÓÃÓ9â å D ñ�ñ�élüô¦í¤ë¦î©ìPé��¦üé��^ð�üÄì'� æ � QPp
(1) = QPp−1(1) − QPp−2(1) = −QPp−3(1) =

QPp−6(1)
öxë¦ô

QCp
(1) = QPp−1(1) − 2QPp−2(1) − 2

å��»ï¦ð�ë±õ&ðÀñ
öxë�ð
öxóí¤ò&�¼ñ�é�
6�¦ê�ìPð
QPi

öxë¦ô
QCi

�2élü
0 ≤ i ≤ 5

å

�

ß ÒYÓ9á'Ý@ÒjÑ0#">2à ZWh�\�d�Ò�h,ä

QPk
(0) =

{

(−1)
k
2

^ ã
k

^�gVh�Ò�h�n
0
^ ã

k
^�g4Ñ,j�j

d�n=j6^ ã
k

^�g4Ñ,j�j]Õ�h�\�d�Ò�h
R(0) = (−1)

k−1
2

k+1
2

Õ�\fh�cih
R(X) =

QPk
(X)

X

÷
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ß ÒYÓÃÓ9â å²E'üé6é��2ó»���¼í¤ë¦ô¦ê¦ñ~ìPí¤élëLõJí�ìPï7ìPï¦ð°üð�òeöTìPí¤élë
QPk

(X) = XQPk−1
(X) − QPk−2

(X)
å

�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ðð>2à ZWhÞ\�d�Ò�h,ä

QL(4,k)(1) =































1
^ ã

n ≡ 0[6]
3

^ ã
n ≡ 1[6]

2
^ ã

n ≡ 2[6]
−1

^ ã
n ≡ 3[6]

−3
^ ã

n ≡ 4[6]
−2

^ ã
n ≡ 5[6]

ß ÒYÓÃÓ9â åÅ�»ï¦ð�élüð�
G�	îlí&�lð�ó
QL(4,k)(X) = QC4(X)QPk

(X) − QP3(X)QPk−1
(X)óé

QL(4,k)(1) = −3QPk
(1) + QPk−1

(1)
öxë¦ô¼õ&ðQñ�élë¦ñ�ò¤ê¦ô¦ð�õJí�ìPï��¦üé��^ð�üÄì'�¼ù�å

�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð�}à
QL(4,k)(2) = −4n + 16

÷
ß ÒYÓÃÓ9â å

QL(4,k)(X) = QC4(X)QPk
(X) − QP3(X)QPk−1

(X)
öxë¦ô õJí�ìPï �¦üé��^ð�üÄì'�£ä¼õ&ð

ï�ö,�lð
QL(4,k)(2) = −4k = −4n + 16

å

�

ê Ý	� Û¦Ò¯® �»ï¦í¤ó~�¦üé��^élóí�ìPí¤élë7ñ
öxë��^ð°îlð�ë¦ð�üPöxò¤í���ð�ôp�2élüJöxò¤ò.ò¤élò¤ò¤í��^é��¦ó�
QL(p,k)(2) = −pk

å
ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð°
}à âCã

n = 4 + k
^�gWh�Ò�h�n�lC\fh�n

0
^�g4d�nÝh�^&akh�nfÒ d�ÔösfhVÑÃã

L(4, k)
Õ�^ClC\ÓmVs	Ôölr^ e=Ôö^`_�^Clrq

2
d�n=j

R(0) = (−1)
k
2
+1n

Õ�\fh�cih
R(X) =

QL(4,k)(X)

X2

÷
ß ÒYÓÃÓ9â å Ü6í¤ë¦ñ�ð

QL(4,k)(X) = QC4(X)QPk
(X) − QP3(X)QPk−1

(X)
õ&ð¼ï�ö,�lð

R(X) =

(X2 − 4)QPk
(X) − (X2 − 2)

QPk−1
(X)

X

öxë¦ô��¦üé��^ð�üÄì'�p��îlí&�lð�ó»ìPï¦ð°üð�óê¦ò�ì
å
�

0~º10 ½�Î�Ê	Ç±�e�e�k`ÞÄ�ñ�Î_Y�Æ1ÊÝÌðÂ;ÁUÆ
n3 = n1 = 3 j n0 = 0 j c = 0

Î�À1Ë
n2 = n − 6

P ð~ì
G

�^ð¼ö±îlüPö��¦ï ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï
L(4, k)

óê¦ñUïhìPï�öTì
n3 = n1 = 3 � n0 = 0 � c = 0

öxë¦ô
n2 = n − 6

å D ó
G
í¤óQñ�élë¦ë¦ð�ñ~ìPð�ô ìPï¦ð�üðLöxüð�ìPï¦üð�ð]�^élóóí��¦í¤ò¤í�ìPí¤ð�ó«ìPé�ñ�élë¦óÄìPüê¦ñ~ì�óê¦ñUï öÅîlüPö��¦ï �ìPï¦ð�óð)�^élóóí��¦í¤ò¤í�ìPí¤ð�ó&öxüð°ð0+U�^élóð�ô�í¤ë7ìPï¦ð°óê��¦óð�ñ~ìPí¤élë¦ó�ù�å ù�å�æ � ù�å ù�å�ä � ù�å ù�å ù�å
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²³´µ¶·
¸¹º»¼½

¾¿
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Þß
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âã
äå

ææ
ææ
ææ

çç
çç
çç

u v w

z

x

y

� í¤îlê¦üð-�	 D îlüPö��¦ï
G ∈ G1

ã}à¤ã}à>Î è¼Ð�×>Ö�#;Ö4Þ>×>Öé�9ÒYÛ¦á���Ü î ×ºÑ3� Ý�B�Û�ÖxÑYÞC# Ñ3�;ÒYÝ@Ý à^Ý@ÒjÑY×>ÖlÝ6ÜÓ9â�� ÛUB;×r� Û�Þ�Ô;ÝT�9ÒYÝ@Ý
3
Ó9â

î ��×>Ö �ÂÓ^Ð�ÞC#hÓ^Ð;ÝØ!'Ý6Þ2Ó^Ð��^ÜÀÑjÓÑ3�;Ý�Ö�#;Ö4Þ2Ý
P ð~ì

T
�^ðÀöfìPüð�ðQõJí�ìPï�ð0+¦öxñ~ìPò&�ÅìBõ&éb�lð�üÄìPí¤ñ�ð�ó�é���
fö3+�í�
föxò�ô¦ð�îlüð�ð

3
å P ð~ì G1

�^ð�ìPï¦ð�óð~ì°é��'ìPï¦ð
ñ�é4öxò¤ð�óñ�ð�ë¦ñ�ð�ó»é��K�´õJí�ìPï7ö)�^ð�ë¦ô�öxë4ì®�lð�üÄìPð0+7öxó&ô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ô6�lð�üÄìPð0+¼öxë¦ô7öQñ��6ñ�ò¤ð

Cp � p ≥ 6
å�(Bë

ìPï¦ð»�2élò¤ò¤éjõJí¤ë¦î«õ&ð¯öxóóê�
�ð»ìPï�öTìGìPï¦ð»�lð�üÄìPð0+fé��.ô¦ð�îlüð�ð
3
�^ð�ò¤élë¦îlí¤ë¦î«ìPé�ìPï¦ð�ñ��6ñ�ò¤ðJí¤óGô¦ð�ë¦éxìPð�ô]���

uöxë¦ô
v � w öxüð�ìPï¦ð«éxìPï¦ð�üWìBõ&é4�lð�üÄìPí¤ñ�ð�ó�é���ô¦ð�îlüð�ð

3
óê¦ñUï7ìPï�öTì

v
í¤ó��^ð~ìBõ&ð�ð�ë

u
öxë¦ô

w
T
x, y, z

öxüð
ìPï¦ð-�^ð�ë¦ô�öxë4ì��lð�üÄìPí¤ñ�ð�ó�é��

G
óê¦ñUï�ìPï�öTì

d(z, v) < d(z, w)
öxë¦ô

d(x, w) ≤ d(y, w)
å D ë�ð0+¦ö�
6�¦ò¤ð

í¤ó»îlí&�lð�ëÅí¤ëp��îlê¦üð)�6å
�»ï¦ð�öxí�
 é��ÃìPï¦í¤óWóð�ñ~ìPí¤élëLí¤óGìPé�óï¦éjõ ìPï¦ð��2élò¤ò¤éjõJí¤ë¦î«ìPï¦ð�élüð�
 õJï¦élóð1�¦üé6é���í¤óWóê�
6
�ð�ôfê��Lí¤ë

ìUö��¦ò¤ð�æ�
���;Ý@Ó9ÒYÝ	� Îe�}à þ}\fh-Ô�Ñ ÔCÔö^ efÑ.e

L(4, k)
_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød4a�c�d0ef\

G ∈ G1
÷

D ó
L(4, k)

ñ
öxë¦ë¦éxì��^ð�ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï	ö«ë¦élë	�'�¦í���öxüÄìPí�ìPðWîlüPö��¦ïÀõ&ð»óê����^élóð»í¤ë�ìPï¦ð®�2élò¤ò¤éjõJí¤ë¦î
ìPï�öTì�ö	îlüPö��¦ï

G ∈ G1
í¤ó»�¦í���öxüÄìPí�ìPðWvºìPï¦ð°ò¤ð�ë¦îxìPï¼é���ìPï¦ð°ñ��6ñ�ò¤ð°í¤ó»ð��lð�ëX{#å

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ðê�$à~õ h�l
G ∈ G1

÷®âCã4Ñ n$h4ÑÃãÞlC\fh�ã,Ñ ÔCÔ�Ñ Õ�^Cn	aÞe=ciÑ.efh�c0lr^`h.g-^�g-lrc0sfh,ä
^ á

d(u, v) > 2^C^ á
d(u, v) = 2, d(v, w) > 1

d�n=j
d(y, w) > 2^C^C^ á

d(u, v) = 2, d(v, w) ≥ 4 å d(y, w) ≥ 2lC\fh�n
G

^�g)n$Ñ l»_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ód]Ô�Ñ ÔCÔö^ efÑ.e}÷
ß ÒYÓÃÓ9â å P ð~ì

p
�^ð°ìPï¦ðQò¤ð�ë¦îxìPïÅé��0ìPï¦ðQñ��6ñ�ò¤ðQé��

G
å®(;��élë¦ðQé��0ìPï¦ð�óð��¦üé��^ð�üÄìPí¤ð�óJí¤ó»ìPüê¦ð°ìPï¦ð�ë

G
�^élóóð�óóð�óJöxëfí¤ë¦ô¦ê¦ñ�ð�ôfóê��¦îlüPö��¦ïfõJí�ìPï�ìBõJí¤ñ�ðJìPï¦ð¯ð�í¤îlð�ë��xöxò¤ê¦ð

2
å'þ5�	ìPï¦ð�í¤ë4ìPð�üòeöxñ�í¤ë¦î�ìPï¦ð�élüð�


í�ìJñ
öxë¦ë¦éxì~�^ð°ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPïÅö	ò¤élò¤ò¤í��^é��ØvºìPï¦ð�élüð�
²ælæ3{#å
�»ï¦í¤ó�óê��¦îlüPö��¦ï¼í¤ó

Cp ∪ Tr

vC�2élü�öxë
r ∈ N

{Wí¤ëfìPï¦ð�ñ
öxóð
i) � Cp ∪ S1,3,3

í¤ë
ii)
öxë¦ô

Cp ∪ S1,2,5í¤ë
iii)
å

�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð�}à~õ h�l
G ∈ G1

÷®âCã4Ñ n$h4ÑÃãÞlC\fh�ã,Ñ ÔCÔ�Ñ Õ�^Cn	aÞe=ciÑ.efh�c0lr^`h.g-^�g-lrc0sfh,ä
^ á

d(u, v) = 1 å d(v, w) = 1 å^C^ á
d(u, v) = 1

d�n=j
d(v, w) > 1

d�n=jìë
d(v, z) > 1

Ñ c
d(x, w) > 1

Ñ c
d(y, w) > 1

á å^C^C^ á
d(u, v) > 1

d�n=j
d(v, w) > 1

d�n=jíë�ë
d(v, z) > 1

d�n=j
d(y, w) > 1

ábÑ c
d(x, w) > 1

á å
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îðïòñôó¯õ öe÷ø÷úù ûüïi÷úóTý
p = 6

∑

λ6

i þ v)

p ≥ 8

d(u, v)
= 1

d(v, w) = 1
∑

λ6

i þ i)

d(v, w)
> 1

d(v, z) > 1
÷úï

d(x, w) > 1÷úï
d(y, w) > 1

∑

λ6

i þ ii)

d(v, z) = 1
ñôÿ��

d(x, w) = 1ñôÿ��
d(y, w) = 1

QG(1) �

d(u, v)
= 2

d(x, w)
= 1

d(y, w) = 1 QG(2) ���
d(y, w)

= 2
d(v, z) > 1

d(v, w) = 1
∑

λ6

i þ iv)
d(v, w) > 1

∑

λ6

i þ iii)

d(v, z) = 1
d(v, w) = 1

∑

λ6

i þ iv)
2 ≤ d(v, w) ≤ 3

∑

λ8

i
���

d(v, w) ≥ 4 λ2 ≥ 2 � iii)
d(y, w)

> 2
d(v, w) = 1

∑

λ6

i þ iv)
d(v, w) > 1 λ2 ≥ 2 � ii)

d(x, w)
> 1

d(v, w) = 1
∑

λ6

i þ iv)
d(v, w) > 1

∑

λ6

i þ iii)
d(u, v) > 2 λ2 ≥ 2 � i)

�0ö��¦ò¤ðÀæ��E'üé6é���é��;ìPï¦ð�élüð�
 æ��Àê¦óí¤ë¦î	öÀñ
öxóð°ô¦í¤óCQê¦ë¦ñ~ìPí¤élëLé��lð�ü»ìPï¦ðÞ�^élóóí��¦í¤ò¤í�ìPí¤ð�ó��2élü&ìPï¦ð��xöxò¤ê¦ð�ó
é��

d
å

^CÒ�á
d(v, w) = 1

d�n=jíë
d(v, z) > 1

Ñ c
d(y, w) > 1

Ñ c
d(x, w) > 1

á åÒ�á
p = 6

÷
lC\fh�n

∑

λi∈ �
	 (G)

λ6
i > 20n + 96

d�n=j
G

_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\
L(4, k)

÷
ß ÒYÓÃÓ9â å � élüÃìPï¦ðGñ
öxóð�ó2�2üé�


i)
ìPé

iv)
õ&ðWï�ö,�lð |P2(G)| = n, |P3(G)| = n+3, |S1,1,1(G)| =

3, |P4(G)| > n + 4
öxë¦ô�ö����¦ò&�b�¦üé��^élóí�ìPí¤élë±ælå

� élüLìPï¦ð©ñ
öxóð
v)
õ&ð©ï�ö,�lð |P2(G)| = n, |P3(G)| = n + 3, |S1,1,1(G)| = 3, |P4(G)| >

n + 2, |C6(G)| = 1
öxë¦ô�ö����¦ò&�b�¦üé��^élóí�ìPí¤élë±ælå

�ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð �}à1õ h�l
G ∈ G1

g�sf_.\�lC\�d�l
d(u, v) = 1

d�n=j
d(w, x) = d(w, y) = d(v, z) = 1

÷
þ}\fh�n

G
_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\

L(4, k)
÷

ß ÒYÓÃÓ9â å P ð~ì
G ∈ G1 � õJí�ìPï n = p + q

�lð�üÄìPí¤ñ�ð�ó¯õJï¦ð�üð
p
í¤ó�ìPï¦ðÀò¤ð�ë¦îxìPï�é��'ìPï¦ðÀñ��6ñ�ò¤ðxå � ð

ï�ö,�lð�
QG(X) = QCp

(X)QS1,1,q−3(X) − XQPp−1(X)QS1,1,q−5(X)

= XQCp
(X)(QPq−1(X) − QPq−3(X))

−X2QPp−1(X)(QPq−3(X) − QPq−5(X))

/�óí¤ë¦îb�¦üé��^ð�üÄì'��ù�õ&ðÀñ�é�
6�¦ê�ìPð
QG(1) � ìPï¦ð�üð�óê¦ò�ì«ô¦ð��^ð�ë¦ô¦ó�élë p

öxë¦ô
q
õJï¦í¤ñUï±öxüð

p
öxë¦ô

q

�é6ô¦ê¦ò¤é

6
öxë¦ô�öxüð�óê�
6
�ð�ôÅê��¼í¤ë4ìPé�ìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦î�ìUö��¦ò¤ð�
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H
H

H
H

p

q
0 1 2 3 4 5

0 0 0 0 0 0 0
2 −1 −5 −4 1 5 4
4 −5 −7 −2 5 7 2

ç&é�
6��öxüí¤ë¦îfìPï¦ð�óð�üð�óê¦ò�ìPó¯õJí�ìPïØ�¦üé��^élóí�ìPí¤élëÓ��v
n = p + q

{»õ&ð�ñ�élë¦ñ�ò¤ê¦ô¦ð�ìPï�öTì
G
ñ
öxë¦ë¦éxì

�^ð°ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï
L(4, k)

å

�ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð ÎTSKà�õ h�l
G ∈ G1

g�sf_.\RlC\�d�l
p ≥ 8 å d(u, v) = 2 å 2 ≤ d(v, w) ≤ 3 å d(y, w) = 2 å

d(v, z) = 1 å d(x, w) = 1
÷Wþ}\fh�n

G
_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\

L(4, k)
÷

ß ÒYÓÃÓ9â å � ðfï�ö,�lð |P2(G)| = n � |P3(G)| = n + 3 � |P4(G)| = n + 4 � |S1,1,2(G)| = 7 �
|P5(G)| = n + 6

í&�
d(v, w) = 2

öxë¦ô |P5(G)| = n + 5
í&�

d(v, w) ≥ 3
öxë¦ô������¦üé��^élóí�ìPí¤élë�æ�

∑

λ8
i =

{

70n + 588 + 16|C8(G)| í&� d(v, w) = 2
70n + 580 + 16|C8(G)| í&� d(v, w) = 3

• (;�
d(v, w) = 2

ìPï¦ð�ë � ���p�¦üé��^élóí�ìPí¤élë¼ù � G ñ
öxë¦ë¦éxì��^ð°ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï
L(4, k)

å

• (;�
d(v, w) = 3

ìPï¦ð�ë � ���b�¦üé��^élóí�ìPí¤élëLù � G í¤ó&ñ�éló��^ð�ñ~ìPüPöxò.õJí�ìPï
L(4, k)

élë¦ò&�fí&�
p = 8

å � ð
ìPï¦ð�ë�ñUï¦ð�ñU÷7ìPï�öTì�óê¦ñUï±ö	îlüPö��¦ï

G
v2ô¦üPö
õJë�élë���îlê¦üð)7�{�í¤óJë¦éxì�ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï

L(4, 13)���7ñ�é�
6��öxüí¤ë¦î�ó��^ð�ñ~ìPüPöxò�üPöxô¦í¤í�v2óð�ð°ìUö��¦ò¤ð�ó�ælæQöxë¦ôæYäÀí¤ë¼ö����^ð�ë¦ô¦íS+f{#å
�

�����
������

��
�� �� ��

� !" #$#% &' () *+ ,-./ 012$2$2$2$2$2$2$2$2$2$2$2$23$3$3$3$3$3$3$3$3$3$3$34$45$5

� í¤îlê¦üðÞ7U

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð Î9Îfà4õ h�l
G ∈ G1

g�sf_.\×lC\�d�l
d(u, v) = 2 å d(x, w) = d(y, w) = 1

÷Fþ}\fh�n
QG(2) = −4p

d�n=j
G

_id�nfn$Ñ l®o0h4_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød6Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)ß ÒYÓÃÓ9â å Ü6ð~ì

b = d(v, w)
öxë¦ô

a = d(z, v) � ê¦óí¤ë¦î�ìPï¦ð�élüð�
�ó~��öxë¦ôÓ�Àõ&ðQï�ö,�lð
QG(X) = QCp

(X)QT (X) − QPp−1(X)QS1,1,a+b−1
(X)

vºõJï¦ð�üð
T
í¤ó»ö�ìPüð�ð�{&öxë¦ô7ê¦óí¤ë¦îV�¦üé��^ð�üÄì'�¼äQõ&ð�îlð~ì

QG(2) = 0− p× 4 = −4n + 4(n− p)
å D ó

n − p > 4 � �¦üé��^élóí�ìPí¤élë¼ýÀí�
6�¦ò¤í¤ð�óWìPï�öTì
G
ñ
öxë¦ë¦éxì��^ð°ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPïÅö�ò¤élò¤ò¤í��^é��

L(4, k)
å

�
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3
Ó9â

î ��×>Ö �ÂÝ�B�Û�ÖxÑYÞC# Ñ î Ó�!'Ý6Þ2Ó^Ð�� ÑjÓÑ3�;Ý�Ö�#;Ö4Þ2Ý
P ð~ì

T
�^ð�ö±ìPüð�ð7õJí�ìPïhð0+¦öxñ~ìPò&� élë¦ðp�lð�üÄìPð0+

w
é���
fö3+�í�
Àê�
 ô¦ð�îlüð�ð

3
öxë¦ô

L(p, k) � p ≥ 6 �ö©ò¤élò¤ò¤í��^é�� vºìPï¦ðp�lð�üÄìPð0+Âé��¯ô¦ð�îlüð�ð
3
í¤ó	ô¦ð�ë¦éxìPð�ô"���

v
öxë¦ô ìPï¦ðR�^ð�ë¦ô�öxë4ì6�lð�üÄìPð0+����

z
{#å P ð~ì

G2
�^ð¼ìPï¦ð¼óð~ìfé��«ñ�é4öxò¤ð�óñ�ð�ë¦ñ�ð�ófé���ö©ò¤élò¤ò¤í��^é��õJí�ìPïÂö��lð�üÄìPð0+

u
é��«ô¦ð�îlüð�ð

2
é��¯ìPï¦ðÅñ��6ñ�ò¤ð�öxó

ô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ôR�lð�üÄìPð0+±öxë¦ô
T
õJí�ìPï±ö6�^ð�ë¦ô�öxë4ì��lð�üÄìPð0+±öxó¯ô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ôR�lð�üÄìPð0+.å��»ï¦ð��^ð�ë¦ô�öxë4ì

�lð�üÄìPí¤ñ�ð�óGô¦ígf.ð�üð�ë4ì��2üé�

z
öxüð»ô¦ð�ë¦éxìPð�ôW���

x
öxë¦ô

y
óê¦ñUï	ìPï�öTì

d(x, w) ≤ d(y, w)
å�Ü6ê¦ñUïfö«îlüPö��¦ï

í¤ó»ô¦üPö
õJëÅí¤ëp��îlê¦üð)��å

6677
8899 ::;; <<== >>??

@@AA
BBCCDDEEFFGGHHIIJJKK

LLMM NNOO PPQQ RRSS TTUU VVWW XXYY
ZZ[[\\]]

^^__ v

u
w

x

y

z

� í¤îlê¦üðÞ�U D îlüPö��¦ï
G ∈ G2

�»ï¦ð�öxí�
 é��ÃìPï¦í¤óWóð�ñ~ìPí¤élëLí¤óGìPé�óï¦éjõ ìPï¦ð��2élò¤ò¤éjõJí¤ë¦î«ìPï¦ð�élüð�
 õJï¦élóð1�¦üé6é���í¤óWóê�
6
�ð�ôfê��Lí¤ë
ìUö��¦ò¤ðQä6å
���;Ý@Ó9ÒYÝ	� ØkSKà[¨

L(4, k)
_id�nfn$Ñ l�o0h4_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\ØdVa�c�d0ef\

G ∈ G2
÷

D óJí¤ë7ìPï¦ð-�¦üð��6í¤élê¦óJóð�ñ~ìPí¤élë¼õ&ð°ñ
öxë�öxóóê�
�ð�ìPï¦ð°ò¤ð�ë¦îxìPï¼é���ìPï¦ð°ñ��6ñ�ò¤ð°é��
G
í¤ó»ð��lð�ëÃå

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð½Î6Ø}à~õ h�l
G ∈ G2

÷®âCã4Ñ n$h4ÑÃãÞlC\fh�ã,Ñ ÔCÔ�Ñ Õ�^Cn	aÞe=ciÑ.efh�c0lr^`h.g-^�g-lrc0sfh
^ á

d(x, w) > 1
Ñ c{ë

d(y, w) > 1
d�n=j

d(z, v) > 1
á å^C^ á

d(u, v) = 1
d�n=jíë

d(z, v) > 1
Ñ c

d(y, w) > 1
á å^C^C^ á

d(u, v) = 1
d�n=j

d(u, w) = 1 å^CÒ�á
d(u, w) = 1

d�n=jìë
d(z, v) > 1

Ñ c
d(y, w) > 1

á åÒ�á.ea` � ålC\fh�n
∑

i

λ6
i > 20n + 96

d�n=j
G

_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ód]Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

÷
ß ÒYÓÃÓ9â å � élüGöxò¤ò¦ñ
öxóð�óGõ&ð�ï�ö,�lð |P2(G)| = n � |P3(G)| = n+3 � |S1,1,1(G)| = 3

å ¬ élüð�é��lð�ü ��2élüGìPï¦ð�ñ
öxóð�ó�íC{0ìPé�í&��{ |P4(G)| > n+4
öxë¦ô6�2élüGìPï¦ð¯ñ
öxóð���{ |P4(G)| > n+2

öxë¦ô |C6(G)| = 1öxë¦ô¼õ&ðQö����¦ò&�b�¦üé��^élóí�ìPí¤élë±ælå
�ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð�Î6ã}à�õ h�l

G ∈ G2
g�sf_.\ylC\�d�l

p ≥ 8 å d(u, v) > 1, d(u, w) > 1, d(z, v) =
1, d(w, x) = d(w, y) = 1,

lC\fh�n ∑

i λ
6
i < 20n + 96

d�n=j
G

_id�nfn$Ñ l4o0h�_.Ñ�g'efh._�lrc�d�Ô»Õ�^ClC\ d
Ô�Ñ ÔCÔö^ efÑ.e

L(4, k)
÷
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îðïòñôó¯õ öe÷ø÷úù ûüïi÷úóTý
p = 6

∑

λ6

i �cb v)

p ≥ 8

d(u, v) = 1

d(v, z) > 1
÷úï

d(x, w) > 1
÷úï

d(y, w) > 1
∑

λ6

i �cb ii)
d(w, u) = 1

∑

λ6

i
�cb iii)

d(v, z) = 1
ñôÿ��

d(x, w) = 1
ñôÿ��

d(y, w) = 1
ñôÿ��

d(w, u) > 1

QG(2)ñôÿ��
QG(1)

�ed

d(u, v) > 1

d(x, w) > 1
÷úïgf

d(y, w) > 1
ñôÿ��

d(z, v) > 1 h ∑

λ6

i �cb i)

d(x, w) = 1ñôÿ��
d(y, w) = 1÷úï
d(x, w) = 1ñôÿ��
d(z, v) = 1

d(u, w) = 1
d(v, z) > 1

÷úï
d(y, w) > 1

∑

λ6

i
�cb iv)

d(v, z) = 1
ñôÿ��

d(y, w) = 1
QG(2) �ci

d(u, w) > 1
d(v, z) = 1

ñôÿ��
d(y, w) = 1

∑

λ6

i
��j

d(v, z) = 1
ñôÿ��

d(y, w) > 1
��k

d(v, z) > 1
ñôÿ��

d(y, w) = 1
�l�

�0ö��¦ò¤ð°ä	�E'üé6é���é��;ìPï¦ð�élüð�
�ä��Àê¦óí¤ë¦î	öÀñ
öxóð°ô¦í¤óCQê¦ë¦ñ~ìPí¤élëLé��lð�ü»ìPï¦ðÞ�^élóóí��¦í¤ò¤í�ìPí¤ð�ó��2élü&ìPï¦ð��xöxò¤ê¦ð�ó
é��

d
å D ëÅð�
6��ì'�7ñ�ð�ò¤òÃí¤ë7ìPï¦ð°ñ�élò¤ê�
�ë�l'Ñ�Ñ Ô�
�ð
öxë¦ó»ìPï�öTì»ìPï¦ð-�¦üé6é��0ê¦óð�ó�
�élüð¯ìPï�öxë¼ìPï¦üð�ð�ìPé6élò¤ó�å

ß ÒYÓÃÓ9â å �»ï¦ð«óê��¦îlüPö��¦ï¦ó
M
é��

G
õJí�ìPï

w6(G) > 0
öxüð

P2, P3, P4, S1,1,1
öxë¦ô |P2(G)| = n �

|P3(G)| = n + 3 � |S1,1,1(G)| = 3 � |P4(G)| = n + 3
öxë¦ô7õ&ð�ö����¦ò&�b�¦üé��^élóí�ìPí¤élë±ælå

�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð£Î�>2à�õ h�l
G ∈ G2

g�sf_.\WlC\�d�l
d(u, v) = 1, d(z, v) = 1, d(w, y) = 1, d(w, u) > 1 ålC\fh�n

G
^�g)n$Ñ l»_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\

L(4, k)
÷

ß ÒYÓÃÓ9â å Ü6í¤ë¦ñ�ð
d(w, x) ≤ d(w, y) = 1

õ&ðÅï�ö,�lð
d(w, x) = 1

å P ð~ì
α = d(u, w)

v2óé
n = p + α + 3

{ � ���LìPï¦ð�élüð�
9�	õ&ð°îlð~ì,
QG(X) = QL(p,1)(X)QS1,1,α−1(X) − QPp

(X)QS1,1,α−2(X)

=
(

XQCp
(X) − QPp−1(X)

)

QS1,1,α−1(X) − QPp
(X)QS1,1,α−2(X)

öxë¦ôÝvºõJí�ìPïR�¦üé��^ð�üÄì'�Åä�{
QG(2) = −8p − 4

å�Ü6é
QG(2) = QL(4,k)(2)

í&��öxë¦ôÅélë¦ò&�7í&� −8p − 4 =
−4n + 16

ìPï�öTìJí¤ó
α = p + 2

å
D ó�ö	ñ�élë¦óð�Y@ê¦ð�ë¦ñ�ð

QG(X) =
(

XQCp
(X) − QPp−1(X)

)

QS1,1,p+1(X) − QPp
(X)QS1,1,p

(X)

=
(

XQCp
(X) − QPp−1(X)

)

X
(

QPp+3(X) − QPp+1(X)
)

−QPp
(X)X

(

QPp+2(X) − QPp
(X)

)

þ5�p�¦üé��^ð�üÄì'�ÅùÀõ&ð°ï�ö,�lðbv2ò¤ð~ì  óJë¦éxìPð«ìPï�öTì n = 2p + 5
{0

• (;�
p = 0

v2óé
n = 5

{WìPï¦ð�ë
QG(1) = 1

å
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• (;�
p = 2

v2óé
n = 3

{WìPï¦ð�ë
QG(1) = −4

å

• (;�
p = 4

v2óé
n = 1

{WìPï¦ð�ë
QG(1) = 0

å
õJï¦ð�üð

p
öxë¦ô

n
öxüð

p
öxë¦ô

n

�é6ô¦ê¦ò¤é

6
å D ë¦ôÝ�����¦üé��^élóí�ìPí¤élë�� � G

í¤óQë¦éxìÀñ�éló��^ð�ñ~ìPüPöxòGõJí�ìPï
L(4, k)

å

�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð²Îe�}à�õ h�l
G ∈ G2

g�sf_.\ lC\�d�l
d(u, v) > 1, d(w, x) = d(w, y) = d(v, z) =

d(u, w) = 1 å lC\fh�n G
_id�nfn$Ñ l®o0h4_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\

L(4, k)
÷

ß ÒYÓÃÓ9â å Ü6ð~ì
a = d(u, v)

öxë¦ô
b = p − a

å � ð°ï�ö,�lð�
QG(X) = QL(p,1)(X)QP3(X) − X2QS1,a−1,b−1

(X)

=
(

XQCp
(X) − QPp−1(X)

)

QP3(X) − X2QS1,a−1,b−1
(X)

öxë¦ô
QG(2) = −4p− 4(2a+2b−ab)

å D ó
n = p+4

õ&ð¯ï�ö,�lð
QG(2)+4n− 16 = −4(2p−ab)óé

QG(2) + 4n − 16 = 0
í&�0öxë¦ôÅélë¦ò&�Lí&�

ab = 2p
å

• (;�
a = 2

ìPï¦ð�ë
2b = 4 + 2b � í�
6�^élóóí��¦ò¤ðxå

• (;�
a = 3

ìPï¦ð�ë
b = 6

öxë¦ô
p = 9 � p é6ô¦ô¼í¤ó»í�
6�^élóóí��¦ò¤ðxå

• (;�
a = 4

ìPï¦ð�ë
b = 4

öxë¦ô
p = 8

õ&ð»ñUï¦ð�ñU÷�ìPï�öTì�ìPï¦í¤ó0îlüPö��¦ï�í¤ó0ë¦éxì'ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï
L(4, 8)

å

• (;�
a > 4

ìPï¦ð�ë�öxó
p ≤ 2b

õ&ð°ï�ö,�lð
2p − ab < 0

å
D ó�ö�üð�óê¦ò�ì

G
í¤ó»ë¦éxì�ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï

L(4, k)
å

�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð Îe
}à�õ h�l
G ∈ G2

g�sf_.\ÝlC\�d�l
p ≥ 8 å d(u, v) > 1 å d(w, u) > 1 å d(w, y) > 1 å

d(w, x) = d(v, z) = 1
÷6þ}\fh�n

G
^�g-n$Ñ l»_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød6Ô�Ñ ÔCÔö^ efÑ.e

L(4, k)
÷

ß ÒYÓÃÓ9â å P ð~ì
a = d(u, v) � b = p − a � α = d(u, w) � β = d(w, y) ≥ 2

å � ð°ï�ö,�lð
a ≤ b

öxë¦ô
p ≤ 2b

öxë¦ô
n = p + α + β + 2

å

QG(X) = QL(p,1)(X)QS1,α−1,β
(X) − QS1,a−1,b−1

(X)QS1,α−2,β
(X)

=
(

XQCp
(X) − QPp−1(X)

)

QS1,α−1,β
(X) − QS1,a−1,b−1

(X)QS1,α−2,β
(X)

/�óí¤ë¦îW�¦üé��^ð�üÄì'�ÅäÀõ&ð°é���ìUöxí¤ë
QG(2) = −p(α + 2β − αβ + 2) − (2a + 2b − ab)(α + 3β − αβ + 1)

�»ï¦ð~�2élò¤ò¤éjõJí¤ë¦î¯í¤ë¦ð�Y@ê�öxò¤í�ì'��õJí¤ò¤òU�^ðJê¦óð��2ê¦ò`
ab = (a−1)(b−1)+p−1 ≥ b−1+p−1 ≥ 3

2
p−2

å
�»ï¦ð6
föxí¤ëöxüîlê�
�ð�ë4ì°é��&ìPï¦í¤ó-�¦üé6é��&í¤ó�ìPï�öTì

QG(2) 6= −4n + 16
óé

G
ñ
öxë¦ë¦éxì��^ð	ñ�éló��^ð�ñ~ìPüPöxò

õJí�ìPïÅö�ò¤élò¤ò¤í��^é��
L(4, k)

v �¦üé��^élóí�ìPí¤élëÅý�{#å
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• ç�öxóð
β = 2

å
QG(2) − (−4n + 16) = (3α − 16)p + (7 − α)ab + 4α

å
m (;�

α = 2
ìPï¦ð�ë

QG(2) − (−4n + 16) = −10p + 5ab + 8 6= 0
v2éxìPï¦ð�üÄõJí¤óð

5
ô¦í&�6í¤ô¦ð�ó

8
{

m (;�
α = 3

ìPï¦ð�ë
QG(2)−(−4n+16) = −7p+4ab+12

å%(;�
a ≥ 4

ìPï¦ð�ë −7p+4ab+12 >

0
v �^ð�ñ
öxê¦óð

p ≤ 2b
{#å8(;�

a = 3
ìPï¦ð�ë −7p+4ab+12 = 5b−9 6= 0

v �^ð�ñ
öxê¦óð
b ∈ N

{#å
(;�

a = 2
ìPï¦ð�ë −7p + 4ab + 12 = b − 2 6= 0

v �^ð�ñ
öxê¦óð
a + b = p ≥ 8

{#å
m (;�

4 ≤ α ≤ 7
ìPï¦ð�ë

QG(2) − (−4n + 16) ≥ (3α − 16)p + (7 − α)(
3

2
p − 2) + 4α

≥ (
3

2
α − 11

2
)p − 14 + 6α

≥ p

2
+ 10 > 0

m (;�
α > 7

ìPï¦ð�ë�ìPï¦ðÀô¦í¤óCQélí¤ë4ì¯ê¦ë¦í¤élë
Cp ∪ S1,2,5

í¤ó¯öxë±í¤ë¦ô¦ê¦ñ�ð�ô�óê��¦îlüPö��¦ï±é��
G
õJí�ìPï

ìBõJí¤ñ�ðfìPï¦ðLð�í¤îlð�ë��xöxò¤ê¦ð
2
öxë¦ô ���ìPï¦ðfí¤ë4ìPð�üòeöxñ�í¤ë¦î¼ìPï¦ð�élüð�
 öxë¦ô ìPï¦ð�élüð�
 ælæ � G

í¤ó
ë¦éxì�ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPïÅö	ò¤élò¤ò¤í��^é��Ãå

• ç�öxóð
β ≥ 3


m α = 2

å � ð«ï�ö,�lð |P2(G)| = n � |P3(G)| = n + 3 � |P4(G)| = n + 4 � |S1,1,1(G)| = 3 �
|S1,1,2(G)| = 7 � |P5(G)| = n + 6

í&�
a > 2

öxë¦ô |P5(G)| = n + 7
í&�

a = 2
å

þ5�y�¦üé��^élóí�ìPí¤élë½æ�õ&ð�ï�ö,�lð ∑

λ8
i = 70n + 588 + 16|C8(G)| í&� a > 2

öxë¦ôßí¤ë
ìPï�öTì¼ñ
öxóð

G
í¤ëßë¦éxì¼ñ�éló��^ð�ñ~ìPüPöxò¯õJí�ìPï

L(4, k)
v �¦üé��^élóí�ìPí¤élëßù�{#å (;�

a = 2
ìPï¦ð�ë

QG(2) = −4p − 4(β + 3) = −4n + 4 6= −4n + 16
å

m α = 3
å
QG(2)+4n−16 = −p(−β+5)−(2p−ab)×4+4(p+β+5)−16 = p(β−

9)+4ab+4β +4
å'þ&ê�ì

β ≥ 3
öxë¦ô

ab ≥ 3
2
p−2 � óé QG(2)+4n−16 ≥ 4β−4 > 0

å
m α = 4

å
∗ (;�

β ≥ 5
ìPï¦ð	ô¦í¤óCQélí¤ë4ì°ê¦ë¦í¤élë

Cp ∪ S1,2,5
í¤óQöxë©í¤ë¦ô¦ê¦ñ�ð�ô óê��¦îlüPö��¦ïé��

G
õJí�ìPï

ìBõJí¤ñ�ð°ìPï¦ð�ð�í¤îlð�ë��xöxò¤ê¦ð
2
öxë¦ôÓ���¼ìPï¦ðQí¤ë4ìPð�üòeöxñ�í¤ë¦î�ìPï¦ð�élüð�
$öxë¦ô�ìPï¦ð�élüð�
 ælæ � Gí¤ó»ë¦éxìJñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPïÅö�ò¤élò¤ò¤í��^é��Ãå

∗ (;�
β = 4

ìPï¦ð�ë
QG(2) = ab > 0

öxë¦ô
QL(4,k)(2) < 0

∗ (;�
β = 3

ìPï¦ð�ë
QG(2) = 2(ab − 2p) � n = p + 9

öxë¦ô
QG(2) − (−4n + 16) =

2ab + 20 > 0

m α > 4
å��»ï¦ðÀô¦í¤óCQélí¤ë4ì¯ê¦ë¦í¤élë

Cp ∪ S1,3,3
í¤ó«öxë�í¤ë¦ô¦ê¦ñ�ð�ô±óê��¦îlüPö��¦ï±é��

G
õJí�ìPï�ìBõJí¤ñ�ð

ìPï¦ð±ð�í¤îlð�ë��xöxò¤ê¦ð
2
öxë¦ô×���ÂìPï¦ð�í¤ë4ìPð�üòeöxñ�í¤ë¦îìPï¦ð�élüð�
 öxë¦ô´ìPï¦ð�élüð�
 ælæ � G

í¤óLë¦éxì
ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPïÅö�ò¤élò¤ò¤í��^é��Ãå

�
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ß ÒYÓ9á'Ý@ÒjÑ0#��}à�õ h�l
r ∈ R å r > 2 å Õ�h)\�d�Ò�h

QPn
(r) = α1β

n
1 + α2β

n
2

Õ�^ClC\
β1 = r+

√
r2−4
2

> 1 å
β2 = r−

√
r2−4
2

< 1 å α1 = r−β2

β1−β2
> 1 å α2 = 1 − α1 < 0

÷
ß ÒYÓÃÓ9â å P ð~ì

(un)n∈N

�^ð�ìPï¦ð�óð�Y@ê¦ð�ë¦ñ�ð
un = QPn

(r)
å � ð�ï�ö,�lð

un = run−1 − un−2 � óé
un = α1β

n
1 +α2β

n
2

õJï¦ð�üð
β1, β2

öxüð�üé6éxìPó0é��
X2−rX+1

öxë¦ô�õ&ð�ë¦éxìPð&ìPï�öTì
1 = u0 = α1+α2 �

r = u1 = α1β1 + α2β2
å

�ç Ý	�Ý� Û½Îfà1õ h�l
G ∈ G2

Õ�^ClC\
d(u, v) = 2, d(w, x) = d(w, y) = 1, d(v, z) > 1 å d(u, w) >

d(v, z) å lC\fh�n G
^�g)n$Ñ l®_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød

L(4, k)
÷

ß ÒYÓÃÓ9â å P ð~ì
α = d(u, w) � l = d(v, z) � õ&ð°ï�ö,�lð n = p + α + l + 2

å D ���¦ò&�6í¤ë¦îÀìPï¦ð�élüð�
$ý
ìPé�ìPï¦ðÞ�lð�üÄìPð0+�öTì�ô¦í¤óÄìUöxë¦ñ�ð

1
é��

u
öxë¦ô

v � õ&ð°ï�ö,�lð�
QG(X) = XQS1,1,n−4(X) − QPl

(X)QS1,1,α+p−3(X)

−QPl+p−2
(X)QS1,1,α−1(X) − 2QPl

(X)QS1,1,α−1(X)
öxë¦ôfö����¦ò&�6í¤ë¦î�ìPï¦ð�élüð�
 ý«ìPé°ìPï¦ð~�lð�üÄìPð0+fé��Ãô¦ð�îlüð�ð

2
é��.ìPï¦ðJñ��6ñ�ò¤ð�é��

L(4, k)
öTìWô¦í¤óÄìUöxë¦ñ�ð

2
�2üé�


ìPï¦ðÞ�lð�üÄìPð0+Åé��0ô¦ð�îlüð�ð
3 � õ&ðQï�ö,�lð�

QL(4,k)(X) = XQS1,1,n−4(X) − 2QPn−2(X) − 2QPn−4(X)} éxìPí¤ë¦îÀìPï�öTì
QS1,1,c

= X(QPc+2(X) − QPc
(X))öxë¦ô

QPn−2(X) + QPn−4(X) = XQPn−3(X)
õ&ðQï�ö,�lð�

QG(X) − QL(4,k)(X) = −XQPl
(X)QPα+p−1(X) + XQPl

(X)QPα+p−3(X)

−XQPl+p−2
(X)QPα+1(X) + XQPl+p−2

(X)QPα−1(X)

−2XQPl
(X)QPα+1(X) + 2XQPl

(X)QPα−1(X)

+2XQPn−3(X)D ñ�ñ�élüô¦í¤ë¦î	ìPé�ìPï¦ð-�¦üð��6í¤élê¦ó~�¦üé��^ð�üÄì'� � õ&ðQï�ö,�lð-�2élü
r > 2


QG(r) − QL(4,k)(r) = − rα2

1β
n−3
1 − rα2

2β
n−3
2 − rα1α2β

l
1β

α+p−1
2 − rα1α2β

α+p−1
1 βl

2

+ rα2
1β

n−5
1 + rα2

2β
n−5
2 + rα1α2β

l
1β

α+p−3
2 + rα1α2β

α+p−3
1 βl

2

− rα2
1β

n−3
1 − rα2

2β
n−3
2 − rα1α2β

l+p−2
1 βα+1

2 − rα1α2β
α+1
1 β

l+p−2
2

+ rα2
1β

n−5 + rα2
2β

n−5 + rα1α2β
l+p−2
1 βα−1

2 + rα1α2β
α−1
1 β

l+p−2
2

− 2rα2
1β

l+α+1
1 − 2rα2

2β
l+α+1
2 − 2rα1α2β

l
1β

α+1
2 − 2rα1α2β

α+1
1 βl

2

+ 2rα2
1β

l+α−1
1 + 2rα2

2β
l+α−1
2 + 2rα1α2β

l
1β

α−1
2 + 2rα1α2β

α−1
1 βl

2

+ 2rα1β
n−3
1 + 2rα2β

n−3
2P ð~ì

x = α + p − l − 1
öxë¦ô

y = l + p − α − 1 � z = α + l + 1 � t = α + 1 − l � õ&ð°ï�ö,�lð x > y �
x > −y + 2 � x > t � z > t

å5/�óí¤ë¦î
β2 = β−1

1 � õ&ðQï�ö,�lð�
QG(r) − QL(4,k)(r) = 2r

(

(α1 − α2
1)β

2
1 + α2

1

)

βn−5
1 + 2r

(

(α2 − α2
2)β

2
2 + α2

2

)

βn−5
2

−2rα2
1β

z
1 − 2rα2

2β
−z
1 + 2rα2

1β
z−2
1 + 2rα2

2β
−z+2
1

−rα1α2

(

β−x
1 + βx

1 − βx−2
1 − β−x+2

1 + β
−y−2
1 + β

−y+2
1

−β
y
1 − β

−y
1 + 2β−t

1 + 2βt
1 − 2β−t+2

1 − 2βt−2
1

)
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�¦ê�ìJõ&ð°ï�ö,�lð°ìPï¦ð�ìPï¦üð�ðÞ�2élò¤ò¤éjõJí¤ë¦îÀð�Y@ê�öxò¤í�ìPí¤ð�ó�
α1α2 = α1 − α2

1 = −1
r2−4

(α1 − α2
1)β

2
1 + α2

1 = 0

(α2 − α2
2)β

2
2 + α2

2 = 0

óé

QG(r) − QL(4,k)(r) = −2rα2
1β

z
1 − 2rα2

2β
−z
1 + 2rα2

1β
z−2
1 + 2rα2

2β
−z+2
1

+
r

r2 − 4

(

βx
1 + β−x

1 − βx−2
1 − β−x+2

1 + β
−y−2
1 + β

−y+2
1

−β
y
1 − β

−y
1 + 2β−t

1 + 2βt
1 − 2β−t+2

1 − 2βt−2
1

)

öxë¦ô¼õ&ð°ï�ö,�lð
lim

r→+∞
QG(r) − QL(4,k)(r) =

{

+∞ í&�
z + 1 < x − 1

−∞ í&�
z + 1 ≥ x − 1

öxë¦ô
G
í¤ó»ë¦éxì�ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï

L(4, k)
å

�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^ÐßÎ]�$à®õ h�l
G ∈ G2

Õ�^ClC\
p ≥ 8 å d(u, v) > 1, d(w, x) = d(w, y) = 1, d(v, z) > 1 å

d(u, w) > 1 å lC\fh�n G
^�g)n$Ñ l»_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ód

L(4, k)
÷

ß ÒYÓÃÓ9â å � ð°ô¦í¤óÄìPí¤ë¦îlê¦í¤óïLìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦îÀñ
öxóð�ó�
• ñ
öxóð	æ� d(u, v) > 2

öxë¦ô
d(u, w) > 2

öxë¦ô
d(z, v) > 2

• ñ
öxóð�ä	 d(u, v) > 2
öxë¦ô

d(u, w) > 2
öxë¦ô

d(z, v) = 2

• ñ
öxóðQùU d(u, v) > 2
öxë¦ô

d(u, w) = 2
öxë¦ô

d(z, v) > 2

• ñ
öxóð-��
d(u, v) > 2

öxë¦ô
d(u, w) = 2

öxë¦ô
d(z, v) = 2

• ñ
öxóð�ý	 d(u, v) = 2

• � élü�ñ
öxóð�ó°æ°öxë¦ô���õ&ð°ï�ö,�lð |P2(G)| = n, |P3(G)| = n + 3, |P4(G)| = n + 4 � |S1,1,1(G)| =
3, |S1,1,2(G)| = 7, |P5(G)| = n + 6 � |L(4, 1)(G)| = 0, |L(4, 2)(G)| = 0

óé�v �¦üé��^élóí�ìPí¤élë©æ3{
∑

λ8
i = 70n + 588 + 16|C8(G)| öxë¦ô G

í¤ó»ë¦éxì�ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï
L(4, k)

v �¦üé��^élóí�ìPí¤élë7ù�{#å
• � élü«ñ
öxóð�óÀä � ù¼öxë¦ô ý � ò¤ð~ì�ê¦ó°ñ�é�
6�¦ê�ìPð

QG(2)
å P ð~ì

a = d(u, v) � b = p − a � α = d(u, w) �
l = d(v, z)

å

QG(X) = QL(p,l)(X)QS1,1,α−1(X) − QSa−1,b−1,l
(X)QS1,1,α−2(X)

=
(

PCp
(X)QPl

(X) − QPp−1(X)QPl−1
(X)

)

QS1,1,α−1(X)

−QSa−1,b−1,l
(X)QS1,1,α−2(X)

/�óí¤ë¦î��¦üé��^ð�üÄì'� ä�õ&ð7ï�ö,�lð
QG(2) + 4n − 16 = −8lp + 4abl + 4α + 4l − 8

öxë¦ô
G
í¤ó

ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï
L(4, k)

élë¦ò&�Lí&�
QG(2) + 4n − 16 = 0

ìPï�öTì�í¤ó
α = l(2p − ab − 1) + 2

å
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• � élü¼ñ
öxóð ù£õ&ð ï�ö,�lð
α = 2

óé
2p − ab − 1 = 0

öxë¦ô
a
í¤óÅé6ô¦ôÃå (;�

a = 3
ìPï¦ð�ë

b = 5
öxë¦ô

p = 8
å � ð±ï�ö,�lð |P2(G)| = n � |P3(G)| = n + 3 � |P4(G)| = n + 4 �

|P5(G)| = n + 7 � |S1,1,1(G)| = 3 � |S1,1,2(G)| = 7 � |C8(G)| = 1
å®Ü6é ∑

λ8
i = 70n + 612öxë¦ô í¤ë£ìPï¦í¤ó�ñ
öxóð

G
í¤ó�ë¦éxì�ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï

L(4, k)
v �¦üé��^élóí�ìPí¤élë ù�{#å (;�

a ≥ 5
ìPï¦ð�ë

2p − ab − 1 ≤ 4b − 5b − 1 < 0
öxë¦ô7ìPï¦í¤ó»��ë¦í¤óï¦ð�ó»ìPï¦ð°ñ
öxóðQù�å

• � élüÃñ
öxóð&ä � |P2(G)| = n � |P3(G)| = n+3 � |P4(G)| = n+4 � |S1,1,1(G)| = 3 � |S1,1,2(G)| =
7 � |P5(G)| = n + 5 � |L(4, 1)(G)| = 0 � |L(4, 2)(G)| = 0

óéðv �¦üé��^élóí�ìPí¤élëhæ3{ ∑

λ8
i =

70n+580+16|C8(G)| öxë¦ô G
í¤óWñ�éló��^ð�ñ~ìPüPöxò9õJí�ìPï

L(4, k)
élë¦ò&�	í&�

p = 8
å � ð¯ï�ö,�lð

l = 2öxë¦ô
α = l(2p− ab− 1) +2

óé�ìPï¦ð«îlüPö��¦ï¦óWìPï�öTì&ñ
öxëp�^ð¯ñ�éló��^ð�ñ~ìPüPöxò9õJí�ìPï
L(4, k)

öxüð�ìPï¦ð
élë¦ð�ó»õJí�ìPï

a = 3, b = 5
óé

α = 2 � í�
6�^élóóí��¦ò¤ð � élü a = 4, b = 4
óé

α = 0 � í�
6�^élóóí��¦ò¤ðxå
• � élü°ñ
öxóð7ý � G

í¤ó°ñ�éló��^ð�ñ~ìPüPöxòGõJí�ìPï
L(4, k)

élë¦ò&�±í&�
α = 3l + 2 � �¦ê�ìQìPï¦í¤óQí¤ó°í�
6�^élóóí��¦ò¤ð

öxñ�ñ�élüô¦í¤ë¦î�ìPé	ò¤ð�
6
föfælå
�

ã}à¤ã}à¤ã è¼Ð�×>Ö�#;Ö4Þ>×>Ö �9ÒYÛ¦á���Ü î ×ºÑ3�ÂÝ�B�Û�ÖxÑYÞC# Ñ3�;ÒYÝ@Ý�à^Ý@ÒjÑY×>ÖlÝ6Ü�Ó9â1� ÛUB;×r�©Õ%� Ô;ÝT�9ÒYÝ@Ý
3 n Û�Þ>ÞÓ9âJÑ3�;Ý	� !'Ý6Þ2Ó^Ð��^×>Ð��©ÑjÓÑ3�;Ý±Ö�#;Ö4Þ2Ý

P ð~ì G3
�^ð�ìPï¦ð°óð~ì�é���ìPï¦ð°îlüPö��¦ï¦ó

G
é���ìUöxí¤ë¦ð�ô¼í¤ë7ìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦î�õ�ö,�=

• ç&é4öxò¤ð�óñ�ð	ö7ò¤élò¤ò¤í��^é��
L(p, k) � p ≥ 6 � k ≥ 1

õJí�ìPï©öb�lð�üÄìPð0+é��Wô¦ð�îlüð�ð
2
é��WìPï¦ð�ñ��6ñ�ò¤ð�öxó

ô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ôp�lð�üÄìPð0+�öxë¦ôÅöW��öTìPï7õJí�ìPïÅöW�^ð�ë¦ô�öxë4ì~�lð�üÄìPð0+�öxóJô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ôp�lð�üÄìPð0+.å
• ç&é4öxò¤ð�óñ�ð°ìPï¦ð)�¦üð��6í¤élê¦ó�îlüPö��¦ï¼õJí�ìPï�öW�lð�üÄìPð0+�é��0ìPï¦ðQñ��6ñ�ò¤ðQé���ô¦ð�îlüð�ð

2
öxó�ô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ô

�lð�üÄìPð0+�öxë¦ô�öV��öTìPï¼õJí�ìPïÅöV�^ð�ë¦ô�öxë4ì~�lð�üÄìPð0+�öxó»ô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ôp�lð�üÄìPð0+.å
� ðfô¦ð�ë¦éxìPðb���

u1, u2, u3
ìPï¦ð�ìPï¦üð�ð6�lð�üÄìPí¤ñ�ð�óÀé��Jô¦ð�îlüð�ð

3
öxë¦ôÝ���

x1, x2, x3
ìPï¦ð]�^ð�ë¦ô�öxë4ì

�lð�üÄìPí¤ñ�ð�ó�óê¦ñUïÅìPï�öTì
d(xi, ui) = minj d(xi, uj)

å D ëÅð0+¦ö�
6�¦ò¤ð�í¤ó»îlí&�lð�ë¼í¤ëp��îlê¦üð	æ���å
�»ï¦ð�öxí�
 é��ÃìPï¦í¤óWóð�ñ~ìPí¤élëLí¤óGìPé�óï¦éjõ ìPï¦ð��2élò¤ò¤éjõJí¤ë¦î«ìPï¦ð�élüð�
 õJï¦élóð1�¦üé6é���í¤óWóê�
6
�ð�ôfê��Lí¤ë

ìUö��¦ò¤ð°ùU
���;Ý@Ó9ÒYÝ	� Ø�Îfà[¨ Ô�Ñ ÔCÔö^ efÑ.e

L(4, k)
_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød4a�c�d0ef\

G ∈ G3
÷

D óJí¤ë7ìPï¦ð-�¦üð��6í¤élê¦óJóð�ñ~ìPí¤élë¦ó»õ&ð�öxóóê�
�ð�ìPï�öTì»ìPï¦ð°ñ��6ñ�ò¤ð°é��
G
í¤ó»ð��lð�ëÃå

oopp qqrr sstt uuvv
wwxx yyzz

{{||}}~~
����������������

����
����

���� ���� ���� �������� ����

u1 u

u2

3
1

2

3x

x

x

� í¤îlê¦üðÀæ��U D îlüPö��¦ï
G ∈ G3
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��� �� � �� � �  ¡� � � �¢£ ¤¥ ¤ �¦
p = 6

∑

λ6
i

§¨
iv)

∃i, j, i 6= j : d(xi, ui) > 1 �¦ ©

d(xj, uj) > 1
∑

λ6
i

§¨
i)

∃r, s, t, r 6= s, s 6= t, r 6= t, : d(ur, us) = 1 �¦ ©

d(us, ut) = 1
∑

λ6
i

§¨

ii)

p ≥ 8�¦ ©

∃i, j, k¥ ª � «�¬ ¥ ª �© ¤ £¥ ¤¦ ¥

∃r, s, t¥ ª � «�¬ ¥ ª �© ¤ £¥ ¤¦ ¥®

d(xi, ui) = 1
d(xj, uj) = 1
d(xk, uk) ≥ 1
d(ur, us) > 1
d(us, ut) > 1

d(xk, uk) = 1
d(ur, ut) > 1

∑

λ6
i

§¯

d(ur, ut) = 1
d(ur, us) = 2 � � d(us, ut) = 2

∑

λ8
i

°±

d(ur, us) > 2 �¦ ©

d(us, ut) > 2
∑

λ8
i

°±

d(xk, uk) > 1

d(ur, ut) = 1
∑

λ6
i

§¨

iii)

d(ur, ut) > 1

d(xk, uk) = 2
∑

λ8
i

° §

d(xk, uk) > 2

∀l1, l2, d(ul1, ul2) > 2
∑

λ8
i

° °

iii)
∃r, s, t

d(ur, us) = 2 �¦ ©

d(ur, ut) > 2 �¦ ©

d(us, ut) > 2

∑

λ8
i

° °

ii)

d(ui, uj) = 2�¦ ©

d(uj, uk) = 2

p = 8
∑

λ8
i

° °

i)

p ≥ 10
∑

λ10
i

°²

d(ui, uk) = 2�¦ ©

d(uj, uk) = 2

QG(2)�¦ ©

R(0)

° ³

� � « �¡´ ² ®  ¡� � � µ � µ ¥ �¡´ � � ´ ¶ ° §· £ ¤¦ ¸ �  � £´ © ¤ £ ¹· ¦ ¥ ¤ �¦ �º ´ � ¥ �¡´ � � £ £ ¤ « ¤ � ¤¥ ¤´ £ µ� � ¥ �¡´ º � �· ´ £ � µ

d » R

©¡´ ¦ � ¥ ´ £ ¥ �¡´ � � � ¬ ¦ � ¶ ¤ � �

R(X) = QG(X)
X2

t
h
e

e
l
e
c
t
r
o
n
ic

jo
u
r
n
a
l

o
f

c
o
m
b
in

a
t
o
r
ic

s
1
5

(2
0
0
8
),

#
R

7
4

2
5



ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð½Îe�}à~õ h�l
G ∈ G3

÷®âCã4Ñ n$h4ÑÃãÞlC\fh�ã,Ñ ÔCÔ�Ñ Õ�^Cn	aÞe=ciÑ.efh�c0lr^`h.g-^�g-lrc0sfh,ä
^ á ∃i, j å i 6= j

ä
d(xi, ui) > 1 å d(xj, uj) > 1 å^C^ á ∃r, s, t å r 6= s, r 6= t, s 6= t

ä
d(ur, us) = d(us, ut) = 1 å^C^C^ á ∃i, r, t

ä
d(xi, ui) > 1 å d(ur, ut) = 1 å^CÒ�á

p = 6 ålC\fh�n
∑

i

λ6
i > 20n + 96

d�n=j
G

_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ód]Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

÷
ß ÒYÓÃÓ9â å � élü�ñ
öxóð�ó�íC{°ìPé©í¤í¤íC{�õ&ðÅï�ö,�lð |P2(G)| = n, |P3(G)| = n + 3, |S1,1,1(G)| =

3, |P4(G)| > n + 4
öxë¦ô¼õ&ð�ö����¦ò&�b�¦üé��^élóí�ìPí¤élë�ælå

� élü�ñ
öxóð�í&��{Àõ&ð�ï�ö,�lð |P2(G)| = n, |P3(G)| = n + 3, |S1,1,1(G)| = 3, |P4(G)| > n +
2, |C6(G)| = 1

öxë¦ô¼õ&ðQö����¦ò&�b�¦üé��^élóí�ìPí¤élë±ælå
�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð½Îe�}à~õ h�l
G ∈ G3

g�sf_.\�lC\�d�l
p > 6 å ∀i, r, s, d(ui, xi) = 1, d(ur, us) > 1

÷6þ}\fh�n
∑

i

λ6
i = 20n + 90

d�n=j
G

_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ód]Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

÷
ß ÒYÓÃÓ9â å � ðQï�ö,�lð |P2(G)| = n � |P3(G)| = n + 3 � |P4(G)| = n + 3 � |S1,1,1(G)| = 3

öxë¦ô
ë¦é

p
�Bñ��6ñ�ò¤ðÞ�2élü

p ≤ 6
å � ð°ñ�élë¦ñ�ò¤ê¦ô¦ð�õJí�ìPï��¦üé��^élóí�ìPí¤élë±ælå

�

�»ï¦ðR�2élò¤ò¤éjõJí¤ë¦î±ìPï¦üð�ðR�¦üé��^élóí�ìPí¤élë¦ó	ñ�é�
6�¦ê�ìPð ∑

λ8
i

�2élü	óé�
�ð
G ∈ G3 � ìPï¦ð�í¤üW�¦üé6é��2óföxüð

��öxóð�ô�élëÅñ�élê¦ë4ìPí¤ë¦îW
�éxìPí&�2ó
M ∈ M8, |M(G)| > 0

õJï¦í¤ñUïÅí¤óJô¦élë¦ð°í¤ëÅö	óê�
6
föxü��fìUö��¦ò¤ðÞ�¦å5(Bë
ìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦î |C8(G)| í¤ó»ô¦ð�ë¦éxìPð�ôR���

c8
å

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð½ØkSKà1õ h�l
G ∈ G3

g�sf_.\�lC\�d�l
p ≥ 8 å ∀i, d(ui, xi) = 1 å d�n=j ∃r, s, t

lrÕ�ÑRo�qplrÕ�Ñ
j�^�g�lr^Cn$_�l

: d(ur, ut) = 1, d(ur, us) > 1, d(us, ut) > 1
÷6þ}\fh�n=ä

∑

i

λ8
i =

{

70n + 588 + 16c8
^ ã

d(ur, us) = 2
Ñ c

d(us, ut) = 2
70n + 580 + 16c8

Ñ lC\fh�c0Õ�^�g�h
d�n=j

G
_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ód

L(4, k)
÷

ß ÒYÓÃÓ9â å /�óí¤ë¦îfìUö��¦ò¤ð)� � õ&ð�ö����¦ò&���¦üé��^élóí�ìPí¤élëæQìPéLñ�é�
6�¦ê�ìPð ∑

i λ
8
i

å��»ï¦ðÀélë¦ò&�¼ñ
öxóð��2élü
õJï¦í¤ñUï ∑

λ8
i = 70n+596

í¤ó0õJï¦ð�ë ∀i, d(ui, xi) = 1 � ∃r, s, t
ìBõ&é-���ÀìBõ&é°ô¦í¤óÄìPí¤ë¦ñ~ì

: d(ur, ut) =
1, d(ur, us) > 2, d(us, ut) > 2

öxë¦ô
c8 = 1

å1�»ï¦í¤ó¯ñ
öxóð�í¤ó¯ô¦üPö
õJë�í¤ëR��îlê¦üðLælæÀöxë¦ô�õ&ðÀñUï¦ð�ñU÷
ìPï�öTìJí�ì�í¤ó»ë¦éxì»ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï

L(4, 7)
���Lñ�é�
6��öxüí¤ë¦îÀó��^ð�ñ~ìPüPöxò�üPöxô¦í¤í�v2óð�ð�ìUö��¦ò¤ð�ó«ælæQöxë¦ô±æYäÀí¤ë

ö����^ð�ë¦ô¦íS+f{#å
�
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ÆÆÇÇ ÈÈÉÉÊÊËË
ÌÌÍÍ

ÎÎÏÏÐÐÑÑ
� í¤îlê¦üð�ælæ�

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð Ø�ÎfàWõ h�l
G ∈ G3

g�sf_.\ lC\�d�l
p ≥ 8 å ∃i, j, k : d(ui, xi) = d(uj, xj) =

1, d(uk, xk) = 2
÷pZWh�j�^�g�lr^Cn	a�s	^�g.\�lC\fh)lC\	cih.h�ã,Ñ ÔCÔ�Ñ Õ�^Cn	ab_id3g�h.g

• _id3g�h ù ä ∃r, s, t å r 6= s, r 6= t, s 6= t
ä
d(ur, us) = d(us, ut) = 2

÷
• _id3g�h ó ä ∃r, s, t å r 6= s, r 6= t, s 6= t

ä
d(ur, us) = 2

d�n=j
d(ur, ut) > 2

d�n=j
d(us, ut) > 2

÷
• _id3g�hÓÒkä ∀s, t, d(us, ut) > 2

÷
þ}\fh�n=ä

∑

i

λ8
i =







70n + 588 + 16c8
ã,Ñ c-lC\fhV_id3g�h ù

70n + 580 + 16c8
ã,Ñ c-lC\fhV_id3g�h ó

70n + 572
ã,Ñ c-lC\fhV_id3g�hÓÒ

d�n=j
G

_id�nfn$Ñ l®o0h4_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød6Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

÷
ß ÒYÓÃÓ9â å /�óí¤ë¦î�ìUö��¦ò¤ð»� � õ&ð¯ö����¦ò&�4�¦üé��^élóí�ìPí¤élë7æJìPéQñ�é�
6�¦ê�ìPð ∑

i λ
8
i

å�/�ë¦ô¦ð�ü'ìPï¦ðJï��	�^éxìPï¦ð0�
óð�óWé��^ìPï¦ð~�¦üé��^élóí�ìPí¤élë � ìPï¦ðJélë¦ò&�Àñ
öxóð�ó��2élü�õJï¦í¤ñUï ∑

λ8
i = 70n+596

í¤ó�õJï¦ð�ë
c8 = 1

í¤ë	ñ
öxóð¯ä6å
�»ï¦ð�óð«ñ
öxóð�ó»öxüð¯ô¦üPö
õJëLí¤ë6��îlê¦üð�æYäQöxë¦ôfõ&ð«ñUï¦ð�ñU÷�ìPï�öTìWìPï¦ð��Löxüð�ë¦éxì�ñ�éló��^ð�ñ~ìPüPöxò9õJí�ìPï

L(4, 8)���7ñ�é�
6��öxüí¤ë¦î�ó��^ð�ñ~ìPüPöxò;üPöxô¦í¤í�v2óð�ð°ìUö��¦ò¤ð�ó�ælæQöxë¦ôæYäÀí¤ë¼ö����^ð�ë¦ô¦íS+f{#å
�

ÔÔÕÕÖÖ××
ØØÙÙ ÚÚÛÛ ÜÜÝÝ

ÞÞßß
ààáá
ââãã

ääååææçç
èèéé

êêëë

ììííîîïïððññ
òòóó
ôôõõ öö÷÷ øøùù

úúûû
üüýý

þþÿÿ���� ����
� í¤îlê¦üð�æYä	

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð Ø9Ø}àWõ h�l
G ∈ G3

g�sf_.\ lC\�d�l
p ≥ 8 å ∃i, j, k : d(ui, xi) = d(uj, xj) =

1, d(uk, xk) > 2
÷pZWh�j�^�g�lr^Cn	a�s	^�g.\�lC\fh)lC\	cih.h�ã,Ñ ÔCÔ�Ñ Õ�^Cn	ab_id3g�h.g

• _id3g�h ù ä ∃r, s, t å r 6= s, r 6= t, s 6= t
ä
d(ur, us) = d(us, ut) = 2

÷
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M w8(M) |M(Ga)| |M(Gb)| |M(Gc)|
P2 2 n n n

P3 28 n + 3 n + 3 n + 3
P4 32 n + 4 n + 4 n + 4

P5 8
n + 4

ñ
öxóð	æ
n + 3

ñ
öxóð�ä
n + 6

ñ
öxóð	æ
n + 5

ñ
öxóð�ä
n + 4

ñ
öxóðQù
n + 7

ñ
öxóð�æ
n + 6

ñ
öxóðÀä
n + 5

ñ
öxóð�ù
S1,1,1 72 3 3 3
S1,1,2 16 8 7 7
C4 264 0 0 0

L(4, 1) 112 0 0 0
L(4, 2) 16 0 0 0

C8 16 c8

c8
ñ
öxóð�æ

c8
ñ
öxóðÀä

0
ñ
öxóðQù

c8
ñ
öxóð	æ

c8
ñ
öxóð�ä

0
ñ
öxóð�ù

∑

i λ
8
i =

70n + 588 + 16c8�2élü�ìPï¦ð°ñ
öxóð�æ

70n + 580 + 16c8�2élü�ìPï¦ð°ñ
öxóðÀä

70n + 588 + 16c8�2élü�ìPï¦ð°ñ
öxóð	æ

70n + 580 + 16c8�2élü�ìPï¦ð°ñ
öxóð�ä

70n + 572�2élü�ìPï¦ð°ñ
öxóðQù

70n + 596 + 16c8�2élü�ìPï¦ð°ñ
öxóð�æ

70n + 588 + 16c8�2élü�ìPï¦ð°ñ
öxóðÀä

70n + 580�2élü�ìPï¦ð°ñ
öxóð�ù

�0ö��¦ò¤ð-��»ç&élê¦ë4ì«é��0ìPï¦ð)
�éxìPí&�2ó»é���óé�
�ðQîlüPö��¦ï¦ó
G ∈ G3

å � ðQô¦ð�ë¦éxìPð)���
Ga

v2üð�ó��Ãå
Gb � Gc

{»ö
îlüPö��¦ï¼ô¦ð�óñ�üí��^ð�ô�í¤ëp�¦üé��^élóí�ìPí¤élëÅä��Rv2üð�ó��Ãå&ä6æ � älä�{#å

• _id3g�h ó ä ∃r, s, t å r 6= s, r 6= t, s 6= t
ä
d(ur, us) = 2

d�n=j
d(ur, ut) > 2

d�n=j
d(us, ut) > 2

÷
• _id3g�hÓÒkä ∀s, t, d(us, ut) > 2

÷
þ}\fh�n=ä

∑

i

λ8
i =







70n + 596 + 16c8
ã,Ñ c-lC\fhV_id3g�h ù

70n + 588 + 16c8
ã,Ñ c-lC\fhV_id3g�h ó

70n + 580
ã,Ñ c-lC\fhV_id3g�hÓÒ

d�n=j
G

_id�nfn$Ñ l�o0h-_.Ñ�g'efh._�lrc�d�ÔXÕ�^ClC\pd4Ô�Ñ ÔCÔö^ efÑ.eÓ^Cn�lC\fh-_id3g�h.g ó d�n=j Ò6d�n=j4^Cn�lC\fh-_id3g�h ù ^ ã
c8 = 1

÷
�»ï¦ð°ìBõ&éW�2élò¤ò¤éjõJí¤ë¦î4�¦üé��^élóí�ìPí¤élë¦ó�óélò&�lð�ìPï¦ð°ñ
öxóð	æ°é��8�¦üé��^élóí�ìPí¤élë¼älä�õJï¦ð�ë

c8 = 0
å

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð Ø9ã}à)õ h�l
G ∈ G3

g�sf_.\"lC\�d�l
p ≥ 10 å ∃i, j, k : d(ui, xi) = d(uj, xj) = 1 å

d(uk, xk) > 2 å d(ui, uj) = d(uj, uk) = 2
÷
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þ}\fh�n=ä
∑

i

λ10
i =

{

252n + 3340 + 20c10
^ ã

d(uk, xk) = 3
252n + 3350 + 20c10

^ ã
d(uk, xk) > 3

Õ�\fh�cih
c10 = |C10(G)| ÷ ¨ n=j G

_id�nfn$Ñ l�o0h4_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\
L(4, k)

÷
ß ÒYÓÃÓ9â å � ð	ï�ö,�lð |P2(G)| = n � |P3(G)| = n + 3 � |P4(G)| = n + 4 � |P5(G)| = n + 7 �

|P6(G)| = n + 6
í&�

d(uk, xk) = 3 � |P6(G)| = n + 7
í&�

d(uk, xk) >
ù � |S1,1,1(G)| = 3 �

|S1,1,2(G)| = 7 � |S1,2,2(G)| = 5 � |S1,1,3(G)| = 11 � öxë¦ô ë¦é�éxìPï¦ð�üóÀóê��¦îlüPö��¦ï¦ó M
óê¦ñUï ìPï�öTì

wk(M) > 0
å � ð�ìPï¦ð�ëÅö����¦ò&�b�¦üé��^élóí�ìPí¤élë�ælå��»ï¦ð°élë¦ò&�Lñ
öxóðÞ�2élü&õJï¦í¤ñUï ∑

λ10
i = 252n + 3360í¤ó6�2élü�ìPï¦ð�îlüPö��¦ïßé��Þ��îlê¦üð æjù � öxë¦ô´õ&ð�ñUï¦ð�ñU÷ÂìPï�öTì7í�ìfí¤ófë¦éxì7ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï L(4, 11)

���
ñ�é�
6��öxüí¤ë¦î�ó��^ð�ñ~ìPüPöxò�üPöxô¦í¤í�v2óð�ð�ìUö��¦ò¤ð�ó°ælæQöxë¦ô©æYäÀí¤ëÅö����^ð�ë¦ô¦íS+f{#å

�

���� ���� ��		


�� ���������� �

���
��������

����
������������

  !!
� í¤îlê¦üð�æjùU

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^Ð Ø�>2à)õ h�l
G ∈ G3

g�sf_.\"lC\�d�l
p ≥ 10 å ∃i, j, k : d(ui, xi) = d(uj, xj) = 1 å

d(uk, xk) > 2 å d(ui, uk) = d(uj, uk) = 2
÷6þ}\fh�n

G
_id�nfn$Ñ l�o0h4_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\

L(4, k)
÷

ß ÒYÓÃÓ9â å P ð~ì
G

�^ð¼ö�îlüPö��¦ï£ñ�éló��^ð�ñ~ìPüPöxò&õJí�ìPï
L(4, k)

öxë¦ô£ò¤ð~ì
q = d(uk, xk)

vºõ&ð¼ï�ö,�lð
n = p + q + 2

{#å D ���¦ò&�6í¤ë¦îÀìPï¦ð�élüð�
�ý�ìPé�ìPï¦ðÞ�lð�üÄìPð0+
uk � õ&ðQï�ö,�lð�

QG(X) = XQTp+1(X)QPq
(X) − 2QS1,1,p−3(X)QPq

(X)

−QTp+1(X)QPq−1(X) − 2X2QPq
(X)

E'üé��^ð�üÄì'�7äQîlí&�lð�ó
QG(2) = −16(q + 1)

öxë¦ô¼öxñ�ñ�élüô¦í¤ë¦îQìPé4�¦üé��^élóí�ìPí¤élëLý
G
í¤óWñ�éló��^ð�ñ~ìPüPöxò^õJí�ìPï

ö�ò¤élò¤ò¤í��^é��
L(4, k)

élë¦ò&�Lí&� −16(q + 1) = −4n + 16
^`h

p = 3q + 6
öxë¦ô

q
í¤ó»ë¦ð�ñ�ð�óóPöxüí¤ò&�7ð��lð�ëÃå

/�óí¤ë¦î
QS1,1,c

(X) = X(QPc+2(X) − QPc
(X))

õ&ð±ï�ö,�lð±ìPï�öTì7í&�
c
í¤óLé6ô¦ô´ìPï¦ð�ë

0
í¤ó7öxë

ð�í¤îlð�ë��xöxò¤ê¦ðWé��
S1,1,c

õJí�ìPï4
Àê¦ò�ìPí��¦ò¤í¤ñ�í�ì'�
2
öxë¦ôÀí&�

R(X) =
QS1,1,c

(X)

X2

ìPï¦ð�ë
R(0) = (−1)

c+1
2 (c+2)

å
�»ï¦ðQüð�òeöTìPí¤élë

QTn
(X) = XQS1,1,n−4(X) − XQS1,1,n−6(X)

í�
6�¦ò¤í¤ð�ó&ìPï�öTì
0
í¤ó�öxëÅð�í¤îlð�ë��xöxò¤ê¦ð�é��

Tn

õJí�ìPï�
Àê¦ò�ìPí��¦ò¤í¤ñ�í�ì'�
2
å

P ð~ì
R(X) = QG(X)

X2

å�E'üé��^ð�üÄì'���	îlí&�lð�ó

R(0) =

{

−2p
í&�

q ≡ 0[4]
−2p + 4

í&�
q ≡ 2[4]
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(;�
q ≡ 0[4]

ìPï¦ð�ë�öxñ�ñ�élüô¦í¤ë¦î�ìPé6�¦üé��^élóí�ìPí¤élëp� � G í¤ó»ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï�ö�ò¤élò¤ò¤í��^é��
L(4, k)

élë¦ò&�Lí&�
−2p = −n

^`h
p = q + 2

õJï¦í¤ñUïÅñ�élë4ìPüPöxô¦í¤ñ~ìPó
p = 3q + 6

å
(;�

q ≡ 2[4]
ìPï¦ð�ë�öxñ�ñ�élüô¦í¤ë¦î�ìPé6�¦üé��^élóí�ìPí¤élëp� � G í¤ó»ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï�ö�ò¤élò¤ò¤í��^é��

L(4, k)
élë¦ò&�Lí&�

−2p + 4 = −n
^`h

p = q + 6
õJï¦í¤ñUïÅñ�élë4ìPüPöxô¦í¤ñ~ìPó

p = 3q + 6
å

�

0~ºWV ½�Î�Ê	Ç �#" `%$yñ�Î_Y�Æ1Ê�ÌðÂ;ÁUÆ
n4 = 1 j n3 = 0 n1 = 2 j n0 = 0 j c = 0

Î�À1Ë
n2 = n − 3

�»ï¦ð�îlüPö��¦ï
γp,k1,k2

í¤ó�ìPï¦ð�ñ�é4öxò¤ð�óñ�ð�ë¦ñ�ð�é��WöLò¤élò¤ò¤í��^é��
L(p, k1)

õJí�ìPï�ìPï¦ð��lð�üÄìPð0+©é��Gô¦ð�îlüð�ð
3
öxó

ô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ôÓ�lð�üÄìPð0+©öxë¦ô±ö]��öTìPï
Pk2+1

õJí�ìPï±ö]�^ð�ë¦ô�öxë4ì��lð�üÄìPð0+öxó¯ô¦í¤óÄìPí¤ë¦îlê¦í¤óï¦ð�ôÓ�lð�üÄìPð0+�v2ñ��
��îlê¦üð7æ,�p�2élü�öxë©ð0+¦ö�
6�¦ò¤ð�{#å D ñ�élë¦ë¦ð�ñ~ìPð�ô îlüPö��¦ï�õJí�ìPï

n4 = 1 � n3 = 0 n1 = 2 � n0 = 0
öxë¦ô

n2 = n − 3
í¤óJö

γp,k1,k2

å

&&'' (#((#()#))#)
*#**#*+#++#+,#,,#,-#--#-.#..#./#//#/

0#00#01#11#1

2#22#23#33#3 4#44#45#55#5
6#66#67#77#7

8#88#89#99#9
:#::#:;#;;#;

� í¤îlê¦üð�æ,��
γ6,2,3

ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^ÐÂØü�}àU� Ñ c)dVa�c�d0ef\
γp,k1,k2

Õ�^ClC\
p > 4

Õ�hÞ\�d�Ò�h,ä

∑

i

λ6
i =







20n + 96 + 12c6
^ ã

k1 = k2 = 1
20n + 108 + 12c6

^ ã
k1 > 1, k2 = 1

20n + 120 + 12c6
^ ã

k1 > 1, k2 > 1

Õ�\fh�cih
c6 = |C6(G)| ÷

ß ÒYÓÃÓ9â å � ð°ï�ö,�lð |P2(G)| = n � |P3(G)| = n + 3 � |S1,1,1(G)| = 4
öxë¦ô

• |P4(G)| = n + 2
í&�

k1 = k2 = 1

• |P4(G)| = n + 4
í&�

k1 > k2 = 1

• |P4(G)| = n + 6
í&�

k1 ≥ k2 > 1

öxë¦ô¼õ&ðQö����¦ò&�b�¦üé��^élóí�ìPí¤élë±ælå
�
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ß ÒYÓ9á'Ó^Ü
×ºÑY×2Ó^ÐÂØü
}à[¨ Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

_id�nfn$Ñ l�o0h4_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\ØdVa�c�d0ef\
γp,1,1

÷
ß ÒYÓÃÓ9â åF�»ï¦ðÀîlüPö��¦ï¦ó

L(4, k)
öxë¦ô

γp,1,1
ï�ö,�lð

n = k + 4 = p + 2
�lð�üÄìPí¤ñ�ð�ó�å P ð~ì«ê¦ó«óï¦éjõ

ìPï�öTì
QL(4,k)(2) 6= Pγp,1,1(2)

å�/�óí¤ë¦î�ìBõJí¤ñ�ð�ìPï¦ð�ìPï¦ð�élüð�
G�U
Pγp,1,1(X) = XQL(p,1)(X) − XQPp−1(X)

= X(XQCp
(X) − QPp−1(X)) − XQPp−1(X)

D ë¦ô4���)�¦üé��^ð�üÄì'�Àä � Pγp,1,1(2) = −4p = −4n+8
õJï¦í¤ñUïÀñ�élë4ìPüPöxô¦í¤ñ~ìPó

QL(4,k)(2) = −4n+16v �¦üé��^élóí�ìPí¤élë¼ý�{#å
�

���;Ý@Ó9ÒYÝ	� Ø9Ø}à[¨ Ô�Ñ ÔCÔö^ efÑ.e
L(4, k)

_id�nfn$Ñ l�o0hV_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\
γp,k1,k2 å p > 4

÷
ß ÒYÓÃÓ9â åÅ( ìJí¤ó�ö�óÄìPüPöxí¤îlï4ì��2élüÄõ�öxüô¼ñ�élë¦óð�Y@ê¦ð�ë¦ñ�ð�é����¦üé��^élóí�ìPí¤élë¦ó»ù � älý�öxë¦ô�ä���å

�

< ÇÉÈ�Ê�N�³�M¼ÍKO~È�Ê
(Bë ìPï¦í¤ó���ö��^ð�üQõ&ðLîlí&�lðLöÅõ�ö,� ìPé�ñ�élê¦ë4ì�ñ�ò¤élóð�ô õ�öxò¤÷@ó � õJï¦í¤ñUï£í¤ó�üð�ò¤ð��xöxë4ì�ìPé�óï¦éjõ ìPï�öTì�ìBõ&é
îlüPö��¦ï¦ó�ñ
öxë¦ë¦éxì~�^ð«ñ�éló��^ð�ñ~ìPüPöxò�öxë¦ôLìPï�öTì»�¦üé��6í¤ô¦ð�óJöÀë¦ð~õ ö����¦üé4öxñUï7ìPé�óï¦éjõ½ìPï�öTì�ìPï¦ð�üð°öxüð«ë¦é
ñ�éló��^ð�ñ~ìPüPöxò�ë¦élë	�Bí¤óé�
�élü��¦ï¦í¤ñ«ò¤élò¤ò¤í��^é��¦ó�å � ð�ìPï¦ð�ëÅóï¦éjõ ìPï�öTì»ìPï¦ð°ò¤élò¤ò¤í��^é��fîlüPö��¦ï¼í¤ó»ô¦ð~ìPð�ü�
�í¤ë¦ð�ô
���±í�ìPó�ó��^ð�ñ~ìPüê�
Åå � ðV��üóÄìQîlí&�lð	öp�¦üé6é�� � ��öxóð�ôélëñ�é�
6�¦ê�ìPí¤ë¦îfìPï¦ð	ô¦ð�îlüð�ð	ô¦í¤óÄìPüí��¦ê�ìPí¤élë � �2élüò¤élò¤ò¤í��^é��¦ó

L(p, k)
õJí�ìPï

p 6= 4
åÞ�»ï¦ðV
�élóÄì«ô¦í&ø�ñ�ê¦ò�ì«ñ
öxóð � öxó«í�ì�õ�öxó�ë¦éxìPð�ô±í¤ëðx 7 � ù z � í¤ó��2élü¯ìPï¦ð

ò¤élò¤ò¤í��^é��¦ó
L(4, k)

T@õ&ð¯óélò&�lð�ôfìPï¦í¤óWñ
öxóð��2élò¤ò¤éjõJí¤ë¦î�ìPï¦ð�óPö�
�ð�í¤ô¦ð
ö�öxóGìPï¦ð¯îlð�ë¦ð�üPöxò^ñ
öxóðxå5Ü6ï¦éjõJí¤ë¦î
ñ�élë¦ë¦ð�ñ~ìPí&�6í�ì'��é��WöfîlüPö��¦ï�ñ�éló��^ð�ñ~ìPüPöxò�õJí�ìPï±ö

L(4, k)
öxë¦ô�ë¦élë	�Bñ�éló��^ð�ñ~ìPüPöxò¤í�ì'�Åé��Wöfîlí&�lð�ë�îlüPö��¦ï

õJí�ìPïfö
L(4, k)

öxüð��^éxìPï6Y@ê¦í�ìPðJò¤élë¦î�ìPé�ð�óÄìUö��¦ò¤í¤óï�öxë¦ôfï�ö,�lð¯üð�Y@ê¦í¤üð�ô�ìPï¦ðJê¦óð¯é���ö°òeöxüîlð®�xöxüí¤ð~ì'�
é���ìPé6élò¤ó�å

= N?>fÊ7ÈA@ ³~Ì~LCBQÌUv ÌJÊ�Ë�Í

� ð�ìPï�öxë¦÷©öxë öxë¦élë��	
�élê¦ó°üð��2ð�üð�ðW�2élü-�¦üí¤ë¦îlí¤ë¦îLìPï¦ð	ó÷xð~ìPñUï é��&ìPï¦ðW�0ö,�k�2ð�ï	�qpJð��
öxí¤ð  ó)�¦üé6é��&é��
ìPï¦ð�élüð�
²æ��ÀìPé�élê¦üJöTììPð�ë4ìPí¤élëÃå
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= =Í¶�¶±ÌJÊ�LpOED
F º�¼ ½�¾�¿1À5ÁUÂÃÀ1Ä²È$¾�3�Ç}ñ�ÂÃÀ1Ä È$ÉÃ¾�Ê	ÇKËÍÌ�Î�É'Ï»Ê

M w6(M) w8(M) w10(M)
P2 2 2 2
P3 12 28 60
P4 6 32 120
P5 0 8 60
P6 0 0 10
C4 48 264 1320
C6 12
C8 0 16
C10 0 0 20
S1,1,1 12 72 300
S1,1,2 0 16 140
S1,1,3 0 0 20
S1,2,2 0 0 20

L(4, 1) 12 112 840
L(4, 2) 0 16 180
L(4, 3) 0 0 20

�0ö��¦ò¤ð�ý	 } ê�
4�^ð�ü»é��0ñ�é��lð�üí¤ë¦î�ñ�ò¤élóð�ô¼õ�öxò¤÷@óJélë�ö�îlí&�lð�ëÅîlüPö��¦ïÃå

F º`¹ GØñ�¾»¾dc]¾dc6ÁUÆ1ÇK¾�ñ�Ç�\ ¼IH
� í¤üóÄì � õ&ð°ë¦éxìPí¤ñ�ð¯ìPï¦ðÞ�2élò¤ò¤éjõJí¤ë¦î�üð�òeöTìPí¤élë¦óWõJï¦í¤ñUï¼õJí¤ò¤ò=�^ð�ê¦óð��2ê¦òÃìPéW�¦üé��lð°ò¤ð�
6
föxó�ù�öxë¦ôR�	öxë¦ô
õJï¦élóð)�¦üé6é���í¤ó»óÄìPüPöxí¤îlï4ì��2éjõ�öxüôR���7í¤ë¦ô¦ê¦ñ~ìPí¤élë¼élë

p
å

∀p > 0, QPp
(α) > βQPp−1(α)

v ä�{
õJï¦ð�üð

α =
√

2 + 2
√

2
öxë¦ô

β =
√

2
2

α
åÝ*����6í¤élê¦óò&� ð�Y@ê�öTìPí¤élëhä�í¤ó�ìPüê¦ð7í&�»õ&ð¼üð��¦òeöxñ�ð

β
���

β ′ ≤ β
å

ç Ý	�Ý� Û Ø}à
λ1(P (p1, p2, p3)) > 2

÷
ß ÒYÓÃÓ9â å *«ë�élë¦ðÀï�öxë¦ô

λ1(P (0, 1, 1)) > 2
öxë¦ô

λ1(P (1, 1, 1)) > 2
å)*«ë�ìPï¦ðÀéxìPï¦ð�ü«ï�öxë¦ô �í&�;ìPï¦ð�üð�ð0+�í¤óÄìPó

pi ≥ 2
vºõ&ðQöxóóê�
�ð

p3 ≥ 2
{GìPï¦ð�ë¼ìPï¦ð�ò¤élò¤ò¤í��^é��

L(p1 + p2 + 2, 1)
í¤óJöxë7í¤ë¦ô¦ê¦ñ�ð�ô

óê��¦îlüPö��¦ï£é��
P (p1, p2, p3)

å�Ü6í¤ë¦ñ�ð
λ1(L(p1 + p2 + 2, 1)) > 2

vºìPï¦ð�élüð�
 ælæ3{�ìPï¦ðLí¤ë4ìPð�üòeöxñ�í¤ë¦î
ìPï¦ð�élüð�
 îlí&�lð�ó»ìPï¦ð°üð�óê¦ò�ì
å

�
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D ���¦ò&�6í¤ë¦î7ìPï¦ð�élüð�
 ýfìPé�öb�lð�üÄìPð0+ é��&ô¦ð�îlüð�ð
3
é��

P (p1, p2, p3)
õ&ð�ñ
öxëîlð~ì°ìPï¦ðV�2élò¤ò¤éjõJí¤ë¦î

ð0+U�¦üð�óóí¤élëLé��.ìPï¦ð�ñUï�öxüPöxñ~ìPð�üí¤óÄìPí¤ñ��^élò&�6ë¦é�
�íeöxò�é��
P (p1, p2, p3), pi > 0

õJï¦í¤ñUï�õJí¤ò¤òf�^ð�ê¦óð��2ê¦òX�2élü
ìPï¦ð°ë¦ð0+6ì�üð�óê¦ò�ìPó�å

QP (p1,p2,p3)(X) = XQSp1,p2,p3
(X) − QSp1−1,p2,p3

(X) − QSp1,p2−1,p3
(X)

−QSp1,p2,p3−1(X) − 2QPp1
(X) − 2QPp2

(X) − 2QPp3
(X)

v>ù�{
õJï¦ð�üð

QSa,b,c
(X) = XQPa

(X)QPb
(X)QPc

(X) − QPa−1(X)QPb
(X)QPc

(X)

−QPa
(X)QPb−1

(X)QPc
(X) − QPa

(X)QPb
(X)QPc−1(X)

v �k{

ç Ý	�Ý� Û ã}à âCã
p1 ≤ 3 å p2 ≤ 3

lC\fh�n ∀p ∈ N : λ1(P (p1, p2, p)) >
√

2 + 2
√

2
÷

ß ÒYÓÃÓ9â å D ñ�ñ�élüô¦í¤ë¦î	ìPé�ìPï¦ð�élüð�
w�Àí�ìJí¤óJóêUø�ñ�í¤ð�ë4ì�ìPéW�¦üé��lð°ìPï¦ðQüð�óê¦ò�ì»�2élü
p1 = 3 � p2 = 3

å
P ð~ì

α =
√

2 + 2
√

2
å � ð�óï�öxò¤òGóï¦éjõ ìPï�öTì

QP (3,3,p)(α) < 0
åp/�óí¤ë¦îÅð�Y@ê�öTìPí¤élë¦óbv>ù�{°öxë¦ôyv �k{

öxë¦ô
QPp−2(X) = XQPp−1(X) − QPp

(X) � QP2(X) = X2 − 1 � QP3(X) = X3 − 2X
öxë¦ô

QP4(X) = X4 − 3X2 + 1 � õ&ðQîlð~ì,
QP (3,3,p)(X) = QPp

(X)
(

X8 − 9X6 + 24X4 − 20X2
)

+QPp−1(X)
(

− X7 + 8X5 − 16X3 + 8X
)

− 4(X3 − 2X)

óé

QP (3,3,p)(α) = (16 − 16
√

2)QPp
(α) + α(16 − 8

√
2)QPp−1(α) − 8

√
2α

=
(

−16 + 16
√

2
)

(

−QPp
(α) +

α√
2
QPp−1(α)

)

− 8
√

2α < 0
����v ä�{

D ó�ö	üð�óê¦ò�ì
λ1(P (3, 3, p)) > α

å

�

ç Ý	�Ý� Û�>2à âCã
p1 ≤ 2 å p2 ≤ 4

lC\fh�n ∀p ∈ N : λ1(P (p1, p2, p)) > 2.2 >
√

2 + 2
√

2

ß ÒYÓÃÓ9â åKJØs	l;d�lr^�g�mVs	l;d�n=j�^�g°ìPï¦ð-�¦üé6é���í¤ó�ìPï¦ð°óPö�
�ðQöxó»ìPï¦ð�élë¦ð°é��0ò¤ð�
6
fö�ù�å
�

ç Ý	�Ý� Û �}àU� Ñ c
p2, p3 > 0 å p1 ∈ {0, 1} Õ�h�\�d�Ò�h

λ1(P (p1, p2, p3)) >
√

2 + 2
√

2
÷

ß ÒYÓÃÓ9â å P ð~ì
α =

√

2 + 2
√

2
å D ñ�ñ�élüô¦í¤ë¦î�ìPé�ìPï¦ð�élüð�
 ��í�ì�í¤óÀóêUø�ñ�í¤ð�ë4ì�ìPé��¦üé��lð7ìPï¦ð

üð�óê¦ò�ì»�2élü
P (1, p, p)

õJï¦ð�üð
p = max(p2, p3)

å D ���¦ò&�6í¤ë¦îÀìPï¦ð�élüð�
�ý�ìPé�ìPï¦ðÞ�lð�üÄìPð0+�öTìJô¦í¤óÄìUöxë¦ñ�ð
élë¦ð°é���ìPï¦ð�ìBõ&éW�lð�üÄìPí¤ñ�ð�ó�é��0ô¦ð�îlüð�ð

3
õ&ð°ï�ö,�lð�

QP (1,p,p)(X) = XQC2p+2(X) − 2QP2p+1(X) − 4QPp
(X)

= X
(

XQP2p+1(X) − 2QP2p
(X) − 2

)

− 2QP2p+1(X) − 4QPp
(X)

= (X2 − 2)QP2p+1(X) − 2XQP2p
(X) − 4QPp

(X) − 2X
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þ&ê�ìpvºìPï¦ð�élüð�
 ý¼ö����¦ò¤í¤ð�ô±ìPé�öp�lð�üÄìPð0+ öTìQô¦í¤óÄìUöxë¦ñ�ð
p
é��»ö��^ð�ë¦ô�öxë4ì)�lð�üÄìPð0+ í¤ë©ìPï¦ð�îlüPö��¦ï¦ó

P2p+1
öxë¦ô

P2p

{0
QP2p+1(X) = X

(

Q2
Pp

(X)
)

− 2QPp
(X)QPp−1(X)

öxë¦ô
QP2p

(X) = XQPp
(X)QPp−1(X) − Q2

Pp−1
(X) − QPp

(X)QPp−2(X).Ü6é
QP (1,p,p)(X) =

(

X2 − 2
)(

XQ2
Pp

(X) − 2QPp
(X)QPp−1(X)

)

−2X
(

XQPp
(X)QPp−1(X) − Q2

Pp−1
(X) − QPp

(X)QPp−2(X)
)

−4QPp
(X) − 2X

= QPp
(X)

(

(X3 − 4X)QPp
(X) + (4 − 2X2)QPp−1(X) − 4

)

+2XQ2
Pp−1

(X) − 2X

/�óí¤ë¦î
QPp

(α) > βQPp−1(α)
v2ð�Y@ê�öTìPí¤élë�v ä�{�{ � õ&ðQîlð~ì

QP (1,p,p)(α) < QPp
(α)

(

(α3 − 4α)QPp
(α) + (4 − 2α2 +

2α

β
)QPp−1(α) − 4

)

− 2α.

� ð�ìPï¦ð�ëÅë¦éxìPí¤ñ�ð«ìPï�öTì 4−2α2+ 2α
β

−α3+4α
= β

öxë¦ôR���¼ð�Y@ê�öTìPí¤élë�v ä�{Wõ&ðQï�ö,�lð
QP (1,p,p)(α) < 0

å

�

ç Ý	�Ý� Ûé
}à%L ^CÒ�h�n
P (2, p2, p3)

Õ�^ClC\
p3 ≥ 3 å jkh�n$Ñ l'hWo�q

u
d�n=j

v
lC\fh4lrÕ�ÑpÒ�h�c0lr^`_.h.g6ÑÃãWjkh;a�cih.h

3
÷ õ h�l

y
o0hVd]Ò�h�c0l'h�æ�d�l»j�^�g�l;d�n$_.h

2
ã0ciÑ m

u
d�n=jpd�l»j�^�g�l;d�n$_.h�a�cihid�l'h�c-lC\�d�nÝÑ c4h���s�d�ÔKl'Ñ ó ã0ciÑ m

v å Õ�hWjkh ü�n$h
P̃ (2, p2, p3)

d3g4lC\fh)a�c�d0ef\�Ñ�o�l;d�^Cn$hijRo�qRd�j�j�^Cn	abl'Ñ
P (2, p2, p3)

d4efh�n=j�d�nfl�Ò�h�c0l'h�æ
x

l'Ñ
y
÷bZWhÞ\�d�Ò�h

λ1(P̃ (2, p2, p3)) >
√

2 + 2
√

2
÷

ß ÒYÓÃÓ9â å P ð~ì
α =

√

2 + 2
√

2
åþ5� ìPï¦ð�élüð�
 ��í�ìÀí¤óÀóêUø�ñ�í¤ð�ë4ì�ìPé��¦üé��lð7ìPï¦ðLüð�óê¦ò�ìV�2élü

p2 = p3 = p = max{p2, p3}
å-�»ï¦ð	öxí�
$é��GìPï¦ð4�¦üé6é��Wí¤ó�ìPé7óï¦éjõÉìPï�öTì

QP̃ (2,p,p)(α) < 0
å-�»ï¦ð

�2élò¤ò¤éjõJí¤ë¦îÀð�Y@ê�öTìPí¤élë¦ó�õJí¤ò¤ò}�^ð�ê¦óð��2ê¦ò`
QS2,a,b

(α) = (α2 − 1)QPa+b+1
(α) − αQPa

(α)QPb
(α)

QP2p+1(α) = αQ2
Pp

(α) − 2QPp
(α)QPp−1(α)

QP2p
(α) = Q2

Pp
(α) − Q2

Pp−1
(α)

QP2p−1(α) = αQP2p
(α) − QP2p+1(α) = −αQ2

Pp−1
(α) + 2QPp

(α)QPp−1(α)
öxë¦ô¼õ&ð°ô¦ð�ô¦ê¦ñ�ð

QS2,p,p
(α) = (α3 − 2α)Q2

Pp
(α) − 2(α2 − 1)QPp

(α)QPp−1(α)

QS2,p,p−1(α) = (α2 − 1)Q2
Pp

(α) − (α2 − 1)Q2
Pp−1

(α) − αQPp
(α)QPp−1(α)

QS2,p+1,p−1(α) = (α3 − α)Q2
Pp

(α) + (−3α2 + 2)QPp
(α)QPp−1(α) + αQ2

Pp−1
(α)
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�»ï¦ð�élüð�
�ýÀîlí&�lð�ó
QP̃ (2,p,p)(α) = αQP (2,p,p)(α) − QH(α)

õJï¦ð�üð
H = P̃ (2, p, p)\{x, y} M Y@ê�öTìPí¤élëÅù	îlí&�lð�ó
QP (2,p,p)(α) = αQS2,p,p

(α) − QS1,p,p
(α) − 2QS2,p,p−1(α) − 4QPp

(α) − 2QP2(α)

�¦ê�ì
QS1,p,p

(α) = 1
α
(QS2,p,p

(α) + QS0,p,p
(α))

óé

αQP (2,p,p)(α) = (α2 − 1)QS2,p,p
(α) − 2αQS2,p,p−1(α) − QP2p+1(α)

−4αQPp
(α) − 2αQP2(α)

= (α5 − 5α3 + 3α)Q2
Pp

(α) + (2α3 − 2α)Q2
Pp−1

(α)

+(−2α4 + 6α2)QPp
(α)QPp−1(α) − 4αQPp

(α) − 2αQP2(α)

�»ï¦ð�élüð�
�ýÀîlí&�lð�ó
QH(α) = α2QS2,p,p−2(α) − αQS1,p,p−2(α) − αQS2,p−1,p−2(α) − QS2,p,p−2(α) − 2αQPp−2(α)

�¦ê�ì
QS2,p,p−2(α) = αQS2,p,p−1(α)−QS2,p,p

(α) � αQS1,p,p−2(α) = QS2,p,p−2(α)+QS0,p,p−2(α)
öxë¦ô

QS2,p−1,p−2(α) = (α2 − 1)QS2,p,p−1(α) − αQS2,p−1,p+1(α)
óé

QH(α) = −αQS2,p,p−1(α) − (α2 − 2)QS2,p,p
(α) + α2QS2,p−1,p+1(α)

−QP2p−1(α) − 2αQPp−2(α)

= (2α3 − 3α)Q2
Pp

(α) + (2α3)Q2
Pp−1

(α)

+(−α4 − 3α2 + 2)QPp
(α)QPp−1(α) − 2αQPp−2(α)

Ü6é	õ&ð°ï�ö,�lð�
QP̃ (2,p,p)(α) = (α5 − 7α3 + 6α)Q2

Pp
(α) − 2αQ2

Pp−1
(α)

+(−α4 + 9α2 − 2)QPp
(α)QPp−1(α)

+2αQPp−2(α) − 4αQPp
(α) − 2αQP2(α)

M Y@ê�öTìPí¤élëÝv ä�{&îlí&�lð�ó
2αQPp−2(α) − 4αQPp

(α) < 0
å

P ð~ìPó»ê¦ó»óï¦éjõ ìPï�öTì
xQ2

Pp
(α) + yQ2

Pp−1
(α) + zQPp

(α)QPp−1(α) < 0
õJí�ìPï

x = α5 − 7α3 + 6α �
y = −2α � z = −α4 + 9α2 − 2

å } éxìPð�ìPï�öTì y

z+βx
= −β � õJï¦ð�üð β

í¤ó»ô¦ð���ë¦ð�ô�í¤ë¼ð�Y@ê�öTìPí¤élë�v ä�{#å

xQ2
Pp

(α) + yQ2
Pp−1

(α) + zQPp
(α)QPp

(α) =

QPp
(α)

(

xQPp
(α) − βxQPp−1(α)

)

+ QPp−1(α)
(

(z + βx)QPp
(α) + yQPp−1(α)

)

=

QPp
(α)x

(

QPp
(α) − βQPp−1(α)

)

+ QPp−1(α)(z + βx)
(

QPp
(α) − βQPp−1(α)

)

< 0

�^ð�ñ
öxê¦óð (z+βx)(QPp(α)−βQPp−1
(α))

−x(QPp(α)−βQPp−1
(α))

= z+βx

−x
< β

öxë¦ô7õ&ðQê¦óð°ð�Y@ê�öTìPí¤élëÝv ä�{#å

�
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ç Ý	�Ý� Û�$à%L ^CÒ�h�n
P (2, p2, p3)

Õ�^ClC\
p3 ≥ 3 å jkh�n$Ñ l'hWo�q

u
d�n=j

v
lC\fh4lrÕ�ÑpÒ�h�c0lr^`_.h.g6ÑÃãWjkh;a�cih.h

3
÷ õ h�l

y
o0hVd]Ò�h�c0l'h�æ�d�l»j�^�g�l;d�n$_.h

1
ã0ciÑ m

u
d�n=jpd�l»j�^�g�l;d�n$_.h�a�cihid�l'h�c-lC\�d�nÝÑ c4h���s�d�ÔKl'Ñ ù ã0ciÑ m

v å Õ�h4jkh�n$Ñ l'h4o�q
P̂ (2, p2, p3)

lC\fh�a�c�d0ef\�Ñ�o�l;d�^Cn$hijpo�qbd�j�j�^Cn	a6l'Ñ
P (2, p2, p3)

d-efh�n=j�d�nfl�Ò�h�c0l'h�æ
x

l'Ñ
y
÷bZWhÞ\�d�Ò�h

λ1(P̂ (2, p2, p3)) >
√

2 + 2
√

2
÷

ß ÒYÓÃÓ9â å D ô¦í¤üð�ñ~ì�ñ�élë¦óð�Y@ê¦ð�ë¦ñ�ð�é���ìPï¦ð�élüð�
w��öxë¦ôÅò¤ð�
6
fö4��å
�

���;Ý@Ó9ÒYÝ	��Î]�$à � Ñ c
p1, p2, p3 > 0 å P (p1, p2, p3)

_id�nfn$Ñ l�o0hWd�n�^Cn=j�sf_.hij]g�s�o'a�c�d0ef\�ÑÃãWd]a�c�d0ef\
_.Ñ�g'efh._�lrc�d�Ô}Õ�^ClC\Ød

L(4, k)
÷

ß ÒYÓÃÓ9â å � í�ìPï¦élê�ìJò¤élóó�é��0îlð�ë¦ð�üPöxò¤í�ì'�Lõ&ð�öxóóê�
�ð
p1 ≤ p2 ≤ p3

å�(BëÅélüô¦ð�üJìPé�ò¤ð
öxô�öW�¦üé6é��
���7ñ�élë4ìPüPöxô¦í¤ñ~ìPí¤élë � ò¤ð~ì P (p1, p2, p3)

�^ð°öxë¼í¤ë¦ô¦ê¦ñ�ð�ôÅóê��¦îlüPö��¦ï¼é��
G
ñ�éló��^ð�ñ~ìPüPöxòÃõJí�ìPï¼ö

L(4, k)
åD ó

G
í¤ó��¦í���öxüÄìPí�ìPð � P (p1, p2, p3)

ô¦é6ð�óë  ì&ï�ö,�lð¯é6ô¦ô�ñ��6ñ�ò¤ð�ó�öxë¦ô	ìPï¦ð pi  ó&öxüð¯öxò¤ò¦é6ô¦ôfélüWöxò¤ò¦ð��lð�ëÃå/�óí¤ë¦î	ð�Y@ê�öTìPí¤élë�v>ù�{�öxë¦ôR�¦üé��^ð�üÄì'�ÅäÀõ&ð°é���ìUöxí¤ë}
QP (p1,p2,p3)(2) = p1p2p3 − p1p2 − p1p3 − p2p3 − 3p1 − 3p2 − 3p3 − 5

íC{ � í¤üóÄìJöxóóê�
�ð�ìPï�öTì
p1, p2, p2

öxüð�é6ô¦ôÃå
þ5�7ò¤ð�
6
fö�ýÀõ&ð°ï�ö,�lð

p1 ≥ 3
öxë¦ô����¼ò¤ð�
6
föÀùÀõ&ðQï�ö,�lð

p2 ≥ 5
å

• (;�
p1 = 3

öxë¦ô
p2 = 5

ìPï¦ð�ë
QP (p1,p2,p3)(2) = 4p3 − 44 ≥ 0

í&�
p3 ≥ 11

• (;�
p1 = 3

öxë¦ô
p2 ≥ 7

ìPï¦ð�ë
QP (p1,p2,p3)(2) ≥ 2p3 − 14 ≥ 0

v �^ð�ñ
öxê¦óð
p3 ≥ p2 ≥ 7

{
• (;�

5 ≤ p1 ≤ p2 ≤ p3
ìPï¦ð�ë

QP (p1,p2,p3)(2) ≥ p3 − 5 ≥ 0
å

QP (p1,p2,p3)(2) ≥ 0
í�
6�¦ò¤í¤ð�ó�ìPï�öTì

P (p1, p2, p3)
ï�öxó�ìBõ&é ð�í¤îlð�ë��xöxò¤ê¦ð�ó�îlüð
öTìPð�ü	ìPï�öxëÂélü�ð�Y@ê�öxò

ìPé
2
vºõ&ð	öxò¤üð
öxôU��÷@ë¦éjõû����ò¤ð�
6
föLä�ìPï�öTì

P (p1, p2, p3)
ï�öxó°öTì«ò¤ð
öxóÄì�élë¦ðÀð�í¤îlð�ë��xöxò¤ê¦ðÀóÄìPüí¤ñ~ìPò&�

îlüð
öTìPð�üfìPï�öxë
2
{�öxë¦ôßóí¤ë¦ñ�ð©ö ò¤élò¤ò¤í��^é�� ï�öxóLélë¦ò&�Âélë¦ð�ð�í¤îlð�ë��xöxò¤ê¦ð�îlüð
öTìPð�üfìPï�öxë

2
vºìPï¦ð�élüð�


ælæ3{ � ìPï¦ð7í¤ë4ìPð�üòeöxñ�í¤ë¦î¼ìPï¦ð�élüð�
 �¦üé��6í¤ô¦ð�ó	ö�ñ�élë4ìPüPöxô¦í¤ñ~ìPí¤élë ð0+�ñ�ð���ì�õJï¦ð�ë
p1 = 3 � p2 = 5

öxë¦ô
p3 ∈ {5, 7, 9} åD ñ�ñ�élüô¦í¤ë¦î�ìPé�ìUö��¦ò¤ð�ó®��öxë¦ô�ælæ � P (3, 5, p3)

ñ
öxë¦ë¦éxì®�^ð«öQñ�élë¦ë¦ð�ñ~ìPð�ô¼ñ�é�
6�^élë¦ð�ë4ì&é���öQîlüPö��¦ï
ñ�éló��^ð�ñ~ìPüPöxò;õJí�ìPï

L(4, k)
�^ð�ñ
öxê¦óð

λ1(P (3, 5, p3)) < 2.195
õJï¦í¤ò¤ð

λ1(L(4, k)) ≥ λ1(L(4, 5)) >

2.195
õJï¦ð�ë

k ≥ 5
å�Ü6é©ìPï¦ð�üð¼í¤ó	ö±ë¦ð~õ �lð�üÄìPð0+

x
öxô3QPöxñ�ð�ë4ì	ìPé©élë¦ðb�lð�üÄìPð0+

y
é��

P (3, 5, p3)v>öxë¦ôélë¦ò&��élë¦ðW�^ð�ñ
öxê¦óð�éxìPï¦ð�üÄõJí¤óð�ìPï¦ð�üð�ð0+�í¤óÄìPó
r, s ∈ N

óê¦ñUï ìPï�öTì
P (1, r, s)

í¤ó°öxë©í¤ë¦ô¦ê¦ñ�ð�ô
óê��¦îlüPö��¦ïÂé��

G
õJï¦í¤ñUïÂí¤ó	í�
6�^élóóí��¦ò¤ðp��� ò¤ð�
6
föý�{#å P ð~ì

H
�^ð¼ìPï¦ðÅóê��¦îlüPö��¦ï´í¤ë¦ô¦ê¦ñ�ð�ô"���

P (3, 5, p3)
öxë¦ô

x � ô¦ð�ë¦éxìPð-���
u
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