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Abstract

A subsequence of the sequence (1,2,...,n) is called a 3-AP-free sequence if it
does not contain any three term arithmetic progression. By r(n) we denote the
length of the longest such 3-AP-free sequence. The exact values of the function
r(n) were known, for n < 27 and 41 < n < 43. In the present paper we determine,
with a use of computer, the exact values, for all n < 123. The value r(122) = 32
shows that the Szekeres’ conjecture holds for k = 5.

1 Introduction

Let (n) denote the sequence (1,2, ...,n). A subsequence (ay, ..., ax) of (n) is called a 3-AP-
free sequence if it does not contain any three elements a,, a4, a, such that a,—a, = a, —a,,
or in other words if it does not contain any three term arithmetic progression. By r(n)
we denote the length of the longest 3-AP-free sequences in (n). Sometimes (see [1]) the
problem is equivalently presented in the set version. A subset S C {1,2,...,n} is called a
3-AP-free if a + ¢ # 2b, for every distinct terms a, b, c € S. The cardinality of the largest
such subset S is equal to 7(n).

The study of the function r(n) was initiated by Erdds and Turan [2]. They determined
the values r(n), for n < 23 and n = 41 (see Table 1), proved that r(2N) < N, for
n > 8, and conjectured that lim, . 7(n)/n = 0. This conjecture was proved in 1975 by
Szemeredi [6]. Erdds and Turdn also conjectured that r(n) < n'~¢ which was shown to
be false by Salem and Spencer [4] who proved 7(n) > n!~¢/!°8lsn  The later result was
improved by Behrend [1], who showed that r(n) > n'~%/vI°e™ The first non trivial upper
bound was due by Roth [3] who proved r(n) < ifo—.

Recently Sharma [5] showed that Erdés and Turan gave the wrong value of (20) and
determined the values of r(n), for n < 27 and 41 < n < 43 (see Tables 1 and 2). Erdds
and Turéan [2] noted that there is no three term arithmetic progression in the sequence of
all numbers n, 0 < n < %(3’“ — 1), which do not contain the digit 2 in the ternary scale.
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Hence, if we add 1 to each of these numbers, we obtain the 3-AP-free sequence of length
2¥ in (3(3¥ +1)). Thus, we have
Lemma 1. r(3(3* + 1)) > 2%, for every k > 1.

The Szekeres’ conjecture (see [2]) says that r(5(3% + 1)) = 2. The values given in
2, 5] (see Tables 1 and 2) show that the conjecture is true for & < 4. The Szekeres’

conjecture has several interesting implications described in [2, 6]. In the sequel we shall
need the following lemmas from [2, 5].

Lemma 2. If (a1,...,ax) is a 3-AP=free sequence in (n) and j < ay, then also (a; —
Js ey — J) is a 3-AP-free sequence in (n).
Lemma 3. r(n+ m) < r(n) +r(m).
Lemma 4. r(n) <r(n+1) <r(n) + 1.

If r(n — 1) < r(n) then we call n a jump node. Whenever r(n —2) <r(n—1) <r(n)
we call n a double jump.

Lemma 5. Three consecutive numbers cannot be jump nodes.

In this paper we determine, using computer, exact values of r(n), for all n < 123.
The value r(122) = 32 shows that the Szekeres’ conjecture holds for & = 5. We also
determined, for each jump node n < 123, b(n) — the number of the longest 3-AP-free
sequences in (n), and an example of the longest 3-AP-free sequence (see Tables 2 and 3).

2 Algorithm

In order to determine values of the function r(n) we have designed a simple decision
algorithm. This algorithm answers the question whether there is a 3-A P-free sequence of
length & in (n). The algorithm uses the values r(m), for m < n.

Algorithm 6. INPUT : 2 < £ < n — natural numbers

OUTPUT : YES if there exists 3-AP-free sequence of length &k in (n); NO otherwise.
1 : a1:=1; a9:=2; 1:=2;

2 : APseq := (ai,a9)

3 : repeat

4 : if APseq contains no 3-term arithmetic progression then
5 : APseq := (ai,as,...,a;,a;+ 1)

6 : 1:=1+1

7 : else

8 : while (1>1) and (r(n-a;) < k-1+1)

9 : 1 :=1-1;

10: APseq := (ai,ag,..,a—1,a;+ 1)

11: until (a; # 1) or 3-AP-free sequence of length k is found
12: if 3-AP-free sequence of length k is found, then return YES
13: if (a; # 1), then return NO
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The algorithm looks for a 3-AP-free sequence of length k in (n). It starts (lines 1-2)
with the sequence (1,2) of length [ = 2. At the beginning of each round of the “repeat —
until” loop (lines 3-11) the algorithm considers the sequence APseq = (ay,...,a;-1,a;)
of length [ > 2. First, it checks if the sequence contains a 3-term arithmetic progression.
If not, then it adds the element a; + 1 at the end of the sequence (lines 5-6). If APseq
contains an arithmetic progression, then it looks for the next sequence to consider (lines
8-10). The first candidate is the sequence (ay,...,a;—1,a;+1), but if r(n—a;) < k—1+1,
it is not possible to find remaining k — [ + 1 elements in the sequence (a; + 1,...,n)
without arithmetic progression. In this case the algorithm sets [ := [ — 1 and checks if the
sequence (ag,...,a;_1 + 1) will be good, and so on. The algorithm exits the main loop if
it finds a 3-AP-free sequence of the length k, or if a; > 1. In the later case it returns the
answer NO, because, by Lemma 2, it suffices to consider sequences which start with 1.

3 Results

We have used Algorithm 6 to determine the values of the function r(n), for all n < 120.
Observe that if we know the value 7(n), then we can obtain r(n + 1) after one application
of the algorithm with the input n+1 and k = r(n) + 1. All computations took about 30h
on personal computer. We have got the value r(120) = 30. By Lemma 1, r(122) > 32,
thus by Lemma 4, r(121) = 31 and r(122) = 32. Finally, by Lemma 5, r(123) = 32.
Tables 1, 2 and 3 present: the value of r(n), the value of b(n) — the number of the
longest 3- A P-free sequences, and an example of the longest 3-AP-free sequence in (n), for
each jump node n < 123. Table 1 contains the results obtained by Erdés and Turan [2]
and by Sharma [5]. The values for n < 20 were given by Erdés and Turdn. They also gave

| n[r(n) | b(n) | example of the longest 3-AP-free sequence |
1 1 111
2 2 1112
4 3 21124
) 4 111245
9 ) 4112489
11 6 7112451011
13 7 611245101113
14 8 111245101113 14
20 9 2112679141518 20
24 10 21125711161819 23 24
26 11 2112571116 18 19 23 24 26

Table 1: Values of r(n), b(n), and examples of the longest 3-AP-free sequences, for jump
nodes n < 26, obtained in [2, 5]. b(n) denotes the number of the longest 3-AP-free

sequences in (n)
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the wrong value r(20) = 8 and based on this value proved r(41) = 16. Sharma gave the
correct value of r(20) = 9 and a new proof of r(41) = 16. Our calculations confirm the
values given by Erdos and Turan, for n < 20, and those given by Sharma, for 20 < n < 27
and 41 < n < 43 (including the correction of the value 7(20) = 9). Tables 2 and 3 contain
the results for n > 30. As we have mentioned above, the value r(41)=16 was given in
2,5, the others are new.

| n[r(n) | b(n) | example of the longest 3-AP-free sequence

30 12 1113489112022 232728 30

32 13 21124891119 222326 28 31 32

36 14 21124891321 232627 30 32 35 36

40 15 20112451011 13 14 28 29 31 32 37 38 40

41 16 111245101113 14 28 29 31 32 37 38 40 41
51 17 14112451013 14 17 31 35 37 38 40 46 47 50 51

54 18 2112561214 1517 21 31 38 39 42 43 49 51 52 54

58 19 2112561214 1517 21 31 38 39 42 43 49 51 52 54 58

63 20 2112571116 1819 24 26 38 39 42 44 48 53 55 56 61 63

71 21 411257101720 22 26 31 41 46 48 49 53 54 63 64 68 69 71
74 22 1112791014 202223 25 29 46 50 52 53 55 61 65 66 68 73 74

82 23 101124891119 222326 28 31 49 57 59 62 63 66 68 71 78 81 82

Table 2: Values of r(n), b(n), and examples of the longest 3-AP-free sequences, for jump
nodes 27 < n < 82. The value r(41)=16 was given in [2, 5].

4 Discussion and open problems

Sharma [5] asks if every T}, = %(Sk + 1) is a jump node. Our calculations and previous
results show that, for £ < 5, every T} is a double jump and there is only one longest
3-AP-free sequence in (1), just the one described before Lemma 1. We wonder if this is
true for other k7

Using the values from Table 2 and 3 and a simple induction argument similar to
the one described in [2] we can prove that r(3n) < n, for every n > 16. Indeed, we
know that r(3n) < n, for every 16 < n < 31, and r(48) = 16. For n > 32, we have
r(3n) =r(3(n —16) +48) < r(3(n — 16)) +r(48) < n — 16 + 16 = n.
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| n|r(n) ]| bn) | example of the longest 3-AP-free sequence

84 24 111348916 18 21 22 25 30 37 48 55 60 63 64 67 69 76
77 81 82 84

92 25 141126891319 21 22 27 28 39 58 62 64 67 68 71 73 81
83 86 87 90 92

95 26 8112451011 2223 2526 31 32 55 56 64 65 67 68 76 77
82 83 91 92 94 95

100 27 211367101220 22252629 31 35626668 71727577
85 87 90 91 94 96 100

104 28 1115710111416 24 26 29 30 33 35 39 66 70 72 75 76 79
81 89 91 94 95 98 100 104

111 29 611256131519 26 27 30 31 38 42 44 66 68 72 77 80 81
84 89 93 95 99 104 107 108 111

114 30 1112491213 1819 28 30 31 33 40 45 46 69 70 75 82 84
85 87 96 97 102 103 106 111 113 114

121 31 7011245101113 14 28 29 31 32 37 38 40 41 82 83 85 86
91 9294 95109 110 112 113 118 119 121

122 32 111245101113 14 28 29 31 32 37 38 40 41 82 83 85 86
9192 9495109 110 112 113 118 119 121 122

Table 3: Values of r(n), b(n), and examples of the longest 3-AP-free sequences, for jump
nodes 83 < n <123
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