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Abstract

In 1964, Ronald Graham proved that there exist relatively prime nat-
ural numbers a and b such that the sequence {4, } defined by

Ap=Ap1+ An2 (n >2A0=a,A; = b)

contains no prime numbers, and constructed a 34-digit pair satisfying this
condition.

In 1990, Donald Knuth found a 17-digit pair satisfying the same con-
ditions. That same year, noting an improvement to Knuth’s computation,
Herbert Wilf found a yet smaller 17-digit pair.

Here we improve Graham’s construction and generalize Wilf’s note,
and show that the 12-digit pair

(a,b) = (407389224418, 76343678551)
also defines such a sequence.

Mathematical Reviews Subject Numbers: 11B39, 11N99.

1 Introduction

Ronald Graham [2] proved that there exist relatively prime natural numbers a
and b such that the sequence {A,} defined by

An = Anfl + An72 (’I’L > 21 AO = a, Al = b)
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contains no prime numbers. Graham’s pair (a,b) was
(331635635998274737472200656430763, 1510028911088401971189590305498785).
Donald Knuth [4] found the smaller pair
(a,b) = (62638280004239857,49463435743205655).

Herbert Wilf [8] noted that Knuth’s computation could be improved and so found
the pair
(a,b) = (20615674205555510, 3794765361567513).

Here we show that Wilf actually generalized the system of congruences given
by Graham. By further generalizing the system, improving Graham’s construc-
tion, and applying Knuth’s method to the cases that are generated, we show that
the pair

(a,b) = (407389224418, 76343678551)

also defines such a sequence.
Graham constructed the following 18 triples of numbers (pg, my, %) such that

1. pg is prime
2. pr | F, <= n|my (F, is the Fibonacci number.)

3. The congruences x = ry (mod my) cover the integers (i.e., for every number
n, there exists a k,1 < k < 18 such that n =7, (mod my))

(3,4,1) (2,3,2) (5,5,1)
(7,8,3) (17,9,4)  (11,10,2)
(47,16,7)  (19,18,10)  (61,15,3)
(2207,32,15)  (53,27,16) (31,30, 24)
(1087,64,31)  (109,27,7) (41,20, 10)
(4481, 64,63) (5779,54,52) (2521, 60,0)

Note that the first column covers alln =1 (mod 2), the second column covers
alln=2 (mod3)and n=4 (mod 6), and the third column covers all n =0
(mod 6), which clearly covers all n.

Graham then constructed a and b such that

4. pr | A, <= n=r, (mod my)
thereby assuring that for all n, A, was composite. Knuth then minimized the a
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and b satisfying the last condition. Wilf, armed with the observation that if a < b,
then the pair (b — a,a) forms a smaller sequence, took one of the “non-minimal”
pairs found by Knuth and projected it backwards.

Does this mean Knuth had not found the minimal solution? Actually, he
had, but he found the minimal solution given the triples (pg,my,rr). Wilf’s
note amounts to the observation that adding the number i to every 7 creates
another covering of the integers. Wilf found the minimal pair given the triples
(pk, Mg, (T, +4)), by projecting backwards four steps.

In this paper, we generate all possible choices for the r; (thus finding all
possible coverings of the integers given the my) and minimize the a’s and b’s con-
structed by Knuth’s method. Thus the minimum values of a and b are determined
for the pairs (pg, mg).

2 Proof of Regularity

Before minimizing the 74, we wish to strengthen condition (3) to be

(3"). The congruences x = r, (mod my) are a regular covering (also called an
irredundant covering) [7, 3] of the integers.

(A regular covering is a covering of the integers that has no unnecessary
congruence relations. Thus a covering {(my, )} is regular if there does not exist
an i such that {(mg,r) : k # i} covers the integers.)

For if this is not the case, then we are forcing a and b to satisfy an extra
triple, and thus are perhaps not finding minimum values for a and b.

Now let us verify that the above pairs (myg,ry) form a regular covering. As-
sume not (i.e., assume at least one pair (my, ;) is not required and can be re-
moved). Take d, e, f all of the same parity and in different residue classes modulo
3, and ¢ of the opposite parity. Let us first assume that a pair (m;,r;) can be
removed from the first column. Then, by inspection, for some c¢; and ¢y where ¢;
and ¢y are of opposite parity, the first column does not cover the integers n = ¢;
and ¢y (mod 64).

Thus, the second and third columns must cover these. But note that the other
even my, (18,54,10,20,30,60) can only contribute to covering either the integers
n=c orn=c (mod 64),since c¢; and ¢y have opposite parity. Thus, at most
three of the even my contribute to covering one of these, let us say c;.

Note that for the my above to be able to cover the integers n = ¢;  (mod 64),
then they divided by their greatest common divisor with 64 must cover all of the
integers.
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Thus, the moduli (3,9,27,27,5,15) and at most three of (9,27,5,5,15,15) should
suffice to cover the integers, which by inspection is clearly not the case.

So no pairs can be removed from the first column. Note also that the first col-
umn is an ezact covering of the integers n = ¢ (mod 2) (i.e., if n Z ¢ (mod 2),
then n is not covered by the first column).

Let us now assume that a pair (my, r;) can be removed from the second column.
This means the second columns does not cover the integersn = dand e (mod 6).

Then, by inspection, the first and second columns do not cover the integers
n =d; (mod18) and n = dy (mod 54), where d; # d2 (mod 3), but d; =
dy Zc¢ (mod 2).

Again, this implies that the m; not divisible by 3 plus at most one of the
my, divisible by 3 in the third column will cover the integers n = d» (mod 54).
Thus one of the moduli (5,10,20) and one of the moduli (15,30,60) will cover the
integers n = dy  (mod 54), which is clearly false.

So the second column must cover the integers n = d and e (mod 6), which
means the third column must cover the integers n = f (mod 6). After dividing
the my, of the third column by their greatest common divisor with 6, it is clear
that none of the moduli of the third column can be removed.

Thus the covering system (my, 1) is regular, and is in fact regular for all valid
choices of the ry.

3 A Slight Improvement to Graham’s Construc-
tion

Although the given covering system is regular, this does not imply that it is the
optimal covering system (even after optimizing over the ).

Although it is not clear how to prove that one system is better than another
(without computing the minimal solution for each system), a good heuristic seems
to be choosing small pg, and using as few congruences as possible.

Note that if the second and third columns covers n = 0,2,4,5 (mod 6), as
done in Graham’s construction, then the first column need only cover n = 1,3
(mod 6). The first column of Graham’s construction covers n = 1 (mod 2),
which is perhaps overkill.

If we replace the triples (2207,32,15), (1087,64,31), and (4481, 64,63) with
the triples (23,24, 15) and (1103,48,31), we obtain a covering with smaller p
and one fewer congruence.
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Since we have proven that Graham’s system is regular, showing that this new
system is regular is rather simple. We need only show that no subset of the first
column covers n = 1,3 (mod 6).

It suffices to show that the modulus 48 cannot be removed. We assume other-
wise; but by inspection, the moduli (4, 8,16, 24) cannot cover n = 1,3 (mod 6).

Thus the new system is also regular, and the minimal solution for this system
is roughly five hundred times smaller than the minimal solution for Graham’s
system.

4 Counting the cases

Now, we determine the number of possible distinct coverings given the my above.
The first column must cover the congruences n = g (mod 6) and n = h
(mod 6), where g and h are of the same parity and g Z h  (mod 3). There are
twelve ways this can be done (order is important, since the py are distinct). There
are then two choices for the modulus 4, two for the modulus 8, and two for the
modulus 16. Thus, there are 12 x 23 = 96 ways to choose the first column.

We fix the first column (and thus g and h), and note that all the even my in
the second and third column must have r, Z ¢ (mod 2). The choice of residue
for the modulus 3 is forced. There are then six choices for the modulus 9, two for
18, three for 27, and two for the second 27. Thus, there are 6 x 2 x 3 x 2 = 72
ways that the second column can be chosen.

Finally, fixing the first and second column, and that the my divisible by 4
in the third column must not have their r; be congruent modulo 4, we see that
there are precisely five choices for the modulus 5, four for the modulus 10, three
for 15, two for 30, and two for 20. So there are 5 x 4 x 3 x 2 x 2 = 240 ways that
the third column can be chosen.

5 The Result

Now, applying Knuth’s method [4] to each of the 96 x 72 x 240 = 1658880 cases
above, we find the smallest values of a and b to be:

(a,b) = (407389224418, 76343678551)

with the triples below:
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(3,4,3) (2,3,0) (5,5,3)

(7,8,1) (17,9,5) (11,10,0)

(47,16,5) (19,18,8) (61,15,7)

(23,24,5) (53,27,11) (31,30, 16)

(1103,48,13)  (109,27,2)  (41,20,14)
(5779,54,20) (2521,60,4)

It is trivial to verify that the sequence A,, defined by a and b above will consist
of only composite terms.

6 Thanks

My thanks to Richard Guy [3] and Paulo Ribenboim [5, 6] for pointing out this
problem in their books, and the makers of PARI [1] for the use of their wonderful
program.
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