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Abstract

Given a weakly decreasing positive integer sequence A = (Aq,...,\¢) summing
to n, let x* denote the irreducible character of the symmetric group &,, indexed by
A. This representation has dimension x*(e), where e is the identity element of &,,.
Let Imm,x denote the corresponding irreducible character immanant, the function
on n x n matrices A = (a; ;) defined by

Imm, A (4) := Z Nw) 1,0, " Oy -
’LUEGn

Merris conjectured [Linear Multilinear Algebra 14 (1983) pp. 21-35] and Heyfron
proved [Linear Multilinear Algebra 24 (1988) pp. 65-78] that irreducible character
immanants indexed by “hook” sequences (k,1,...,1) satisfy the inequalities

Imm,n (A) < Immyn-11(A) _ Imm,n-—21.1(A4) - Imm,1,..1(A)

Xn(e) Xn—l,l(e) Xn_2’1’1(€) Xl"“’l(@)

whenever A is an n X n Hermitian positive semidefinite matrix. We prove that the
same inequalities hold whenever A is an n x n totally nonnegative matrix.

Mathematics Subject Classifications: 05E10, 15A15, 15A45, 15B48, 20C30

1 Introduction

A matrix A € Mat,«,(R) is called totally nonnegative if each minor is nonnegative. That
is, if for all 1,J C [n] := {1,...,n} with |I| = |J|, the submatrix A;; = (ai;)icr jes
satisfies det(A; ;) > 0. A matrix A € Mat,,«,,(C) is called Hermitian if it satisfies A* = A
where * denotes conjugate transpose. Such a matrix is called positive semidefinite if we
have y*Ay > 0 for all y € C™. It is known that this property is equivalent to the condition
that

det(Ars) =0 for all I C [n]. (1)
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For A € Mat,,«,(R), the Hermitian property reduces to A" = A.

Some inequalities satisfied by the entries of totally nonnegative matrices are also satis-
fied by the entries of Hermitian positive semidefinite matrices, with the latter inequalities
typically being discovered first. (See [32, §1] for a short exposition.) A subset of these
inequalities concern expressions of the form

Immg(A)
6(e)

where 0 : &,, — Z is an &,-character, e is the identity element of &,,, and Immy(A) is
the 8-immanant defined by

Immy(A) = Z O(w)ayw, - Gno, - (3)

weS,

: (2)

Since #(e) is the dimension of the representation having character 6, the ratio (2) is
clearly real when A is totally nonnegative. To see that it is also real when A is Hermitian
positive semidefinite, let 7,, be the real vector space spanned by all &,,-characters, and
recall that dim(7,,) equals the number of integer partitions of n, weakly decreasing positive
integer sequences A summing to n. Let A = n denote that A is a partition of n, and consider
the irreducible character basis {x* |\ F n} and induced sign character basis {e* |\ F n}
of T,. Arbitrary &,,-characters 6 satisfy

0 € spany{x* | A F n} C spang{e* |\ F n}, (4)
with
0= Z byt = Immy(A) = Z balmm (A), (5)
AFn AFn

and the Littlewood-Merris—Watkins identity [20], [24] asserts that
Imme (A) =Y det(Ay, 1,) -~ det(Ay, 1,), (6)

where ¢ = ¢()) is the number of nonzero components of A, and the sum is over all sequences
(Iy,..., 1) of disjoint subsets of [n] satisfying |/;] = A;. This number is real by (1), and
therefore by (4) — (5) the number (2) is real as well.

The study of inequalities for the expressions (2) evaluated at Hermitian positive
semidefinite matrices was originally motivated by work of Hadamard and Schur, and
was later remotivated by generalizations of Marcus and Lieb. (See [39, §1].) The study of
inequalities for the expressions evaluated at totally nonnegative matrices is motivated by
Lusztig’s work on quantum groups and their connection to total nonnegativity [22]. (See
also [30, §1].)

Barrett and Johnson [2] showed that expressions (2) with induced sign characters
satisfy

ImIiIEA(A) > Imm,.(A) 7)
e*(e) et (e)
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for all real positive semidefinite matrices if and only if \ is majorized by u, i.e., if and
only if we have A\j + -+ \; < pg + - -+ + p; for all . The author and Soskin [32] showed
that the inequalities (7) hold for all n x n totally nonnegative matrices under the same
conditions on A and p. The problem of characterizing the inequalities (7) which hold for
all Hermitian positive semidefinite matrices remains open.

Borcea—Brandén proved inequalities involving products of expressions (2) when A is
Hermitian positive semidefinite. In particular for k = 2,...,n —1 we have [5, Cor. 3.1(b)]

Imm x,n—# (A) 2 S Imm k+1,n-%-1 (A) Immx—1,n-k+1 (A) '
ek,nfk(e) = Ek+1,n7k71(e) ekfl,nkarl(e) ’ (8>
for k=1,...,n—1 and A positive definite we have [5, Cor. 3.1(c)]

(Imm€k+1,nk1(14)>kdet( = (e ) e (4) (Lo (1) ) 0

FTn—k=1(¢) hn—k=1(¢) e (e) bk (e)

Inequalities (8) — (9) are not known to hold for (invertible) totally nonnegative matrices.
Schur [28] proved that for each &,-character 6, the inequality

Immy(A)

=det(A) < o)

(10)
holds for all Hermitian positive semidefinite matrices. Stembridge [36, Cor. 3.4] showed
that it holds for totally nonnegative matrices as well. Johnson showed that for each
&,,-character 6, the permanental analog

Imm,n (A)

X" (e)
of (10) holds for totally nonnegative matrices (unpublished; see [37, p. 1088]). Lieb [1§]
conjectured the same for Hermitian positive semidefinite matrices. This statement, known

as the permanental dominance conjecture is still open.
The problems of characterizing inequalities of the form

Immy(A)

= per(4) > 5(e)

(11)

Imm 1 (A) - Imm, . (A)

YA TP

for Hermitian positive semidefinite matrices and totally nonnegative matrices are open,
with preliminary work of James [14, Appendix| and Stembridge [37, §3], not suggesting any
simple criterion with which to compare A, p. On the other hand, Merris conjectured [23,
§4] and Heyfron proved [12, Thm. 1] a characterization of the subset of inequalities (12)
which hold for Hermitian positive semidefinite matrices when A and u are hook partitions,
i.e., have the form

(12)

1"k = (k,1,...,1).
k
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Theorem 1. For A an n x n Hermitian positive semidefinite matriz we have
Imm,n(A) < Imm, 11 (A)  Immye—z10(A) - Immya,a(A4) _
X"e) T oxmTh(e) T xmRM(e) T T xhl(e)
We will prove that the same inequalities hold whenever A is totally nonnegative. In
Section 2 we review symmetric functions and traces. In Sections 3 — 4 we discuss chromatic

symmetric functions, posets, and their applications to total nonnegativity. This leads to
two proofs of our main theorem in Section 5.

per(A) =

2 Symmetric functions and &,,-traces

Inside of 7, the Z-module span,{x* |\ F n} of virtual characters is isomorphic to the
Z-module A,, of homogeneous symmetric functions of degree n. Six standard bases of A,
consist of the monomial {my | A F n}, elementary {e, |\ F n}, (complete) homogenous
{hx| A F n}, power sum {p)|A F n}, Schur {sy|A F n}, and forgotten {f\|\ F n}
symmetric functions. (See, e.g., [34, Ch. 7| for definitions.) An involutive automorphism
w: A — A defined by w(ey) = hy, for all k acts on these bases of A,, by

w(sr) = sy, w(my) = fa, w(ex) = hy, w(py) = (=1)"Wpy,
where we define the transpose partition A" = (Al, ... ,)\T/\l) of A by
=#{jl A =i}
Linking these two Z-modules is the Frobenius isomorphism

Frob : span, {x*| A F n} — A

0 }_> - Z pctype(w

wEGn

(13)

where ctype(w) is the cycle type of w. This maps the bases of irreducible characters,
induced sign characters, and induced trivial characters of &,, to the Schur, elementary,
and homogeneous bases of A,,, respectively,

A AL Gn DN
X" — Sy, €= sgnTGA — ey, nt = trlvTGA — hy.

Here G, is the Young subgroup of &,, indexed by A. (See, e.g., [27].) The power sum,
monomial, and forgotten bases of A, correspond to bases of 7, which are not charac-
ters. We call these the power sum {Y*| X = n}, monomial {¢* |\ F n}, and forgotten
{7 | A F n} traces of &, respectively. These are the virtual character bases related to
the irreducible character bases by the same matrices of character evaluations and Kostka
numbers that relate power sum, monomial, and forgotten symmetric functions to Schur

functions,
Py = Z Xu(/\)Sl“ S\ = Z K/\,um;m S\ = Z K}Tuflm
1 1

M= OO X =D Ko, Z Ky,
H H
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where x*(\) := x*(w) for any w € &,, having cycle type A\. The power sum traces of T,
also have the natural definition

zy if ctype(w) = A,
P = {2 T epelt) (15)
0  otherwise,

where zy = A\ --- Maq! - - - a,! and «; is the number of components of A equal to 7.

The character evaluations x*(\) can be performed using the Murnaghan—Nakayama
rule, or in the special case that A = 1", the hooklength formula. (See, e.g., [34, §7.17,
§7.21].) Alternatively, for p = (u1,...,p.) F n, the number x*(1") = x*(e) counts
standard Young tableaux of shape u. A Young diagram of shape p consists of r left-
justified rows of boxes with u; boxes in row i, and a standard Young tableau of shape p
is a filling of this with 1,...,n, so that entries strictly increase in rows and columns. For
example, in &, we have x*'(e) = 3:

2 3 4
1]3[4) 1]2]4) 1]2]3]

When p is a hook partition, this leads to the following simple expression.

Observation 2. We have x*'" " (e) = (171).

Proof. Filling a Young diagram of shape k1"~* with {1,...,n}, we place 1 in position
(1,1), we choose k —1 letters from {2,...,n} to follow it in row 1 in increasing order, and
we place the remaining letters in column 1 in increasing order. O

The Kostka number K , equals the number of semistandard Young tableaux of shape
A and content p, i.e., Young diagrams of shape A filled with p; ones, us twos, etc., so
that entries strictly increase in columns and weakly increase in rows. For example, when
A = 411 we have Ky11.2011 = Ka11,3111 = 3:

4] 3] 4] 4] 3]
;12 ;12 ;13 2 .2 :
1l1]2]3] [1]1]2]4] [1 s3] [1]1]1]4]

112]2] Ti]2)

When A is a hook partition k1%, we have a simple formula for K A,n Which depends only
upon k and the number ¢(u) of components of p. This leads to a simple expansion of the
corresponding irreducible characters in terms of monomial traces.

Proposition 3. For each hook partition k1"~* = n and each arbitrary partition = n,
we have ) — 1
M —
Kk‘]_n_k,u: ( n_k' ), (16)
and therefore

ey () s (7)

{=n—k+1 ukn
p)=¢

o
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Proof. To see (16), observe that for k = 1,...,n, each semistandard Young tableau U
of shape k1"* and content p has the entry 1 in position (1,1). The remaining n — k
entries of column 1 must be distinct, must be chosen from the set {2,...,¢ = ¢(u)}, and
must appear in increasing order. There are (ﬁj{) ways to choose these. The remaining
k — 1 entries of row 1 are then uniquely determined by completing the multiset 1#1 - .. f#¢,

These appear in row 1 in weakly increasing order. Now apply (14) to obtain (17). [

It can be useful to record trace evaluations in a symmetric generating function. In
particular, for D € Q[S,,], we record induced sign character evaluations by defining

Y(D):=) é(D)myeQ®A,. (18)
AFn

This symmetric generating function in fact gives all standard trace evaluations 6(D). (See
(31, Prop. 2.1].)

Proposition 4. The symmetric function Y (D) is equal to

)t §
S oy =3 ELTD) S (D) = 3 D)er = S (D).

ZA
AFn AFn AFn AFn AFn

Furthermore, every element of A,, is a special case of this. (See [31, Prop.2.3].)

Proposition 5. Every symmetric function in A, has the form Y (D) for some element
D € Q[6&,].

3 Chromatic symmetric functions and posets

Certain symmetric functions which Stanley [33] associated to graphs are related by Propo-
sition 5 to a subset of the Kazhdan-Lusztig basis {C],(1) |w € &,} of Z[S,,] defined in
[17]. Specifically, this subset is {C! (1) |w € &,, avoids the pattern 312} [7, Thm.7.1].
We make this relationship precise in Proposition 8 and then state some consequences.

Define a proper coloring of a (simple undirected) graph G = (V, E) to be an assignment
k:V — {1,2,...} of colors (positive integers) to V such that adjacent vertices have
different colors. For G on |V| = n vertices and any partition A = (Ay,..., \r) F n, say
that a coloring k of G has type X if \; vertices have color i for i = 1,...,¢. Let ¢(G, \) be
the number of proper colorings of G of type A. Define the chromatic symmetric function
of G to be

Xg =Y (G, N)my. (19)

AFn

By Proposition 5, we see that for each graph G on n vertices, there exists an element
D € Q[6,,] such that Xg = Y (D). While G does not uniquely determine such an element
D, it does uniquely determine all trace evaluations 6(D). (See [31, Obs. 3.1].)

Observation 6. Let G be a graph on n vertices and let D € Q[&,,] satisfy Y (D) = X¢.
Then for each trace 0 =Y, axe* € T, we have (D) =", axc(G,\).
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For every trace 6 € 7T, Proposition 5 and Observation 6 allow us to define
0(G) :=0(D), (20)

where D is any element in Q[&,,] satisfying Y (D) = X¢. By Proposition 4, we have that
c(G,\) = €*(D) and furthermore that Xg is equal to

1)) .
S G h =Y E TG S NG = 3N G)er = TG

22\
AFn AFn AFn AFn AFn
(21)

Some conditions on graphs G and traces # imply the numbers 6(G) to be positive
and possibly to have nice algebraic and combinatorial interpretations. This is especially
true when G is the incomparability graph of a poset which is a unit interval order. (See,
e.g., [7], [29], [33].) Given a poset P, define its incomparability graph inc(P) to be the
graph having a vertex for each element of P and an edge {i,j} for each incomparable
pair of elements of P. Call the poset a unit interval order if it has no induced subposet
isomorphic to the posets

B+1)=1¢ -, (2+2):I I

For example, the following unit interval order and graph

1 2 45

4 5
P:%g, G:W (22)

3

satisfy inc(P) = G.
Given an n-element unit interval order P, it is easy to explicitly describe an element
D = D(P) € Z[G,] satisfying Y (D) = Xine(p) [31, §3].

Algorithm 7. Given unit interval order P, do
1. For each element y € P, compute 8(y) := #{x € Ple <py} —#{z € P|z >2p y}.
2. Label the poset elements 1,...,n so that we have S(1) < --- < f(n).
3. Define w = w(P) = wy - - - w,, by w; = max({i|i #p j} ~ {w1,...,wj_1}).

4. Define D =) _. v, where < is the Bruhat order on &,,.

v<w

The element D produced by Algorithm 7 is usually written C/ (1) and is called the
Kazhdan—Lusztig basis element indexed by w [17]. (See [4] for more information on this
basis and the Bruhat order.) The map P — w(P) defined by Steps 1-3 of Algorithm 7 is
a bijection from n-element unit interval orders to the n+r1 (2:) 312-avoiding permutations
in &, and gives us the following result [7, Cor.7.5]. (See [3] for more information on

pattern avoidance.)
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Proposition 8. Let P be an n-element unit interval order and w = w(P) be the corre-
sponding 312-avoiding permutation in &,. Then we have Y (C}, (1)) = Xine(p)-

For example, elements of the poset P in (22) are already labeled as in Step 2 of
Algorithm 7: (5(1),5(2),8(3),8(4), 5(5)) = (—2,—1,0,1,2). Thus we compute

w(P) =34521, D= Cn(l) = v,

v<34521

and we have Y (C4,50,(1)) = Xine(p)-

The labeling in Step 2 of Algorithm 7 [9, p.33], [38, §8.2] also associates a totally
nonnegative matrix to a unit interval order P. Define the antiadjacency matriz of a
labeled poset P to be the matrix A = (a; ;) with entries

0 ifi<py
az‘yj :{ 1 P]7 (23)

1 otherwise.

Proposition 9. For P a unit interval order labeled as in Algorithm 7, the antiadjacency
matriz A = A(P) is totally nonnegative.

Proof. Entries of A equal to 0 form a Ferrers diagram in the upper right of the matrix.
Thus each submatrix of A not having a row or column of zeros must be unitriangular or
must have repeated rows or columns. O

Combinatorial interpretations of numbers 6(inc(P)) often involve generalizations of
Young tableaux called P-tableaux, and statistics on these. Define a P-tableau of shape
A |P| to be a filling of a Young diagram of shape A with the elements of P, one per box.
For example we have the poset P and P-tableaux

5]
5 T ;154 VL5
4 214 1]2]3] 3[1]2)
P=3 5 113 (24)
1

W=[5]4]1]2]3]

The statistics we apply to P-tableaux are P-analogs of traditional permutation statis-
tics. Given a P-tableau U, let U; be the ith row (from the bottom) of U, and let U; ; be
the jth entry in row ¢. Call a position (4,7) in U a descent if U; ; >p U, j11, and a record
if Uir,...,U;j—1 <p Ui ;. Define desp(U) and recp(U) to be the numbers of descents and
records in U, respectively, and call U

1. descent-free or row-semistrict if desp(U) = 0,
2. column-strict if the entries of each column satisfy U; ; <p Uit 5,

3. standard if it is column-strict and row-semistrict.
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For example, the tableaux in (24) satisfy desp(T") = desp(U) = 0, desp(V') = desp(W) =
1, and recp(W) = 1, recp(U) = recp(V) = 2, recp(T) = 5. Tableaux T', U, are row-
semistrict, U, V', W are column-strict, and U is standard.

In terms of the above definitions, we have the following combinatorial interpretations

of trace evaluations. Interpretations of induced sign character evaluations are the simplest.
(See, e.g., [31, Eqn. (3.11)].)

Theorem 10. Let G be any (simple) graph on n wvertices, and let P be any poset on n
elements. For all \ = n we have

1. MG) is (G, \), the number of proper colorings of G of type .
2. e*(inc(P)) is the number of column-strict P-tableaux of shape \'.

Induced trivial character evaluations are also rather simple [7, Thm.4.7 (ii-b)], [31,

Thm. 3.7].

Theorem 11. Let G be any (simple) graph on n wvertices, and let P be any poset on n
elements. For all A\ = (A\y,...,\;) F n we have

1. N(G) is the number of sequences (O, ...,0,) of acyclic orientations of induced
subgraphs of G on pairwise disjoint vertex subsets of cardinalities A1, ..., \,.

2. n\(inc(P)) is the number of row-semistrict P-tableaux of shape .

While x*(G) is negative for some graphs G, even for some incomparability graphs inc(P),
Stanley and Stembridge [35, Conj. 5.1] conjectured x*(inc(P)) to be nonnegative for (3 +
1)-free posets P. Gasharov [10] proved this, and Kaliszewski [15, Prop. 4.3] showed that
when ) is a hook partition, the evaluation y*(inc(P)) is nonnegative for all posets P.
Combining these results into one statement, we have the following.

Theorem 12. Let P be an n-element poset.
1. For A n a hook shape, x*(inc(P)) is the number of standard P-tableauz of shape .

2. If P is (3 + 1)-free then for any X\ = n, x*(inc(P)) is the number of standard
P-tableaux of shape \.

Observation 2 and Theorem 12 imply that when P is an n-element chain, the hook
irreducible character evaluations x*'" " (inc(P)) = (7=1) and x*=D"""" (inc(P)) = (7))
are related by

(k— Dx™" " (inc(P)) = (n — k + Dx* " (inc(P)) (25)

for k = 2,...,n. For an arbitrary poset P no analogous equality exists, but we do have
similar inequalities.
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Lemma 13. For each naturally labeled n-element poset P and k = 2,...,n we have
(k — D)X " (inc(P)) = (n — k + 1)x* """ (inc(P)). (26)

Furthermore, the difference (k —1)x*" " (inc(P)) — (n — k 4+ 1)x* 11" (inc(P)) equals
the number of standard P-tableaux of shape k1% in which one entry of the first row is
marked and is incomparable in P to an entry in an earlier column of the tableau.

Proof. Let C, = C(P) be the set of standard P-tableaux of shape k1"~* in which one
entry of column 1 other than that in position (1,1) is marked. Let Ry = Ri(P) be the
set of standard P-tableaux of shape k1"~ in which one entry of row 1 other than that in
position (1,1) is marked. The inequality (26) asserts that |R| = |Cr—1|. To see this, we
define a family of maps {fx : Cx—1 — Ry |k = 2,...,n}, by letting f(U) be the tableau
constructed from U by removing the marked element from the first column of U, and
reinserting it as far as possible to the right in row 1 subject to the requirement that it be
a record.

To see that the map fj is well-defined, let m € [n] be the marked element in column 1
of U. Since U is standard, m must be greater than the element in position (1,1). Thus it
will certainly be inserted into positions (1,2),...,(1,k—1) or at the end of row 1, creating
a tableau of shape k1" % with one marked element in the first row. We claim that the
map fi is injective. To see this, consider a tableau V' € Ry which satisfies V' = f;.(U) for
some U € Ci_1. A marked element ¢ in row 1 of V' will necessarily be greater in P than
all elements to its left in row 1, and will be comparable in P to all elements in column 1.
To recover U, remove ¢ from row 1 of V' and insert it into the unique position of column
1 so that entries there increase. The resulting tableau will still be P-semistrict because
if the element preceding 7 in V', say h, and the element following ¢ in V', say j, satisfy
h >p j, then we have i >p h >p j, contradicting the semistrictness of row 1 of V.

To see that the difference (k—1)x*"""(P) — (n—k+1)x*" """ (P) has the claimed
interpretation, consider the elements of Ry ~\ fr(Cr_1). These are standard P-tableaux
V' which contain a marked element ¢ in row 1 which is not a record in row 1, or which is
incomparable to some element of column 1. We claim that if ¢ is not a record in row 1,
then it must be incomparable to an element to its left in row 1. Assume otherwise: that
1 follows h in row 1 with h <p ¢ and that some element j >p ¢ appears earlier than h in
row 1. Now assume that j is the rightmost such element with these properties. Then we
have j >p h. Let g be the element immediately following 7 in row 1. By our choice of j
we cannot have g >p j, and since V' is standard we cannot have j >p g. Thus j must be
incomparable to g. By our choice of j we cannot have g >p 7, and by our assumption on ¢
we cannot have g incomparable to ¢. Thus we have g <p i. But then we have g <p i <p 7j,
a contradiction. O

For example, define C;, and R;, as in the proof of Lemma 13, and consider the poset
P in (24). The set C3 consists of two tableaux. Applying f4 to these we have

EI ©) o
M\ ) "o 7 By )~ DzE
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and the difference 3x*'(P) — 2x*!(P) counts elements of R, whose first row contains
a marked element which is not a record in that row, or which is incomparable to some
element of the first column,

5 5 5 5 5
L3[4 [1fsl2@)  [@[s]2] [1]4[@[2]" [1[4]3[@]

The statement preceding Theorem 12 implies that ¢*(G) is negative for some graphs
G, even for some incomparability graphs G = inc(P). Hikita [13, Thm. 3] showed that
it is positive for G = inc(P) and P a (3 + 1)-free poset, settling the Stanley—Stembridge
conjecture [35, Conj. 5.5].

Theorem 14. For P a (3 + 1)-free poset and A+ n, we have ¢*(inc(P)) > 0.
Hikita’s proof unfortunately does not provide a combinatorial interpretation of ¢*(inc(P)).

Problem 15. Find a combinatorial interpretation for ¢*(inc(P)) which holds for all A - n
and for n-element posets P avoiding 3 + 1.

A related result for monomial traces [1, Lem. 4.1], [33, Thm. 3.3] concerns sums of the

form
0= > o (27)
pukn
)=t
Proposition 16. Let G be any (simple) graph on n vertices, and let P be any poset on
n elements. The traces {0°|1 < £ < n} satisfy

1. 0%(Q) is the number of acyclic orientations of G having £ sources,

2. 0(inc(P)) is the number of descent-free P-tableauz of shape n having £ records.

4 Applications to total nonnegativity

Nonnegative expansions of chromatic symmetric functions in the standard bases are closely
related to the immanants defined in (3) and to certain directed planar graphs. We will
make these relationships precise in Proposition 20 and state some immanantal analogs of
results from Section 3.

Define a (nonnegative weighted) planar network of order n to be a directed, planar,
acyclic digraph F' = (V| F) which can be embedded in a disc so that 2n distinguished
vertices labeled clockwise as si,...,8,,t,,...,t1 lie on the boundary of the disc, with
a nonnegative real weight c,, assigned to each edge (u,v) € E. We may assume that
S1,...,8p, called sources, have indegree 0 and that t,,...,t;, called sinks, have outdegree
0. To every source-to-sink path, we associate a weight equal to the product of its edge
weights, and we define the path matriz A = A(F) = (a; ;)i jem) by setting a; ; equal to the
sum of weights of all paths from s; to t;. For example, one planar network F' of order 3,
with edges weighted by positive numbers 1, a, ..., h, and its path matrix A are

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.23 11



S3 d ols

N/ fl ih1 1 be bh
ety, A= |a abtacte+f abh+ fh+eh+eg|. (28)
0

F =95
:a bé ’:C d+e+ f dh+eh+fh+eg+dg
1 1

S1 00— .tl

A result often attributed to Lindstrém [19] but proved earlier by Karlin and McGre-
gor [16] asserts the total nonnegativity of such a matrix.

Theorem 17. The path matrix A of a nonnegative weighted planar network F of order
n is totally nonnegative. Moreover, the nonnegative number det(A) equals

> wat(r),

where the sum is over all families T = (my,...,7,) of pairwise nonintersecting paths in
F, with m; a path from s; tot; fori=1,...,n, and where
wgt(m) = wgt(m) - - - wegt(m,). (29)

Thus by inspection of the network F' in (28), its path matrix A satisfies det(A) = fdg.
The converse of Theorem 17 is true as well. That is, path matrices are essentially the
only examples of totally nonnegative matrices [6], [8], [21], [41].

Theorem 18. For each n x n totally nonnegative matriz A, there exists a nonnegative
weighted planar network of order n whose path matrixz is A.

Also belonging to the subject of total nonnegativity are polynomial functions
fx) = f(z11, 219, Tnn) € Z[T11, 2125+ -, Ty
having the property that
f(A) = flar1,a19,. .., ann) =0

for all totally nonnegative matrices A = (a; ;). Interest in such polynomials comes from
the fact that elements of a certain dual canonical basis of Z[z1 1,219, ..., %y,] have this
property [22]. (See also [26].) Certainly subtraction-free polynomials such as Immya(z)
are totally nonnegative. (See (15).) Sums of products of minors such as Imma () in (6)
are as well, as are the analogous sums of products of permanents [20], [24]

Imm,x(A) = Z per(Ap 1) - -per(Ap,1,). (30)

The total nonnegativity of other polynomials is less obvious. For instance, Stembridge
showed that all character immanants are totally nonnegative [36, Cor. 3.3].
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Theorem 19. For A F n the polynomial Imm, () is totally nonnegative.

For some totally nonnegative polynomials Immg(x), one can combinatorially interpret
the evaluation Immgy(A) when A is a totally nonnegative matrix. Such an interpretation
typically employs a planar network F' having path matrix A, guaranteed to exist by
Theorem 18, and families of paths in F' from all sources to all sinks. In particular, for a
multiset K of edges of F', let II.(K) denote the set of all path families 7 = (7q,...,7,)
with 7; a path from source 7 to sink ¢, whose multiset of edges is K. Call K a bijective
skeleton in F if 11, (K) is nonempty. Define wgt(K') to be the product of weights of edges
in K, with multiplicities, so that wgt(m) = wgt(K) for all 7 € II.(K). For each path
family m € II.(K'), define the poset P = P(m) by declaring m; < 7; if i < j as integers
and m; does not intersect 7;. We will refer to the union of P(7)-tableaux, over all path
families 7 covering a bijective skeleton of F,

{U a P(m)-tableau|m € II.(K), K a bijective skeleton in F'} (31)

as the set of F'-tableaux. These are fillings of Young diagrams with path families in F'
For F-tableau U containing path family 7 € II.(K), we define wgt(U) := wgt(K).
For example, consider the network F'in (28) and three multisets of edges

K1:w7 KQiﬁ’ ngwy (32)

where the marked edge in K3 has multiplicity 2. The multisets have weights wgt(K;) =
feh, wgt(K3y) = abfh, wgt(K3) = f?h. The path families 7, p, o, 7 defined by

3 5 - o P3 -, 03 . W T3

2 02

satisfy TI.(Ky) = {m, p}, I.(K3) = {0}, II.(K3) = {7}, and have posets

o T3 P2 P3 O3 T2 T3
rm=N. ro=\. ro=]s o=\
™ P1 o1 1

The standard F-tableaux

Uk E 03 T3
m 7T2" P1 Pz" o1|02|’ 1 7’2\

have weights feh, feh, abfh, f*h, respectively.

For an n x n totally nonnegative matrix A and a trace § € 7,, we may compute
Immy(A) by considering a planar network F' having path matrix A, the union over bijective
skeletons K of path families 7 € II.(K), and the corresponding chromatic symmetric
functions Xine(p(x)). Specifically, we have the following [31, Cor. 4.6].
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Proposition 20. For F' a planar network having path matriz A and 0 € T,,, we have

Immy(A) = > wgt(K) Y O(inc(P(m))), (34)

welle (K)

where K waries over all bijective skeletons in F. If for all posets P, 6(inc(P)) counts
P-tableaux having a particular property, then we have

Immy(A) = wgt(U), (35)

where the sum s over F-tableauxr U having the property.
Proposition 20 has the following consequence [31, Cor. 4.7].

Corollary 21. If 0 € T, satisfies O(inc(P)) = 0 for all posets P, then the polynomial
Immy(x) is totally nonnegative.

By Theorems 10 — 12, Corollary 21 applies to induced sign character immanants,
induced trivial character immanants, and irreducible character immanants indexed by
hook partitions. It does not apply to irreducible character immanants in general, because
we have x*(inc(P)) < 0 for some \, P.

Theorem 22. For k < n, the polynomial Immxklnfk (x) is totally nonnegative. In partic-
ular, for A the path matriz of planar network F, we have

im0k (A) =Y wet(U),
U

where the sum is over all standard F-tableaux of shape k1",
Problem 23. Combinatorially interpret the numbers Imm,(A) in Theorem 19.

Corollary 21 also does not apply to monomial traces, which satisfy ¢*(inc(P)) < 0
for some A\, P. Nevertheless, Stembridge conjectured that monomial trace immanants are
totally nonnegative [37, Conj.2.1].

Conjecture 24. For A - n the polynomial Immg () is totally nonnegative.
Some evidence for Conjecture 24 follows from Hikita’s result in Theorem 14.

Proposition 25. If A is the antiadjacency matriz of a unit interval order labeled as in
Step 2 of Algorithm 7, then for all X\ =n we have that Immgyx(A) > 0.

Proof. Let A be the antiadjacency matrix of unit interval order P, labeled as in Step 2
of Algorithm 7, and let w be the 312-avoiding permutation associated to P by Step 3 of
Algorithm 7. It is well known that the entries of A which are equal to 1 form a Ferrers

shape, and that we have
1 if o <w,
A1p, " A, =

0 otherwise.
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(See, e.g., [40, Prop. 19, Prop. 22].) Thus we have

T (4) = 32 A @), = 30N 0) = (3 0) = 2 (CL ().

veES, v<w v<w
By Proposition 8 this number is ¢*(inc(P)), and by Theorem 14 it is nonnegative. O

More evidence for Conjecture 24 follows from the Stanley—Athanasiadis results in
Proposition 16.

Proposition 26. For ¢ =1,...,n, the sum

Z Imm g () (36)
ukn
p)=t

of monomial immanants is a totally nonnegative polynomial. In particular, for A the path
matriz of planar network F, we have

> Immgu(A) = > wet(U), (37)
e .

where the sum is over row-semistrict F-tableauz U of shape n having £ records.

Proof. Fix a totally nonnegative matrix A and define the trace

0= > o (38)

pkEn
L(u)=¢

so that the left-hand side of (37) is Immg:(A). By Proposition 20 we have that

Immyg:(A) = ngt(K) Z 0 (inc(P(r))),

melle (K)

where the first sum is over all bijective skeletons K in F'. By Proposition 16, the inner sum
equals the number of descent-free P(7)-tableaux of shape n having ¢ records. Equivalently,
it equals the number of row-semistrict F-tableaux of shape n having ¢ records. Thus the
evaluation (37) has the desired interpretation. Since each such F-tableau has weight
wgt(K) > 0, the polynomial (36) is totally nonnegative. O

For example, let F', A be as in (28). The path families 7, p, o, and 7 in (33) lead to
7 tableaux having 2 records (in positions 1 and 2):

mmelms],  [mfmalmal |pafeafes), [orlesleel, noslea],  [n[melms], [m7sma).

The weights of these tableaux, as described in (32)—(33), lead to the computation
Immgz(A) = 4feh + abfh + 2f*h in (37).
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5 Main result and open problems

We now show that Heyfron’s inequalities (Theorem 1) hold not only for Hermitian positive
semidefinite matrices, but also for totally nonnegative matrices.

Theorem 27. For each n x n totally nonnegative matriz A we have

Immyn(A) _ Immyn-11(A) _ Immyn-—21.1(A) Imm, 1.1 (A)
per(A) = X > > o> X et A).
(4) x"(e) X"t (e) X 21 (e) Xt (e) =

Equivalently, for k= 2,...,n, the difference

Immxklnfk (I‘) Immx(k,1)1n7k+l (.CL') Immxklnfk (l‘) Immx(k,1)1n7k+1 (:IZ‘)

n— - n— = n— - n— (39)
X)) (1) (i2)
1s a totally nonnegative polynomial.
First proof. Multiplying (39) by %, we have
(k = DImm, gn—r (2) = (n — k + DImm_ e pyin-r1 (). (40)

Let A be an n x n totally nonnegative matrix. By Theorem 18, we may choose a planar
network F’ whose path matrix is A. By Theorem 22, the evaluation of (40) at A equals

(k= 1)) " wgt(m)d(m) — (n — k+ 1)) wet(m)di_ ()

- (41)
- ngt(ﬂ‘)[(k — Ddy(m) — (n — k + 1)dg_1 ()],

where dj,(7) is the number of standard m-tableaux of shape k1%, and the sums are over
me | JIm(K)
K

with K varying over all bijective skeletons in F'. By Lemma 13 the difference in square
brackets in the last sum equals the number of standard P(m)-tableaux of shape k1"~*
with one marked entry in columns 2, ...,k which is incomparable to at least one entry in
an earlier column. Since this number and wgt(7) are nonnegative, the evaluation (41) is
nonnegative. Thus the polynomial (40) is totally nonnegative and so is the polynomial
(39). O

Second proof. Define the traces 0',... 0" as in (27). By Proposition 3 we have that the
hook irreducible character immanant indexed by k1"~* belongs to the n-dimensional space
spanned by Immg: (), ..., Immgn(x). Specifically,

Tmm -k (z) = zn: (ﬁ :z) Tmmge (). (42)

l=n—k+1
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It follows that for k = 2,...,n, the difference (39) expands in the basis of #*-immanants
as cx1Ilmmeg (z) + - - - + ¢ nImmgn (z) with nonnegative coefficients

—1 —1 0 ifﬁZL...,n—k‘,
Cho = nllc> . (nlerl) _ ZT_f (E:}C) .
7 (Z—l) (2—2) (nfl) ifl=n—-k+1,...,n.
k—1

By Proposition 26, each immanant Immge(x) is a totally nonnegative polynomial. Thus
for k = 2,...,n the difference (39) is as well. O

Theorem 27 thus provides some progress on the problem of understanding (12).
Problem 28. Characterize the pairs (A, i) of partitions satisfying
Imm,(A) - Imm,.(A)
xAe) X*(e)

for all totally nonnegative or Hermitian positive semidefinite matrices.

(43)

Generalizing Heyfron’s inequalities, Pate [25] proved that if A, p are two partitions of
n, with & the multiplicity of A; in A = (Ay,...,\¢) and
=M =1, =L Ay, A 1, 1), 44
p= (M k k+1 ¢ ) (44)
k
then we have (43) for all Hermitian positive semidefinite matrices. In other words, the

Young diagram of p is obtained by removing the rightmost column of the Young diagram
of A and by appending this to the first column, for example

A= (4,4,3,2) = . p=(3,3,3,2,1,1) =

Perhaps this inequality holds for totally nonnegative matrices as well.

Problem 29. Decide if Pate’s inequality, i.e., (43) for A, u satisfying (44), holds for all
totally nonnegative matrices.

Theorem 27 and its proofs suggest several other open problems. Haiman [11, Conj.?.l]
has conjectured that certain g-analogs ng;I\ and C’ (q) of the monomial trace ¢* and
Kazhdan-Lusztig basis element C! (1) satisfy

£(w)

¢y(q > C,,(q)) € N[q]

for all A and all w. (See [11] for definitions.) Perhaps the following weaker statement
would be easier to prove.
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Problem 30. Show that for £ =1,...,n and all w € &,, we have 02((]@0;(([)) € N[q],

where
b= D &
},

AFn
L(N)=¢

This is known to be true for w avoiding the patterns 3412 and 4231. (See, e.g., [7,
Thm. 5.6], [31, Prop. 5.4].)

It would also be interesting to find an analog of the Littlewood—Merris—Watkins iden-
tities (6), (30) for the immanants {Immg.(x) | ¢ € [n]}.

Problem 31. For ¢/ = 1,...,n, find an expression for the immanant Immg(z) which
makes its total nonnegativity apparent.
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