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Abstract

Polynomial generalizations of all 130 of the identities in Slater’s list of identities
of the Rogers-Ramanujan type are presented. Furthermore, duality relationships
among many of the identities are derived. Some of the these polynomial identities
were previously known but many are new. The author has implemented much of
the finitization process in a Maple package which is available for free download from
the author’s website.

0 Introduction

0.1 Three approaches to finitization

There are at least three avenues of approach that lead to finite Rogers-Ramanujan type
identities.

∗The research contained herein comprises a substantial portion of the author’s doctoral dissertation,
submitted in partial fulfillment of the requirements for the Ph.D. degree at the University of Kentucky.
The doctoral dissertation was completed under the supervision of George E. Andrews, Evan Pugh Pro-
fessor of Mathematics at the Pennsylvania State University. This research was partially supported by a
grant provided to the author by Professor Andrews.
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1. Combinatorics and models from statistical mechanics. This approach has been stud-
ied extensively by Andrews, Baxter, Berkovich, Forrester, McCoy, Schilling, War-
naar and others; see, e.g., [7], [15], [16], [18], [17], [27], [30], [31], [36], [63], [70],
[71], [72].

2. The Strong Bailey Lemma. This method is discussed in chapter 3 of Andrews’
q-series monograph [10].

3. The method of nonhomogeneous q-difference equations. This method is introduced
in [10, Chapter 9] and studied extensively herein.

While these three methods sometimes lead to similar results, often the results are
different. Even in the cases where the different methods lead to the same finitization,
each method has its own inherent interest. For instance, from the statistical mechanics
point of view, finitization makes it possible to consider q → q−1 duality, which in the case
of Baxter’s hard hexagon model, allows one to neatly pass from one regime to another [7].
Finitizations arising as a result of the application of the strong form of Bailey’s Lemma
give rise to important questions in computer algebra as in Paule ([52] and [53]). Finally,
the method of q-difference equations has been studied combinatorially in [9]. It is this
method that will be studied in depth in this present work.

Granting the intrinsic merit of all of these approaches, a particularly interesting aspect
of the third method stems from the fact that there is no known overarching theory which
guarantees a given attempt at finitization will be successful. The fact that all of Slater’s
list succumbed to this method is evidence in favor of the existence of such an overarching
theory.

Let us now begin to study this third method in detail.

0.2 Overview of this work

In his monograph on q-series [10, Chapter 9], Andrews indicated a method (referred to
herein as the “method of first order nonhomogeneous q-difference equations,” or more
briefly as the “method of q-difference equations”) to produce sequences of polynomials
which converge to the Rogers-Ramanujan identities and identities of similar type. By ap-
propriate application of the q-binomial theorem, formulas for the polynomials can easily be
produced for what the physicists call “fermionic representations” of the polynomials. The
identities explored in [7] and [10] relate to Baxter’s solution of the hard hexagon model
in statistical mechanics [25]. In [16], Andrews and Baxter suggest some ideas for how a
computer algebra system can be employed to find what the physicists call “bosonic rep-
resentations” of polynomials which converge to Rogers-Ramanujan type products. When
we have both a fermionic and bosonic representation of a polynomial sequence which
converges to a series-product identity, the series-product identity is said to have been
finitized.

In his Ph.D. thesis [60], Santos conjectured bosonic (but no fermionic) representations
for polynomial sequences which converge to many of the identities in Lucy Slater’s paper
on Rogers-Ramanujan Type Identities [68].
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This present work extends and unifies the results found in [7], [10, Chapter 9], [16]
and [60]. Background material is presented in §1.

In §2, it is proved that the method of q-difference equations can be used to algorith-
mically produce polynomial generalizations of Rogers-Ramanujan type series, and find
fermionic representations of them. As in [16] and [60], bosonic representations need to be
conjectured, but the methods and computer algebra tools discussed in §2 indicate how
appropriate conjectures can be found efficiently.

In §3, at least one finitization is presented for each of the 130 identities in Slater’s
list [68]. In the case of some of the simpler identities in Slater’s list, the finitization
found corresponds to a previously known polynomial identity, but in many of the cases,
the identities found are new. Considerable care was taken to provide appropriate refer-
ences for the previously known, and previously conjectured identities or pieces of iden-
tities. In each case, the bosonic representations can best be understood in terms of
either Gaussian polynomials or q-trinomial coëfficients [15]. Particularly noteworthy is
the discovery that bosonic representations of a number of the finitized Slater identities
used a weighted combination of two different q-trinomial coëfficients, referred to herein as
V(L,A; q) (see (1.23)). It turns out that this “V ” function enters naturally into the theory
of q-trinomial coëfficients due to certain internal symmetries of the T0 and T1 q-trinomial
coëfficients (1.33), although its existence had previously gone unnoticed.

Section 4 contains a discussion of various methods for proving the polynomial identities
conjectured by the method of q-difference equations. Particular emphasis is placed upon
the algorithmic proof theory of Wilf and Zeilberger ([55], [76], [77], [78], [79], [80]). It
is to be noted that the author has proved every identity in §3 using the “method of
recurrence proof” discussed in Section 4, including the 1991 Santos conjectures, as well
as new polynomial identities. Thus, all of the identities in Slater’s list [68] may now be
viewed as corollaries of the polynomial identities presented in §3.

Once a series-product identity is finitized, a q → q−1 duality theory can be discussed.
In [7], Andrews describes the duality between various identities associated with the four
regimes of the hard hexagon model. An extensive study of the duality relationships among
the identities presented in §3 is undertaken in §5. A number of previously unknown
multisum identities arise as a result of this duality study.

In §6, a relaxed version of the finitization method of §2 is considered wherein we drop
the requirement that the two-variable generalization of the Rogers-Ramanujan type series
satisfy a first order nonhomogeneous q-difference equation. It is then demonstrated that
this method can be used to find several identities due to Bressoud [32], as well as to find
additional new finitizations of Rogers-Ramanujan type identities, at least one of which
arises in the work of Warnaar [72].

Finally, the appendix is an annotated and cross-referenced version of Slater’s list of
identities from [68]. Since Slater’s list of identities has been the source for further research
for many mathematicians, my hope is that others will find this version of Slater’s list
useful.
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1 Background Material

1.1 q-Binomial coëfficients

We define the infinite rising q-factorial (a; q)∞ as follows:

(a; q)∞ :=
∞∏

m=0

(1 − aqm),

where a and q may be thought of as complex numbers, and then the finite rising q-factorial
(a; q)n by

(a; q)n :=
(a; q)∞

(aqn; q)∞
for all complex n, a, and q. Thus, if n is a positive integer,

(a; q)n =
n−1∏
m=0

(1 − aqm).

In the q-factorials (a; q)n and (a; q)∞, the “q” is referred to as the “base” of the factorial.
It will often be convenient to abbreviate a product of rising q-factorials with a common
base

(a1; q)∞(a2; q)∞(a3; q)∞ . . . (ar; q)∞

by the more compact notation

(a1, a2, a3, . . . , ar; q)∞.

The Gaussian polynomial
[
A
B

]
q

may be defined 1:

[
A

B

]
q

:=

{
(q; q)A(q; q)−1

B (q; q)−1
A−B, if 0 5 B 5 A

0, otherwise.

Note that even though the Gaussian polynomial
[
A
B

]
q

is defined as a rational function,

it does, in fact, reduce to a polynomial for all integers A, B, just as the fraction A!
B!(A−B)!

simplifies to an integer. Notice that in the case where A and B are positive integers with
B 5 A, [

A

B

]
q

=
(1 − qA)(1 − qA−1)(1 − qA−2) · · · (1 − qA−B+1)

(1 − q)(1 − q2)(1 − q3) · · · (1 − qB)
, (1.1)

and so

deg

([
A

B

]
q

)
= B(A− B). (1.2)

1Variations of this definition are possible for B < 0 or B > A; see, e.g. Berkovich, McCoy, and
Orrick [30, p. 797, eqn. (1.7)] for a variation frequently used in statistical mechanics.
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lim
q→1

[
A

B

]
q

=

(
A

B

)
, (1.3)

where
(

A
B

)
is the ordinary binomial coëfficient, thus Gaussian polynomials are also called

q-binomial coëfficients.
Just as ordinary binomial coëfficients satsify the symmetry relationship(

A

B

)
=

(
A

A− B

)
,

so do Gaussian polynomials satisfy the symmetry relationship[
A

B

]
q

=

[
A

A− B

]
q

. (1.4)

Likewise, the Pascal triangle recurrence(
A

B

)
=

(
A− 1

B − 1

)
+

(
A− 1

B

)

has two q-analogs: [
A

B

]
q

=

[
A− 1

B

]
q

+ qA−B

[
A− 1

B − 1

]
q

(1.5)[
A

B

]
q

=

[
A− 1

B − 1

]
q

+ qB

[
A− 1

B

]
q

, (1.6)

for A > 0 and 0 5 B 5 A. For a complete discussion and proofs of (1.4) – (1.6), see
Andrews [6, pp. 305 ff].

We also record the easily established identity[
A

B

]
1/q

= qB(B−A)

[
A

B

]
q

(1.7)

and the asymptotic result

lim
n→∞

[
2n+ a

n + b

]
q

=
1

(q; q)∞
. (1.8)

The binomial theorem may be stated as

∞∑
j=0

(
L

j

)
tj = (1 + t)L.

The q-binomial theorem, which seems to have been discovered independently by Cauchy [33],
Heine [44], and Gauss [39], follows:
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q-Binomial Theorem. [14, p. 488, Thm. 10.2.1] or [6, p. 17, Thm. 2.1]. If |t| < 1
and |q| < 1,

∞∑
k=0

(a; q)k

(q; q)k

tk =
(at; q)∞
(t; q)∞

. (1.9)

We will make use of the following two corollaries of (1.9): The first corollary, which
appears to be due to H. A. Rothe [59],

j∑
k=0

[
j

k

]
q

(−1)kq(
k
2)tk = (t; q)j. (1.10)

may be obtained from (1.9) by setting a = q−j. The second corollary,

∞∑
k=0

[
j + k − 1

k

]
q

tk =
1

(t; q)j
, (1.11)

is the case a = qj of (1.9). If in (1.10), we replace q by q2r, set t = −qr+s and let j → ∞,
we obtain ∞∑

k=0

qrk2+sk

(q2r; q2r)k
= (−qr+s; q2r)∞, (1.12)

a formula useful for simplifying certain multisums.

1.2 q-Trinomial coëfficients

1.2.1 Definitions

Consider the Laurent polynomial (1 + x+ x−1)L. Analogous to the binomial theorem, we
find

(1 + x+ x−1)L =

L∑
j=−L

(
L

j

)
2

xj (1.13)

where (
L

A

)
2

=
∑
r=0

L!

r!(r + A)!(L− 2r − A)!
(1.14)

=
L∑

r=0

(−1)r

(
L

r

)(
2L− 2r

L− A− r

)
. (1.15)

These
(

L
A

)
2
are called trinomial coëfficients, (not to be confused with the coëfficients which

arise in the expansion of (x+ y + z)L, which are also often called trinomial coëfficients).
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The two representations (1.14) and (1.15) of
(

L
A

)
2

give rise to different q-analogs due
to Andrews and Baxter [15, p. 299, eqns. (2.7)–(2.12)]: 2

(
L,B; q

A

)
2

:=
∑
r=0

qr(r+B)(q; q)L

(q; q)r(q; q)r+A(q; q)L−2r−A
=

L∑
r=0

qr(r+B)

[
L

r

]
q

[
L− r

r + A

]
q

(1.16)

T0(L,A; q) :=
L∑

r=0

(−1)r

[
L

r

]
q2

[
2L− 2r

L−A− r

]
q

(1.17)

T1(L,A; q) :=
L∑

r=0

(−q)r

[
L

r

]
q2

[
2L− 2r

L−A− r

]
q

(1.18)

τ0(L,A; q) :=

L∑
r=0

(−1)rqLr−(r
2)
[
L

r

]
q

[
2L− 2r

L− A− r

]
q

(1.19)

t0(L,A; q) :=
L∑

r=0

(−1)rqr2

[
L

r

]
q2

[
2L− 2r

L− A− r

]
q

(1.20)

t1(L,A; q) :=

L∑
r=0

(−1)jqr(r−1)

[
L

r

]
q2

[
2L− 2r

L− A− r

]
q

(1.21)

It is convenient to follow Andrews [12] and define

U(L,A; q) := T0(L,A; q) + T0(L,A + 1; q). (1.22)

Further, I will define

V(L,A; q) := T1(L− 1, A; q) + qL−AT0(L− 1, A− 1; q). (1.23)

1.2.2 Recurrences

The following Pascal triangle type relationship is easily deduced from (1.13):(
L

A

)
2

=

(
L− 1

A− 1

)
2

+

(
L− 1

A

)
2

+

(
L− 1

A + 1

)
2

. (1.24)

2Note: Occasionally in the literature (e.g. Andrews and Berkovich [19], or Warnaar [71]), superficially
different definitions of the T0 and T1 functions are used.
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We will require the following q-analogs of (1.24), which are due to Andrews and Baxter [15,
pp. 300–1, eqns. (2.16), (2.19), (2.25) (2.26), (2.28), and (2.29)]: For L = 1,

T1(L,A; q) = T1(L− 1, A; q) + qL+AT0(L− 1, A+ 1; q) + qL−AT0(L− 1, A− 1; q)
(1.25)

T0(L,A; q) = T0(L− 1, A− 1; q) + qL+AT1(L− 1, A; q)

+q2L+2AT0(L− 1, A+ 1; q) (1.26)(
L,A− 1; q

A

)
2

= qL−1

(
L− 1, A− 1; q

A

)
2

+ qA

(
L− 1, A+ 1; q

A+ 1

)
2

+

(
L− 1, A− 1; q

A− 1

)
2

(1.27)(
L,A; q

A

)
2

= qL−A

(
L− 1, A− 1; q

A− 1

)
2

+ qL−A−1

(
L− 1, A− 1; q

A

)
2

+

(
L− 1, A+ 1; q

A+ 1

)
2

(1.28)(
L,B; q

A

)
2

=

(
L− 1, B; q

A

)
2

+ qL−A−1+B

(
L− 1, B; q

A + 1

)
2

+ qL−A

(
L− 1, B − 1; q

A− 1

)
2

(1.29)(
L,B; q

A

)
2

=

(
L− 1, B; q

A

)
2

+ qL−A

(
L− 1, B − 2; q

A− 1

)
2

+ qL+B

(
L− 1, B + 1; q

A+ 1

)
2

(1.30)

The following identities of Andrews and Baxter [15, p. 301, eqns. (2.20) and (2.27
corrected)], which reduce to the tautology “0 = 0” in the case where q = 1 are also
useful:

T1(L,A; q) − qL−AT0(L,A; q) − T1(L,A + 1; q) + qL+A+1T0(L,A+ 1; q) = 0, (1.31)(
L,A; q

A

)
2

+ qL

(
L,A; q

A+ 1

)
2

−
(
L,A+ 1; q

A+ 1

)
2

− qL−A

(
L,A− 1; q

A

)
2

= 0. (1.32)

Observe that (1.31) is equivalent to

V(L+ 1, A+ 1; q) = V(L+ 1,−A; q). (1.33)

The following recurrences appear in Andrews [12, p. 661, Lemmas 4.1 and 4.2]: For
L = 1,

U(L,A; q) = (1 + q2L−1)U(L− 1, A; q) + qL−AT1(L− 1, A− 1; q)

+qL+A+1T1(L− 1, A+ 2; q). (1.34)

U(L,A; q) = (1 + q + q2L−1)U(L− 1, A; q) − qU(L− 2, A; q)

+q2L−2AT0(L− 2, A− 2; q) + q2L+2A+2T0(L− 2, A+ 3; q). (1.35)
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An analogous recurrence for the “V” function is

V(L,A; q) = (1 + q2L−2)V(L− 1, A; q) + qL−AT0(L− 2, A− 2; q)

+qL+A−1T0(L− 2, A+ 1; q). (1.36)

Proof.

V(L,A; q) = T1(L− 1, A; q) + qL−AT0(L− 1, A− 1; q) (by (1.23))

= T1(L− 2, A; q) + qL+A−1T0(L− 2, A+ 1; q)

+qL−A−1T0(L− 2, A− 1; q) + T0(L− 2, A− 2; q)

+qL+A−2T1(L− 2, A− 1; q) + q2L+2A−4T0(L− 2, A; q) (by (1.26 and 1.25))

= V(L− 1, A; q) + qL+A−1T0(L− 2, A+ 1; q)

+T0(L− 2, A− 2; q) + qL+A−2T1(L− 2, A− 1; q)

+q2L+2A−4T0(L− 2, A; q) (by (1.23))

= (1 + q2L−2)V(L− 1, A; q) + qL−AT0(L− 2, A− 2; q)

+qL+A−1T0(L− 2, A+ 1; q) (by (1.31) and (1.23)).

1.2.3 Identities

From (1.13), it is easy to deduce the symmetry relationship(
L

A

)
2

=

(
L

−A
)

2

. (1.37)

Two q-analogs of (1.37) are

T0(L,A; q) = T0(L,−A; q) (1.38)

and
T1(L,A; q) = T1(L,−A; q). (1.39)

The analogous relationship for the “round bracket” q-trinomial coëfficient ([15, p. 299,
eqn. (2.15)]) is (

L,B; q

−A
)

2

= qA(A+B)

(
L,B + 2A; q

A

)
2

. (1.40)
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Other fundamental relations among the various q-trinomial coëfficients include the follow-
ing (see Andrews and Baxter [15, §2.4, pp. 305–306]):(

L,A; q

A

)
2

= τ0(L,A; q) (1.41)

T0(L,A; q−1) = qA2−L2

t0(L,A; q) = qA2−L2

τ0(L,A; q2) (1.42)

T1(L,A; q−1) = qA2−L2

t1(L,A; q) (1.43)

τ0(L,A; q2) =

(
L,A; q2

A

)
2

= t0(L,A; q) (1.44)(
L,A− 1; q2

A

)
2

= qA−Lt1(L,A; q) (1.45)

1.2.4 Asymptotics

The following asymptotic results for q-trinomial coëfficients are proved in, or are direct
consequences of, Andrews and Baxter [15, §2.5, pp. 309–312]:

lim
L→∞

(
L,A; q

A

)
2

= lim
L→∞

τ0(L,A; q) =
1

(q; q)∞
(1.46)

lim
L→∞

(
L,A− 1; q

A

)
2

=
1 + qA

(q; q)∞
(1.47)

lim
L→∞

L−A even

T0(L,A; q) =
(−q; q2)∞ + (q, q2)∞

2(q2; q2)∞
(1.48)

lim
L→∞

L−A odd

T0(L,A; q) =
(−q; q2)∞ − (q; q2)∞

2(q2; q2)∞
(1.49)

lim
L→∞

T1(L,A; q) =
(−q2; q2)∞
(q2; q2)∞

(1.50)

lim
L→∞

V(L,A; q) =
(−q2; q2)∞
(q2; q2)∞

(1.51)

lim
L→∞

t0(L,A; q) =
1

(q2; q2)∞
(1.52)

lim
L→∞

q−Lt1(L,A; q) =
q−A + qA

(q2; q2)∞
(1.53)

lim
L→∞

U(L,A; q) =
(−q; q2)∞
(q2; q2)∞

(1.54)

1.3 Miscellaneous Results

The following result, found by Jacobi in 1829, is fundamental:
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Jacobi’s Triple Product Identity. [6, p. 21, Theorem 2.8] or [45]. For z 6= 0
and |q| < 1,

∞∑
j=−∞

zjqj2

=

∞∏
j=1

(1 + zq2j−1)(1 + z−1q2j−1)(1 − q2j) (1.55)

= (−zq,−z−1q, q2; q2)∞

Note that the asymptotics of the Gaussian polynomials and the q-trinomial coëfficients,
beside being instances of Jacobi’s Triple Product identity, are reciprocals of particular
values of ϑ-functions from the classical theory of elliptic functions. If we follow Slater[69,
p. 197 ff.] and define

ϑ2(z, q) :=
∞∑

j=−∞
qj+ 1

2 e(2j+1)iz and

ϑ4(z, q) :=

∞∑
j=−∞

(−1)jqj2

e2jiz,

where i =
√−1, we see that

ϑ4(0, q) =

∞∑
j=−∞

(−1)jqj2

=
(q; q)∞

(−q; q)∞ = (q; q)∞(q; q2)∞ =
1

limL→∞ T1(L,A;
√
q)
,

ϑ2

(
π(1 − τ

2
), q3/2

)
= (q; q)∞ =

1

limL→∞ τ0(L,A; q)
=

1

limL→∞
[
2L+a
L+b

]
q

,

ϑ2

(
π(1 − τ

2
), q2

)
=

(q2; q2)∞
(−q; q2)∞

= (q; q2)∞(q4; q4)∞ =
1

limL→∞ U(L,A; q)
.

where q = eπiτ .
The next result, due to Cauchy, is a finite form of (1.55):

n∑
j=−n

zjqj2

[
2n

n + j

]
q2

= (−z−1q; q2)n(−zq; q2)n. (1.56)

The proof of (1.56) follows from (1.10). See also Andrews [6, p. 49, Example 1].
The following two results can be used to simplify certain sums of two instances of

Jacobi’s triple product identity:
Quintuple Product Identity. The quintuple product identity was perhaps first

stated in recognizable form by G. N. Watson [73], and independently rediscovered by W.
N. Bailey [23, p. 219, eqn. (2.1)]. However, as demonstrated by Slater [69, pp. 204-205],
it can be derived from a general theorem on Weierstraß’s σ-functions [75, p. 451, ex. 3].
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Weierstraß’s results on σ-functions can be found in [74].

∞∏
j=1

(1 + z−1qj)(1 + zqj−1)(1 − z−2q2j−1)(1 − z2q2j−1)(1 − qj) (1.57)

=
∞∏

j=1

(1 − z3q3j−2)(1 − z−3q3j−1)(1 − q3j) + z
∞∏

j=1

(1 − z−3q3j−2)(1 − z3q3j−1)(1 − q3j)

or, in abbreviated notation,

(z3q, z−3q2, q3; q3)∞ + z(z−3q, z3q2, q3; q3)∞ = (−z−1q,−z, q; q)∞(z−2q, z2q; q2)∞.

Next, an identity of W. N. Bailey [23, p. 220, eqn. (4.1)]:

∞∏
j=1

(1 + z2q4j−3)(1 + z−2q4j−1)(1 − q4j) + z
∞∏

j=1

(1 + z2q4j−1)(1 + z−2q4j−3)(1 − q4j)

(1.58)

=
∞∏

j=1

(1 + zqj−1)(1 + z−1qj)(1 − qj)

or, in abbreviated notation,

(−z2q,−z−2q3, q4; q4)∞ + z(−z2q3,−z−2q, q4; q4)∞ = (−z,−z−1q, q; q)∞.

We will also require the following result:
Abel’s Lemma. [75, p. 57] or [4, p. 190]. If limn→∞ an = L, then

lim
t→1−

(1 − t)
∞∑

n=0

ant
n = L. (1.59)

And finally, the various forms of the Heine transformation of 2φ1 basic hypergeometric
series are given below.

Heine’s Transformations. See Gasper and Rahman [37, p. 241, eqns. (III.1),
(III.2), (III.3)] For |q| < 1, |z| < 1, and |b| < 1,

∞∑
j=0

(a; q)j(b; q)j

(c; q)j(q; q)j
zj =

(b, az; q)∞
(c, z; q)∞

∞∑
j=0

(c/b; q)j(z; q)j

(az; q)j(q; q)j
bj (1.60)

=
(c/b, bz; q)∞

(c, z; q)∞

∞∑
j=0

(abz/c; q)j(b; q)j

(bz; q)j(q; q)j

(c/b)j (1.61)

=
(abz/c; q)∞

(z; q)∞

∞∑
j=0

(c/a; q)j(c/b; q)j

(c; q)j(q; q)j
(abz/c)j (1.62)
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1.4 Rogers-Ramanujan Type Identities

The Rogers-Ramanujan identities (in their analytic form) may be stated as follows:
Rogers-Ramanujan Identities—analytic. Due to L. J. Rogers, 1894. If |q| < 1,

then ∞∑
j=0

qj2

(q; q)j
=

∞∏
j=0

1

(1 − q5j+1)(1 − q5j+4)
(1.63)

and ∞∑
j=0

qj(j+1)

(q; q)j
=

∞∏
j=0

1

(1 − q5j+2)(1 − q5j+3)
. (1.64)

The Rogers-Ramanujan identities are also of interest in combinatorics. The series
and products in the above theorem are generating functions for certain classes of integer
partitions. (A partition of a nonnegative integer n is an unordered representation of n
into positive integral summands. Each summand is called a part of the partition.) Indeed,
MacMahon [50, Chapter 3] realized by 1918 that the Rogers-Ramanujan identities may
be stated combinatorially as follows:

First Rogers-Ramanujan Identity–combinatorial. The number of partitions of
an integer n into distinct, nonconsecutive parts equals the number of partitions of n into
parts congruent to 1 or 4 (mod 5).

Second Rogers-Ramanujan Identity–combinatorial. The number of partitions
of an integer n into distinct, nonconsecutive parts, all of which are at least 2 equals the
number of partitions of n into parts congruent to 2 or 3 (mod 5).

By 1980, physicist Rodney Baxter had discovered that the Rogers-Ramanujan iden-
tities were intimately linked to his solution of the hard hexagon model in statistical me-
chanics. His results appear in [24], [25] and [26]. The version of the Rogers-Ramanujan
identities preferred by physicists is given next.

Rogers-Ramanujan Identities—fermionic/bosonic. If |q| < 1, then

∞∑
j=0

qj2

(q; q)j

=
1

(q; q)∞

∞∑
j=−∞

(
qj(10j+1) − q(5j+2)(2j+1)

)
. (1.65)

and ∞∑
j=0

qj(j+1)

(q; q)j
=

1

(q; q)∞

∞∑
j=−∞

(
qj(10j+3) − q(5j+1)(2j+1)

)
. (1.66)

In the language of the physicists, the left hand sides of (1.65) and (1.66) are called
“fermionic” representations, and the right-hand sides are called “bosonic” representations.
For convenience, I will adopt this terminology, and use it througout this paper. The
equality of the right-hand sides of (1.63) and (1.65) and the equality of the right-hand
sides of (1.64) and (1.66) are direct consequences of (1.55) and (1.58).

Around the same time as Baxter was working on the hard hexagon model, it was
discovered by Lepowski and Wilson [49] that Rogers-Ramanujan identities have a Lie
theoretic interpretation and proof.
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There are many series-product identites which resemble the Rogers-Ramanujan iden-
tities in form, and are thus called “identities of the Rogers-Ramanujan type.” The sem-
inal papers in the subject from an analytic viewpoint include L. J. Rogers’ papers from
1894 [57] and 1917 [58], F. H. Jackson’s 1928 paper [46], and W. N. Bailey’s papers of
1947 [21] and 1949 [22]. Around 1950, Lucy J. Slater, a student of W. N. Bailey, produced
a list of 130 identities of the Rogers-Ramanujan type as a part of her Ph.D. thesis and
published them in [68]. An annotated version of Slater’s list is included as Appendix 1.
Much of the early history of the Rogers-Ramanujan identities is discussed by Hardy in [43].
Andrews outlines much of the history through 1970 in [3].

The ideas (now known as the “Bailey pair,” “Bailey’s Lemma,” and the “Bailey trans-
form,” see [10, Chapter 3]) that proved central to the discovery of large numbers of
Rogers-Ramanujan type identities is due to Bailey [21] and was exploited extensively by
Slater in [68]. The full iterative potential of Bailey’s Lemma (dubbed “Bailey chains” by
Andrews), was explored by Peter Paule in [51] and [52] and by Andrews [8].

Seminal contributions to the combinatorial aspect of Rogers-Ramanujan type identites
were made by I. Schur ([64] and [65]), P. A. MacMahon [50], H. Göllnitz [40], and B.
Gordon ([41] and [42]). H. L. Alder [1] provided a nice survey article of Rogers-Ramanujan
history from the partition theoretic viewpoint.

Besides the contributions of Baxter listed above, other seminal contributions to the
entry of the Rogers-Ramanujan identites into physics were made by Andrews, Baxter and
Forrester [18] and [36], and by the Kyoto group [34]. Starting in the 1990’s, Alexan-
der Berkovich and Barry McCoy ([27] and [28]), sometimes jointly with William Orrick
[30] or Anne Schilling [31], along with Ole Warnaar ([70], [71], [72]), made significant
contributions to the study of Rogers-Ramanujan type identities via various models from
statistical mechanics. In [29], Berkovich and McCoy present a history from the viewpoint
of physics.

2 Finitization of Rogers-Ramanujan Type Identities

2.1 The Method of q-Difference Equations

We now turn our attention to a method for discovering finite analogs of Rogers-Ramanujan
type identities via q-difference equations. I have automated much of the process on the
computer algebra system Maple, in a package entitled “RRtools,” which is documented
in [67].

The method of q-difference equations was pioneered by Andrews in [10, §9.2, p. 88]:
We begin with an identity of the Rogers-Ramanujan type

φ(q) = Π(q)

where φ(q) is the series and Π(q) is an infinite product or sum of several infinite prod-
ucts. We consider a two variable generalization f(q, t) which satisfies the following three
conditions:
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Conditions 2.1.

1. f(q, t) =
∑∞

n=0 Pn(q)tn where the Pn(q) are polynomials,

2. φ(q) = limt→1−(1 − t)f(q, t) = limn→∞ Pn(q) = Π(q), and

3. f(q, t) satisfies a nonhomogeneous q-difference equation of the form

f(q, t) = R1(q, t) +R2(q, t)f(q, tqk)

where Ri(q, t) are rational functions of q and t for i = 1, 2 and k ∈ Z+.

Theorem 2.2. If φ(q) is written in the form

∞∑
j=0

(−1)ajqbj2+cj
∏r

i=1(diq
ei; qki)j+li

(qm; qm)j

∏s
i=1(δiq

εi; qκi)j+λi

,

where a = 0 or 1; b,m ∈ Z+; c ∈ Z;
di = ±1; ei, ki ∈ Z+, li ∈ Z for 1 5 i 5 r;
δi = ±1; εi, κi ∈ Z+; λi ∈ Z for 1 5 i 5 s; then

f(q, t) =
∞∑

j=0

(−1)ajt2bj/gqbj2+cj
∏r

i=1(dit
ki/gqei; qki)j+li

(t; qm)j+1

∏s
i=1(δit

κi/gqεi; qκi)j+λi

,

where g = gcd(m, k1, k2, . . . , kr, κ1, κ2, . . . , κs) is a two variable generalization of φ(q)
which satisfies Conditions 2.1.

Proof. First, we will demonstrate that f(q, t) satisfies condition (3):

f(q, t) =

∏r
i=1(dit

ki/gqei; qki)li

(1 − t)
∏s

i=1(δit
κi/gqεi; qκi)λi

+
∞∑

j=1

(−1)ajt2bj/gqbj2+cj
∏r

i=1(dit
ki/gqei; qki)j+li

(t; qm)j+1

∏s
i=1(δit

κi/gqεi; qκi)j+λi

=

∏r
i=1(dit

ki/gqei; qki)li

(1 − t)
∏s

i=1(δit
κi/gqεi; qκi)λi

+
∞∑

j=0

(−1)aj+at2bj+2b/gqbj2+2bj+b+cj+c
∏r

i=1(dit
ki/gqei; qki)j+li+1

(t; qm)j+2

∏s
i=1(δit

κi/gqεi; qκi)j+λi+1

=

∏r
i=1(dit

ki/gqei; qki)li

(1 − t)
∏s

i=1(δit
κi/gqεi; qκi)λi

+
(−1)at2b/gqb+c

∏r
i=1(1 − dit

ki/gqei)

(1 − t)
∏s

i=1(1 − δitκi/gqεi)
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×
∞∑

j=0

(−1)ajt2bj/gqbj2+2bj+cj
∏r

i=1(dit
ki/gqei+ki; qki)j+li

(tqm; qm)j+1

∏s
i=1(δit

κi/gqεi+κi; qκi)j+λi

=

∏r
i=1(dit

ki/gqei; qki)li

(1 − t)
∏s

i=1(δit
κi/gqεi; qκi)λi

+
(−1)at2b/gqb+c

∏r
i=1(1 − dit

ki/gqei)

(1 − t)
∏s

i=1(1 − δitκi/gqεi)
f(q, tqg)

Now that we have an explicit formula for f(q, t) and a non-homogeneous q-difference
equation (which is first order in qg) satisfied by f(q, t), one can, after clearing out denom-
inators, collect powers of t, and see that the coëfficient of tn is a polynomial Pn(q), and
thus condition (1) is satisfied.

Finally, condition (2) is satisfied as a direct consequence of (1.59).

The nonhomogeneous q-difference equation can be used to find a recurrence which the
Pn(q) satisfy, and thus a list of P0(q), P1(q), . . . , PN(q) can be produced for any N .

The fermionic representation of the finitization is obtained by expanding the rising
q-factorials which appear in f(q, t) using (1.10) and (1.11), changing variables so that the
resulting power of t is n, so that Pn(q) can be seen as the coëfficient of tn.

Obtaining the bosonic representation for Pn(q) is trickier, and requires conjecturing
the correct form. Note that the RRtools Maple package contains a number of tools to aid
the user in making an appropriate conjecture; see [67].

After the proposed polynomial identity is (correctly) conjectured, it can be proved by
one of the techniques discussed in § 4.

2.2 A Detailed Example

To serve as a prototypical example, we will examine the finitization process on identity
(A.7) from Slater’s list, an identity due to Euler:

∞∑
j=0

qj2+j

(q2; q2)j
=

∞∏
j=1

(1 + q2j) (2.1)

Due to its extreme simplicity, it is hoped that the general method will be made transpar-
ent. There are various “short cuts” which will be not be exploited since such short cuts
are not applicable in more general settings.

The two variable generalization of the LHS of (2.1) is

f(q, t) =
∞∑

j=0

tjqj2+j

(1 − t)(tq2; q2)j

.

Next, we produce the non-homogenous q-difference equation. The details of the calcula-
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tion are written below.

f(q, t) =

∞∑
j=0

tjqj2+j

(t; q2)j+1

=
1

1 − t
+

∞∑
j=1

tjqj2+j

(t; q2)j+1

=
1

1 − t
+

∞∑
j=0

tj+1q(j+1)2+(j+1)

(t; q2)j+2

=
1

1 − t
+

tq2

1 − t

∞∑
j=0

(tq2)jqj2+j

(tq2; q2)j+1

=
1

1 − t
+

tq2

1 − t
f(q, tq2)

Thus, the non-homogeneous q-difference equation satisfied by f(q, t) is

f(q, t) =
1

1 − t
+

tq2

1 − t
f(q, tq2). (2.2)

Next, we find the sequence of polynomials {Pn(q)}∞n=0 as follows:
Clearing denominators in (2.2) gives

(1 − t)f(q, t) = 1 + tq2f(q, tq2),

which is equivalent to
f(q, t) = 1 + tf(q, t) + tq2f(q, tq2).

Thus,

∞∑
n=0

Pn(q)tn = 1 + t
∞∑

n=0

Pn(q)tn + tq2
∞∑

n=0

Pn(q)(tq2)n

= 1 +
∞∑

n=0

Pn(q)tn+1 +
∞∑

n=0

Pn(q)tn+1q2n+2

= 1 +

∞∑
n=1

Pn−1(q)t
n +

∞∑
n=1

q2nPn−1(q)t
n

= 1 +

∞∑
n=1

(1 + q2n)Pn−1(q)t
n.

We can read off from the last line that the polynomial sequence {Pn(q)}∞n=0 satisfies the
following recurrence relation:

P0(q) = 1

Pn(q) = (1 + q2n)Pn−1, if n = 1.
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Note that for this example, since a first order recurrence was obtained, Pn(q) is express-
ible as a finite product, and thus in some sense, the problem is done. However, the
overwhelming majority of the identities from Slater’s list yield finitizations whose min-
imimal recurrence order is greater than one, and thus not expressible as a finite product.
In such cases, we must work harder to find a representation for Pn(q) which can be seen
to converge in a direct fashion to the RHS of the original identity. Thus we continue the
demonstration:

Now that a recurrence for the Pn(q) is known, a finite list {Pn(q)}N
n=0 can be produced:

P0(q) = 1

P1(q) = q2 + 1

P2(q) = q6 + q4 + q2 + 1

P3(q) = q12 + q10 + q8 + 2q6 + q4 + q2 + 1

P4(q) = q20 + q18 + q16 + 2q14 + 2q12 + 2q10 + 2q8 + 2q6 + q4 + q2 + 1

Notice that the degree of Pn(q) appears to be n(n + 1). Being familiar with Gaussian
polynomials, we recall that the degree of

[
2n+1
n+1

]
q

is also n(n + 1) (by (1.2)), and wonder

if Gaussian polynomials might play a fundamental rôle in the bosonic representation of
Pn(q). Also, since

Π(q) =
(q, q3, q4; q4)∞

(q; q)∞
(an instance of Jacobi’s triple product identity multiplied by 1/(q; q)∞) and

lim
n→∞

[
2n + 1

n+ 1

]
q

=
1

(q; q)∞
(by 1.8),

we have further evidence in favor of the Gaussian polynomial
[
2n+1
n+1

]
q

playing a central

rôle. Using the method of successive approximations by Gaussian polynomials discussed
by Andrews and Baxter in [16]3, one can conjecture that, at least for small n, it is true
that

Pn(q) =

[
2n+ 1

n+ 1

]
q

− q

[
2n+ 1

n + 2

]
q

− q3

[
2n+ 1

n+ 3

]
q

+ q6

[
2n+ 1

n+ 4

]
q

+ q10

[
2n+ 1

n+ 5

]
q

− . . . ,

which is a good start, but the bosonic representation must be a bilateral series, i.e. a series
where the index of summation runs over all integers, not just the nonnegative integers.
Thus we employ (1.4) to rewrite the above as

Pn(q) =

[
2n+ 1

n+ 1

]
q

− q

[
2n+ 1

n− 1

]
q

− q3

[
2n+ 1

n+ 3

]
q

+ q6

[
2n+ 1

n− 3

]
q

+ q10

[
2n+ 1

n+ 5

]
q

− . . . ,

which is equivalent to

Pn(q) =

∞∑
j=−∞

(−1)jq2j2+j

[
2n+ 1

n + 2j + 1

]
q

, (2.3)

3Once again, this method is implemented as a procedure in RRtools.
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which is in the desired (bosonic) form.
Obtaining the fermionic representation for Pn(q) is more straightforward and does not

involve any guesswork:

∞∑
n=0

Pn(q)tn = f(q, t)

=

∞∑
j=0

tjqj2+j

(1 − t)(tq2; q2)j

=
∞∑

j=0

tjqj2+j
∞∑

k=0

[
j + k

k

]
q2

tk by (1.11)

=

∞∑
j=0

∞∑
k=0

tj+kqj2+j

[
j + k

j

]
q2

by (1.4)

=
∞∑

n=0

tn
∞∑

j=0

qj2+j

[
n

j

]
q2

(by taking n = j + k)

By comparing coëfficients of tn in the extremes, we find

Pn(q) =

∞∑
j=0

qj2+j

[
n

j

]
q2

. (2.4)

Combining (2.4) and (2.3), we obtain the conjectured polynomial identity

∞∑
j=0

qj2+j

[
n

j

]
q2

=
∞∑

j=−∞
(−1)jq2j2+j

[
2n + 1

n + 2j + 1

]
q

(2.5)

To see that (2.5) is indeed a finitization of (2.1), more calculations are needed:

lim
n→∞

∞∑
j=0

qj2+j

[
n

j

]
q2

= lim
n→∞

∞∑
j=0

qj2+j (q2; q2)n

(q2; q2)j(q2; q2)n−j

=
∞∑

j=0

qj2+j

(q2; q2)j

,
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and so the LHS of (2.5) converges to the LHS of (2.1).

lim
n→∞

∞∑
j=−∞

(−1)jq2j2+j

[
2n+ 1

n+ 2j + 1

]
q

=
1

(q; q)∞

∞∑
j=−∞

(−1)jq2j2+j (by (1.8))

=
1

(q; q)∞
· (q, q3, q4; q4)∞ (by 1.55)

=

∞∏
j=1

(1 + q2j),

and so the RHS of (2.5) converges to the RHS of (2.1).

2.3 Another Example

Next, let us consider Identity (A.81) from Slater’s list,

∞∑
j=0

qj(j+1)/2

(q; q2)j(q; q)j
=

(q, q6, q7; q7)∞(q5, q9; q14)∞
(q; q)∞/(−q; q)∞ (2.6)

The two variable generalization of the LHS of (2.6) is

f(q, t) =

∞∑
j=0

tjqj(j+1)/2

(t2q; q2)j(t; q)j+1
. (2.7)

Thus, the first order non-homogeneous q-difference equations satisfied by f(q, t) is

f(q, t) =
1

1 − t
+

tq

(1 − t)(1 − t2q)
f(q, tq). (2.8)

As before, we clear denominators, solve for f(q, t), and read off the recurrence satisfied
by the polynomials Pn(q) where f(q, t) =

∑∞
n=0 Pn(q)tn:

P0(q) = 1

P1(q) = q + 1

P2(q) = q3 + q2 + q + 1

Pn(q) = (1 + qn)Pn−1 + qPn−2 − qPn−3, if n = 3.

Now that a recurrence for the Pn(q) is known, a finite list {Pn(q)}N
n=0 can be produced:

P0(q) = 1

P1(q) = q + 1

P2(q) = q3 + q2 + q + 1

P3(q) = q6 + q5 + q4 + 2q3 + 2q2 + q + 1

P4(q) = q10 + q9 + q8 + 2q7 + 3q6 + 2q5 + 3q4 + 3q3 + 2q2 + q + 1
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Notice that the degree of Pn(q) appears to be n(n+ 1)/2, so we may be tempted to guess
that the Gaussian polynomial

[
2n+1
n+1

]
√

q
, plays the key rôle in the bosonic representation of

Pn(q), but let us look further before jumping to conclusions. Notice that the denominator
of the infinite product side of (2.6) contains (q; q)∞/(−q; q)∞, which is the reciprocal of
the limit of the T1 trinomial coëfficient (1.50), and not that of the proposed Gaussian
polynomial. Successive approximations of Pn(q) by the T1 function for small n leads to
the conjecture that the bosonic representation of Pn(q) is

Pn(q) =

∞∑
k=−∞

q(21k+1)k/2T1(n+ 1, 7k;
√
q) − q(21k+13)k/2+1T1(n + 1, 7k + 2;

√
q).

As in the previous example, the fermionic representation is easily obtained from (2.7) by
expanding each of the rising q-factorials by (1.11), and so we arrive at the conjectured
identity

∑
j=0

∑
k=0

qj(j+1)/2+k

[
j + k − 1

k

]
q2

[
n− 2k

j

]
q

(2.9)

=

∞∑
k=−∞

q(21k+1)k/2T1(n+ 1, 7k;
√
q) − q(21k+13)k/2+1T1(n + 1, 7k + 2;

√
q).

To see that the RHS of (2.9) is indeed a finitization of the RHS of (2.6), take the limit
as n → ∞ of the RHS of (2.9), apply (1.50), followed by Jacobi’s triple product identity
(1.55), and then the quintuple product identity (1.57). The analogous calculation for the
LHS is straight forward.

3 Polynomial Generalizations of the Identities

in Slater’s List

3.1 Introduction

Listed below are finite analogs of the identities on Slater’s list [68], along with recurrences
satisfied by the polynomials. For easy reference the numbering scheme corresponds to
that of Slater’s list. In some cases, more than one bosonic representation was found, such
as one that uses a q-binomial coëfficient and the other a q-trinomial coëfficient. In these
instances the equations numbers are suffixed with a “b” and “t”, respectively.

Many of these identities had been discovered previously. The identities related to
Baxter’s solution of the hard hexagon model from statistical mechanics (3.14b, 3.18b,
3.79b, 3.94b, 3.96b, 3.99b) were known to Andrews by 1981. By 1990, Andrews had
bosonic q-trinomial representations for (3.14t), (3.18t), (3.34U), and (3.36U). A number of
the identities are special cases of identities due Berkovich and McCoy, sometimes jointly
with Orrick, which may be found in [27], [28], and [30]. Note that the Berkovich-
McCoy identities first stated in [27] are proved in a later paper written jointly with Anne
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Schilling [31]. It is interesting to note that the bosonic forms of (3.2-b), (3.3-t), (3.11-b),
(3.19), (3.28), (3.29), (3.31), (3.32), (3.33), (3.49), (3.50-b), (3.54), (3.91), (3.92), (3.93),
(3.120), (3.121), (3.122), and (3.123) are specializations of bosonic forms from [27], [28],
[30], or [31], where a hypothesis is violated, e.g. in M(p, p′) models, p and p′ must be
relatively prime.

In his Ph.D. thesis [60], Santos conjectured complete bosonic forms for 36 of the
identities listed here, and provided proofs for three of them. For an additional 16 of the
identities, Santos provided a conjecture for the bosonic form for either even or odd values
of n, but not both. Santos did not provide fermionic representations. Detailed references
are provided with each of the previously known identities; the others are believed to be
new.

3.2 Identities

Observation 3.1. Identity A.1 is Euler’s pentagonal number theorem, which is an in-
stance of Jacobi’s Triple Product (Theorem 1.55 with q replaced by

√
q and z = −q3/2).

The series is bilateral in its most natural form and thus the method of q-difference equa-
tions is not applicable. Nevertheless, there are several known finitizations: e.g. Schur[64,
eqn. (30)]. See also Paule and Riese [54, p. 22, eqn. (15)] for a different finitization due
to Rogers.

Identity 3.2 (Finite forms of A.2/7). This identity is equivalent to an instance of the
q-binomial theorem: eqn. (1.10) with q replaced by q2 and t = −q2.

∑
j=0

qj2+j

[
n

j

]
q2

=
∞∑

j=−∞
(−1)jq2j2+j

[
2n + 1

n + 2j + 1

]
q

(3.2-b)

=
∞∑

k=−∞
q12k2+2kT1(n + 1, 6k + 1; q) − q12k2+10k+2T1(n+ 1, 6k + 3; q) (3.2-t)

= (−q2; q2)n (3.2-p)

P0 = 1,

Pn = (1 + q2n)Pn−1 if n = 1.

Identity 3.3 (Finite forms of A.3/23 (with q replaced by −q)). Identity 3.3-b is
an instance of the q-binomial theorem: (1.10) with q replaced by q2 and t = −q.

∑
j=0

qj2

[
n

j

]
q2

=
∞∑

j=−∞
(−1)jq2j2

[
2n

n+ 2j

]
q

(3.3-b)

=
∞∑

j=−∞
(−1)jq3j2+jU(n, 3j; q) (3.3-t)

= (−q; q2)n (3.3-p)
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P0 = 1,

Pn = (1 + q2n−1)Pn−1 if n = 1.

Identity 3.4 (Finite form of A.4).

∑
i=0

∑
j=0

∑
k=0

(−1)j+kqi2+j2+2k

[
j

i

]
q2

[
j + k − 1

k

]
q2

[
n− i− k

j

]
q2

=
∞∑

j=−∞
(−1)jqj2

U(n− 1, j; q) (3.4)

P0 = 1,

P1 = −q + 1,

Pn = (1 − q2 − q2n−1)Pn−1 + (q2 − q2n−2)Pn−2 if n = 2.

Identity 3.5 (Finite forms of A.5/9/84). Identity 3.5-b is a special case of an identity
due to Berkovich and McCoy [27, p. 59, eqn. (3.14) with L = 2n, p = 3, p′ = 4, r = 3/2,
s = 4/3, a = b = 2].

∑
j=0

q2j2+j

[
n + 1

2j + 1

]
q

=
∞∑

j=−∞
(−1)jq3j2+j

[
2n

n+ 2j

]
q

(3.5-b)

=
∞∑

k=−∞
q6k2+kT1(n+ 1, 6k + 1;

√
q) −

∞∑
k=−∞

q6k2+5k+1T1(n+ 1, 6k + 3;
√
q) (3.5-t)

= (−q; q)n (3.5-p)

P0 = 1,

Pn = (1 + qn)Pn−1 if n = 1.

Identity 3.6 (Finite form of A.6).

∑
i=0

∑
j=0

∑
k=0

qj2+i(i−1)/2+k

[
j − 1

i

]
q

[
j + k − 1

k

]
q2

[
n− j − i− 2k

j

]
q

(3.6)

=

{ ∑
k q

6k2+k
[

2m
m+3k

]
q
+ q6k2+5k+1

[
2m−1

m+3k+1

]
q

if n = 2m,∑
k q

6k2+k
[

2m
m+3k

]
q
+ q6k2+5k+1

[
2m+1

m+3k+2

]
q

if n = 2m+ 1

P0 = P1 = 1

Pn = Pn−1 + (q + qn−1)Pn−2 + (qn−2 − q)Pn−3 if n = 3

Observation 3.7. Identity (7) is (2) with q replaced by q2.
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Identity 3.8 (Finite form of A.8). Due to Berkovich, McCoy and Orrick, [30, p. 805,
eqn. (2.34) with L = n + 1, ν = 2, s′ = 1, r′ = 0]

∑
j=0

∑
k=0

qj(j+1)/2+k(k+1)/2

[
j

k

]
q

[
n− k

j

]
q

=

∞∑
j=−∞

(−1)jq2j2+jT1(n + 1, 4j + 1;
√
q) (3.8)

P0 = 1

P1 = q + 1

Pn = (1 + qn)Pn−1 + qnPn−2 if n = 2.

Observation 3.9. Identity (9) is (5) with q replaced by −q.
Identity 3.10 (Finite form of A.10/47).

∑
i=0

∑
j=0

∑
k=0

qj2+i2−i+k

[
j

i

]
q2

[
j + k − 1

k

]
q2

[
n− i− k

j

]
q2

=
∞∑

j=−∞
q2j2+j

[
T0(n, 2j; q) + T0(n− 1, 2j; q)

]
(3.10)

P0 = 1

P1 = q + 1

Pn = (1 + q + q2n−1)Pn−1 + (q2n−3 − q)Pn−2 if n = 2.

Identity 3.11 (Finite forms of A.11/51/64). Bosonic q-binomial representation con-
jectured by Santos [60, p. 74, eqn. 6.30]. Identity 3.11-b is a special case of an identity
due to Berkovich and McCoy [27, p. 59, eqn. (3.14) with L = 2n + 1, p = 4, p′ = 6,
r = s = 2, a = 4, b = 2].

∑
j=0

∑
k=0

qj2+j+k2

[
j

k

]
q2

[
n+ j − k + 1

2j + 1

]
q

=

∞∑
j=−∞

(−1)jq6j2+2j

[
2n + 1

n + 3j + 1

]
q

(3.11-b)

=
∞∑

j=−∞
q4j2+2jU(n, 2j; q) (3.11-t)

P0 = 1

P1 = q2 + q + 1

Pn = (1 + q + q2n)Pn−1 + (q2n−1 − q)Pn−2 if n = 2.

Identity 3.12 (Finite form of A.12). Bosonic representation conjectured by Santos [60,
p. 64, eqn. 6.2]. The identity is a special case of Berkovich, McCoy and Orrick [30, p.
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805, eqn. (2.34) with L = n+ 1, ν = 2, r′ = s′ = 0].

∑
j=0

∑
k=0

qj(j+1)/2+k(k−1)/2

[
j

k

]
q

[
n− k

j

]
q

=

∞∑
j=−∞

(−1)jq2j2

T1(n + 1, 4j + 1;
√
q) (3.12)

P0 = 1

P1 = q + 1

Pn = (1 + qn)Pn−1 + qn−1Pn−2 if n = 2.

Identity 3.13 (Finite form of A.13). Note: If Pi,n represents the polynomial sequence
for identity 3.i for i = 8, 12, 13, then

P13,n = P12,n−1 + P8,n−1 + qn−1P12,n−2.

∑
j=0

∑
k=0

qj(j−1)/2+k(k+1)/2

[
j

k

]
q

[
n− k

j

]
q

=
∞∑

j=−∞
(−1)jq2j2

(1 + qj)T1(n, 4j + 1;
√
q) + (−1)jq2j2+n−1T1(n− 1, 4j + 1;

√
q) (3.13)

P0 = 1

P1 = 2

Pn = (1 + qn−1)Pn−1 + qn−1Pn−2 if n = 2.

Identity 3.14 (Finite forms of the 2nd Rogers-Ramanujan Identity). Fermionic
representation due to MacMahon [50] Bosonic q-binomial representation (14-b) due to
Schur [64]. Bosonic q-trinomial representation (14-t) due to Andrews [13, p. 5. eqn.
1.12]. Identity 3.14-b is subsumed as a special case of Berkovich and McCoy [27, p. 59,
eqn. (3.14) with p = 2, p′ = 5, r = s = 1, a = 4; b = 2, 3].

∑
j=0

qj(j+1)

[
n− j

j

]
q

=
∞∑

j=−∞
(−1)jqj(5j+3)/2

[
n + 1

bn+5j+3
2

c
]

q

(3.14-b)

=
∞∑

k=−∞
q10k2+3k

(
n+ 1, 5k + 1; q

5k + 1

)
2

− q10k2+7k+1

(
n + 1, 5k + 2; q

5k + 2

)
2

(3.14-t)

P0 = P1 = 1

Pn = Pn−1 + qnPn−2 if n = 2.
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Identity 3.15 (Finite form of A.15 (with q replaced by −q)).
∑
j=0

∑
k=0

∑
l=0

(−1)lq3j2−2j+k+2l

[
j + k − 1

k

]
q2

[
j + l − 1

l

]
q2

[
n− 2j − k − l

j

]
q2

=

∞∑
j=−∞

(−1)jq10j2+3j

[
n− 2

bn+5j−1
2

c
]

q2

+ (−1)jq10j2+7j+1

[
n− 2

bn+5j
2

c
]

q2

(3.15)

P0 = P1 = P2 = 1

Pn = (1 + q − q2)Pn−1 + (q3 + q2 − q)Pn−2 + (q2n−5 − q3)Pn−3 if n = 3.

Identity 3.16 (Finite form of A.16). Bosonic representation for odd n conjectured by
Santos [60, p. 65, eqn. 6.4]

∑
j=0

∑
k=0

(−1)kqj2+2j+2k

[
j + k − 1

k

]
q2

[
n− k

j

]
q2

=
∞∑

k=−∞
q10k2+3kU(n+ 1, 5k; q) − q10k2+7k+1U(n + 1, 5k + 1; q) (3.16)

P0 = 1

P1 = q3 + 1

Pn = (1 − q2 + q2n+1)Pn−1 + q2Pn−2 if n = 2.

Identity 3.17 (Finite form of A.17). Bosonic representation conjectured for odd n by
Santos [60, p. 65, eqn. 6.6]

∑
j=0

∑
k=0

(−1)kqj2+j+k

[
j + k

j

]
q2

[
n− k

j

]
q2

=
∞∑

j=−∞
(−1)jqj(5j+3)/2T1(n+ 1, b5j+2

2
c; q) (3.17)

P0 = 1

P1 = q2 − q + 1

Pn = (1 − q + q2n)Pn−1 + qPn−2 if n = 2.

Identity 3.18 (Finite forms of the 1st Rogers-Ramanujan Identity). Fermionic
representation due to MacMahon [50]. Bosonic q-binomial representation (18-b) due to
Schur [64]. Bosonic q-trinomial representation (18-t) due to Andrews [13, p. 5, eqn.
1.11]. Identity 3.18-b is subsumed as a special case of Berkovich and McCoy [27, p. 59,
eqn. (3.14) with p = 2, p′ = 5, r = 1, s = 2, a = 3; b = 2, 3].
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∑
j=0

qj2

[
n− j

j

]
q

=
∞∑

j=−∞
(−1)jqj(5j+1)/2

[
n

bn+5j+1
2

c
]

q

(3.18-b)

=
∞∑

k=−∞
q10k2+k

(
n, 5k; q

5k

)
2

− q10k2+9k+2

(
n, 5k + 2; q

5k + 2

)
2

(3.18-t)

P0 = P1 = 1

Pn = Pn−1 + qn−1Pn−2 if n = 2.

Identity 3.19 (Finite form of A.19). Bosonic representation conjectured for even n
by Santos [60, p. 66, eqn. 6.7].

∑
j=0

∑
k=0

∑
l=0

(−1)j+k+lq3j2+k+2l

[
j + k − 1

k

]
q2

[
j + l − 1

l

]
q2

[
n− 2j − k − l

j

]
q2

(3.19)

=
∞∑

j=−∞
(−1)jqj(5j+1)/2

[
n− 1

b2n+5
4

c
]

q2

P0 = P1 = P2 = 1

Pn = (1 − q − q2)Pn−1 + (q + q2 − q3)Pn−2 + (q3 − q2n−3)Pn−3 if n = 3

Identity 3.20 (Finite Form of A.20). Bosonic representation due Santos [60, p. 23ff,
Lemmas 2.7 and 2.8]. The proof also appears in Santos [61].

∑
j=0

∑
k=0

(−1)kqj2+2k

[
j + k − 1

k

]
q2

[
n− k

j

]
q2

=
∞∑

k=−∞
q10k2+kU(n, 5k; q) − q10k2+9k+2U(n, 5k + 1; q) (3.20)

P0 = 1

P1 = q + 1

Pn = (1 − q2 + q2n−1)Pn−1 + q2Pn−2 if n = 2.

Identity 3.21 (Finite Form of A.21 (with q replaced by −q)).
∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)lqi2+j2+k+2l

[
j

i

]
q2

[
j + k − 1

k

]
q2

[
j + l − 1

l

]
q2

[
n− i− k − l

j

]
q2

=
∞∑

j=−∞
(−1)jq10j2+jU(n, 5j; q) + (−1)jq10j2+9j+2U(n, 5j + 2; q) (3.21)

P0 = 1
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P1 = q + 1

P2 = q4 + 2q2 + q + 1

Pn = (1 + q − q2 + q2n−1)Pn−1 + (−q + q2 + q3 + q2n−2)Pn−2 − q3Pn−3 if n = 3.

Identity 3.22 (Finite Form of A.22). Bosonic representation conjectured by San-
tos [60, p. 66, eqn. 6.9]

∑
j=0

∑
k=0

∑
l=0

qj2+j+k(k+1)/2+l

[
j

k

]
q

[
j + l

l

]
q2

[
n− j − k − 2l

j

]
q

=

∞∑
j=−∞

(−1)jq3j2+2jT1(n + 1, 3j + 1;
√
q) (3.22)

P0 = P1 = 1

P2 = q2 + q + 1

Pn = Pn−1 + (q + qn)Pn−2 + (qn − q)Pn−3 if n = 3.

Observation 3.23. Identity (23) is the same as (3).

Observation 3.24. The series side of (A.24) does not contain a quadratic power of q,
and so the method of q-difference equations is not applicable. Note, however, that (A.24)
can be transformed to an infinite product times (A.25) via a transformation of Heine:

∞∑
j=0

(−1; q)2jq
j

(q2; q2)j

= lim
c→0

∞∑
j=0

(−1; q2)j(−q; q2)jq
j

(c; q2)j(q2; q2)j

=
(−q2; q2)∞
(q; q2)∞

lim
c→0

∞∑
j=0

(−q; q2)j(q
2/c; q2)j(c/− q)j

(−q2; q2)j(q2; q2)j

(by 1.61)

=
(−q2; q2)∞
(q; q2)∞

lim
c→0

∞∑
j=0

(−q; q2)j(1 − q2/c)(1 − q4/c) . . . (1 − q2j/c)(c/− q)j

(q4; q4)j

=
(−q2; q2)∞
(q; q2)∞

lim
c→0

∞∑
j=0

(−q; q2)j(c− q2)(c− q4) . . . (c− q2j)(−q)−j

(q4; q4)j

=
(−q2; q2)∞
(q; q2)∞

lim
c→0

∞∑
j=0

(−q; q2)j(−1)j(c− q)(c− q3) . . . (c− q2j−1)

(q4; q4)j

=
(−q2; q2)∞
(q; q2)∞

∞∑
j=0

(−q; q2)j(−1)j(−q)(−q3) . . . (−q2j−1)

(q4; q4)j

=
(−q2; q2)∞
(q; q2)∞

∞∑
j=0

(−q; q2)jq
j2

(q4; q4)j
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Also note that the infinite product representation of (A.26) is the same as that of (A.24),
thus the polynomial sequence indicated in (3.26) is, in some sense, a finitization of (A.24)
as well as (A.26).

Identity 3.25 (Finite Form of A.25). Bosonic representation for even n conjectured
by Santos [60, p. 67, eqn. 6.11]∑

i=0

∑
j=0

∑
k=0

(−1)kqi2+j2+2k

[
j

i

]
q2

[
j + k − 1

k

]
q2

[
n− i− k

j

]
q2

=
∞∑

j=−∞
(−1)jq3j2

U(n, 3j; q) (3.25)

P0 = 1

P1 = q + 1

Pn = (1 − q2 + q2n−1)Pn−1 + (q2 + q2n−2)Pn−2 if n = 2.

Identity 3.26 (Finite Form of A.26). Bosonic representation conjectured by San-
tos [60, p. 67, eqn. 6.12].∑

j=0

∑
k=0

∑
l=0

qj2+k(k+1)/2+l

[
j

k

]
q

[
j + l

l

]
q2

[
n− j − k − 2l

j

]
q

=
∞∑

j=−∞
(−1)jq3j2

T1(n, 3j;
√
q) (3.26)

P0 = P1 = 1

P2 = 2q + 1

Pn = Pn−1 + (q + qn−1)Pn−2 + (qn−1 − q)Pn−3 if n = 3.

Identity 3.27 (Finite Form of A.27/87). Bosonic representation for even n conjec-
tured by Santos [60, p. 82, eqn. 6.50]. Bosonic representation for odd n conjectured by
Santos [60, p. 68, eqn. 6.13].

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)lq2j2+2j+i2+k+2l

[
j

i

]
q2

[
j + k

k

]
q2

[
j + l − 1

l

]
q2

[
n− j − i− k − l

j

]
q2

(3.27)

=

{ ∑
k q

12k2+4k
[

2m+1
m+3k+1

]
q2

+ q12k2+8k+1
[

2m
m+3k+1

]
q2

if n = 2m,∑
k q

12k2+4k
[

2m+1
m+3k+1

]
q2

+ q12k2+8k+1
[

2m+2
m+3k+2

]
q2

if n = 2m+ 1.

P0 = 1

P1 = q + 1

P2 = q4 + q2 + q + 1

Pn = (1 + q − q2)Pn−1 + (q2n + q3 + q2 − q)Pn−2 + (q2n−1 − q3)Pn−3 if n = 3
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Identity 3.28 (Finite form of A.28). Bosonic representation for even n conjectured
by Santos [60, p. 68, eqn. 6.14].

∑
j=0

∑
k=0

qj2+j+k2+k

[
j

k

]
q2

[
n+ j − k + 1

2j + 1

]
q

=

∞∑
j=−∞

q3j2+2jT1(n+ 1, 3j + 1; q) (3.28)

P0 = 1

P1 = q2 + q + 1

Pn = (1 + q + q2n)Pn−1 + (q2n − q)Pn−2 if n = 2.

Identity 3.29 (Finite form of A.29). Bosonic representation proved by Santos [60, p.
17, Lemma 2.3].

∑
j=0

∑
k=0

qk2+j2

[
j

k

]
q2

[
n+ j − k

2j

]
q

=
∞∑

j=−∞
q3j2+jU(n, 3j; q) (3.29)

P0 = 1

P1 = q + 1

Pn = (1 + q + q2n−1)Pn−1 + (q2n−2 − q)Pn−2 if n = 2.

Observation 3.30. Identity (30) is (24) with q replaced by −q.
Identity 3.31 (Finite form of the third Rogers-Selberg Identity). Bosonic repre-
sentation for even n conjectured by Santos [60, p. 69, eqn. 6.16].

∑
j=0

∑
k=0

(−1)kq2j2+2j+k

[
2j + k

k

]
q

[
n− j − k

j

]
q2

=

∞∑
j=−∞

(−1)jqj(7j+5)/2

[
n+ 1

b2n+7j+6
4

c
]

q2

(3.31)

P0 = 1

P1 = −q + 1

P2 = q4 + q2 − q + 1

Pn = (1 − q − q2)Pn−1 + (q2n − q3 + q2 + q)Pn−2 + q3Pn−3 if n = 3.

Identity 3.32 (Finite form of second Rogers-Selberg Identity). Bosonic represen-
tation conjectured for even n by Santos [60, p. 69, eqn. 6.17].∑

j=0

∑
k=0

(−1)kq2j2+2j+k

[
2j + k − 1

k

]
q

[
n− j − k

j

]
q2

=

∞∑
j=−∞

(−1)jqj(7j+3)/2

[
n+ 1

b2n+7j+5
4

c
]

q2

(3.32)

P0 = P1 = 1

P2 = q4 + 1

Pn = (1 − q − q2)Pn−1 + (q2n − q3 + q2 + q)Pn−2 + q3Pn−3 if n = 3.
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Identity 3.33 (Finite Form of the first Rogers-Selberg Identity). Bosonic repre-
sentation conjectured for even n by Santos [60, p. 70, eqn. 6.18].

∑
j=0

∑
k=0

(−1)kq2j2+k

[
2j + k − 1

k

]
q

[
n− j − k

j

]
q2

=

∞∑
j=−∞

(−1)jqj(7j+1)/2

[
n

b2n+7j+2
4

c
]

q2

(3.33)

P0 = P1 = 1

P2 = q2 + 1

Pn = (1 − q − q2)Pn−1 + (q2n−2 − q3 + q2 + q)Pn−2 + q3Pn−3 if n = 3.

Identity 3.34 (Finite form of the second Göllnitz-Gordon identity). Bosonic U-
representation given by Andrews [13, p. 13, eqn. 4.10]. Fermionic/U identity given by
Berkovich and McCoy [28, p. 42, eqn 2.23, with L = n + 1, ν = 2, s′ = 1, r′ = 0, and q
replaced by q2.].

∑
j=0

∑
k=0

qj2+2j+k2

[
j

k

]
q2

[
n− k

j

]
q2

=
∞∑

j=−∞
(−1)jq4j2+3jU(n + 1, 4j + 1; q) (3.34-U)

=
∞∑

j=−∞
(−1)jq12j2+5j

(
n+ 1, 4j + 1; q2

4j + 1

)
2

+ (−1)jq12j2+11j+2

(
n+ 1, 4j + 2; q2

4j + 2

)
2

(3.34-t)

P0 = 1

P1 = q3 + 1

Pn = (1 + q2n)Pn−1 + q2nPn−2 if n = 2.

Identity 3.35 (Finite form of A.35/106).

∑
i=0

∑
j=0

∑
k=0

qj(j+3)/2+i2+k

[
j

i

]
q2

[
j + k

k

]
q2

[
n− 2i− 2k

j

]
q

=
∞∑

j=−∞
(−1)jq4j2+3jV(n + 2, 4j + 2;

√
q) (3.35)

P0 = 1

P1 = q2 + 1

P2 = q5 + q3 + q2 + q + 1

Pn = (1 + qn+1)Pn−1 + qPn−2 + (qn − q)Pn−3

Identity 3.36 (Finite form of the first Göllnitz-Gordon identity). Bosonic U-
representation given by Andrews [13, p. 11, eqn. 4.4]. Fermionic/U identity given by
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Berkovich and McCoy [28, p. 42, eqn. 2.23, with L = n, ν = 2, s′ = r′ = 0 and q
replaced by q2].

∑
j=0

∑
k=0

qj2+k2

[
j

k

]
q2

[
n− k

j

]
q2

=

∞∑
j=−∞

(−1)jq4j2+jU(n, 4j; q) (3.36-U)

=

∞∑
j=−∞

(−1)jq12j2−j

(
n, 4j; q2

4j

)
2

+ (−1)jq12j2+7j+1

(
n, 4j + 1; q2

4j + 1

)
2

(3.36-t)

P0 = 1

P1 = q + 1

Pn = (1 + q2n−1)Pn−1 + q2n−2Pn−2 if n = 2.

Identity 3.37 (Finite form of A.37/105).

∑
i=0

∑
j=0

∑
k=0

qj(j+1)/2+i2+k

[
j

i

]
q2

[
j + k

k

]
q2

[
n− 2i− 2k

j

]
q

=
∞∑

j=−∞
(−1)jq4j2+jV(n + 1, 4j + 1;

√
q) (3.37)

P0 = 1

P1 = q + 1

P2 = q3 + q2 + 2q + 1

Pn = (1 + qn)Pn−1 + qPn−2 + (qn−1 − q)Pn−3 if n = 3.

Identity 3.38 (Finite form of A.38/86). Bosonic representation (3.38-b) due to San-
tos [60]. Identity (3.38-b) stated by Andrews and Santos [20, p. 94, eqn 3.2]. Identity
(3.38-t) due to Andrews [12, p. 663, eqn. (5.3)].

∑
j=0

q2j(j+1)

[
n+ 1

2j + 1

]
q

=

∞∑
j=−∞

q4j2+3j

[
n+ 1

bn+4j+3
2

c
]

q2

(3.38-b)

=

∞∑
k=−∞

q12k2+5k

(
n+ 1, 6k + 1; q

6k + 1

)
2

− q12k2+11k+2

(
n+ 1, 6k + 3; q

6k + 3

)
2

(3.38-t)

P0 = 1

P1 = q + 1

Pn = (1 + q)Pn−1 + (q2n − q)Pn−2 if n = 2.

Identity 3.39 (Finite Form of A.39/83). Bosonic representation (3.39-b) conjectured
by Santos [60, p. 71, eqn. 6.22]. Identity (3.39-b) stated by Andrews and Santos [20, p.
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94, eqn. 3.1]. Identity (3.39-t) due to Andrews [12, p. 663, eqn. (5.2)].

∑
j=0

q2j2

[
n

2j

]
q

=

∞∑
j=−∞

q4j2+j

[
n

bn+4j+1
2

c
]

q2

(3.39-b)

=
∞∑

k=−∞
q12k2+k

(
n, 6k; q

6k

)
2

−
∞∑

k=−∞
q12k2+7k+1

(
n, 6k + 2; q

6k + 2

)
2

(3.39-t)

P0 = P1 = 1

Pn = (1 + q)Pn−1 + (q2n−2 − q)Pn−2 if n = 2.

Identity 3.40 (Finite Form of A.40).

∑
i=0

∑
I=0

∑
j=0

∑
k=0

∑
K=0

(−1)i+I+Kq3j2+3j+i(3i−1)/2+I(3I+1)/2+3k+3K

[
j + 1

i

]
q3

[
j

I

]
q3

×
[
j + k

k

]
q6

[
j +K − 1

K

]
q3

[
n− j − i− I − 2k −K

j

]
q3

(3.40)

=

{ ∑
k q

18j2+7j
[

2m+1
m+3j+1

]
q3
− q18j2+11j+1

[
2m

m+3j+1

]
q3

if n = 2m,∑
k q

18j2+7j
[

2m+1
m+3j+1

]
q3
− q18j2+11j+1

[
2m+2

m+3j+2

]
q3

if n = 2m+ 1.

P0 = 1

P1 = −q + 1

P2 = q6 + q3 − q + 1

P3 = −q10 − q8 − q7 + q6 − q4 + q3 − q + 1

Pn = (1 − q3)Pn−1 + (q3n + 2q3)Pn−2 + (q6 − q3 − q3n−1 − q3n−2)Pn−3

+(q3n−3 − q6)Pn−4 if n = 4

Identity 3.41 (Finite Form of A.41).

∑
i=0

∑
I=0

∑
j=0

∑
k=0

∑
K=0

(−1)i+I+Kq3j2+3j+i(3i−1)/2+I(3I+1)/2+3k+3K

[
j

i

]
q3

[
j + 1

I

]
q3

×
[
j + k

k

]
q6

[
j +K − 1

K

]
q3

[
n− j − i− I − 2k −K

j

]
q3

(3.41)

=

{ ∑
k q

18k2+5k
[

2m+1
m+3k+1

]
q3
− q18k2+13k+2

[
2m

m+3k+1

]
q3

if n = 2m,∑
k q

18k2+5k
[

2m+1
m+3k+1

]
q3
− q18k2+13k+2

[
2m+2

m+3k+2

]
q3

if n = 2m+ 1.
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P0 = 1

P1 = −q2 + 1

P2 = q6 + q3 − q2 + 1

P3 = −q11 − q8 − q7 + q6 − q5 + q3 − q2 + 1

Pn = (1 − q3)Pn−1 + (q3n + 2q3)Pn−2 + (q6 − q3 − q3n−1 − q3n−2)Pn−3

+(q3n−3 − q6)Pn−4 if n = 4

Identity 3.42 (Finite Form of A.42).

∑
i=0

∑
I=0

∑
j=0

∑
k=0

∑
K=0

(−1)i+I+Kq3j2+i(3i−1)/2+I(3I+1)/2+3k+3K

[
j

i

]
q3

[
j

I

]
q3

×
[
j + k − 1

k

]
q6

[
j +K − 1

K

]
q3

[
n− j − i− I − 2k −K

j

]
q3

(3.42)

=

{ ∑
k q

18k2+k
[

2m
m+3k

]
q3
− q18k2+17k+4

[
2m−1

m+3k+1

]
q3

if n = 2m,∑
k q

18k2+k
[

2m
m+3k

]
q3
− q18k2+17k+4

[
2m+1

m+3k+2

]
q3

if n = 2m+ 1.

P0 = P1 = 1

P2 = q3 + 1

P3 = −q5 − q4 + q3 + 1

Pn = (1 − q3)Pn−1 + (q3n + 2q3)Pn−2 + (q6 − q3 − q3n−4 − q3n−5)Pn−3

+(q3n−6 − q6)Pn−4 if n = 4

Identity 3.43 (Finite Form of A.43). Bosonic form for odd n conjectured by San-
tos [60, p. 71, eqn. 6.23].

∑
j=0

∑
k=0

∑
l=0

q(j2+3j+k2+k+2l)/2

[
j

k

]
q

[
j + l

l

]
q2

[
n− k − 2l

j

]
q

=

∞∑
j=−∞

(−1)jq5j2+4jT1(n + 2, 5j + 2;
√
q) (3.43)

P0 = 1

P1 = q2 + 1

P2 = q5 + 2q3 + q2 + q + 1

Pn = (1 + qn+1)Pn−1 + (q + qn+1)Pn−2 − qPn−3 if n = 3

Identity 3.44 (Finite form of A.44/63). Identity (3.44-b) due to Andrews [7, p. 5291,
eqn. 3.2]; corrected here. Bosonic q-trinomial representation conjectured by Santos [60,
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p. 77, eqn. 6.38].

∑
j=0

∑
k=0

q3j(j+1)/2+k

[
j + k

k

]
q2

[
n− 2j − 2k − 1

j

]
q

=

∞∑
j=−∞

(−1)jq5j2+3j

[
n+ 1

bn+5j+3
2

c
]

q

(3.44-b)

=
∞∑

k=−∞
q(15k2+7k)/2T1(n + 1, 5k + 1;

√
q) − q(15k+13)k/2+1T1(n+ 1, 5k + 2;

√
q) (3.44-t)

P0 = P1 = 1

P2 = q + 1

Pn = Pn−1 + qPn−2 + (qn − q)Pn−3 if n = 3

Identity 3.45 (Finite form of A.45). Bosonic representation for even n conjectured
by Santos [60, p. 72, eqn 6.25].

∑
j=0

∑
k=0

∑
l=0

q(j2+j+k2+k+2l)/2

[
j

k

]
q

[
j + l

l

]
q2

[
n− k − 2l

j

]
q

=
∞∑

j=−∞
(−1)jq5j2+2jT1(n + 1, 5j + 1;

√
q) (3.45)

P0 = 1

P1 = q + 1

P2 = q3 + 2q2 + 2q + 1

Pn = (1 + qn)Pn−1 + (q + qn)Pn−2 − qPn−3 if n = 3

Identity 3.46 (Finite form of A.46/62). Identity (3.46-b) due to Andrews [7, p. 5291,
eqn. 3.1]. Bosonic q-trinomial representation conjectured by Santos [60, p. 77, eqn. 6.37].

∑
j=0

∑
k=0

qj(3j+1)/2+k

[
j + k

k

]
q2

[
n− 2j − 2k

j

]
q

=

∞∑
j=−∞

(−1)jqj(5j+1)

[
n

bn−5j
2

c
]

q

(3.46-b)

=
∞∑

k=−∞
q(15k2+k)/2T1(n, 5k;

√
q) − q(15k+11)k/2+1T1(n, 5k + 2;

√
q) (3.46-t)

P0 = P1 = P2 = 1

Pn = Pn−1 + qPn−2 + (qn−2 − q)Pn−3 if n = 3

Observation 3.47. Identity (47) equivalent to (10) and to (54) + q × (49).

Observation 3.48. Identity (48) is (54) − q × (49).
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Identity 3.49 (Finite form of A.49).

∑
i=0

∑
I=0

∑
j=0

∑
k=0

∑
K=0

(−1)Kqj2+2j+i2+i+I2/2+I/2+k+2K

[
j

i

]
q2

[
j + 1

I

]
q

[
j + k

k

]
q2

×
[
j +K

K

]
q2

[
n− j − 2i− I − 2k − 2K

j

]
q

=
∞∑

j=−∞
(−1)jq6j2+5j

[
n+ 2

bn+6j+5
2

c
]

q

(3.49)

P0 = 1

P1 = −q + 1

P2 = q3 + q2 + 1

P3 = −q5 + 1

P4 = q8 + q7 + q6 + q5 + 2q4 + q3 + q2 + 1

Pn = Pn−1 + (q + q2 + qn+1)Pn−2 + (−q − q2 − qn+1)Pn−3 + (−q3 + qn+1)Pn−4

+(q3 − qn+1)Pn−5 if n = 5.

Identity 3.50 (Finite form of A.50). Bosonic representation (3.50-b) conjectured by
Santos [60, p. 73, eqn. 6.29].

∑
j=0

∑
k=0

qj2+2j+k2

[
j

k

]
q2

[
n− j − k + 1

2j + 1

]
q

=
∞∑

j=−∞
(−1)jq6j2+4j

[
2n+ 2

n+ 3j + 2

]
q

(3.50-b)

=
∞∑

j=−∞
q12j2+6jU(n+ 1, 6j + 1; q) (3.50-t)

P0 = 1

P1 = q3 + q + 1

Pn = (1 + q + q2n+1)Pn−1 + (q2n − q)Pn−2 if n = 2.

Observation 3.51. Identity (51) is the same as (11) and (64).

Identity 3.52 (Finite form of A.52).

∑
j=0

q2j2−j

[
n

2j

]
q

=

∞∑
k=−∞

q4k2+k

[
2n

n+ 4k

]
√

q

− q4k2+5k+3/2

[
2n

n+ 4k + 3

]
√

q

(3.52-b)

=

∞∑
k=−∞

q6k2+kT1(n, 6k;
√
q) − q6k2+5k+1T1(n, 6k + 2;

√
q) (3.52-T)

=

∞∑
j=−∞

(−1)jq6j2+2jU(n− 1, 3j; q) (3.52-U)
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= (−q; q)n−1 if n = 2.

P0 = P1 = 1

Pn = (1 + qn−1)Pn−1 if n = 2

Identity 3.53 (Finite form of A.53). Bosonic representation for even n conjectured
by Santos [60, p. 74, eqn. 6.32].

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)i+lq4j2+i2+4k+4l

[
2j

i

]
q2

[
j + k − 1

k

]
q8

[
j + l − 1

l

]
q4

×
[
n− 2j − i− 2k − l

j

]
q4

(3.53)

=

{ ∑
k q

24k2+2k
[

2n
n+3k

]
q4
− q24k2+22k+5

[
2n−1

n+3k+1

]
q4

if n = 2m,∑
k q

24k2+2k
[

2n
n+3k

]
q4
− q24k2+22k+5

[
2n+1

n+3k+2

]
q4

if n = 2m+ 1.

P0 = P1 = 1

P2 = q4 + 1

P3 = −q7 − q5 + q4 + 1

Pn = (1 − q4)Pn−1 + (q4n−4 + 2q4)Pn−2 + (q8 − q4 − q4n−5 − q4n−7)Pn−3

+(q4n−8 − q8)Pn−4 if n = 4

Identity 3.54 (Finite form of A.54).

1 +
∑
j=1

∑
i=0

∑
k=0

∑
l=0

(−1)lqj2+i2+i+k+l

[
j − 1

i

]
q2

[
j + k − 1

k

]
q2

[
j + l − 2

l

]
q

×
[
n− j − 2k − 2i− l

j

]
q

(3.54)

=

∞∑
j=−∞

(−1)jq6j2+j

[
n

bn+6j+1
2

c
]

q

P0 = P1 = 1

P2 = q + 1

P3 = q2 + q + 1

P4 = q4 + q3 + 2q2 + q + 1

Pn = Pn−1 + (q + q2 + qn−1)Pn−2 − (q + q2 + qn−1)Pn−3 + (qn−1 − q3)Pn−4

(q3 − qn−1)Pn−5 if n = 5

Identity 3.55 (Finite form of A.55). Bosonic representation for even n conjectured
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by Santos [60, p. 75, eqn. 6.33].

∑
i=0

∑
I=0

∑
j=0

∑
k=0

∑
K=0

(−1)i+I+Kq4j2+4j+2i2−i+2I2+I+4k+4K

[
j + 1

i

]
q4

[
j

I

]
q4

[
j + k

k

]
q8

×
[
j +K − 1

K

]
q4

[
n− j − i− I − 2k −K

j

]
q4

(3.55)

=

{ ∑
k q

24k2+10k
[

2n+1
n+3k+1

]
q4
− q24k2+14k+1

[
2n

n+3k+1

]
q4

if n = 2m,∑
k q

24k2+10k
[

2n+1
n+3k+1

]
q4
− q24k2+14k+1

[
2n+2

n+3k+2

]
q4

if n = 2m+ 1.

P0 = 1

P1 = −q + 1

P2 = q8 + q4 − q + 1

P3 = −q13 − q11 − q9 + q8 − q5 + q4 − q + 1

Pn = (1 − q4)Pn−1 + (q4n + 2q4)Pn−2 + (q8 − q4 − q4n−1 − q4n−3)Pn−3

+(q4n−4 − q8)Pn−4 if n = 4

Identity 3.56 (Finite form of A.56). Bosonic representation conjectured by Santos [60,
p. 75, eqn. 6.34].

∑
i,j,k,l=0

(−1)iqj2+2j+i2+i+k+l

[
j

i

]
q2

[
j + k

k

]
q2

[
j + l

l

]
q

[
n− k − 2i− 2k − l

j

]
q

=
∞∑

j=−∞
q6j2+5j

[
n+ 2

bn+6j+2
2

c
]

q

(3.56)

P0 = 1

P1 = q + 1

P2 = q3 + q2 + 2q + 1

P3 = q5 + 2q4 + 2q3 + 2q2 + 2q + 1

Pn = (1 + q)Pn−1 + qn+1Pn−2 + (−q − q2)Pn−3 + (q2 − qn−1)Pn−4 if n = 4

Observation 3.57 (Finite form of A.57). This identity is (55) with q replaced by −q.
Identity 3.58 (Finite form of A.58). Bosonic representation for even n conjectured
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by Santos [60, p. 76, eqn. 6.36].

1 +
∑
j=1

∑
k=0

∑
l=0

qj2+i(i+1)/2+k

[
j − 1

i

]
q

[
j + k − 1

k

]
q2

[
n− i− j − 2k

j

]
q

=
∞∑

j=−∞
q6j2+j

[
n

bn+6j+1
2

c
]

q

(3.58)

P0 = P1 = 1

P2 = q + 1

P3 = q2 + q + 1

Pn = (1 + q)Pn−1 + qn+1Pn−2 + (−q − q2)Pn−3 + (q2 − qn−1)Pn−4 if n = 4

Identity 3.59 (Finite form of A.59). Identity 3.59 is a special case of an identity due
to Berkovich and McCoy [27, p. 59, eqn. (3.14) with p = 4, p′ = 7, r = s = 2, a = 6,
b = 3, 4].

∑
j=0

∑
k=0

qj2+2j+k

[
j + k

k

]
q2

[
n− j − 2k

j

]
q

=
∞∑

j=−∞
(−1)jq7j2+5j

[
n + 2

bn+7j+5
2

c
]

q

(3.59)

P0 = P1 = 1

P2 = q3 + q + 1

Pn = Pn−1 + (q + qn+1)Pn−2 − qPn−3 if n = 3

Identity 3.60 (Finite form of A.60). Identity 3.60 is a special case of an identity due
to Berkovich and McCoy [27, p. 59, eqn. (3.14) with p = 4, p′ = 7, r = s = 2, s = 3,
a = 4; b = 4, 5].

∑
j=0

∑
k=0

qj2+j+k

[
j + k

k

]
q2

[
n− j − 2k

j

]
q

=
∞∑

j=−∞
(−1)jq7j2+3j

[
n+ 1

bn+7j+3
2

c
]

q

(3.60)

P0 = P1 = 1

P2 = q2 + q + 1

Pn = Pn−1 + (q + qn)Pn−2 − qPn−3 if n = 3

Identity 3.61 (Finite form of A.61). Identity 3.61 is a special case of an identity due
to Berkovich and McCoy [27, p. 59, eqn. (3.14) with p = 4, p′ = 7, r = 2, s = 3, a = 3, 4;
b = 3].

∑
j=0

∑
k=0

qj2+k

[
j + k − 1

k

]
q2

[
n− j − 2k

j

]
q

=
∞∑

j=−∞
(−1)jq7j2+j

[
n

bn+7j+1
2

c
]

q

(3.61)

P0 = P1 = 1

P2 = q + 1

Pn = Pn−1 + (q + qn−1)Pn−2 − qPn−3 if n = 3
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Observation 3.62. Identity (62) is equivalent to (46). (Andrews [9, p. 20, eqns. (8.5)
and (8.6)])

Observation 3.63. Identity (63) is the same as (44).

Observation 3.64. Identity (64) is the same as (11).

Observation 3.65. Identity (65) is the equivalent to (37) +
√
q × (35).

Observation 3.66. Identity (66) is equivalent to (71) + q × (68).

Observation 3.67. Identity (67) is equivalent to (71) − q × (68).

Identity 3.68 (Finite form of A.68). Bosonic form conjectured by Santos [60, p. 79,
eqn. 6.42].

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)kqj2+2j+2i2+2k+l

[
j

i

]
q4

[
j + k

k

]
q2

[
j + l

l

]
q2

[
n− 2i− k − l

j

]
q2

=
∞∑

j=−∞
(−1)jq8j2+6jU(n + 1, 4j + 1; q) (3.68)

P0 = 1

P1 = q3 − q2 + q + 1

P2 = q8 − q7 + q6 + 2q4 + q + 1

Pn = (1 + q − q2 + q2n+1)Pn−1 + (q3 + q2 − q)Pn−2 + (q2n+1 − q3)Pn−3 if n = 3

Identity 3.69 (Finite form of A.69). Bosonic form conjectured by Santos [60, p. 79,
eqn. 6.43].

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)iqj2+2j+2i2+2i+k+2l

[
j

i

]
q4

[
j + k

k

]
q2

[
j + l

l

]
q2

[
n− 2i− k − l

j

]
q2

=
∞∑

j=−∞
q8j2+6jU(n + 1, 4j + 1; q) (3.69)

P0 = 1

P1 = q3 + q2 + q + 1

P2 = q8 + q7 + q6 + 2q5 + 2q4 + 2q3 + 2q2 + q + 1

Pn = (1 + q + q2 + q2n+1)Pn−1 − (q + q2 + q3)Pn−2 + (q3 − q2n+1)Pn−3 if n = 3
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Identity 3.70 (Finite form of A.70).

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)lqj2+2j+2i2+k+2l

[
j

i

]
q4

[
j + k

k

]
q2

[
j + l − 1

l

]
q2

[
n− 2i− k − l

j

]
q2

=
∞∑

j=−∞
(−1)jq8j2+4j

[
T0(n, 4j + 1; q) + T0(n+ 1, 4j + 1; q)

]
(3.70)

P0 = 1

P1 = q3 + q + 1

P2 = q8 + q6 + q4 + q3 + q2 + q + 1

Pn = (1 + q − q2 + q2n+1)Pn−1 + (q3 + q2 − q)Pn−2 + (q2n−1 − q3)Pn−3 if n = 3

Identity 3.71 (Finite form of A.71). Bosonic representation conjectured by Santos [60,
p. 80, eqn. 6.44].

1 +
∑
j=1

∑
i=0

∑
k=0

∑
l=0

(−1)lqj2+2i2+2i+k+2l

[
j − 1

i

]
q4

[
j + k − 1

k

]
q2

×
[
j + l − 2

l

]
q2

[
n− 2i− k − l

j

]
q2

=
∞∑

j=−∞
(−1)jq8j2+2jU(n, 4j; q) (3.71)

P0 = 1

P1 = q + 1

P2 = q4 + q3 + q2 + q + 1

P3 = q9 + q8 + q7 + 2q5 + 2q4 + 2q3 + q2 + q + 1

Pn = (1 + q + q2n−1)Pn−1 + (q4 − q − q2n−1)Pn−2 − (q4 + q5 − q2n−1)Pn−3

+(q5 − q2n−1)Pn−4 if n = 4

Identity 3.72 (Finite form of A.72). Bosonic representation conjectured by Santos [60,
p. 80, eqn. 6.45].

1 +
∑
j=1

∑
i=0

∑
k=0

∑
l=0

(−1)iqj2+2i2+2i+k+2l

[
j − 1

i

]
q4

[
j + k − 1

k

]
q2

×
[
j + l − 2

l

]
q2

[
n− 2i− k − l

j

]
q2

=
∞∑

j=−∞
q8j2+2jU(n, 4j; q) (3.72)

P0 = 1

P1 = q + 1
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P2 = q4 + q3 + q2 + q + 1

P3 = q9 + q8 + q7 + 2q6 + 2q5 + 2q4 + 2q3 + q2 + q + 1

Pn = (1 + q2 + q2n−1)Pn−1 + q2n−2Pn−2 − (q2n−1 + q4 + q2)Pn−3

+(q4 − q2n−2)Pn−4 if n = 4

Observation 3.73. Identity (73) is equivalent to (77)+(78) and to (77)+(75)+q×(76).

Observation 3.74. Identity (74) is equivalent to (77)+(78)− q× (76) and to(77)+(75).

Identity 3.75 (Finite form of A.75). Note: (75) is (78)− q× (76). Bosonic represen-
tation conjectured by Santos [60, p. 81, eqn. (6.46)].

1 +
∑
j=1

∑
i=0

∑
I=0

∑
k=0

∑
K=0

qj(j+1)/2+i(3i+1)/2+I(I+1)/2+2k+K

[
j − 1

i

]
q3

[
j

I

]
q

[
j + k − 1

k

]
q2

×
[
j +K − 1

K

]
q2

[
n− 1 − 3i− I − 2k − 2K

j − 1

]
q

∞∑
j=−∞

(−1)jq9j2

T1(n+ 1, 6j;
√
q) − (−1)jq9j2+6j+1T1(n + 1, 6j + 2;

√
q) (3.75)

P0 = 1

P1 = q + 1

P2 = q3 + q2 + q + 1

P3 = q6 + q5 + 2q4 + 2q3 + 2q2 + q + 1

Pn = (1 + q + qn)Pn−1 − (q + q2)Pn−3 + (q2 − qn)Pn−4 if n = 4

Identity 3.76 (Finite form of A.76).∑
i=0

∑
I=0

∑
j=0

∑
k=0

∑
K=0

(−1)iqj(j+3)/2+3i(i+1)/2I(I+1)/2+k+2K

[
j

i

]
q3

[
j + 1

I

]
q

[
j + k

k

]
q2

×
[
j +K

K

]
q2

[
n− 3i− I − 2k − 2K

j

]
q

=
∞∑

j=−∞
(−1)jq9j2+6jT1(n + 2, 6j + 2;

√
q) (3.76)

P0 = 1

P1 = q2 + q + 1

P2 = q5 + q4 + 2q3 + 2q2 + 2q + 1

P3 = q9 + q8 + 2q7 + 3q6 + 4q5 + 4q4 + 4q3 + 3q2 + 2q + 1

P4 = q14 + q13 + 2q12 + 3q11 + 5q10 + 6q9 + 7q8 + 8q7 + 9q6 + 8q5 + 7q4 + 5q3

+4q2 + 2q + 1

Pn = (1 + qn+1)Pn−1 + (q + q2 + qn+1)Pn−2 − (q2 + q)Pn−3

−(q3 + qn+1)Pn−4 + (q3 − qn+1)Pn−5 if n = 5
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Identity 3.77 (Finite form of A.77).

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)iq(j2+j+3i2+3i+2k+2l)/2

[
j

i

]
q3

[
j + k

k

]
q2

[
j + l − 1

l

]
q

[
n− 3i− 2k − l

j

]
q

=

∞∑
j=−∞

(−1)jq9j2+3jT1(n + 1, 6j + 1;
√
q) (3.77)

P0 = 1

P1 = q + 1

P2 = q3 + 2q2 + 2q + 1

Pn = (1 + qn)Pn−1 + (q + qn)Pn−2 + (qn − q)Pn−3 if n = 3

Observation 3.78. Identity (78) is equivalent to (75) + q × (76).

Identity 3.79 (Finite form of A.79/98). Eqn. (3.79-b) due to Andrews [10, p. 80,
eqn. 8.42].

∑
j=0

qj2

[
n + j

2j

]
q

=
∞∑

k=−∞
q15k2+k

[
2n

n+ 5k

]
q

− q15k2+11k+2

[
2n

n+ 5k + 2

]
q

(3.79-b)

=

∞∑
j=−∞

(−1)jq10j2+2jU(n, 5j; q) (3.79-t)

P0 = 1

P1 = q + 1

Pn = (1 + q + q2n−1)Pn−1 − qPn−2 if n = 2

Identity 3.80 (Finite form of A.80). Bosonic representation conjectured by Santos [60,
p. 77, eqn. 6.39].

∑
j=0

∑
k=0

qj(j+1)/2+k

[
j + k

k

]
q2

[
n− 2k

j

]
q

=

∞∑
k=−∞

q(21k2+5k)/2T1(n + 1, 7k + 1;
√
q) − q(21k+19)k/2+2T1(n+ 1, 7k + 3;

√
q) (3.80)

P0 = 1

P1 = q + 1

P2 = q3 + q2 + 2q + 1

Pn = (1 + qn)Pn−1 + qPn−2 − qPn−3 if n = 3

Identity 3.81 (Finite form of A.81). Bosonic representation conjectured by Santos [60,
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p. 81, eqn. 6.47].

∑
j=0

∑
k=0

qj(j+1)/2+k

[
j + k − 1

k

]
q2

[
n− 2k

j

]
q

=

∞∑
k=−∞

q(21k2+k)/2T1(n+ 1, 7k;
√
q) − q(21k2+13k+2)/2T1(n+ 1, 7k + 2;

√
q) (3.81)

P0 = 1

P1 = q + 1

P2 = q3 + q2 + q + 1

Pn = (1 + qn)Pn−1 + qPn−2 − qPn−3 if n = 3

Identity 3.82 (Finite form of A.82). Bosonic representation conjectured by Santos [60,
p. 82, eqn. 6.48].

∑
j=0

∑
k=0

qj(j+3)/2+k

[
j + k

k

]
q2

[
n− 2k

j

]
q

=
∞∑

k=−∞
q(21k2+11k)/2T1(n+ 2, 7k + 2;

√
q) − q(21k2+17k+2)/2T1(n+ 2, 7k + 3;

√
q) (3.82)

P0 = 1

P1 = q2 + 1

P2 = q5 + q3 + q2 + q + 1

Pn = (1 + qn+1)Pn−1 + qPn−2 − qPn−3 if n = 3

Observation 3.83. Identity (83) is the same as (39).

Observation 3.84. Identity (84) is the same as (9).

Observation 3.85. Identity (85) is the same as (52).

Observation 3.86. Identity (86) is the same as (38).

Observation 3.87. Identity (87) is the same as (27).

Observation 3.88. Identity (88) is equivalent to (91) − q2 × (90).

Observation 3.89. Identity (89) is equivalent to (93) − q × (91).

Identity 3.90 (Finite form of A.90). Bosonic representation conjectured by Santos [60,
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p. 83, eqn. 6.52].

∑
i=0

∑
j=0

∑
k=0

(−1)iqj2+3j+3i(i+1)/2+k

[
j

i

]
q3

[
2j + k + 1

k

]
q

[
n− j − 3i− 2k

j

]
q

=

∞∑
j=−∞

(−1)jq(27j2+21j)/2

[
n+ 3

bn+9j+7
2

c
]

q

(3.90)

P0 = 1

P1 = 1

P2 = q4 + q2 + q + 1

P3 = q5 + q4 + q2 + q + 1

P4 = q10 + q8 + q7 + 2q6 + 2q5 + 2q4 + q3 + 2q2 + q + 1

Pn = Pn−1 + (q + q2 + qn+2)Pn−2 − (q2 + q)Pn−3 − q3Pn−4

+(q3 − qn+2)Pn−5 if n = 5

Identity 3.91 (Finite form of A.91). Bosonic representation conjectured for even n
by Santos [60, p. 84, eqn. 6.53].

∑
i=0

∑
j=0

∑
k=0

(−1)iqj2+2j+3i(i+1)/2+k

[
j

i

]
q3

[
2j + k + 1

k

]
q

[
n− j − 3i− 2k

j

]
q

=

∞∑
j=−∞

(−1)jq(27j2+15j)/2

[
n+ 2

bn+9j+5
2

c
]

q

(3.91)

P0 = 1

P1 = 1

P2 = q3 + q2 + q + 1

P3 = q4 + q3 + q2 + q + 1

P4 = q8 + q7 + q6 + 2q5 + 3q4 + 2q3 + 2q2 + q + 1

Pn = Pn−1 + (q + q2 + qn+1)Pn−2 − (q2 + q)Pn−3 − q3Pn−4

+(q3 − qn+1)Pn−5 if n = 5

Identity 3.92 (Finite form of A.92). Bosonic representation conjectured by Santos [60,
p. 84, eqn 6.54].

∑
i=0

∑
j=0

∑
k=0

(−1)iqj2+j+3i(i+1)/2+k

[
j

i

]
q3

[
2j + k

k

]
q

[
n− j − 3i− 2k

j

]
q

=

∞∑
j=−∞

(−1)jq(27j2+9j)/2

[
n+ 1

bn+9j+3
2

c
]

q

(3.92)

P0 = 1
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P1 = 1

P2 = q2 + q + 1

P3 = q3 + q2 + q + 1

Pn = (1 − q)Pn−1 + (2q + qn)Pn−2 + (q − q2 + qn)Pn−3 + (qn − q2)Pn−4 if n = 4

Identity 3.93 (Finite form of A.93). Bosonic representation for even n conjectured
by Santos [60, p. 85, eqn 6.55].

∑
j=0

∑
i=0

∑
k=0

(−1)iqj2+3i(i+1)/2+k

[
j − 1

i

]
q3

[
2j + k − 2

k

]
q

[
n− 3i− j − 2k

j

]
q

=
∞∑

j=−∞
(−1)jq(27j2+3j)/2

[
n

bn+9j+1
2

c
]

q

(3.93)

P0 = 1

P1 = 1

P2 = q + 1

P3 = q2 + q + 1

P4 = q4 + q3 + 2q2 + q + 1

Pn = Pn−1 + (q + q2 + qn−1)Pn−2 − (q2 + q)Pn−3 − q3Pn−4

+(q3 − qn−1)Pn−5 if n = 5

Identity 3.94 (Finite form of A.94). Eqn. (3.94-b) was not stated explicilty but was
indicated indirectly by Andrews [7, p. 5291] as the dual of eqn. (4.1) for odd N .

∑
j=0

qj(j+1)

[
n+ j + 1

2j + 1

]
q

=
∞∑

k=−∞
q15k2+4k

[
2n+ 1

n+ 5k + 1

]
q

− q15k2+14k+3

[
2n+ 1

n+ 5k + 3

]
q

(3.94-b)

=

∞∑
j=−∞

(−1)jq10j2+3jT1(n+ 1, 5j + 1; q) +

∞∑
j=−∞

(−1)jq10j2+7j+1T1(n + 1, 5j + 2; q)

(3.94-t)

P0 = 1

P1 = q2 + q + 1

Pn = (1 + q + q2n)Pn−1 − qPn−2 if n = 2

Identity 3.95 (Finite form of A.95). Bosonic representation conjectured by Santos [60,
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p. 86, eqn. 6.57].

∑
j=0

∑
k=0

∑
l=0

(−1)lq3j2−2j+k+2l

[
j + k − 1

k

]
q2

[
j + l − 1

l

]
q2

[
n− 2j − k − l

j

]
q2

=

∞∑
k=−∞

q15k2+4kU(n− 2, 5k; q) − q15k2+14k+3U(n− 2, 5k + 2; q) (3.95)

P0 = P1 = P2 = 1

Pn = (1 + q − q2)Pn−1 + (q3 + q2 − q)Pn−2 + (q2n−5 − q3)Pn−3 if n = 3

Identity 3.96 (Finite form of A.96). Eqn. (3.96-b) was not stated explicilty but was
indicated indirectly by Andrews [7, p. 5291] as the dual of eqn. (4.2) for odd N .

∑
j=0

qj(j+2)

[
n+ j + 1

2j + 1

]
q

=
∞∑

k=−∞
q15k2+7k

[
2n+ 2

n+ 5k + 2

]
q

− q15k2+13k+2

[
2n+ 2

n+ 5k + 3

]
q

(3.96-b)

=

∞∑
j=−∞

(−1)jq10j2+6jU(n+ 1, 5j + 1; q) (3.96-t)

P0 = 1

P1 = q3 + q + 1

Pn = (1 + q + q2n+1)Pn−1 − qPn−2 if n = 2

Observation 3.97. Identity (97) is equivalent to (95).

Observation 3.98. Identity (98) is the same as (79).

Identity 3.99 (Finite forms of A.99). Eqn. (3.99-b) was not stated explicilty but was
indicated indirectly by Andrews [7, p. 5291] as the dual of eqn. (4.2) for even N .

∑
j=0

qj(j+1)

[
n + j

2j

]
q

=

∞∑
k=−∞

q15k2+2k

[
2n+ 1

n+ 5k + 1

]
q

− q15k2+8k+1

[
2n+ 1

n + 5k + 2

]
q

(3.99-b)

=

∞∑
j=−∞

(−1)jq10j2+jT1(n+ 1, 5j; q)− (−1)jq10j2+9j+2T1(n+ 1, 5j + 2; q) (3.99-t)

P0 = 1

P1 = q2 + 1

Pn = (1 + q + q2n)Pn−1 − qPn−2 if n = 2
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Identity 3.100 (Finite form of A.100).

∑
j=0

∑
k=0

∑
l=0

(−1)lq3j2+k+2l

[
j + k − 1

k

]
q2

[
j + l − 1

l

]
q2

[
n− 2j − k − l

j

]
q2

=

∞∑
k=−∞

q15k2+2kU(n− 1, 5k; q) − q15k2+8k+1U(n− 1, 5k + 1; q) (3.100)

P0 = P1 = P2 = 1

Pn = (1 + q − q2)Pn−1 + (q3 + q2 − q)Pn−2 + (q2n−3 − q3)Pn−3 if n = 3

Observation 3.101. Identity (101) is the sum of (105-a) and (104).

Observation 3.102 (Finite form of A.102). Identity (102) is (105-a) + q × (103).

Identity 3.103 (Finite form of A.103).∑
i=0

∑
I=0

∑
j=0

∑
k=0

∑
K=0

(−1)Iqj(j+3)/2+i2+i+I(I+1)/2+k+K

×
[
j

i

]
q2

[
j

I

]
q

[
j + k

k

]
q2

[
j +K

K

]
q

[
n− 2i− I − 2k −K

j

]
q

=

∞∑
k=−∞

q16k2+8kT1(n+ 2, 8k + 2;
√
q) − q16k2+16k+3T1(n + 2, 8k + 4;

√
q) (3.103)

P0 = 1

P1 = q2 + q + 1

P2 = q5 + q4 + q3 + 2q2 + q + 1

P3 = q9 + q8 + q7 + q6 + 3q5 + 3q4 + 3q3 + 3q2 + 2q + 1

Pn = (1 + q + qn+1)Pn−1 − qPn−2 + (qn+1 − q2 − q)Pn−3 + (q2 − qn+1)Pn−4 if n = 4

Identity 3.104 (Finite form of A.104).

1 +
∑
j=1

∑
i=0

∑
k=0

qj(j+1)/2+i2+i+k

[
j − 1

i

]
q2

[
j + k − 1

k

]
q2

[
n− 2i− 2k

k

]
q

=

∞∑
k=−∞

q16k2

V(n+ 1, 8k + 1;
√
q) − q16k2+8k+1V(n + 1, 8k + 3;

√
q) (3.104)

P0 = 1

P1 = q + 1

P2 = q3 + q2 + q + 1

P3 = q6 + q5 + q4 + 2q3 + 2q2 + q + 1

Pn = (1 + q + qn)Pn−1 − qnPn−2 + (qn − q2 − q)Pn−3 + (q2 − qn)Pn−4 if n = 4
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Observation 3.105. Identity (105) is the same as (37).

Identity 3.105-a (Finite form of Identity A.105-a).

∑
i=0

∑
j=0

∑
k=0

qj(j+1)/2+i2+i+k

[
j

i

]
q2

[
j + k

k

]
q2

[
n− 2i− 2k

j

]
q

(3.105-a)

=
∞∑

j=−∞
(−1)jq4j2+2jT1(n + 1, 4j + 1;

√
q)

P0 = 1

P1 = q + 1

P2 = q3 + q2 + 2q + 1

Pn = (1 + qn)Pn−1 + qPn−2 + (qn − q)Pn−3 if n = 3

Observation 3.106. Identity (106) is the same as (35).

Identity 3.107 (Finite form of A.107).

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)iqj2+j+3i2+2k+l

[
j

i

]
q6

[
j + k

k

]
q4

[
j + l − 1

l

]
q2

[
n− 3i− 2k − l

j

]
q2

=
∞∑

j=−∞
(−1)jq18j2+3jV(n + 1, 6j + 1; q) + (−1)jq18j2+15j+3V(n+ 1, 6j + 3; q) (3.107)

P0 = 1

P1 = q2 + 1

P2 = q6 + q4 + q3 + 2q2 + 1

Pn = (1 + q2n)Pn−1 + (q2 + q2n−1)Pn−2 + (q2n−2 − q2)Pn−3 if n = 3

Observation 3.108. Identity (108) is equivalent to (115) − q2 × (116).

Observation 3.109. Identity (109) is equivalent to (109-a) + q × (110).

Identity 3.109-a (Finite form of Identity A.109-a).

∑
i=0

∑
j=0

∑
k=0

∑
K=0

∑
l=0

(−1)i+Lqj2+3i2+k+K+2L

[
j

i

]
q6

[
j + k − 1

k

]
q2

[
j +K − 1

K

]
q2

×
[
j + L− 1

L

]
q2

[
n− 3i− k −K − L

j

]
q2

=
∞∑

j=−∞
(−1)jq18j2

[
T0(n, 6j; q) + T0(n− 1, 6j; q)

]

+(−1)jq18j2+12j+2
[
T0(n, 6j + 2; q) + T0(n− 1, 6j + 2; q)

]
(3.109-a)
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P0 = 1

P1 = q + 1

P2 = q4 + 2q2 + q + 1

Pn = (1 + q − q2 + q2n−1)Pn−1 + (q3 + q2 − q + q2n−2)Pn−2 + (q2n−3 − q3)Pn−3 if n = 3

Identity 3.110 (Finite form of A.110).

∑
i=0

∑
j=0

∑
k=0

∑
K=0

∑
L=0

(−1)i+Lqj2+2j+3i2+k+K+2L

[
j

i

]
q6

[
j + k

k

]
q2

[
j +K − 1

K

]
q2

×
[
j + L− 1

L

]
q2

[
n− 3i− k −K − L

j

]
q2

=

∞∑
j=−∞

(−1)jq18j2+6j
[
T0(n + 1, 6j + 1; q) + T0(n, 6j + 1; q)

]
(3.110)

P0 = 1

P1 = q3 + q + 1

P2 = q8 + q6 + 2q4 + q3 + q2 + q + 1

Pn = (1 + q − q2 + q2n+1)Pn−1 + (q3 + q2 − q + q2n)Pn−2 + (q2n−1 − q3)Pn−3 if n = 3

Observation 3.111. Identity (111) is equivalent to (114) − q × (115).

Observation 3.112. Identity (112) is equivalent to (115) + q3 × (116).

Observation 3.113. Identity (113) is equivalent to (114) − q3 × (115).

Identity 3.114 (Finite form of A.114). Bosonic representation conjectured by San-
tos [60, p. 89, eqn. 6.63].

1 +
∑
j=1

∑
i=0

∑
k=0

∑
K=0

∑
l=0

(−1)i+Kqj2+3i2+3i+k+2K+2l

[
j − 1

i

]
q6

[
j + k − 1

k

]
q2

×
[
j +K − 2

K

]
q2

[
j + l − 1

l

]
q2

[
n− 1 − 3i− k −K − k

j − 1

]
q2

=

∞∑
j=−∞

(−1)jq18j2+3jU(n, 6j; q) (3.114)

P0 = 1

P1 = q + 1

P2 = q4 + q3 + q2 + q + 1

P3 = q9 + q8 + q7 + q6 + 2q5 + 2q4 + 2q3 + q2 + q + 1

Pn = (1 + q + q2n+1)Pn−1 + (q4 − q)Pn−2 − (q4 + q5)Pn−3

+(q5 − q2n−1)Pn−4 if n = 3
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Identity 3.115 (Finite form of A.115). Bosonic representation conjectured by San-
tos [60, p. 89, eqn. 6.64].

∑
i=0

∑
j=0

∑
k=0

∑
K=0

(−1)iqj2+2j+3i2+3i+k+4K

[
j

i

]
q6

[
j + k

k

]
q4

[
j +K

K

]
q4

×
[
n− 3i− k − 2K

j

]
q2

=
∞∑

j=−∞
(−1)jq18j2+9jU(n+ 1, 6j + 1; q) (3.115)

P0 = 1

P1 = q3 + q + 1

P2 = q8 + q6 + q5 + 2q4 + q3 + q2 + q + 1

P3 = q15 + q13 + q12 + 2q11 + q10 + 2q9 + 2q8 + 3q7

+2q6 + 3q5 + 2q4 + 2q3 + q2 + q + 1

Pn = (1 + q + q2n+1)Pn−1 + (q4 − q+)Pn−2 − (q4 + q5)Pn−3 + (q5 − q2n+1)Pn−4 if n = 3

Identity 3.116 (Finite form of A.116). Bosonic representation conjectured by San-
tos [60, p. 90, eqn 6.65].

∑
i=0

∑
j=0

∑
k=0

∑
K=0

(−1)iqj2+4j+3i2+3i+k+4K

[
j

i

]
q6

[
j + k

k

]
q2

[
j +K

K

]
q4

[
n− 3i− k − 2K

j

]
q2

=

∞∑
j=−∞

(−1)jq18j2+15jU(n+ 2, 6j + 2; q) (3.116)

P0 = 1

P1 = q5 + q + 1

P2 = q12 + q8 + q7 + q6 + q5 + q4 + q2 + q + 1

P3 = q21 + q17 + q16 + q15 + q14 + 2q13 + q12 + q11 + q10 + 3q9

+2q8 + 2q7 + q6 + 2q5 + q4 + q3 + q2 + q + 1

Pn = (1 + q + q2n+3)Pn−1 + (q4 − q)Pn−2 − (q5 + q4)Pn−3 + (q5 − q2n+3)Pn−4 if n = 4

Identity 3.117 (Finite form of A.117). Bosonic representation conjectured by San-
tos [60, p. 88, eqn. 6.62].

∑
j=0

∑
k=0

∑
K=0

(−1)Kqj2+k+2K

[
j + k − 1

k

]
q2

[
j +K − 1

K

]
q2

[
n− k −K

j

]
q2

=
∞∑

k=−∞
q21k2+2kU(n, 7k; q) − q21k2+16k+3U(n, 7k + 2; q) (3.117)

P0 = 1
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P1 = q + 1

P2 = q4 + q2 + q + 1

Pn = (1 + q − q2 + q2n−1)Pn−1 + (q3 + q2 − q)Pn−2 − q3Pn−3 if n = 3

Identity 3.118 (Finite form of A.118). Bosonic representation conjectured by San-
tos [60, p. 90, eqn. 6.65]

∑
j=0

∑
k=0

∑
K=0

(−1)Kqj2+2j+k+2K

[
j + k − 1

k

]
q2

[
j +K − 1

K

]
q2

[
n− k −K

j

]
q2

=
∞∑

k=−∞
q21k2+4kU(n + 1, 7k; q) − q21k2+10k+1U(n+ 1, 7k + 1; q) (3.118)

P0 = 1

P1 = q3 + 1

P2 = q8 + q4 + q3 + 1

Pn = (1 + q − q2 + q2n+1)Pn−1 + (q3 + q2 − q)Pn−2 − q3Pn−3 if n = 3

Identity 3.119 (Finite form of A.119). Bosonic representation conjectured by San-
tos [60, p. 91, eqn. 6.67].

∑
j=0

∑
k=0

∑
K=0

(−1)Kqj2+2j+k+2K

[
j + k

k

]
q2

[
j +K − 1

K

]
q2

[
n− k −K

j

]
q2

=
∞∑

k=−∞
q21k2+8kU(n+ 1, 7k + 1; q) − q21k2+20k+4U(n + 1, 7k + 3; q) (3.119)

P0 = 1

P1 = q3 + q + 1

P2 = q8 + q6 + q4 + q3 + q2 + q + 1

Pn = (1 + q − q2 + q2n+1)Pn−1 + (q3 + q2 − q)Pn−2 − q3Pn−3 if n = 3

Identity 3.120 (Finite form of A.120). Bosonic representation conjectured by San-
tos [60, p. 91, eqn. 6.68].

1 +
∑
j=1

∑
i=0

∑
k=0

qj2+j+i2+i+k

[
j − 1

i

]
q2

[
j + k − 1

k

]
q2

[
n− i− k

j

]
q2

=
∞∑

k=−∞
q24k2+2k

[
2n+ 1

n+ 6k + 1

]
q

− q24k2+10k+1

[
2n+ 1

n+ 6k + 2

]
q

(3.120)

P0 = 1

P1 = q2 + 1

P2 = q6 + q4 + q3 + q2 + 1

Pn = (1 + q + q2 + q2n)Pn−1 − (q3 + q2 + q)Pn−2 + (q3 − q2n)Pn−3 if n = 3
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Identity 3.121 (Finite form of A.121). Bosonic representation conjectured by San-
tos [60, p. 92, eqn. 6.69].

1 +
∑
j=1

∑
i=0

∑
k=0

qj2+i2+i+k

[
j − 1

i

]
q2

[
j + k − 1

k

]
q2

[
n− i− k

j

]
q2

=
∞∑

k=−∞
q24k2+2k

[
2n+ 1

n+ 6k + 1

]
q

− q24k2+14k+2

[
2n+ 1

n+ 6k + 2

]
q

(3.121)

P0 = 1

P1 = q + 1

P2 = q4 + q3 + q2 + q + 1

Pn = (1 + q + q2 + q2n−1)Pn−1 − (q3 + q2 + q)Pn−2 + (q3 − q2n−1)Pn−3 if n = 3

Identity 3.122 (Finite form of A.122). Bosonic representation conjectured by San-
tos [60, p. 92, eqn. 6.70]; corrected below.

∑
i,j,k=0

qj2+3j+i2+i+k

[
j

i

]
q2

[
j + k

k

]
q2

[
n + 1 − i− k

j + 1

]
q2

=

∞∑
k=−∞

q24k2+14k

[
2n+ 3

n+ 6k + 3

]
q

− q24k2+22k+3

[
2n+ 3

n+ 6k + 4

]
q

(3.122)

P0 = 1

P1 = q4 + q2 + q + 1

P2 = q10 + q8 + q7 + 2q6 + q6 + 2q4 + q3 + 2q2 + q + 1

Pn = (1 + q + q2 + q2n+2)Pn−1 − (q3 + q2 + q)Pn−2 + (q3 − q2n+2)Pn−3 if n = 3

Identity 3.123 (Finite form of A.123). Bosonic representation conjectured by San-
tos [60, p. 93, eqn. 6.71]; corrected below.

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)iq2j2+2j+2i2+2i+k+2l

[
j

i

]
q4

[
j + k

k

]
q2

[
j + l

l

]
q2

[
n− 2i− k − l

j

]
q2

=

∞∑
k=−∞

q24k2+10k

[
2n+ 2

n+ 6k + 2

]
q

− q24k2+22k+4

[
2n+ 2

n+ 6k + 4

]
q

(3.123)

P0 = 1

P1 = q3 + q2 + q + 1

P2 = q8 + q7 + q6 + 2q5 + 2q4 + 2q3 + 2q2 + q + 1

Pn = (1 + q + q2 + q2n+1)Pn−1 − (q3 + q2 + q)Pn−2 + (q3 − q2n+1)Pn−3 if n = 3

Identity 3.124 (Finite form of A.124). Bosonic representation for even n conjectured
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by Santos [60, p. 93, eqn. 6.72].

∑
i=0

∑
j=0

∑
k=0

∑
K=0

∑
l=0

∑
L=0

(−1)i+K+lq2j2+2j+3i2+k+K+2l+L

[
j

i

]
q6

[
j + k

k

]
q2

[
j +K

K

]
q2

×
[
j + l − 1

l

]
q2

[
j + L− 1

L

]
q2

[
n− j − 3i− k −K − l − L

j

]
q2

(3.124)

=




∑
k q

108k2+12k
[

2m+1
m+9k+1

]
q2
− q108k2+60k+8

[
2m+1

m+9k+3

]
q2

+ q108k2+48k+5
[

2m
m+9k+2

]
q2

−q108k2+96k+21
[

2m
m+9k+4

]
q2

if n = 2m,∑
k q

108k2+12k
[

2m+1
m+9k+1

]
q2
− q108k2+60k+8

[
2m+1

m+9k+3

]
q2

+ q108k2+48k+5
[

2m+2
m+9k+3

]
q2

−q108k2+96k+21
[

2m+2
m+9k+5

]
q2

if n = 2m+ 1.

P0 = 1

P1 = 1

P2 = q4 + q2 + 1

P3 = q5 + q4 + q2 + 1

Pn = (1 − q2)Pn−1 + (2q2 + q2n)Pn−2 + (q4 − q2 + q2n−1)Pn−3 + (q2n−2 − q4)Pn−4 if n = 3

Identity 3.125 (Finite form of A.125). Bosonic representation for even n conjectured
by Santos [60, p. 94, eqn. 6.73].

∑
i=0

∑
j=0

∑
k=0

∑
K=0

∑
l=0

∑
L=0

(−1)i+K+lq2j2+4j+3i2+k+K+2l+L

[
j

i

]
q6

[
j + k

k

]
q2

[
j +K

K

]
q2

×
[
j + l − 1

l

]
q2

[
j + L− 1

L

]
q2

[
n− j − 3i− k −K − l − L

j

]
q2

(3.125)

=




∑
k q

108k2+24k
[

2m+2
m+9k+2

]
q2
− q108k2+48k+4

[
2m+2

m+9k+3

]
q2

+ q108k2+60k+7
[

2m+1
m+9k+3

]
q2

−q108k2+84k+15
[

2m+1
m+9k+4

]
q2

if n = 2m,∑
k q

108k2+24k
[

2m+2
m+9k+2

]
q2
− q108k2+48k+4

[
2m+2

m+9k+3

]
q2

+ q108k2+60k+7
[

2m+3
m+9k+4

]
q2

−q108k2+84k+15
[

2m+3
m+9k+5

]
q2

if n = 2m+ 1.

P0 = 1

P1 = 1

P2 = q6 + q2 + 1

P3 = q7 + q6 + q2 + 1

Pn = (1 − q2)Pn−1 + (2q2 + q2n+2)Pn−2 + (−q2 + q4 + q2n+1)Pn−3

+(q2n − q4)Pn−4 if n = 4

Observation 3.126. Identity (126) is equivalent to (71) + q × (68) − q × (128).
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Observation 3.127. Identity (127) is equivalent to (71) − q × (128).

Identity 3.128 (Finite form of A.128).

∑
j=0

∑
i=0

∑
I=0

∑
k=0

∑
K=0

∑
L=0

(−1)i+Lqj2+2j+2i2+2i+2I2+2I+4k+K+2L

[
j

i

]
q4

[
j

I

]
q4

[
j + k

k

]
q4

×
[
j +K

K

]
q2

[
j + L− 1

L

]
q2

[
n− 2i− 2I − 2k −K + L

j

]
q2

=

∞∑
k=−∞

q32k2+12kU(n + 1, 8k + 1; q) − q32k2+28k+5U(n+ 1, 8k + 3; q) (3.128)

P0 = 1

P1 = q3 + q + 1

P2 = q8 + q6 + 2q4 + q3 + q2 + q + 1

P3 = q15 + q13 + 2q11 + 2q9 + q8 + 3q7 + q6 + 2q5 + 2q4 + 2q3 + q2 + q + 1

Pn = (1 + q + q2n+1)Pn−1 + (q4 − q − q2n+1)Pn−2 + (−q5 − q4 + q2n+1)Pn−3

+(q5 − q2n+1)Pn−4 if n = 4.

Observation 3.129. Identity (129) is equivalent to q−2 ×
(
(128) − (68)

)
.

Identity 3.130 (Finite form of A.130).

∑
i=0

∑
j=0

∑
k=0

∑
l=0

(−1)lqj2+2i2+k+2l

[
j

i

]
q4

[
j + k

k

]
q2

[
j + l − 1

l

]
q2

[
n− 2i− k − l

j

]
q2

=

∞∑
j=−∞

(−1)jq8j2
[
T0(n, 4j; q) + T0(n− 1, 4j; q)

]

+(−1)jq8j2+4j+1
[
T0(n, 4j + 1; q) + T0(n− 1, 4j + 1; q)

]
(3.130)

P0 = 1

P1 = 2q + 1

P2 = 2q4 + 2q2 + 2q + 1

Pn = (1 + q − q2 + q2n−1)Pn−1 + (q3 + q2 − q)Pn−2 + (q2n−3 − q3)Pn−3 if n = 3

4 Proving Conjectured Polynomial Identities

We shall now discuss several methods by which one can prove the identities stated in the
previous section.
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4.1 Direct Proof

The following finitization of identity 39 on Slater’s list

∑
j=0

q2j2

[
n

2j

]
q

=

∞∑
j=−∞

q4j2+j

[
n

bn+4j+1
2

c
]

q2

(3.39-b)

was stated by Andrews and Santos in [20, p. 94, eqn. 3.1], but only hint of the proof was
given, since it is a finite analog of the proof of (A.39), which was written out in full. The
details of the proof hinted at are presented below:

Proof.

∑
j=0

q2j2

[
n

2j

]
q

=
∑
j=0

q(2j)2/2

[
n

2j

]
q

=
∑
k=0

k even

qk2/2

[
n

k

]
q

=
1

2


∑

k=0

qk2/2

[
n

k

]
q

+
∑
k=0

(−1)kqk2/2

[
n

k

]
q




=
1

2

[
(−√

q; q)n + (
√
q; q)n

]
(by (1.10))

CASE 1: (Even n)

=
1

2

[
(−√

q; q2)n/2(−
√
q3; q2)n/2 + (

√
q; q2)n/2(

√
q3; q2)n/2

]

=
1

2

( ∞∑
k=−∞

qk2+k/2

[
n

n/2 + k

]
q2

+

∞∑
k=−∞

(−1)kqk2+k/2

[
n

n/2 + k

]
q2

)

(by Theorem 1.56)

=
∞∑

k=−∞
k even

qk2+k/2

[
n

n/2 + k

]
q2

=

∞∑
j=−∞

q4j2+j

[
n

bn+4j
2

c
]

q2

=
∞∑

j=−∞
q4j2+j

[
n

bn+4j+1
2

c
]

q2
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CASE 2: (Odd n)

=
1

2

[
(−√

q; q2)(n+1)/2(−
√
q3; q2)(n−1)/2 + (

√
q; q2)(n+1)/2(

√
q3; q2)(n−1)/2

]
=

1

2

[
(1 + q(2n−1)/2)(−√

q; q2)(n−1)/2(−
√
q3; q2)(n−1)/2

+(1 − q(2n−1)/2)(
√
q; q2)(n−1)/2(

√
q3; q2)(n−1)/2

]

=
1

2

( ∞∑
k=−∞

qk2+k/2

[
n− 1

(n− 1)/2 + k

]
q2

+

∞∑
k=−∞

(−1)kqk2+k/2

[
n− 1

(n− 1)/2 + k

]
q2

)

+
q(2n−1)/2

2

( ∞∑
k=−∞

qk2+k/2

[
n− 1

(n− 1)/2 + k

]
q2

+

∞∑
k=−∞

(−1)kqk2+k/2

[
n− 1

(n− 1)/2 + k

]
q2

)

=

∞∑
k=−∞
k even

qk2+k/2

[
n− 1

(n− 1)/2 + k

]
q2

+

∞∑
k=−∞
k odd

qk2+k/2

[
n− 1

(n− 1)/2 + k

]
q2

=

∞∑
j=−∞

q4j2−j

[
n− 1

(n− 1)/2 − 2j

]
q2

+qn−1/2
∞∑

j=−∞
q(1−2j)2+(1−2j)/2

[
n− 1

(n− 1)/2 − 2j + 1

]
q2

=

∞∑
j=−∞

q4j2−j

[
n− 1

(n− 1)/2 − 2j

]
q2

+

∞∑
j=−∞

qn+1−4jq4j2−j

[
n− 1
n+1−4j

2

]
q2

=

∞∑
j=−∞

q4j2−j

([
n− 1

n+1−4j
2

− 1

]
q2

+ qn+1−4j

[
n− 1

n+1−4j
2

− 1

]
q2

)

=
∞∑

j=−∞
q4j2−j

[
n

n+1−4j
2

]
q2

(by (1.6))

=

∞∑
j=−∞

q4j2+j

[
n

n+1+4j
2

]
q2

=
∞∑

j=−∞
q4j2+j

[
n

bn+1+4j
2

c
]

q2

While the preceeding proof is nice in that it is a finite analog of the proof of (A.39)
given by Andrews and Santos [20, pp. 93-94], the method is not applicable to all the
polynomial identities stated in § 3.
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4.2 WZ proofs

We now turn our attention to a method which, in theory, will provide proofs for all
of the polynomial identities in § 3. In 1990, Wilf and Zeilberger published their ground-
breaking paper “Rational Functions Certify Combinatorial Identities” [76], for which they
later won the prestigious Leroy P. Steele Prize for Seminal Contribution to Research [2].
Their original methods, which were designed for single sum hypergeometric type identi-
ties, were successfully extended to multisum identities and q-analogs (see, e.g. Wilf and
Zeilberger [78] and Koornwinder [47]).

4.2.1 A Brief Introduction to the WZ-theory

The following is a brief exposition of the part of Wilf and Zeilberger’s WZ-theory4 which
will be required for our present purposes. For a detailed introduction to WZ theory,
including the Sister Celine’s algorithm, Gosper’s Algorithm, Zeilberger’s algorithm, and
WZ pairs, see Petkovšek, Wilf and Zeilberger [55].

Recall that the identities conjectured in § 3 are of the form

LHS(n) = RHS(n)

where the LHS is a polynomial known to satisfy a certain recurrence relation of order,
say r. Thus, to prove the identity is true for all n, it is sufficient to show that RHS(n)
satisfies the same rth order recurrence relation and the initial conditions

LHS(0) = RHS(0), LHS(1) = RHS(1), . . . , LHS(r − 1) = RHS(r − 1).

We need to introduce some notation at this point. Let us say that the rth order recurrence
relation satisfied by LHS(n) is

r∑
i=0

pi(q)LHS(n− i) = 0, (4.1)

where the pi(q) are polynomials in q depending only on n, and note that RHS(n) is
of the form

∑∞
j=−∞ F (n, j). We obtain a function G(n, j) which satisfies the following

conditions:
r∑

i=0

pi(q)F (n− i, j) = G(n, j) −G(n, j − 1) (4.2)

and
lim

j=±∞
G(n, j) = 0. (4.3)

Then, by summing (4.2) over all j, we automatically obtain

r∑
i=0

pi(q)RHS(n− i) = 0,

4named in honor of two famous complex variables; see [76, p. 148, footnote 1].
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and this observation together with the checking of the appropriate initial conditions,
completes the proof. Of course, the big question is, “How does one obtain this G(n, j)
function?” The process by which one finds G is known as either “Zeilberger’s Algo-
rithm” or “creative telescoping”; see Zeilberger [80] and [79]. For a detailed explaina-
tion of why such a G is guaranteed to exist, and how to find one, the reader is re-
ferred to Petkovšek, Wilf and Zeilberger [55]. For our present purposes, we merely
note that there are several packages available which will find G(n, j) for a given F (n, j).
Zeilberger’s qEKHAD package5 for Maple is available for free download from his web site
http://www.math.rutgers.edu/~zeilberg. Axel Riese has written Mathematica pack-
ages for proving both single and multisum q-hypergeometric identities. They are available
for download, free of charge to researchers and non-commercial users, at
http://www.risc.uni-linz.ac.at/research/combinat/risc/software/

and have accompanying documentation in Paule and Riese [54] and Riese [56] respec-
tively. We note that the G(n, j) function is a rational function multiple of the summand
function F (n, j), i.e. that

G(n, j) = F (n, j)R(n, j)

for some rational function R(n, j). This function R(n, j) is called the WZ certificate
or simply certificate function, and it is actually this certificate function rather than the
G(n, j) function that is produced for a given summand F (n, j) by the Maple and Math-
ematica packages of Zeilberger and Riese respectively.

A Detailed Example.
Suppose we are interested in proving the identity conjectured in § 2 using Zeilberger’s
Algorithm. Recall that the identity is

n∑
j=0

qj2+j

[
n

j

]
q2

=
∞∑

j=−∞
(−1)jq2j2+j

[
2n+ 1

n+ 2j + 1

]
q

. (4.4)

We saw in § 2 that the idenitity (4.4) satisfies the recurrence

Pn(q) = (1 + q2n)Pn−1(q)

and the initial condition P0(q) = 1. Thus to prove (4.4), it suffices to show that the
righthand side of (4.4) satisfies, the same recurrence and initial conditions, i.e. that

∞∑
j=−∞

F (n, j) = (1 + q2n)
∞∑

j=−∞
F (n− 1, j), (4.5)

for n = 0 and
∞∑

j=−∞
F (0, j) = 1 (4.6)

5named in honor of Shalosh B. Ekhad, Zeilberger’s computer and prolific author in its own right.
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where F (n, j) = (−1)jq2j2+j
[

2n+1
n+2j+1

]
q
. As mentioned in the previous section, one can use

the qZeil function in Riese’s qZeil Mathematica package to produce a function G(n, j)
such that

F (n, j) − (1 + q2n)F (n− 1, j) = G(n, j) −G(n, j − 1) (4.7)

and
lim

j→±∞
G(n, j) = 0. (4.8)

We then sum both sides of equation (4.7) over all integral j, and observe that the righthand
side of (4.7) telescopes to 0. This will then guarantee that equation (4.5) holds. Let us
now begin a Mathematica session (for a detailed explanation of the use of the qZeil

package, see Paule and Riese [54]):

In[1]:= << qZeil.m

Out[1]= Axel Riese’s q-Zeilberger

implementation version 2.01 (04/12/01) loaded

In[2]:= F[n_,j_]:= (-1)^j q^(2j^2 + j) qBinomial[2n+1, n+2j+1, q]

In[3]:= qZeil[F[n,j], {j, -Infinity, Infinity}, n, 1]

Out[3]=

SUM(n) =
(
1 + q2 n

)
SUM(−1 + n)

I interrupt the Mathematica session here to note that if we trust the computer, the
proof of the identity is complete, since the qZeil procedure output the recurrence we
are trying to demonstrate that

∑
F (n, j) satisfies. (Remember that the initial conditions

were already verified in an earlier Maple session. However, if we do not implicitly trust the
computer, we can use it to produce the WZ certificate, which in turn allows us to verify a
rational function identity algebraically equivalent to (4.7). Let us therefore continue the
Mathematica session by producing the WZ certificate6:

In[4]:= Cert[ ]

Out[4]=

q−2 j+n (−q2 j + qn) (−q1+2 j + qn)

(−1 + qn) (1 + qn) (−1 + q1+2 n)

6Note that Zeilberger’s algorithm is much stronger than we actually need here. Zeilberger’s algorithm
not only finds the certificate, but the recurrence satisfied by the summand. Thus, even though the method
of q-difference equations allows us to know the recurrence in advance, Zeilberger’s algorithm by no means
requires this.
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Thus, the qZeil package claims that

G(n, j) = F (n, j)R(n, j)

where

R(n, j) =
qn−2j(qn − q2j)(qn − q2j+1)

(qn − 1)(qn + 1)(q2n+1 − 1)

is the desired function G. It is easy to see that G(n, j) satifies equation (4.8) since the
Gaussian polynomial

[
A
B

]
q

is 0 when B > A and when B < 0. We now must verify that it

satisfies equation (4.7). For this purpose, it is easiest to divide (4.7) through by F (n, j)
to obtain the equivalent formulation

1 − (1 + q2n)F (n− 1, j)

F (n, j)
= R(n, j) − F (n, j − 1)R(n, j − 1)

F (n, j)
. (4.9)

Continuing with Mathematica:

In[5]:= R[n_,j_] := (q^(n-2j) (-q^(2j)+q^n) (q^n-q^(2j+1)))/

((q^n-1)(q^n+1) (q^(2n+1) - 1))

In[6]:= lhs = qSimplify[1 - (1+q^(2n)) F[n-1,j]/F[n,j]]

Out[6]=

1 +
(−1 − q2 n) (1 − q−2 j+n) (1 − q1+2 j+n)

(1 − q2 n) (1 − q1+2 n)

In[7]:= rhs = qSimplify[R[n,j] - F[n,j-1] R[n,j-1]/F[n,j]]

Out[7]=

q−2 j+n (−q2 j + qn) (−q1+2 j + qn)

(1 − q2n) (1 − q1+2 n)
+

q3−6 j+n (−q−2+2 j + qn) (−q−1+2 j + qn) (1 − q2 j+n) (1 − q1+2 j+n)

(1 − q2 n) (1 − q1−2 j+n) (1 − q2−2 j+n) (1 − q1+2 n)

In[8]:= Simplify[lhs - rhs]

Out[8]= 0

And thus using the Mathematica Simplify procedure together with the qSimplify pro-
cedure available in the qZeil package, we see that (4.9), and therefore (4.7), and therefore
(4.5) is true. Of course, the complete computer skeptic can verify (4.9) directly by hand.
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4.2.2 Dealing with Non-minimal Recurrences

Paule’s Creative Symmetrization. It is well known (see e.g. Paule [53]) that cre-
ative telescoping does not always output the minimal recurrence that is satisfied by the
summand. Let us examine an example where this is the case, Identity 3.5-b:

∑
j=0

q2j2+j

[
n + 1

2j + 1

]
q

=

∞∑
j=−∞

(−1)jq3j2+j

[
2n

n+ 2j

]
q

(3.5-b)

From the Maple session in which this identity was conjectured we know that the LHS
satisfies the recurrence

P0 = 1,

Pn = (1 + qn)Pn−1 if n = 1.

We return to Mathematica in the hopes of demonstrating that the RHS satisfies the same
recurrence:

In[9]:= qZeil[ (-1)^j q^(3j^2 + j) qBinomial[2n, n + 2j, q],

{j, -Infinity, Infinity}, n, 3]

Out[9]=

SUM (n) = q3
(
1 − q−5+2 n

) (
1 − q−4+2 n

)
SUM (−3 + n)−

(q5 + q6 + q7 + q3 n − q2+2 n + q2+3 n) SUM(−2 + n)

q4
−

(−q − q2 − q3 − q2 n) SUM(−1 + n)

q

but alas the creative telescoping algorithm finds a third order recurrence, when we were
attempting to show that the RHS satisfies a certain first order recurrence. But thanks to
the following useful observation of Peter Paule, all hope is not lost.

Notice that any function F (n, j) can be written as the sum of its even part and its
odd part, i.e.

F (n, j) =
F (n, j) + F (n,−j)

2
+
F (n, j) − F (n,−j)

2
. (4.10)

If we sum both sides of (4.10) over all j ∈ Z, the odd portion of F (n, j) vanishes, so we
obtain ∑

j∈Z

F (n, j) =
∑
j∈Z

F (n, j) + F (n,−j)
2

(4.11)

Applying (4.11) to the RHS of (3.5), we obtain

∞∑
j=−∞

2F (n, j) =

∞∑
j=−∞

(−1)jq3j2−j

[
2n

n+ 2j

]
q

(1 + q2j) (4.12)
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In[10]:= qZeil[ (-1)^j q^(3j^2 - j)(1 + q^(2j)) qBinomial[2n, n + 2j,

q], {j, -Infinity, Infinity}, n, 1]

Out[10]=

SUM(n) = (1 + qn) SUM (−1 + n)

which is the desired (minimal) recurrence.
Operator Algebra. The technique of creative symmetrization works perfectly on

the example under consideration and in fact works on many well known examples (see
Paule [54]). However, creative symmetrization by no means guarantees that the minimal,
or even a lower order recurrence, will be produced using Zeilberger’s algorithm. It would
therefore be wise to have a way of dealing with non-minimal recurrences in the event that
creative symmetrizing fails. For comparison, I will continue to work with the same example
as from the previous section, even though the creative symmetrizing technique produces
a minimal recurrence for it. But first, the forward shift operator must be introduced.
Define

NF (n, j) := F (n+ 1, j)

and by extension,
N sF (n, j) := F (n+ s, j)

for any integer s. For example, (4.7) re-written in operator notation is

(1 − (1 + q2n)N−1)F (n, j) = (1 − J−1)G(n, j), (4.13)

where, of course, J is the forward shift operator in j, i.e.

JF (n, j) := F (n, j + 1)

and by extension,
JsF (n, j) := F (n, j + s)

for any integer s.
Now the (unsymmetrized) RHS of (3.5-b) was shown by Mathematica to satisfy the

recurrence ∑
j

F (n) = q3(1 − q2n−5)(1 − q2n−4)
∑

j

F (n− 3, j)

−(q + q2 + q3 + q3n − q2n−2 + q3n−2)
∑

j

F (n− 2, j)

+(1 + q + q2 + q2n−1)
∑

j

F (n− 1, j),
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which is easily seen to be equivalent to

−q3(1 − q2n+1)(1 − q2n+2)
∑

j

F (n, j)

+(q + q2 + q3 − q2n+4 + q3n+5 + q3n+7)
∑

j

F (n+ 1, j)

−(1 + q + q2 + q2n+5)
∑

j

F (n+ 2, j)

+
∑

j

F (n+ 3, j) = 0,

which in turn can be written in operator notation as[
− q3(1 − q2n+1)(1 − q2n+2) + (q + q2 + q3 − q2n+4 + q3n+5 + q3n+7)N (4.14)

−(1 + q + q2 + q2n+5)N2 +N3
]∑

j

F (n, j) = 0.

We say that an operator B annihilates a sequence S(n) if

[B]S(n) = 0,

so it is clear that the operator in (4.14) annihilates the RHS of (3.5-b). Similarly, the
LHS of (3.5-b) was shown by Mathemtaica to satisfy the recurrence∑

j

F (n, j) = (1 + qn)
∑

j

F (n− 1, j)

which is equivalent to the recurrence∑
j

F (n+ 1, j) − (1 + qn+1)
∑

j

F (n, j) = 0

which in turn can be written in operator notation as[
N − (1 + qn+1)

]∑
j

F (n, j) = 0. (4.15)

Now it is clear that if an operator B annihilates a sequence S(n), then any left multiple
of B will also annihilate S(n), i.e.

[B]S(n) = 0 =⇒ [AB]S(n) = 0,

where A is any n-shift operator. Thus, if it can be shown that the operator in (4.14) is a
left multiple of (4.15) (along with the appropriate initial conditions), then the identity will
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be proved. Dividing the third order recurrence on the right by the first order recurrence,
we find that[

N2 − q(1 + q − qn+2 + q2n+4)N + q3(q2n+1 − 1)(qn+1 − 1)
][
N − (1 + qn+1)

]
=
[
− q3(1 − q2n+1)(1 − q2n+2) + (q + q2 + q3 − q2n+4 + q3n+5 + q3n+7)N

−(1 + q + q2 + q2n+5)N2 +N3
]
,

and so both the LHS and RHS of (3.5-b) are annhilated by the third order recurrence
found by Mathematica, and together with the appropriate initial conditions, the identity
is established.

4.2.3 Multisum techniques

The Bosonic forms for each of the identities in § 3 are single sums, but many are single
sums involving q-trinomial coëfficients. There are currently no computer implementations
of Zeilberger’s algorithm which allows direct inputting of q-trinomial coëfficients, but
recalling the definitions of the q-trinomial coëfficients (1.16–1.22), we can express any
single sum q-trinomial expressions as a double sum q-binomial expression. Thus the
situation we are now in is wanting to prove an identity

LHS(n) = RHS(n)

where RHS(n) is of the form

RHS(n) =
∞∑

j=−∞

∞∑
s=0

F (n, j, s).

for all nonnegative integers n. The conditions analogous to (4.2) and (4.3) in the two-fold
sum case is that we find functions G(n, j, s) and H(n, j, s) such that

r∑
i=0

pi(q)F (n+ i, j, s) = G(n, j, s) −G(n, j − 1, s) +H(n, j, s) −H(n, j, s− 1) (4.16)

and
lim

j→±∞
G(n, j, s) = lim

s→±∞
H(n, j, s) = 0 (4.17)

Then, by summing (4.16) over all j and s, we immediately obtain

r∑
i=0

pi(q)RHS(n− i) = 0,

which, together with the appropriate initial conditions, will complete the proof. The WZ
certificate is now a pair of functions Rj(n, j, s) and Rs(n, j, s) such that

G(n, j, s) = F (n, j, s)Rj(n, j, s)
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and
H(n, j, s) = F (n, j, s)Rs(n, j, s).

(Of course, these ideas extend from two-fold summation to k-fold summation for any fixed
positive integer k.)
A Detailed Example.
Let us consider the identity (3.4).

∑
i=0

∑
j=0

∑
k=0

(−1)j+kqi2+j2+2k

[
j

i

]
q2

[
j + k − 1

k

]
q2

[
n− i− k

j

]
q2

=

∞∑
j=−∞

(−1)jqj2

U(n− 1, j; q) (3.4)

where during the Maple session in which it was conjectured, the LHS was found to satisfy
the recurrence

P0 = 1,

P1 = −q + 1,

Pn = (1 − q2 − q2n−1)Pn−1 + (q2 − q2n−2)Pn−2 if n = 2.

Translating the above into forward shifts and operator notation, we obtain[
− q2(−1 + qn)(1 + qn) + (1 − q2 − q3n+3)N −N2

]∑∑
F (n, j, r) = 0 (4.18)

Thus, it needs to be shown that the RHS satisfies the same recurrence (or an operator
algebraic multiple of it) and the initial conditions. Now as stated previously, the Riese
Mathematica packages can not deal with the RHS of (3.4) directly. Instead, we must use
(1.22) and (1.17) to find that

∞∑
j=−∞

(−1)jqj2

U(n− 1, j; q) =

∞∑
j=−∞

(−1)jqj2
{

T0(n− 1, j; q) + T0(n− 1, j + 1; q)
}

=
∞∑

j=−∞
(−1)jqj2

{ n−1∑
r=0

(−1)r

[
n− 1

r

]
q2

[
2n− 2 − 2r

n− 1 − j − r

]
q

+

n∑
r=0

(−1)r

[
n− 1

r

]
q2

[
2n− 2 − 2r

n− j − r

]
q

}

=

∞∑
j=−∞

∞∑
r=0

(−1)j+rqj2

[
n− 1

r

]
q2

([ 2n− 2r − 2

n− j − r − 1

]
q

+

[
2n− 2r − 2

n− j − r

]
q

)

=
∞∑

j=−∞

∞∑
r=0

(−1)j+rqj2

[
n− 1

r

]
q2

[
2n− 2r − 2

n− j − r − 1

]
q

(
1 +

1 − qn+j−r−1

1 − qn−j−r

)
.

We now return to Mathematica, this time using Riese’s qMultiSum package.
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In[11]:= <<qMultiSum.m

Out[11]= Axel Riese’s qMultiSum implementation

version 2.15 (07/26/01) loaded

In[12]:= qFindRecurrence[ (-1)^(j + r) q^(j^2)

qBinomial[n - 1, r, q^2]

qBinomial[2n - 2r - 2, n - 1 - j - r, q]

(1 + (1 - q^(n + j - r - 1))/(1 - q^(n - j - r))),

n, {j, r}, 1, {0, 2}]

Out[12] =

−(
(
q2 − qn

) (
q3 − qn

) (
q4 − qn

) (
q2 + qn

) (
q3 + qn

) (
q4 + qn

)
F [−4 + n,−1 + j,−1 + r]

+q6
(−1 + q + q2

) (
q2 − qn

) (
q3 − qn

) (
q2 + qn

) (
q3 + qn

)
F [−3 + n,−1 + j,−1 + r]

−q (q2 − qn
) (
q3 − qn

) (
q2 + qn

) (
q3 + qn

) (
q7 − q2n

)
F [−3 + n,−1 + j, r]

−q8+2 n
(
q2 − qn

) (
q2 + qn

)
F [−2 + n,−2 + j, r]

−q11
(−1 − q + q2

) (
q2 − qn

) (
q2 + qn

)
F [−2 + n,−1 + j,−1 + r]

+q9
(
q2 − qn

) (
q2 + qn

) (−q3 + q4 + q5 + q2 n
)
F [−2 + n,−1 + j, r]

−q6+2 n
(
q2 − qn

) (
q2 + qn

)
F [−2 + n, j, r]

−q14+2 n F [−1 + n,−2 + j, r] − q15 F [−1 + n,−1 + j,−1 + r]

−q11
(−q4 − q5 + q6 − q2 n

)
F [−1 + n,−1 + j, r] − q12+2 n F [−1 + n, j, r]

−q15 F [n,−1 + j, r]) == 0

Thus we have a recurrence satisfied by the RHS summand. Notice, however, that the
recurrence involves shifts in the summation variables as well as in n. To remedy this, we
use the qRecurrenceToCertificate and qSumCertificate procedures.

In[13]:= qRecurrenceToCertificate[%]

Out[13]=

∆j [q
18 (−1 + qn) (1 + qn)

(−1 + q1+n
) (

1 + q1+n
) (−1 + q2+n

) (
1 + q2+n

)
F [n, j, r]

+q16
(−1 + q + q2

) (−1 + q1+n
) (

1 + q1+n
) (−1 + q2+n

) (
1 + q2+n

)
F [1 + n, j, r]

+q18
(−1 + q1+n

) (
1 + q1+n

) (−1 + q2+n
) (

1 + q2+n
) (−1 + q1+2 n

)
F [1 + n, j, 1 + r]

+q15
(−1 − q + q2

) (−1 + q2+n
) (

1 + q2+n
)
F [2 + n, j, r]

−q16
(−1 + q2+n

) (
1 + q2+n

) (−1 + q + q2 − q2+2 n + q5+2 n
)
F [2 + n, j, 1 + r]
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+q18+2 n
(−1 + q2+n

) (
1 + q2+n

)
F [2 + n, 1 + j, 1 + r]

−q15 F [3 + n, j, r] − q15
(−1 − q + q2 − q4+2 n + q5+2 n

)
F [3 + n, j, 1 + r]

−q20+2 n F [3 + n, 1 + j, 1 + r] − q15 F [4 + n, j, 1 + r]]

+∆r[q
18
(−1 + q1+n

) (
1 + q1+n

) (−1 + q2+n
) (

1 + q2+n
) (−1 + q1+2 n

)
F [1 + n, j, r]

−q16
(−1 + q2+n

) (
1 + q2+n

) (−1 + q + q2 − q2+2 n − q4+2 n + q5+2 n
)
F [2 + n, j, r]

−q15
(−1 − q + q2 − q4+2 n + q5+2 n + q7+2 n

)
F (3 + n, j, r) − q15 F [4 + n, j, r]]

+q18 (−1 + qn) (1 + qn)
(−1 + q1+n

) (
1 + q1+n

) (−1 + q2+n
) (

1 + q2+n
)
F [n, j, r]

+q6
(−1 + q + q2

) (
q2 − q4+n

) (
q3 − q4+n

) (
q2 + q4+n

) (
q3 + q4+n

)
F [1 + n, j, r]

−q (q2 − q4+n
) (
q3 − q4+n

) (
q2 + q4+n

) (
q3 + q4+n

) (
q7 − q8+2 n

)
F [1 + n, j, r]

−q14+2 n
(
q2 − q4+n

) (
q2 + q4+n

)
F [2 + n, j, r]

−q16+2 n
(
q2 − q4+n

) (
q2 + q4+n

)
F [2 + n, j, r]

−q11
(−1 − q + q2

) (
q2 − q4+n

) (
q2 + q4+n

)
F [2 + n, j, r]

+q9
(
q2 − q4+n

) (
q2 + q4+n

) (−q3 + q4 + q5 + q8+2 n
)
F [2 + n, j, r]

−q15 F (3 + n, j, r) − q20+2 n F [3 + n, j, r]

−q22+2 n F [3 + n, j, r] − q11
(−q4 − q5 + q6 − q8+2 n

)
F [3 + n, j, r]

−q15 F [4 + n, j, r] == 0

Note that the ∆j and ∆r are the shift operators J − 1 and R− 1 respectively. Thus,
the functions they act on are the certificate function pair Rj(n, j, r) and Rr(n, j, r) re-
spectively. We now find the recurrence (with shifts only in the n) for the RHS sum:

In[14]:=qSumCertificate[%]

Out[14]=

q3 (−1 + qn) (1 + qn)
(−1 + q1+n

) (
1 + q1+n

) (−1 + q2+n
) (

1 + q2+n
)
SUM [n]

+q
(−1 + q1+n

) (
1 + q1+n

) (−1 + q2+n
) (

1 + q2+n
) (−1 + q + q3+2 n

)
SUM [1 + n]

− (−1 + q2+n
) (

1 + q2+n
) (

1 + q3 − q3+2 n − q5+2 n + q6+2 n
)
SUM [2 + n]

−q (−1 + q − q3+2 n + q4+2 n + q6+2 n
)
SUM [3 + n] − SUM [4 + n] == 0

So, once again the computer finds a nonminimal recurrence. So, we perform another
right division to demonstrate that the operator represented above is a left multiple of the
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operator in (4.18): [
−N2 − (1 − q)(−1 + qn+2)(1 + qn+2)N+

q(1 + qn+1)(−1 + qn+2)(1 + qn+2)(−1 + qn+1)
]

[
−N2 + (1 − q2 − q2n+3)N + q2(1 − qn)(1 + qn)

]
= N4 + q(−1 + q − q3n+3 + q2n+4 + q2n+6)N3

+(−1 + qn+2)(1 + qn+2)(1 + q3 − q2n+3 − q2n+5 + q2n+6)N2

−q(−1 + qn+1)(1 + qn+2)(−1 + qn+2)(1 + qn+2)(−1 + q + q2n+3)N

−q3(qn − 1)(1 + qn)(−1 + qn+1)(1 + qn+1)(−1 + qn+2)(1 + qn+2)

4.2.4 WZ Certificates for Selected Identities

The RHS of Identity 3.2-b is certified by

q−2 j+n (−q2 j + qn) (−q1+2 j + qn)

(−1 + qn) (1 + qn) (−1 + q1+2 n)
.

The RHS of Identity 3.3-b is certified by

q−2 j+n (−q2 j + qn) (−q1+2 j + qn)

(−1 + qn) (1 + qn) (−q + q2 n)
.

After creative symmetrizing with the factor (1 + q2j), the RHS of Identitiy 3.5-b is
certified by

q−2 j+n (−q2 j + qn) (−q1+2 j + qn)

(−1 + qn) (1 + qn) (−q + q2 n)
.

The RHS of Identity 3.11-b is certified by

q2n−3j(qn − q3j)(qn − q3j+1)(qn − q3j+2)

(qn − 1)(qn + 1)(q2n − q)(q2n+1 − 1)
.

The RHS of Identity 3.50-b is certified by

q1−3 j+2 n (−q3 j + qn) (−q1+3 j + qn) (−q2+3 j + qn)

(−1 + qn) (1 + qn) (−1 + q1+n) (1 + q1+n) (−1 + q1+2 n)
.

The RHS of Identity 3.96-b is certified by

− q2−5 k+2 n
(−q5 k + qn

) (−q1+5 k + qn
) (−q2+5 k + qn

)
(−1 + q2+5 k) (1 + q2+5 k) (−1 + qn) (1 + qn) (−1 + q1+n)

×
(−q3+5 k + qn

) (−q4+5 k + qn
)

(1 + q1+n) (−1 + q1+2 n) (−1 + q3+2 n)
.
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The RHS of Identity 3.99-b is certified by

− q−5 k+2 n
(−q5 k + qn

) (−q1+5 k + qn
) (−q2+5 k + qn

) (−q3+5 k + qn
)

(−1 + q2+5 k) (1 + q2+5 k) (−1 + qn) (1 + qn) (−q + qn) (q + qn) (−q + q2 n)

×
(−q4+5 k + qn

) (
1 + q9+10 k − q3+5 k+n − 2 q4+5 k+n + q2+5 k+3 n

)
(−1 + q1+2 n) (1 + q4+10 k − q2+5 k+n − q3+5 k+n − q4+5 k+n + q5+5 k+3n)

.

4.3 Recurrence Proof

Depending on the complexity of the summand and recurrence, and the limits of the
memory available on a given computer system, it may or may not be feasible at the
present time to obtain a computer generated proof of a given finite Rogers-Ramanujan
type identity. However, guided by the philosophy of the WZ method, one can show that
the conjectured bosonic form satisfies the same recurrence relation and initial conditions
as the known fermionic form. The main differences between this “recurrence proof” and
the WZ method is that the entire summation is dealt with as a whole, rather than just
the summand, and no proof certificate is produced in the process. Let us work through
some examples:

Identity 3.3-T (q-Trinomial Finite form of A.3/23 (with q replaced by −q)).
∑
j=0

qj2

[
n

j

]
q2

=
∞∑

j=−∞
(−1)jq3j2+jU(n, 3j; q) (3.3-t)

P0 = 1,

Pn = (1 + q2n−1)Pn−1 if n = 1.

Proof. Let

Pn =

∞∑
j=−∞

(−1)jq3j2+jU(n, 3j; q).

We need to show that Pn − (1 + q2n−1)Pn−1 = 0 and P0 = 1.

Pn − Pn−1 + q2n−1Pn−1

=

∞∑
j=−∞

(−1)jq3j2+jU(n, 3j; q) −
∞∑

j=−∞
(−1)jq3j2+jU(n− 1, 3j; q)

−
∞∑

j=−∞
(−1)jq3j2+j+2n−1U(n− 1, 3j; q)
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By applying (1.34) to the first term, we obtain

=

∞∑
j=−∞

(−1)jq3j2+jU(n− 1, 3j; q) +

∞∑
j=−∞

(−1)jq3j2+j+2n−1U(n− 1, 3j; q)

+
∞∑

j=−∞
(−1)jq3j2−2j+nT1(n− 1, 3j − 1; q) +

∞∑
j=−∞

(−1)jq3j2+4j+n+1T1(n− 1, 3j + 2; q)

−
∞∑

j=−∞
(−1)jq3j2+jU(n− 1, 3j; q) −

∞∑
j=−∞

(−1)jq3j2+j+2n−1U(n− 1, 3j; q)

whereupon the first term cancels the fifth and the second cancels the sixth leaving

=
∞∑

j=−∞
(−1)jq3j2−2j+nT1(n− 1, 3j − 1; q) +

∞∑
j=−∞

(−1)jq3j2+4j+n+1T1(n− 1, 3j + 2; q)

= 0 (by shifting j to j − 1 in the second term).

Since P0 =
∑∞

j=−∞(−1)jq3j2+jU(0, 3j; q) = 1, the proof is complete.

The preceeding example was particularly simple. In general, more effort is required in
recurrence proofs. Let us now look at a somewhat more intricate example.

Identity 3.17 (Finite form of A.17).

∑
j=0

∑
k=0

(−1)kqj2+j+k

[
j + k

j

]
q2

[
n− k

j

]
q2

=
∞∑

j=−∞
(−1)jqj(5j+3)/2T1(n+ 1, b5j+2

2
c; q)

P0 = 1

P1 = q2 − q + 1

Pn = (1 − q + q2n)Pn−1 + qPn−2 if n = 2.

Proof. Let

Pn =
∞∑

j=−∞
(−1)jqj(5j+3)/2T1(n+ 1, b5j+2

2
c; q)

=

∞∑
k=−∞

q10k2+3kT1(n + 1, 5k + 1; q) − q10k2+13k+4T1(n+ 1, 5k + 3; q).

We need to show that Pn− (1−q+qn)Pn−1−qPn−2 = 0 if n = 2 and that the appropriate
initial conditions hold.
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Pn − Pn−1 + qPn−1 − q2nPn−1 − qPn−2

=

∞∑
k=−∞

q10k2+3kT1(n+ 1, 5k + 1; q) −
∞∑

k=−∞
q10k2+3kT1(n, 5k + 1; q)

+

∞∑
k=−∞

q10k2+3k+1T1(n, 5k + 1; q) −
∞∑

k=−∞
q10k2+3k+2nT1(n, 5k + 1; q)

−
∞∑

k=−∞
q10k2+3k+1T1(n− 1, 5k + 1; q) −

∞∑
k=−∞

q10k2+13k+4T1(n + 1, 5k + 3; q)

+

∞∑
k=−∞

q10k2+13k+4T1(n, 5k + 3; q) −
∞∑

k=−∞
q10k2+13k+5T1(n, 5k + 3; q)

+

∞∑
k=−∞

q10k2+13k+2n+4T1(n, 5k + 3; q) +

∞∑
k=−∞

q10k2+13k+5T1(n− 1, 5k + 3; q)

Apply (1.25) to the first, third, sixth, and ninth terms to obtain:

=

∞∑
k=−∞

q10k2+3kT1(n, 5k + 1; q) +

∞∑
k=−∞

q10k2+8k+n+2T0(n, 5k + 2; q)

+
∞∑

k=−∞
q10k2−2k+nT0(n, 5k; q) −

∞∑
k=−∞

q10k2+3kT1(n, 5k + 1; q)

+

∞∑
k=−∞

q10k2+3k+1T1(n− 1, 5k + 1; q) +

∞∑
k=−∞

q10k2+8k+n+2T0(n− 1, 5k + 2; q)

+

∞∑
k=−∞

q10k2−2k+nT0(n− 1, 5k; q) −
∞∑

k=−∞
q10k2+3k+2nT1(n, 5k + 1; q)

−
∞∑

k=−∞
q10k2+3k+1T1(n− 1, 5k + 1; q) −

∞∑
k=−∞

q10k2+13k+4T1(n, 5k + 3; q)

−
∞∑

k=−∞
q10k2+18k+n+8T0(n, 5k + 4; q) −

∞∑
k=−∞

q10k2+8k+n+2T0(n, 5k + 2; q)

+

∞∑
k=−∞

q10k2+13k+4T1(n, 5k + 3; q) −
∞∑

k=−∞
q10k2+13k+5T1(n− 1, 5k + 3; q)

−
∞∑

k=−∞
q10k2+18k+n+8T0(n− 1, 5k + 4; q) −

∞∑
k=−∞

q10k2+8k+n+2T0(n− 1, 5k + 2; q)

+
∞∑

k=−∞
q10k2+13k+2n+4T1(n, 5k + 3; q) +

∞∑
k=−∞

q10k2+13k+5T1(n− 1, 5k + 3; q)
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whereupon the first terms cancels the fourth, the second cancels the twelfth, the fifth
cancels the ninth, the sixth cancels the sixteenth, the tenth cancels the thirteenth, and
the fourteenth cancels the eighteenth leaving

=

∞∑
k=−∞

q10k2−2k+nT0(n, 5k; q) +

∞∑
k=−∞

q10k2−2k+nT0(n− 1, 5k; q)

−
∞∑

k=−∞
q10k2+3k+2nT1(n, 5k + 1; q) −

∞∑
k=−∞

q10k2+18k+n+8T0(n, 5k + 4; q)

−
∞∑

k=−∞
q10k2+18k+n+8T0(n− 1, 5k + 4; q) +

∞∑
k=−∞

q10k2+13k+2n+4T1(n, 5k + 3; q)

Next, we apply (1.26) to the first and fourth terms, and (1.25) to the third and sixth
terms:

=
∞∑

k=−∞
q10k2−2k+nT0(n− 1, 5k − 1; q) +

∞∑
k=−∞

q10k2+3k+2nT1(n− 1, 5k; q)

+
∞∑

k=−∞
q10k2+8k+3nT0(n− 1, 5k + 1; q) +

∞∑
k=−∞

q10k2−2k+nT0(n− 1, 5k; q)

−
∞∑

k=−∞
q10k2+3k+2nT1(n− 1, 5k + 1; q) −

∞∑
k=−∞

q10k2+8k+3n+1T0(n− 1, 5k + 2; q)

−
∞∑

k=−∞
q10k2−2k+3n−1T0(n− 1, 5k; q) −

∞∑
k=−∞

q10k2−18k+n+8T0(n− 1, 5k − 5; q)

−
∞∑

k=−∞
q10k2−13k+2n+4T1(n− 1, 5k − 4; q) −

∞∑
k=−∞

q10k2−8k+3nT0(n− 1, 5k − 3; q)

−
∞∑

k=−∞
q10k2−18k+n+8T0(n− 1, 5k − 4; q) +

∞∑
k=−∞

q10k2+13k+2n+4T1(n− 1, 5k + 3; q)

+

∞∑
k=−∞

q10k2+18k+3n+7T0(n− 1, 5k + 4; q) +

∞∑
k=−∞

q10k2+8k+3n+1T0(n− 1, 5k + 2; q)

In the above, the sixth and fourteenth terms cancel each other. The second, third,
fifth, and seventh terms sum to zero by (1.31). Next, replace k by −k and apply (1.39)
to the ninth term. Replace k by −k and apply (1.38) to the tenth term. Then, the ninth,
tenth, twelfth, and thirteen terms sum to zero by (1.31). Now we have

∞∑
k=−∞

q10k2−2k+nT0(n− 1, 5k − 1; q) +

∞∑
k=−∞

q10k2−2k+nT0(n− 1, 5k; q)

−
∞∑

k=−∞
q10k2−18k+n+8T0(n− 1, 5k − 5; q) −

∞∑
k=−∞

q10k2−18k+n+8T0(n− 1, 5k − 4; q)
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In the third and fourth terms, replace k by 1 − k and apply (1.38). Then the first term
will cancel the fourth and the second will cancel the third:

= 0.

Upon verifying the easily checked initial conditions, the proof is complete.

Further examples of recurrence proofs may be found elsewhere in the literature: San-
tos [60, Chapter 2] contains proofs of Identities 3.29 and 3.38-b. Santos proves Iden-
tity 3.20 in [61]. Proofs of Identities 3.8 and 3.12 are given in Santos and Sills [62,
Theorems 1 and 3].

As one can imagine, once higher order recurrences are encountered, the process of
giving a recurrence proof becomes increasingly tedious. Merely transcribing one line to
the next without ever inadvertantly changing a “0” to a “1” or a “+” to “−” is more than
one could reasonbly expect a human to do. Accordingly, I have written the recpf Maple
package to assist the human mathematician in successfully carrying out recurrence proofs
in an efficient and minimally tedious manner. The recpf package is documented in [67],
and Maple worksheets containing recurrence proofs for the identities listed in § 3 are
available from my web site: http://www.math.psu.edu/sills (through August 2003),
http://www.math.rutgers.edu/~sills (starting September 2003).

5 Rogers-Ramanujan Reciprocal Duality

5.1 Introduction

In [7], Andrews demonstrated a type of duality relationship that exists among a few sets
of Rogers-Ramanujan type identities. The (reciprocal) dual of a polynomial

anq
n + an−1q

n−1 + an−2q
n−2 + · · · + a1q + a0

is
a0q

n + a1q
n−1 + a2q

n−2 + · · ·+ an−1q + an.

Equivalently, the reciprocal of P (q) is

qdeg(P (q))P (q−1). (5.1)

If qdeg(P (q))P (q−1) = P (q), the associated identity is called self-dual. Let us work through
an example of calculating the dual of an identity: Consider, say, identity 10 from Slater’s
list. A finite form (3.10) is

If n is a nonnegative integer, then∑
i=0

∑
j=0

∑
k=0

qj2+i2−i+k

[
j

i

]
q2

[
j + k − 1

k

]
q2

[
n− i− k

j

]
q2

=

∞∑
j=−∞

q2j2+j
[
T0(n, 2j; q) + T0(n− 1, 2j; q).

]
(3.10)
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An examination of the first few cases n = 0, 1, 2, etc., convinces one that the degree of
the polynomial is n2. Thus, by (3.10) and (5.1), the dual polynomials of (3.10) can be
represented by either of the two forms

∑
i=0

∑
j=0

∑
k=0

qn2−(j2+i2−i+k)

[
j

i

]
1/q2

[
j + k − 1

k

]
1/q2

[
n− i− k

j

]
1/q2

(5.2)

=
∞∑

j=−∞
qn2−(2j2+j)

[
T0(n, 2j; 1/q) + T0(n− 1, 2j; 1/q)

]
(5.3)

Applying (1.42) and (1.41) on the righthand side and (1.7) on the left hand side, we obtain

∑
h=0

∑
i=0

∑
k=0

qk+i+2i(h+i+k)+(h+k)2
[
n− i− h− k

i

]
q2

[
n− i− h− 1

k

]
q2

[
n− i− k

h

]
q2

=
∞∑

j=−∞
q2j2−j

(
n, 2j; q2

2j

)
2

+ q2j2−j+2n−1

(
n− 1, 2j; q2

2j

)
2

. (5.10f)

We can suppose that |q| < 1 and let n→ ∞ in (5.10f) to obtain a Rogers-Ramanujan
type identity. First, we consider the lefthand side:

lim
n→∞

∑
h,i,k=0

qk+i+2i(h+i+k)+(h+k)2
[
n− i− h− k

i

]
q2

[
n− i− h− 1

k

]
q2

[
n− i− k

h

]
q2

= lim
n→∞

∑
h,i,k=0

qk+i+2i(h+i+k)+(h+k)2(q2; q2)n−i−h−k(q
2; q2)n−i−h−1(q

2; q2)n−i−k

(q2; q2)i(q2; q2)n−2i−j−k(q2; q2)k(q2; q2)n−i−k−h−1(q2; q2)h(q2; q2)n−i−k−h

=

∞∑
h=0

∞∑
i=0

∞∑
k=0

qk+i+2i(h+i+k)+(h+k)2

(q2; q2)h(q2; q2)i(q2; q2)k

Next, we consider the righthand side:

lim
n→∞

∞∑
j=−∞

q2j2−j

(
n, 2j; q2

2j

)
2

+ q2j2−j+2n−1

(
n− 1, 2j; q2

2j

)
2

=
1

(q2; q2)∞

[ ∞∑
j=−∞

q2j2−j + 0

]
(by (1.46) and since |q| < 1)

=
1

(q2; q2)∞
(−q,−q3, q4; q4)∞ (by Theorem 1.55)

= (−q; q)∞
=

∞∏
j=1

(1 + qj)
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Thus, for |q| < 1,

∞∑
h=0

∞∑
i=0

∞∑
k=0

qk+i+2i(h+i+k)+(h+k)2

(q2; q2)h(q2; q2)i(q2; q2)k

=
∞∏

j=1

(1 + qj). (5.4)

Note that the triple sum in the preceeding equation can be simplified:

∞∑
h=0

∞∑
i=0

∞∑
k=0

qk+i+2i(h+i+k)+(h+k)2

(q2; q2)h(q2; q2)i(q2; q2)k

=
∞∑
i=0

∞∑
k=0

qk+i+i2+(i+k)2

(q2; q2)i(q2; q2)k

∞∑
h=0

qh2+(2i+2k)h

(q2; q2)h

=
∞∑
i=0

∞∑
k=0

qk+i+i2+(i+k)2

(q2; q2)i(q2; q2)k

(−q2i+2k+1; q2)∞ (by (1.12))

= (−q; q2)∞
∞∑
i=0

∞∑
k=0

qk2+2ik+2i2+k+i

(q2; q2)i(q2; q2)k(−q; q2)i+k

= (−q; q2)∞
∞∑
i=0

∞∑
K=i

qK2+K+i2

(q2; q2)i(q2; q2)K−i(−q; q2)K
(by taking K = k + i)

= (−q; q2)∞
∞∑

K=0

qK2+K

(−q; q2)K

K∑
i=0

qi2

(q2; q2)i(q2; q2)K−i

= (−q; q2)∞
∞∑

K=0

qK2+K

(−q; q2)K(q2; q2)K

K∑
i=0

qi2(q2; q2)K

(q2; q2)i(q2; q2)K−i

= (−q; q2)∞
∞∑

K=0

qK2+K

(−q; q2)K(q2; q2)K

K∑
i=0

qi2
[
K

i

]
q2

= (−q; q2)∞
∞∑

K=0

qK2+K(−q; q2)K

(−q; q2)K(q2; q2)K

(by (1.10))

= (−q; q2)∞
∞∑

K=0

qK2+K

(q2; q2)K

.

Thus, (5.4) is equivalent to

(−q; q2)∞
∞∑

j=0

qj(j+1)

(q2; q2)j

=
∞∏

j=1

(1 + qj),

or, after dividing through by (−q; q2)∞,

∞∑
j=0

qj(j+1)

(q2; q2)j
=

∞∏
j=1

(1 + q2j),
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which is Identity A.7. I will not go so far as to say that “Identities A.7 and A.10 are dual”
since it was necessary to take the limit as n→ ∞ and to divide out an infinite product in
order to obtain Identity A.7 from the dual of (3.10). In fact, it is not hard to show that
Identity A.7 is self-dual. Nonetheless, it is clear that (A.7) and (A.10) are very closely
related identities.

In some cases, the sequence of polynomials {Pn(q)}∞n=0 does not converge, but the
subsequence {P2m(q)}∞m=0 converges to one series, and the subsequence {P2m+1(q)}∞m=0

converges to a different series. One immediate clue that this may be occuring is when the
formula for the degree of the polynomial varies with the parity of n. For example, with
the finite First Rogers-Ramanujan Identity (3.18), the degree of the polynomial is n2/4 if
n is even, and (n2 − 1)/4 if n is odd. In cases such as this, we consider the dual of (3.18)
to be a pair of identities. The appropriate calculation shows that the dual of “18 even”
is identity 79, and the dual of “18 odd” is identity 99.

In § 3, I presented a finitization of each of the Rogers-Ramanujan type identities on
Slater’s list. In this section, I present the dual polynomial identities for some of the
identities appearing in § 3, as well as their limiting cases.

5.2 Identities

Observation 5.2. Identity (2) is self-dual.
Observation 5.3. Identity (3) is self dual.
Identity 5.4f (Dual of 3.4).

∑
h=0

∑
i=0

∑
k=0

(−1)n−i−hq2i(i+h+k)+(h+k)2
[
n− i− h− k

i

]
q2

[
n− i− h− 1

k

]
q2

×
[
n− i− k

h

]
q2

=

∞∑
j=−∞

(−1)jt0(n, j; q) +

∞∑
j=−∞

(−1)jq2n−1t0(n− 1, j; q) (5.4f)

Observation 5.5. Identity (5) (with q replaced by −q) is self dual.
Identity 5.6f-even (Dual of 3.6 even).

∑
i=0

∑
j=0

∑
k=0

qj2+i(i+1)/2+k

[
m− j

i

]
q

[
m− j + k − 1

k

]
q2

[
j +m− i− 2k

m− j

]
q

=
∞∑

j=−∞
qj(3j−1)

[
2m

m+ 3j

]
q

+ qj(3j+4)+m+1

[
2m− 1

m+ 3j + 1

]
q

(5.6f-even)

Identity 5.6-even (Dual of A.6 even).

∞∑
i=0

∞∑
j=0

∞∑
k=0

qj2+i(i+1)/2+k

(q; q)i(q2; q2)k(q; q)2j−i−2k
=

∞∏
n=1

(1 + q6n−2)(1 + q6n−4)(1 − q6n)

1 − qn
(5.6-even)
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Identity 5.6f-odd (Dual of 3.6 odd).

∑
i=0

∑
j=0

∑
k=0

qj2+j+i(i+1)/2+k

[
m− j

i

]
q

[
m− j + k − 1

k

]
q2

[
j +m− i− 2k + 1

m− j

]
q

=
∞∑

j=−∞
qj(3j−1)+n

[
2m

m+ 3j

]
q

+ qj(3j+4)1

[
2m+ 1

m+ 3j + 2

]
q

(5.6f-odd)

Identity 5.6-odd (Dual of A.6 odd).

∞∑
i=0

∞∑
j=0

∞∑
k=0

qj2+j+i(i+1)/2+k

(q; q)i(q2; q2)k(q; q)2j−i−2k+1
=

∞∏
n=1

(1 + q6n−1)(1 + q6n−5)(1 − q6n)

1 − qn
(5.6-odd)

Observation 5.8. The dual of (8) is (12).
Identity 5.10f (Dual of 3.10).

∑
h=0

∑
i=0

∑
k=0

qk+i+2i(h+i+k)+(h+k)2
[
n− i− h− k

i

]
q2

[
n− i− h− 1

k

]
q2

[
n− i− k

h

]
q2

=

∞∑
j=−∞

q2j2−j

(
n, 2j; q2

2j

)
2

+ q2j2−j+2n−1

(
n− 1, 2j; q2

2j

)
2

(5.10f)

Identity 5.10 (Dual of A.10).

∞∑
h=0

∞∑
i=0

∞∑
k=0

qk+i+2i(h+i+k)+(h+k)2

(q2; q2)h(q2; q2)i(q2; q2)k

=
∞∏

j=1

(1 + qj) (5.10)

∞∏
j=0

(1 + q2j−1)

∞∑
j=0

qj(j+1)

(q2; q2)j
=

∞∏
j=1

(1 + qj) (5.10′)

Identity 5.11f (Dual of 3.11).

∑
h=0

∑
i=0

q(h+i)2+i(i+1)

[
n− i− h

i

]
q2

[
2n− 2i− h + 1

h

]
q2

=
∞∑

j=−∞
(−1)jq3j2+j

[
2n+ 1

n+ 3j + 1

]
q

(5.11f)

Identity 5.11 (Dual of A.11).

∞∑
h=0

∞∑
i=0

q(h+i)2+i(i+1)

(q2; q2)i(q; q)h
=

∞∏
j=1

(1 + qj) (5.11)

Observation 5.12. The dual of (12) is (8).
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Observation 5.14-even. The dual of (14 even) is (99).
Observation 5.14-odd. The dual of (14 odd) is (96).
Identity 5.16f (Dual of 3.16).

∑
h=0

∑
k=0

(−1)kq2(h+k)+(h+k)2
[
n− h− 1

k

]
q2

[
n− k

h

]
q2

=

∞∑
k=−∞

q15k2+7k

(
n+ 1, 5k + 1; q2

5k + 1

)
2

− q15k2+17k+4

(
n+ 1, 5k + 3; q2

5k + 3

)
2

+q15k2+7k+1+2n

(
n+ 1, 5k + 1; q2

5k + 1

)
2

− q15k2+17k+5+2n

(
n + 1, 5k + 3; q2

5k + 3

)
2

(5.16f)

Identity 5.16 (Dual of A.16). Note: The dual of (A.16) with q replaced by −q is
equivalent to (q; q2)∞ × (A.96).

∞∑
h=0

∞∑
k=0

(−1)kq2(h+k)+(h+k)2

(q2; q2)∞(q2; q2)h

=
∞∏

j=1

(1 − q10j−4)(1 − q10j−6)(1 − q10j)(1 − q20j−2)(1 − q20j−18)

(1 − q2j)
(5.16)

Identity 5.17f (Dual of 3.17).

∑
h=0

∑
k=0

(−1)kq(h+k)2+h

[
n− h

k

]
q2

[
n− k

h

]
q2

=
∞∑

k=−∞
q15k2+2k

(
n + 1, 5k; q

5k + 1

)
2

− q15k2+12k+2

(
n + 1, 5k + 2; q

5k + 3

)
2

(5.17f)

Identity 5.17 (Dual of A.17). Note: The dual of (A.17) with q replaced by −q is
equivalent to (−q2; q2)∞ × (A.20).

∞∑
h=0

∞∑
k=0

(−1)kq(h+k)2+h

(q2; q2)k(q2; q2)h

=
∞∏

j=1

(1 − q10j−1)(1 − q10j−9)(1 − q10j)(1 − q20j−8)(1 − q20j−12)

(1 − q2j)
(5.17)

Observation 5.18-even. The dual of (18 even) is (79).
Observation 5.18-odd. The dual of (18 odd) is (94).
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Identity 5.20f (Dual of 3.20).

∑
h=0

∑
k=0

q(h+k)2
[
n− h− 1

k

]
q2

[
n− k

h

]
q

=
∞∑

j=−∞
(−1)jqj(15j−1)

(
n, 5j; q2

5j

)
2

+ (−1)jqj(15j−1)+2n−1

(
n− 1, 5j + 1; q2

5j + 1

)
2

−(−1)jqj(15j+19)+6

(
n, 5j + 3; q2

5j + 3

)
2

− (−1)jqj(15j+19)+2n+5

(
n− 1, 5j + 3; q2

5j + 3

)
2

(5.20f)

Identity 5.20 (Dual of A.20). Note: The dual of (A.20) with q replaced by −q is
equivalent to (q; q2)∞ × (A.79).

∞∑
h=0

∞∑
k=0

q(h+k)2

(q2; q2)h(q2; q2)k

=
∞∏

j=1

(1 − q10j−2)(1 − q10j−8)(1 − q10j)(1 − q20j−14)(1 − q20j−6)

(1 − q2j)
(5.20)

Identity 5.25f (Dual of 3.25).

∑
h=0

∑
i=0

∑
k=0

(−1)kq2i(i+h+k)+(h+k)2
[
n− i− h− k

i

]
q2

[
n− i− h

k

]
q2

[
n− i− k

h

]
q2

=
∞∑

j=−∞
(−1)jq6j2

(
n, 3j; q2

3j

)
2

+
∞∑

j=−∞
(−1)jq6j2+6j+1

(
n, 3j + 1; q2

3j + 1

)
2

(5.25f)

Identity 5.25 (Dual of A.25).

∑
h=0

∑
i=0

∑
k=0

(−1)kq2i(h+i+k)+(h+k)2

(q2; q2)h(q2; q2)i(q2; q2)k
=

∞∏
j=1

(1 − q12j−6)2(1 − q12j)

(1 − q2j)
(5.25)

∞∏
j=1

(1 + q2j−1)

∞∑
h=0

∞∑
i=0

(−1)kq(h+i)2+i2

(q2; q2)i(q2; q2)h(−q; q2)h+i
=

∞∏
j=1

(1 − q12j−6)2(1 − q12j)

(1 − q2j)
(5.25′)

Identity 5.27f-even (Dual of 3.27 even).

∑
i=0

∑
J=0

∑
k=0

∑
l=0

(−1)lq2J2+2J+i2−k

[
n− J

i

]
q2

[
n− J + k

k

]
q2

[
n− J + l − 1

l

]
q2

×
[
n+ J − i− k − l

2j − i− k − l

]
q2

=

∞∑
j=−∞

q2j(3j+1)

[
2m+ 1

m+ 3j + 1

]
q2

− q2j(3j+2)+2m+1

[
2m

m+ 3j + 1

]
q2

(5.27f-even)
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Identity 5.27-even (Dual of A.27 even).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
l=0

(−1)lq2J2+2J+i2−k

(q2; q2)i(q2; q2)k(q2; q2)l(q2; q2)2j−i−k−l

=

∞∏
j=1

(1 + q12j−4)(1 + q12j−8)(1 − q12j)

(1 − q2j)
(5.27-even)

Identity 5.28f (Dual of 3.28).∑
h=0

∑
i=0

q(h+i)2+i2
[
n− i− h

i

]
q2

[
2n− 2i− h+ 1

h

]
q

=
∞∑

j=−∞
(−1)jqj(6j+1)

(
n+ 1, 3j; q2

3j + 1

)
2

(5.28f)

Identity 5.28 (Dual of A.28).

∞∑
h=0

∞∑
i=0

qi2+(h+i)2

(q2; q2)i(q; q)h

=
∞∏

j=1

(1 + q3j−1)(1 + q3j−2)(1 − q3j)

(1 − q2j)
(5.28)

Identity 5.29f (Dual of 3.29).∑
h=0

∑
i=0

q(h+i)2+i2
[
n− h− i

i

]
q2

[
2n− 2i− h

h

]
q

=

∞∑
k=−∞

q6k2−k

(
n, 3k; q2

3k

)
2

+ q6k2+5k+1

(
n, 3k + 1; q2

3k + 1

)
2

(5.29f)

Identity 5.29 (Dual of A.29).

∞∑
h=0

∞∑
i=0

qi2+(i+h)2

(q2; q2)i(q; q)h
=

∞∏
j=1

(1 + q3j−1)(1 + q3j−2)(1 − q3j)

(1 − q2j)
(5.29)

Identity 5.31f-even (Dual of 3.31 even).∑
J,k,L=0

(−1)k+Lq2J2+2J−k

[
m− J + k

k

]
q2

[
m− J + L− 1

L

]
q2

[
m+ J − k − L

m− J

]
q2

=

∞∑
k=−∞

q42k2+4k

[
2m+ 1

m+ 7k + 1

]
q2

− q42k2+32k+6

[
2m+ 1

m+ 7k + 3

]
q2

+q42k2+60k+21

([
2m+ 1

m+ 7k + 5

]
q2

−
[

2m+ 1

m+ 7k + 6

]
q2

)
(5.31f-even)
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Identity 5.31-even (Dual of A.31 even).

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)k+Lq2J2+2J−k

(q2; q2)k(q2; q2)L(q2; q2)2J−k−L

=

∞∏
j=1

(1 − q28j−6)(1 − q28j−22)(1 − q28j)(1 − q56j−16)(1 − q56j−40)

(1 − q2j)
(5.31-even)

Identity 5.31f-odd (Dual of 3.31 odd).

∑
J,k,L=0

(−1)k+Lq2J2+4J−k+1

[
m− J + k

k

]
q2

[
m− J + L− 1

L

]
q2

[
m+ J − k − L+ 1

m− J

]
q2

=
∞∑

k=−∞
−q42k2−10k

[
2m+ 2

m+ 7k

]
q2

+ q42k2−38k+8

[
2m+ 2

m+ 7k − 2

]
q2

+q42k2+18k+1

([
2m+ 2

m+ 7k + 2

]
q2

−
[

2m+ 2

m+ 7k + 3

]
q2

)
(5.31f-odd)

Identity 5.31-odd (Dual of A.31 odd).

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)k+Lq2J2+4J−k+1

(q2; q2)k(q2; q2)L(q2; q2)2J−k−L

=
∞∏

j=1

(1 − q28j−8)(1 − q28j−20)(1 − q28j)(1 − q56j−28)(1 − q56j−44)

(1 − q2j)
(5.31-odd)

Identity 5.32f-even (Dual of 3.32 even).

∑
J,k,L=0

(−1)k+Lq2J2+2J+k

[
m− J + k − 1

k

]
q2

[
m− J + L− 1

L

]
q2

[
m+ J − k − L

m− J

]
q2

=
∞∑

k=−∞
q42k2+8k

[
2m+ 1

m+ 7k + 1

]
q2

− q42k2−20k+2

[
2m+ 1

m+ 7k + 6

]
q2

+q42k2+22k+2n+3

[
2m

m+ 7k + 2

]
q2

− q42k2+50k+2n+15

[
2m

m+ 7k + 4

]
q2

(5.32f-even)

Identity 5.32-even (Dual of A.32 even).

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)k+Lq2J2+2J+k

(q2; q2)k(q2; q2)L(q2; q2)2J−k−L

=

∞∏
j=1

(1 − q28j−2)(1 − q28j−26)(1 − q28j)(1 − q56j−28)(1 − q56j−32)

(1 − q2j)
(5.32-even)
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Identity 5.32f-odd (Dual of 3.32 odd).

∑
J,k,L=0

(−1)k+Lq2J2+4J+k−1

[
m− J + k − 1

k

]
q2

[
m− J + L− 1

L

]
q2

×
[
m+ J − k − L+ 1

m− J

]
q2

=
∞∑

k=−∞
−q42k2−22k

[
2m+ 2

m+ 7k + 3

]
q2

+ q42k2−34k+4

[
2m+ 2

m+ 7k − 2

]
q2

+q42k2+8k2m−1

[
2m+ 1

m+ 7k + 1

]
q2

− q42k2+64k+2m+23

[
2m+ 1

m+ 7k + 6

]
q2

(5.32f-odd)

Identity 5.32-odd (Dual of A.32 odd).

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)k+Lq2J2+4J+k−1

(q2; q2)k(q2; q2)L(q2; q2)2J−k−L+1

=
∞∏

j=1

(1 − q28j−4)(1 − q28j−24)(1 − q28j)(1 − q56j−20)(1 − q56j−36)

(1 − q2j)
(5.32-odd)

Identity 5.33f-even (Dual of 3.33 even).

∑
J,k,L=0

(−1)k+Lq2J2+k

[
m− J + k − 1

k

]
q2

[
m− J + L− 1

L

]
q2

[
m+ J − k − L

m− J

]
q2

=
∞∑

k=−∞
q42k2−2k

[
2m

m+ 7k

]
q2

− q42k2+26k+4

[
2m

m+ 7k − 2

]
q2

+q42k2+30k+5

([
2m

m+ 7k + 2

]
q2

−
[

2m

m+ 7k + 3

]
q2

)
(5.33f-even)

Identity 5.33-even (Dual of A.33 even).

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)k+Lq2J2+k

(q2; q2)k(q2; q2)L(q2; q2)2J−k−L

=
∞∏

j=1

(1 − q28j−4)(1 − q28j−24)(1 − q28j)(1 − q56j−20)(1 − q56j−36)

(1 − q2j)
(5.33-even)

Observation 5.34. Identity 34 is self-dual.
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Identity 5.35f (Dual of 3.35).

∑
h=0

∑
i=0

∑
k=0

q2h(k+i)+h(h+3)/2+4ik+2k(k+1)+3i(i+1)

[
n− 2i− h− 2k

i

]
q2

×
[
n− 2i− h− k

k

]
q2

[
n− 2i− 2k

h

]
q

=
∞∑

j=−∞
(−1)jqn+4j2+3j+1

(
n+ 1, 4j + 1; q

4j + 2

)
2

+

∞∑
j=−∞

(−1)jq4j2+3j

(
n+ 1, 4j + 1; q

4j + 1

)
2

(5.35f)

Identity 5.35 (Dual of A.35).

∞∑
h=0

∞∑
i=0

∞∑
k=0

q2h(k+i)+h(h+3)/2+4ik+2k(k+1)+3i(i+1)

(q2; q2)i(q2; q2)k(q; q)h

=
∞∏

j=1

(1 − q8j−1)(1 − q8j−7)(1 − q8j)

(1 − qj)
(5.35)

Observation 5.36. Identity 36 is self-dual.
Identity 5.37f (Dual of 3.37).

∑
h=0

∑
i=0

∑
k=0

q2hk+h(h+1)/2+4ik+2ih+2k2+3i2+i

[
n− 2i− h− 2k

i

]
q2

[
n− 2i− h− k

k

]
q2

×
[
n− 2i− 2k

h

]
q

=

∞∑
j=−∞

(−1)jqn+4j2+j

(
n, 4j; q

4j + 1

)
2

+

∞∑
j=−∞

(−1)jq4j2+j

(
n, 4j; q

4j

)
2

(5.37f)

Identity 5.37 (Dual of A.37). Note: This identity is equivalent to (−q; q)∞×(A.39)
with q replaced by −q.

∞∑
h=0

∞∑
i=0

∞∑
k=0

q2hk+h(h+1)/2+4ik+2ih+2k2+3i2+i

(q2; q2)i(q2; q2)k(q; q)h
=

∞∏
j=1

(1 − q8j−3)(1 − q8j−5)(1 − q8j)

(1 − qj)
(5.37)

Observation 5.38-even. Identity (38 even) is the dual of (39 odd).
Observation 5.38-odd. Identity (38 odd) is self-dual.
Observation 5.39-even. Identity (39 even) is self-dual.
Observation 5.39-odd. Identity (39 odd) is the dual of (38 even).
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Identity 5.45 (Dual of A.45).

∞∑
h=0

∞∑
i=0

∞∑
k=0

q2k(i+h)+ih+h(h+1)/2+2k2+i2

(q2; q2)i(q2; q2)k(q; q)h

=
∞∏

j=1

(1 + q5j−1)(1 + q5j−4)(1 − q10j−3)(1 − q10j−7)(1 − q5j)

(1 − qj)

Identity 5.50f (Dual of 3.50).

∑
h=0

∑
i=0

q2i2+2ih+h2+2i+h

[
n− i− h

i

]
q2

[
2n− 2i− h+ 1

h

]
q

=
∞∑

j=−∞
(−1)jq3j2+2j

[
2n+ 2

n + 3j + 2

]
q

(5.50f)

Identity 5.50 (Dual of A.50).

∞∑
h=0

∞∑
i=0

q(h+i)2+i(i+2)+h

(q2; q2)i(q; q)h
=

∞∏
j=1

(1 − q6j−1)(1 − q6j−5)(1 − q6j)

(1 − qj)
(5.50)

Identity 5.59f-even (Dual of 3.59 even).

∑
j=0

∑
k=0

q(j+k)2+2j+k

[
n− j

k

]
q2

[
n + j − k

2j

]
q

=

∞∑
k=−∞

q21k2+4k

[
2m+ 2

m+ 7k + 2

]
q

− q21k2+32k+4

[
2m+ 2

m+ 7k + 6

]
q

(5.59f-even)

Identity 5.59 even (Dual of A.59 even). Note: This identity is equivalent to
(−q; q2)∞ × (A.118)

∞∑
j=0

∞∑
k=0

q(j+k)2+2j+k

(q2; q2)k(q; q)2j

=

∞∏
j=1

(1 − q14j−1)(1 − q14j−13)(1 − q28j−12)(1 − q28j−16)(1 − q14j)

(1 − qj)
(5.59-even)

Identity 5.59f odd (Dual of 3.59 odd).

∑
j=0

∑
k=0

q(j+k)2+3j+2k

[
n− j

k

]
q2

[
n+ j − k + 1

2j + 1

]
q

=

∞∑
k=−∞

q21k2+11k

[
2m+ 3

m+ 7k + 3

]
q

− q21k2+25k+6

[
2m+ 3

m+ 7k + 6

]
q

(5.59f-odd)
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Identity 5.59 odd (Dual of A.59 odd). Note: This identity is equivalent to
(−q2; q2)∞ × (A.82) with q replaced by q2.

∞∑
j=0

∞∑
k=0

q(j+k)2+3j+2k

(q2; q2)k(q; q)2j+1

=
∞∏

j=1

(1 − q14j−6)(1 − q14j−8)(1 − q28j−2)(1 − q28j−26)(1 − q14j)

(1 − qj)
(5.59-odd)

Identity 5.60f-even (Dual of 3.60 even).

∑
j=0

∑
k=0

q(j+k)2+j

[
n− j

k

]
q2

[
n+ j − k

2j

]
q

=
∞∑

k=−∞
q21k2+k

[
2m+ 1

m+ 7k + 1

]
q

− q21k2+29k+10

[
2m+ 1

m+ 7k + 5

]
q

(5.60f-even)

Identity 5.60-even (Dual of A.60 even). Note: This identity is equivalent to
(−q; q2)∞ × (A.81) with q replaced by q2.

∞∑
j=0

∞∑
k=0

q(j+k)2+j

(q2; q2)k(q; q)2j

=
∞∏

j=1

(1 − q14j−2)(1 − q14j−12)(1 − q28j−10)(1 − q28j−18)(1 − q14j)

(1 − qj)
(5.60-even)

Identity 5.60f-odd (Dual of 3.60 odd).

∑
j=0

∑
k=0

q(j+k)2+2j+k

[
n− j

k

]
q2

[
n+ j − k + 1

2j + 1

]
q

=
∞∑

k=−∞
q21k2+8k

[
2m+ 2

m+ 7k + 2

]
q

− q21k2+22k+5

[
2m+ 2

m+ 7k + 5

]
q

(5.60f-odd)

Identity 5.60-odd (Dual of A.60 odd). Note: This identity is equivalent to
(−q; q2)∞ × (A.119)

∞∑
j=0

∞∑
k=0

q(j+k)2+2j+k

(q2; q2)k(q; q)2j+1
=

∞∏
j=1

(1 − q14j−5)(1 − q14j−9)(1 − q28j−4)(1 − q28j−28)(1 − q14j)

(1 − qj)
(5.60-odd)
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Identity 5.61f-even (Dual of 3.61 even).

∑
j=0

∑
k=0

q(j+k)2+k

[
n− j − 1

k

]
q2

[
n + j − k

2j

]
q

=

∞∑
k=−∞

q21k2+2k

[
2m

m+ 7k

]
q

− q21k2+26k+8

[
2m

m+ 7k + 4

]
q

(5.61f-even)

Identity 5.61-even (Dual of A.61 even). Note: This identity is equivalent to
(−q2; q2)∞ × (A.117).

∞∑
j=0

∞∑
k=0

q(j+k)2+k

(q2; q2)k(q; q)2j

=

∞∏
j=1

(1 − q14j−3)(1 − q14j−11)(1 − q28j−8)(1 − q28j−20)(1 − q14j)

(1 − qj)
(5.61-even)

Identity 5.61f-odd (Dual of 3.61 odd).

∑
j=0

∑
k=0

q(j+k)2+j+2k

[
n− j − 1

k

]
q2

[
n + j − k + 1

2j + 1

]
q

=

∞∑
k=−∞

q21k2+5k

[
2m

m+ 7k + 1

]
q

− q21k2+19k+4

[
2m

m+ 7k + 4

]
q

(5.61f-odd)

Identity 5.61-odd (Dual of A.61 odd). Note: This identity is equivalent to
(−q; q2)∞ × (A.80) with q replaced by q2.

∞∑
j=0

∞∑
k=0

q(j+k)2+j+2k

(q2; q2)k(q; q)2j+1

=

∞∏
j=1

(1 − q14j−4)(1 − q14j−10)(1 − q28j−6)(1 − q28j−22)(1 − q14j)

(1 − qj)
(5.61-odd)

Identity 5.68f (Dual of 3.68).

∑
h=0

∑
i=0

∑
k=0

∑
l=0

(−1)kq2h+2i(2h+2k+2l+1+3i+(h+k)2
[
n− 2i− h− k − l

i

]
q4

×
[
n− 2i− h− l

k

]
q2

×
[
n− 2i− h− k

l

]
q2

[
n− 2i− k − l

h

]
q2

=

∞∑
j=−∞

(−1)jq8j2+2j

(
n+ 1, 4j + 1; q2

4j + 1

)
2

− (−1)jq8j2+10j+3

(
n+ 1, 4j + 2; q2

4j + 2

)
2

(5.68)
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Identity 5.68 (Dual of A.68).

∞∑
h=0

∞∑
i=0

∞∑
k=0

∞∑
l=0

(−1)kq2h+2i(2h+2k+2l+1+3i+(h+k)2

(q4; q4)i(q2; q2)k(q2; q2)l(q2; q2)h

=
(q,−q3,−q4;−q4)∞

(q2; q2)∞
(5.68)

Identity 5.69f (Dual of 3.69).

∑
h=0

∑
i=0

∑
k=0

∑
l=0

(−1)iq2h+2i(2h+2k+2l+1+3i)+(h+k)2
[
n− 2i− h− k − l

i

]
q4

×
[
n− 2i− h− l

k

]
q2

×
[
n− 2i− h− k

l

]
q2

[
n− 2i− k − l

h

]
q2

=
∞∑

j=−∞
(−1)jq8j2+2j

(
n+ 1, 4j + 1; q2

4j + 1

)
2

+ (−1)jq8j2+10j+3

(
n+ 1, 4j + 2; q2

4j + 2

)
2

(5.69f)

Identity 5.69 (Dual of A.69).

∞∑
h=0

∞∑
i=0

∞∑
k=0

∞∑
l=0

(−1)iq2j+2i(2h+2k+2l+1+3i)+(h+k)2

(q4; q4)i(q2; q2)k(q2; q2)l(q2; q2)h

=
∞∏

j=1

(1 + qj) (5.69)

Observation 5.79. The dual of (79) is (18 even).
Identity 5.80f (Dual of 3.80).

∑
h=0

∑
k=0

qh(h+1)/2+2k(h+k)

[
n− h− k

k

]
q2

[
n− 2k

h

]
q

=
∞∑

k=−∞
q14k2+k

(
n+ 1, 7k; q

7k + 1

)
2

− q14k2+13k+3

(
n+ 1, 7k + 3; q

7k + 4

)
2

(5.80f)

Identity 5.80 (Dual of A.80). Equivalent to Andrews [5, p. 331, eqn. (1.1)], and
to (−q; q)∞ × (A.33).

∞∑
h=0

∞∑
k=0

qh(h+1)/2+2k(h+k)

(q2; q2)k(q; q)h
=

∞∏
j=1

(1 − q7j−3)(1 − q7j−4)(1 − q7j)

(1 − qj)
(5.80)

Identity 5.81f (Dual of 3.81).

∑
h=0

∑
k=0

qh(h+1)/2+2k(h+k+1)

[
n− h− k − 1

k

]
q2

[
n− 2k

h

]
q

=

∞∑
k=−∞

q14k2−4k

(
n+ 1, 7k − 1; q

7k

)
2

− q14k2+4k

(
n+ 1, 7k + 1; q

7k + 2

)
2

(5.81f)
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Identity 5.81 (Dual of A.81). Equivalent to Andrews [5, p. 331, eqn. (1.2)], and
to (−q; q)∞ × (A.32).

∞∑
h=0

∞∑
k=0

qh(h+1)/2+2k(h+k+1)

(q2; q2)k(q; q)h
=

∞∏
j=1

(1 − q7j−2)(1 − q7j−5)(1 − q7j)

(1 − qj)
(5.81)

Identity 5.82f (Dual of 3.82).∑
h=0

∑
k=0

qh(h+3)/2+2k(h+k+1)

[
n− h− k

k

]
q2

[
n− 2k

h

]
q

=
∞∑

k=−∞
q14k2+5k

(
n+ 2, 7k + 1; q

7k + 2

)
2

− q14k2+9k+1

(
n+ 2, 7k + 2; q

7k + 3

)
2

(5.82f)

Identity 5.82 (Dual of A.82). Equivalent to Andrews [5, p. 331, eqn. (1.3)], and
to (−q; q)∞ × (A.31).

∞∑
h=0

∞∑
k=0

qh(h+3)/2+2k(h+k+1)

(q2; q2)k(q; q)h
=

∞∏
j=1

(1 − q7j−1)(1 − q7j−6)(1 − q7j)

(1 − qj)
(5.82)

Identity 5.90f-even (Dual of 3.90-even).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+3J+3i(i−1)/2−k−2L

[
n− J

i

]
q3

×
[
n− J + k

k

]
q2

[
n− J + L

L

]
q2

[
n+ J − 3i− 2k − 2L

n− J

]
q

=
∞∑

k=−∞
q27k2+6k

[
2m+ 3

m+ 9k + 3

]
q

− q27k2+42k+16

[
2m+ 3

m+ 9k + 8

]
q

(5.90f-even)

Identity 5.90-even (Dual of A.90-even).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+3J+3i(i−1)/2−k−2L

(q3; q3)i(q2; q2)k(q2; q2)L(q; q)2J−3i−2k−2L

=
∞∏

j=1

(1 − q18j−1)(1 − q18j−17)(1 − q18j)(1 − q36j−16)(1 − q36j−20)

(1 − qj)
(5.90-even)

Identity 5.90f-odd (Dual of 3.90-odd).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+4J+3i(i−1)/2−k−2L

[
n− J

i

]
q3

×
[
n− J + k

k

]
q2

[
n− J + L

L

]
q2

[
n+ J − 3i− 2k − 2L

n− J

]
q

=

∞∑
k=−∞

q27k2+15k

[
2m+ 4

m+ 9k + 4

]
q

− q27k2+33k+8

[
2m+ 4

m+ 9k + 8

]
q

(5.90f-odd)
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Identity 5.90-odd (Dual of A.90-odd).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+4J+3i(i−1)/2−k−2L

(q3; q3)i(q2; q2)k(q2; q2)L(q; q)2J−3i−2k−2L

=
∞∏

j=1

(1 − q18j−8)(1 − q18j−10)(1 − q18j)(1 − q36j−2)(1 − q36j−34)

(1 − qj)
(5.90-odd)

Identity 5.91f-even (Dual of 3.91-even).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+2J+3i(i−1)/2−k−2L

[
n− J

i

]
q3

×
[
n− J + k

k

]
q2

[
n− J + L

L

]
q2

[
n+ J − 3i− 2k − 2L

n− J

]
q

=
∞∑

k=−∞
q27k2+3k

[
2m+ 2

m+ 9k + 2

]
q

− q27k2+39k+14

[
2m+ 2

m+ 9k + 7

]
q

(5.91f-even)

Identity 5.91-even (Dual of A.91-even).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+2J+3i(i−1)/2−k−2L

(q3; q3)i(q2; q2)k(q2; q2)L(q; q)2J−3i−2k−2L

=
∞∏

j=1

(1 − q18j−2)(1 − q18j−16)(1 − q18j)(1 − q36j−14)(1 − q36j−22)

(1 − qj)
(5.91-even)

Identity 5.91f-odd (Dual of 3.91-odd).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+3J+3i(i−1)/2−k−2L

[
n− J

i

]
q3

×
[
n− J + k

k

]
q2

[
n− J + L

L

]
q2

[
n + J + 1 − 3i− 2k − 2L

n− J

]
q

=

∞∑
k=−∞

q27k2+12k

[
2m+ 3

m+ 9k + 3

]
q

− q27k2+30k+7

[
2m+ 3

m+ 9k + 7

]
q

(5.91f-odd)

Identity 5.91-odd (Dual of A.91-odd).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+3J+3i(i−1)/2−k−2L

(q3; q3)i(q2; q2)k(q2; q2)L(q; q)2J−3i−2k−2L

=

∞∏
j=1

(1 − q18j−7)(1 − q18j−11)(1 − q18j)(1 − q36j−4)(1 − q36j−32)

(1 − qj)
(5.91-odd)

the electronic journal of combinatorics 10 (2003), #R13 90



Identity 5.92f-even (Dual of 3.92-even).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+J+3i(i−1)/2−k

[
n− J

i

]
q3

×
[
n− J + k

k

]
q2

[
n− J + L− 1

L

]
q2

[
n+ J − 3i− 2k − 2L

n− J

]
q

=

∞∑
k=−∞

q27k2+3k

[
2m+ 2

m+ 9k + 2

]
q

− q27k2+39k+14

[
2m+ 2

m+ 9k + 7

]
q

(5.92f-even)

Identity 5.92-even (Dual of A.92-even).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+J+3i(i−1)/2−k

(q3; q3)i(q2; q2)k(q2; q2)L(q; q)2J−3i−2k−2L

=
∞∏

j=1

(1 − q18j−3)(1 − q18j−15)(1 − q18j)(1 − q36j−12)(1 − q36j−24)

(1 − qj)
(5.92-even)

Identity 5.92f-odd (Dual of 3.92-odd).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+2J+3i(i−1)/2−k

[
n− J

i

]
q3

×
[
n− J + k

k

]
q2

[
n− J + L− 1

L

]
q2

[
n + J + 1 − 3i− 2k − 2L

n− J

]
q

=
∞∑

k=−∞
q27k2+9k

[
2m+ 2

m+ 9k + 2

]
q

− q27k2+27k+6

[
2m+ 2

m+ 9k + 6

]
q

(5.92f-odd)

Identity 5.92-odd (Dual of A.92-odd).

∞∑
i=0

∞∑
J=0

∞∑
k=0

∞∑
L=0

(−1)iqJ2+2J+3i(i−1)/2−k

(q3; q3)i(q2; q2)k(q2; q2)L(q; q)2J−3i−2k−2L

=
∞∏

j=1

(1 − q18j−6)(1 − q18j−12)(1 − q18j)(1 − q36j−6)(1 − q36j−30)

(1 − qj)
(5.92-odd)

Observation 5.94. The dual of (94) is (18 odd).
Observation 5.96. The dual of (96) is (14 odd).
Observation 5.99. The dual of (99) is (14 even).
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Identity 5.120f (Dual of 3.120).

∑
h=0

∑
i=0

∑
k=0

q(h+k)2+2i(h+k+i)+h+2(k+i)

[
n− i− h− k − 1

i

]
q2

[
n− i− h− 1

k

]
q2

×
[
n− i− k

h

]
q2

=
∞∑

j=−∞
q12j2+4j

[
2n+ 1

n+ 6j + 1

]
q

− q12j2+8j+1

[
2n+ 1

n+ 6j + 2

]
q

(5.120f)

Identity 5.120 (Dual of A.120).

∑
h=0

∑
i=0

∑
k=0

q(h+k)2+2i(h+k+i)+h+2(k+i)

(q2; q2)h(q2; q2)i(q2; q2)k
=

∞∏
j=1

(1 − q6j−1)(1 − q6j−5)(1 − q6j)

1 − qj

(5.120)

Identity 5.130f (Dual of 3.130).

∞∑
h=0

∞∑
i=0

∞∑
k=0

∞∑
l=0

(−1)lq4ik+4ih+4il+h2+2hk+2hl+l2+2kl+k2−k+6i2
[
n− 2i− h− k − l

i

]
q4

×
[
n− 2i− h− l

k

]
q2

[
n− 2i− h− j − 1

l

]
q2

[
n− 2i− k − l

h

]
q2

=

∞∑
j=−∞

(−1)jq8j2+4j

(
n, 4j + 1; q2

4j + 1

)
2

+

∞∑
j=−∞

(−1)jq8j2+4j+2n−1

(
n− 1, 4j + 1; q2

4j + 1

)
2

+

∞∑
j=−∞

(−1)jq8j2

(
n, 4j; q2

4j

)
2

+

∞∑
j=−∞

(−1)jq8j2+2n−1

(
n− 1, 4j; q2

4j

)
2

(5.130f)

Identity 5.130 (Dual of A.130).

∞∑
h=0

∞∑
i=0

∞∑
k=0

∞∑
l=0

(−1)l q
4ik+4ih+4il+h2+2hk+2hl+l2+2kl+k2−k+6i2

(q4; q4)i(q2; q2)k(q2; q2)l(q2; q2)h

=
∞∏

j=1

(1 − q16j−8)2(1 − q16j) + (1 − q16j−4)(1 − q16j−12)(1 − q16j)

(1 − q2j)
(5.130)
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6 More Finitizations: Bressoud Type Polynomial Iden-

tities

6.1 On Bressoud’s Identities

The process of finitization is certainly not unique. There may be many different poly-
nomial sequences which converge to a given series. So far, we have only considered the
polynomial identites which arise when the two-parameter generalization f(q, t) of the se-
ries φ(q) satisfies a first order, nonhomogeneous q-difference equation. For example, if we
let

φ(q) =

∞∑
j=0

qj2

(q; q)j
,

the series side of the first Rogers-Ramanujan identity, equation (A.18), then

f(q, t) =
∞∑

j=0

t2jqj2

(t; q)j+1

=

∞∑
j=0

t2jqj2
∞∑

k=0

[
j + k

k

]
q

tk (by (1.11))

=
∞∑

j=0

∞∑
k=0

t2j+kqj2

[
j + k

k

]
q

=

∞∑
n=0

tn
∞∑

k=0

qj2

[
n− j

k

]
q

(by letting n = 2j + k).

So f(q, t) is the generating function for polynomials Dn(q) which are given by the identity∑
j=0

qj2

[
n− j

j

]
q

=
∞∑

j=−∞
(−1)jqj(5j+1)/2

[
n

bn+5j+1
2

c
]

q

.

Let us examine what can happen if we drop the requirement that f(q, t) satisfy the a
first order nonhomogeneous q-difference equation, but retain the other two requirements
of Conditions 2.1. We modify f(q, t) slightly to obtain

f̃(q, t) =

∞∑
j=0

tjqj2

(t; q)j+1

=
∞∑

j=0

tjqj2
∞∑

k=0

[
j + k

k

]
q

tk (by (1.11))

=

∞∑
j=0

∞∑
k=0

tj+kqj2

[
j + k

k

]
q

=
∞∑

n=0

tn
∞∑

k=0

qj2

[
n

k

]
q

(by letting n = j + k).
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It turns out that f̃(q, t) is the generating function for polynomials Bn(q) which satisfy the
polynomial identity

∑
j=0

qj2

[
n

j

]
q

=
∞∑

j=−∞
(−1)jqj(5j+1)/2

[
2n

n + 2j

]
q

, (6.1)

an identity which was discovered by David Bressoud [32, p. 211, eqn. (1.1)] (by a different
method), and is easily seen to converge to the first Rogers-Ramanujan identity (A.18).
Note well that (6.1) is not merely an alternate representation of the MacMahon-Schur
finitization (3.18) of the first Rogers-Ramanujan identity (A.18), but rather a different
sequence of polynomials which also converges to (A.18).

We can perform the analagous calculation with the second Rogers-Ramanujan identity
and arrive at ∑

j=0

qj(j+1)

[
n

j

]
q

=
∞∑

j=−∞
(−1)jqj(5j+3)/2

[
2n + 1

n + 2j + 1

]
q

, (6.2)

which is equivalent to Bressoud [32, p. 212, eqn. (1.3)].
The next identity to appear in Bressoud’s paper,

∑
j=0

qjn

[
n

j

]
q

=

∞∑
j=−∞

(−1)jqj(3j+1)/2

[
2n

n+ 2j

]
q

, (6.3)

(Bressoud [32, p. 212, (1.5)]) is a finitization of Euler’s Pentagonal Number Theorem
(A.1). It is interesting to note that this identity is the reciprocal dual of both (6.1) and
(6.2). This exemplifies the fact that duality can only be discussed within the context of
a particular finitization. Recall from § 5 that the dual of the First Rogers-Ramanujan
Identity is the pair of identities (A.79) and (A.94). We see here, however, that under
the Bressoud finitization of the First Rogers-Ramanujan Identity, its dual is Euler’s Pen-
tagonal Number Theorem. Thus, a reciprocal duality theory for Rogers-Ramanujan type
identities only makes sense with respect to a given method of finitization.

6.2 New Bressoud Type Polynomial Identities

By altering the exponent of t in the f(q, t) associated with a given Rogers-Ramanujan
type identity, we can always produce a fermionic representation for a sequence of poly-
nomials Pn(q) which converges to the series side of the original identity. In some cases,
we may be lucky enough to find a nice bosonic representation for Pn(q), and when this
is the case, we have found what I will refer to as a polynomial identity of the Bressoud
Type. Note, however, that since we have forfeited the generalized first order q-difference
equation property, we no longer immediately obtain a recurrence relation for the polyno-
mials generated. However, Riese’s Mathematica packages can find a recurrence which the
polyomials satisfy.

I found the following alternate finitizations of some of the identities on Slater’s list.
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Identity 6.79 (Alternate finitization of (A.79)). This identity is explicitly a
special case of Warnaar [71, equation (4.7)]. It is likely that the identities below can also
be derived by the methods of Warnaar [71].

∑
j=0

qj2

[
n

2j

]
q

=
∞∑

k=−∞
q15k2+k

(
n, 6k; q

6k

)
2

− q15k2+19k+6

(
n, 6k + 4; q

6k + 4

)
2

(6.79)

Identity 6.94 (Alternative finitization of (A.94)).

∑
j=0

qj(j+1)

[
n+ 1

2j + 1

]
q

=

∞∑
k=−∞

q15k2+4k

(
n + 1, 6k + 1; q

6k + 1

)
2

− q15k2+16k+4

(
n + 1, 6k + 3; q

6k + 3

)
2

(6.94)

Identity 6.96 (Alternative finitization of (A.96)).

∑
j=0

qj(j+2)

[
n+ 1

2j + 1

]
q

=
∞∑

k=−∞
q15k2+7k

(
n + 1, 6k + 1; q

6k + 1

)
2

− q15k2+17k+4

(
n + 1, 6k + 3; q

6k + 3

)
2

(6.96)

Identity 6.99 (Alternative finitization of (A.99)).

∑
j=0

qj(j+1)

[
n

2j

]
q

=
∞∑

k=−∞
q15k2+2k

(
n, 6k; q

6k

)
2

− q15k2+22k+8

(
n, 6k + 4; q

6k + 4

)
2

(6.99)

Proof. We shall prove (6.79) and (6.96) simultaneously. Let Sn(q) represent the poly-
nomial on the LHS of (6.79), and Tn(q) present the polynomial on the LHS of (6.96).
Then

Tn(q) =
∞∑

j=0

qj(j+2)

[
n+ 1

2j + 1

]
q

=

∞∑
j=0

qj(j+2)

[
n

2j + 1

]
q

+

∞∑
j=0

qj2+n

[
n

2j

]
q

(by 1.5)

= Tn−1(q) + qnSn(q)

Thus, we have
Tn(q) − Tn−1(q) − qnSn(q) = 0 for n = 1. (6.4)
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Also,

Sn(q) =

∞∑
j=0

qj2

[
n

2j

]
q

=

∞∑
j=0

qj2

[
n− 1

2j

]
q

+

∞∑
j=1

qj2+n−2j

[
n− 1

2j − 1

]
q

(by 1.5)

=

∞∑
j=0

qj2

[
n− 1

2j

]
q

+ qn−1

∞∑
j=0

qj2

[
n− 1

2j + 1

]
q

=
∞∑

j=0

qj2

[
n− 1

2j

]
q

+ qn−1
∞∑

j=0

qj2

[
n− 2

2j

]
q

+ qn
∞∑

j=0

qj(j−2)

[
n− 2

2j + 1

]
q

= Sn−1(q) + qn−1Sn−2(q) + qnTn−3(q)

Thus,
Sn(q) − Sn−1(q) − qn−1Sn−2(q) − qnTn−3(q) = 0 for n = 2. (6.5)

So, by verifying that the RHS of (6.79) and (6.96) satisfy (6.4) and (6.5) along with
the initial conditions

S0(q) = S1(q) = T0(q) = 1,

the identities will be proved.
We show that the RHS of (6.79) and (6.96) satisfy (6.4):

∞∑
j=−∞

q15j2+7j

(
n+ 1, 6j + 1; q

6j + 1

)
2

−
∞∑

j=−∞
q15j2+7j

(
n, 6j + 1; q

6j + 1

)
2

−
∞∑

j=−∞
q15j2+17j+4

(
n+ 1, 6j + 3; q

6j + 3

)
2

+

∞∑
j=−∞

q15j2+17j+4

(
n, 6j + 3; q

6j + 3

)
2

−
∞∑

j=−∞
q15j2+j+n

(
n, 6j; q

6j

)
2

+
∞∑

j=−∞
q15j2+19j+6+n

(
n, 6j + 4; q

6j + 4

)
2

Apply (1.29) to the first and third terms to obtain

=

∞∑
j=−∞

q15j2+7j+n

(
n, 6j + 1; q

6j + 2

)
2

−
∞∑

j=−∞
q15j2+17j+4+n

(
n, 6j+; q

6j + 4

)
2

−
∞∑

j=−∞
q15j2+11j+2+n

(
n, 6j + 2; q

6j + 2

)
2

+

∞∑
j=−∞

q15j2−11j+2+n

(
n, 6j − 2; q

6j − 2

)
2

In the above, the third and fourth terms cancel after replacing j by −j in the fourth and
applying (1.40). To see that the first and second terms cancel, replace j by 1 − j in the
second term, and apply (1.40) to it.
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= 0.

Now, we shall see that the RHS’s of (6.79) and (6.96) satisfy (6.5):

∞∑
j=−∞

q15j2+j

(
n, 6j; q

6j

)
2

−
∞∑

j=−∞
q15j2+19j+6

(
n, 6j + 4; q

6j + 4

)
2

−
∞∑

j=−∞
q15j2+j

(
n− 1, 6j; q

6j

)
2

+
∞∑

j=−∞
q15j2+19j+6

(
n− 1, 6j + 4; q

6j + 4

)
2

−
∞∑

j=−∞
q15j2+j+n−1

(
n− 2, 6j; q

6j

)
2

+

∞∑
j=−∞

q15j2+19j+5+n

(
n− 2, 6j + 4; q

6j + 4

)
2

−
∞∑

j=−∞
q15j2+7j+n

(
n− 2, 6j + 1; q

6j + 1

)
2

+
∞∑

j=−∞
q15j2+17j+n+4

(
n− 2, 6j + 3; q

6j + 3

)
2

Apply (1.29) to the first term to obtain

=

∞∑
j=−∞

q15j2+j+n−1

(
n− 1, 6j; q

6j

)
2

+

∞∑
j=−∞

q15j2−5j+n

(
n− 1, 6j − 1; q

6j − 1

)
2

−
∞∑

j=−∞
q15j2+19j+6

(
n, 6j + 4; q

6j + 4

)
2

+
∞∑

j=−∞
q15j2+19j+6

(
n− 1, 6j + 4; q

6j + 4

)
2

−
∞∑

j=−∞
q15j2+j+n−1

(
n− 2, 6j; q

6j

)
2

+

∞∑
j=−∞

q15j2+19j+5+n

(
n− 2, 6j + 4; q

6j + 4

)
2

−
∞∑

j=−∞
q15j2+7j+n

(
n− 2, 6j + 1; q

6j + 1

)
2

+
∞∑

j=−∞
q15j2+17j+n+4

(
n− 2, 6j + 3; q

6j + 3

)
2

Next, apply (1.27) to the first term, (1.29) to the third term, and apply (1.32) to the
seventh term, to wind up with

=
∞∑

j=−∞
q15j2−5j+n

(
n− 1, 6j − 1; q

6j − 1

)
2

−
∞∑

j=−∞
q15j2+19j+n+5

(
n− 1, 6j + 4; q

6j + 5

)
2

−
∞∑

j=−∞
q15j2+13j+2+n

(
n− 1, 6j + 3; q

6j + 3

)
2

+

∞∑
j=−∞

q15j2+19j+5+n

(
n− 2, 6j + 4; q

6j + 4

)
2

+

∞∑
j=−∞

q15j2+7j+2n−2

(
n− 2, 6j + 1; q

6j + 2

)
2

+

∞∑
j=−∞

q15j2+17j+n+4

(
n− 2, 6j + 3; q

6j + 3

)
2

.
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Next, apply (1.27) to the second term:

=

∞∑
j=−∞

q15j2−5j+n

(
n− 1, 6j − 1; q

6j − 1

)
2

−
∞∑

j=−∞
q15j2+19j+2n+3

(
n− 2, 6j + 4; q

6j + 5

)
2

−
∞∑

j=−∞
q15j2+25j+10+n

(
n− 2, 6j + 6; q

6j + 6

)
2

−
∞∑

j=−∞
q15j2+13j+2+n

(
n− 1, 6j + 3; q

6j + 3

)
2

+

∞∑
j=−∞

q15j2+7j+2n−2

(
n− 2, 6j + 1; q

6j + 2

)
2

+

∞∑
j=−∞

q15j2+17j+n+4

(
n− 2, 6j + 3; q

6j + 3

)
2

.

Next, shift j to j − 1 in the second, third, and fourth terms, apply (1.28) to the first to
obtain the following:

=
∞∑

j=−∞
q15j2−11j+2n

(
n− 2, 6j − 2; q

6j − 2

)
2

−
∞∑

j=−∞
q15j2+13j+n+2

(
n− 1, 6j + 3; q

6j + 3

)
2

+

∞∑
j=−∞

q15j2+7j+2n−2

(
n− 2, 6j + 1; q

6j + 2

)
2

+

∞∑
j=−∞

q15j2−13j+n+2

(
n− 2, 6j − 3; q

6j − 3

)
2

.

Apply (1.30) to the second term:

=

∞∑
j=−∞

q15j2−11j+2n

(
n− 2, 6j − 2; q

6j − 2

)
2

−
∞∑

j=−∞
q15j2+13j+n+2

(
n− 2, 6j + 3; q

6j + 3

)
2

−
∞∑

j=−∞
q15j2+19j+2n+4

(
n− 2, 6j + 4; q

6j + 4

)
2

+
∞∑

j=−∞
q15j2−13j+n+2

(
n− 2, 6j − 3; q

6j − 3

)
2

.

The first and third terms cancel after shifting j to j − 1 in the third. The second and
fourth terms can be seen to cancel after replacing j by −j in the fourth, and applying
(1.40) to the fourth.

= 0.

Upon checking the initial conditions, the proof is complete.

Identities (6.94) and (6.99) can be proved together in an analogous fashion.

A Annotated Slater List

Lucy Slater’s list of 130 identities of the Rogers-Ramanujan type appeared in [68, p. 152-
167]. While studying these identities, I found that some identities appeared more than
once on the list, usually in slightly different forms. Also, I found misprints in identities 6,
10, 40, 41, 42, 54, 88, 89, 97, 100, 108, 110, 115, and 128. Some identities are simple sums
of others on the list; a few are the sum of an identity on the list with another which does
not appear but is easily deduced. Not all of the identities originate with Slater. Some
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date back as far as Euler; many were known to Rogers. I have attempted to provide
detailed references for all of the identities which predate Slater.

In all cases, |q| < 1.

Identity A.1 (Euler, 1748). The Pentagonal Number Theorem. Euler [35, p. 274, sec.
323].

∞∑
n=−∞

(−1)nq3n(n+1)/2 =
∞∏

n=1

(1 − qn) (A.1)

Identity A.2 (Euler, 1748). Euler [35]. See also Andrews [6, p. 19, eqn (2.2.6) with
t = q]. Note: This identity is the same as (7) with q replaced by

√
q.

∞∑
n=0

qn(n+1)/2

(q; q)n

=
∞∏

n=1

(1 + qn) (A.2)

Identity A.3 (Euler, 1748). Euler [35]. See also Andrews [6, p. 19, eqn (2.2.6) with
q replaced by q2 and t = −q]. Note: This identity is the same as (23).

∞∑
n=0

(−1)nqn2

(q2; q2)n
=

∞∏
n=1

(1 − q2n−1) (A.3)

Identity A.4.

∞∑
n=0

(−1)n(−q; q2)nq
n2

(q4; q4)n
=

∞∏
n=1

(1 − q2n−1)(1 − q4n−2) (A.4)

Observation A.5. Note: Identity (5) (with q replaced by −q) is the same as (9) and
(84).

Identity A.6.

∞∑
n=0

(−1; q)nq
n2

(q; q)n(q; q2)n
=

∞∏
n=1

(1 + q3n−1)(1 + q3n−2)(1 − q3n)

1 − qn
(A.6)

Observation A.7. Identity (7) is the same as (2) with q replaced by q2.

Identity A.8 (Gauss-Lebesgue). This is a special case (z = −q) of an identity appear-
ing in Lebesgue [48, pp. 44-47]. See also Andrews [11]. Lebesgue attributes the identity
to Gauss [38], however I have been unable to find it there.

∞∑
n=0

(−q; q)nq
n(n+1)/2

(q; q)n
=

∞∏
n=1

1 − q4n

1 − qn
(A.8)
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Identity A.9 (Jackson, 1928). Jackson [46, p. 179, 3 lines from bottom] Note: Identity
(9) is the same as (84) and equivalent to (5) with q replaced by −q.

∞∑
n=0

qn(2n+1)

(q; q)2n+1

=
∞∏

n=1

(1 + qn) (A.5)

Identity A.10. Note: This identity is the same as (47).

∞∑
n=0

(−1; q)2nq
n2

(q2; q2)n(q2; q4)n

=
∞∏

n=1

(1 + q2n−1)(1 + qn) (A.10)

Identity A.11. Note: This identity is the same as (51) and (64).

∞∑
n=0

(−q; q)2nq
n(n+1)

(q; q2)n+1(q4; q4)n

=
∞∏

n=1

(1 + qn)(1 + q2n) (A.11)

Identity A.12 (Gauss-Lebesgue). This is a special case (z = −1) of an identity ap-
pearing in Lebesgue [48, pp. 44-47]. Lebesgue attributes the identity to Gauss [38],
however I have been unable to find it there. See also Andrews [11].

∞∑
n=0

(−1; q)nq
n(n+1)/2

(q; q)n
=

∞∏
n=0

1 + q2n+1

1 − q2n+1
(A.12)

Identity A.13.

∞∑
n=0

(−q; q)nq
n(n−1)/2

(q; q)n
=

∞∏
n=1

1 − q4n

1 − qn
+

∞∏
n=1

1 + q2n−1

1 − q2n−1
(A.13)

Identity A.14 (Rogers, 1894). The Second Rogers-Ramanujan Identity. Rogers [57,
p. 329 (2)].

∞∑
n=0

qn(n+1)

(q; q)n

=
∞∏

n=1

1

(1 − q5n−2)(1 − q5n−3)
(A.14)

Identity A.15 (Rogers, 1917). Rogers [58, p. 330 (5)]. This identity appears with a
misprint in Jackson [46, p. 170, third eqn.]. Bailey notes and corrects this error in [21,
p. 426, eqn 6.3]. It appears that neither Jackson nor Bailey noticed that it had already
appeared (correctly) in Rogers [58].

∞∑
n=0

(−1)nqn(3n−2)

(−q; q2)n(q4; q4)n

=
∞∏

n=1

(1 − q5n−1)(1 − q5n−4)(1 − q5n)

(1 − q2n)
(A.15)

Identity A.16 (Rogers, 1894). Rogers [57, p. 331, immediately preceding eqn. (7)].

∞∑
n=0

qn(n+2)

(q4; q4)n

=
∞∏

n=1

1

(1 − q5n−2)(1 − q5n−3)(1 + q2n)
(A.16)
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Identity A.17. Note: This identity is equivalent to (A.94) with q replaced by −q.
∞∑

n=0

qn(n+1)

(q2; q2)n(−q; q2)n+1
=

∞∏
n=1

(1 − q5n−1)(1 − q5n−4)(1 − q5n)(1 + q2n)

(1 − q2n)
(A.17)

Identity A.18 (Rogers, 1894). The First Rogers-Ramanujan Identity. Rogers [57, p.
328 (2)].

∞∑
n=0

qn2

(q; q)n
=

∞∏
n=1

1

(1 − q5n−1)(1 − q5n−4)
(A.18)

Identity A.19 (Rogers, 1894). Rogers [57, p. 339, immediately preceeding “Example
3”]

∞∑
n=0

(−1)nq3n2

(−q; q2)n(q4; q4)n
=

∞∏
n=1

(1 − q5n−2)(1 − q5n−3)(1 − q5n)

(1 − q2n)
(A.19)

Identity A.20 (Rogers, 1894). Rogers [57, p. 330, last eqn.].

∞∑
n=0

qn2

(q4; q4)n
=

∞∏
n=1

1

(1 − q5n−1)(1 − q5n−4)(1 + q2n)
(A.20)

Identity A.21.

∞∑
n=0

(−1)n(q; q2)nq
n2

(−q; q2)n(q4; q4)n
=

∞∏
n=1

(1 + q5n−2)(1 + q5n−3)(1 − q5n)(1 − q2n−1)

(1 − q2n)
(A.21)

Identity A.22.

∞∑
n=0

(−q; q)nq
n(n+1)

(q; q2)n+1(q; q)n
=

∞∏
n=1

(1 − q6n−1)(1 − q6n−5)(1 − q6n)(1 + qn)

(1 − qn)
(A.22)

Observation A.23. Identity (23) is the same as (3).

Identity A.24.

∞∑
n=0

(−1; q)2nq
n

(q2; q2)n
=

∞∏
n=1

(1 − q6n−3)2(1 − q6n)(1 + qn)

(1 − qn)
(A.24)

Identity A.25.

∞∑
n=0

(−q; q2)nq
n2

(q4; q4)n
=

∞∏
n=1

(1 − q6n−3)2(1 − q6n)(1 + q2n−1)

(1 − q2n)
(A.25)
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Identity A.26.

∞∑
n=0

(−q; q)nq
n2

(q; q2)n+1(q; q)n
=

∞∏
n=1

(1 − q6n−3)2(1 − q6n)(1 + qn)

(1 − qn)
(A.26)

Identity A.27. Note: This identity is the same as (87).

∞∑
n=0

(−q; q2)nq
2n(n+1)

(q; q2)n+1(q4; q4)n

=
∞∏

n=1

(1 + q6n−1)(1 + q6n−5)(1 − q6n)

(1 − q2n)
(A.27)

Identity A.28.

∞∑
n=0

(−q2; q2)nq
n(n+1)

(q; q)2n+1

=
∞∏

n=1

(1 + q6n−1)(1 + q6n−5)(1 − q6n)(1 + q2n)

(1 − q2n)
(A.28)

Identity A.29.

∞∑
n=0

(−q; q2)nq
n2

(q; q)2n
=

∞∏
n=1

(1 + q6n−2)(1 + q6n−4)(1 − q6n)(1 + q2n−1)

(1 − q2n)
(A.29)

Observation A.30. Identity (30) is the same as (24) with q replaced by −q.
Identity A.31 (Rogers, 1917). The Third Rogers-Selberg Identity. Rogers [58, p. 331
(6), line 2]. Independently rediscovered by Selberg [66].

∞∑
n=0

q2n(n+1)

(q2; q2)n(−q; q)2n+1

=
∞∏

n=1

(1 − q7n−1)(1 − q7n−6)(1 − q7n)

(1 − q2n)
(A.31)

Identity A.32 (Rogers, 1894). The Second Rogers-Selberg Identity. Rogers [57,
bottom of p. 342]. Independently rediscovered by Selberg [66].

∞∑
n=0

q2n(n+1)

(q2; q2)n(−q; q)2n
=

∞∏
n=1

(1 − q7n−2)(1 − q7n−5)(1 − q7n)

(1 − q2n)
(A.32)

Identity A.33 (Rogers, 1894). The First Rogers-Selberg Identity. Rogers [57, bottom
of p. 339]. Independently rediscovered by Selberg [66].

∞∑
n=0

q2n2

(q2; q2)n(−q; q)2n

=
∞∏

n=1

(1 − q7n−3)(1 − q7n−4)(1 − q7n)

(1 − q2n)
(A.33)

Identity A.34 (Slater, 1952). The analytic version of the second Göllnitz-Gordon par-
tition identity.

∞∑
n=0

(−q; q2)nq
n(n+2)

(q2; q2)n

=
∞∏

n=1

1

(1 − q8n−3)(1 − q8n−4)(1 − q8n−5)
(A.34)

the electronic journal of combinatorics 10 (2003), #R13 102



Identity A.35. Note: This identity is the same as (106).

∞∑
n=0

(−q; q2)n(−q; q)nq
n(n+3)/2

(q; q)2n+1
=

∞∏
n=1

(1 − q8n−1)(1 − q8n−7)(1 − q8n)(1 + qn)

(1 − qn)
(A.35)

Identity A.36 (Slater, 1952). The analytic version of the first Göllnitz-Gordon parti-
tion identity.

∞∑
n=0

(−q; q2)nq
n2

(q2; q2)n
=

∞∏
n=1

1

(1 − q8n−1)(1 − q8n−4)(1 − q8n−7)
(A.36)

Identity A.37. Note: This identity is the same as (105).

∞∑
n=0

(−q; q2)n(−q; q)nq
n(n+1)/2

(q; q)2n+1
=

∞∏
n=1

(1 − q8n−3)(1 − q8n−5)(1 − q8n)(1 + qn)

(1 − qn)
(A.37)

Identity A.38. Note: This identity is the same as (86).

∞∑
n=0

q2n(n+1)

(q; q)2n+1
=

∞∏
n=1

(1 − q8n−3)(1 − q8n−5)(1 − q8n)(1 − q16n−2)(1 − q16n−14)

(1 − qn)
(A.38)

Identity A.39 (Jackson, 1928). Note: This identity is the same as (83). Jackson [46,
p. 170, 5th eqn.].

∞∑
n=0

q2n2

(q; q)2n

=
∞∏

n=1

(1 − q8n−1)(1 − q8n−7)(1 − q8n)(1 − q16n−6)(1 − q16n−10)

(1 − qn)
(A.39)

Identity A.40 (Bailey, 1947). Bailey [21, p. 422, eqn. (1.7)].

∞∑
n=0

(q; q)3n+1q
3n(n+1)

(q3; q3)n(q3; q3)2n+1

=
∞∏

n=1

(1 − q9n−1)(1 − q9n−8)(1 − q9n)

(1 − q3n)
(A.40)

Identity A.41 (Bailey, 1947). Bailey [21, p. 422, eqn. (1.8)].

∞∑
n=0

(q; q)3n(1 − q3n+2)q3n(n+1)

(q3; q3)n(q3; q3)2n+1

=
∞∏

n=1

(1 − q9n−2)(1 − q9n−7)(1 − q9n)

(1 − q3n)
(A.41)

Identity A.42 (Bailey, 1947). Bailey [21, p. 422, eqn. (1.6)].

∞∑
n=0

(q; q)3nq
3n2

(q3; q3)n(q3; q3)2n
=

∞∏
n=1

(1 − q9n−4)(1 − q9n−5)(1 − q9n)

(1 − q3n)
(A.42)
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Identity A.43.

∞∑
n=0

(−q; q)nq
n(n+3)/2

(q; q2)n+1(q; q)n
=

∞∏
n=1

(1 − q10n−1)(1 − q10n−9)(1 − q10n)(1 + qn)

(1 − qn)
(A.43)

Identity A.44 (Rogers, 1917). Rogers [58, p. 330 (2), line 2] Note: this identity is
the same as (63).

∞∑
n=0

q3n(n+1)/2

(q; q2)n+1(q; q)n
=

∞∏
n=1

(1 − q10n−2)(1 − q10n−8)(1 − q10n)

(1 − qn)
(A.44)

Identity A.45.

∞∑
n=0

(−q; q)nq
n(n+1)/2

(q; q2)n+1(q; q)n
=

∞∏
n=1

(1 − q10n−3)(1 − q10n−7)(1 − q10n)(1 + qn)

(1 − qn)
(A.45)

Identity A.46 (Rogers, 1917). Rogers [58, p. 330 (2) line 3]. This identity is equiva-
lent to (62): See Andrews [9, p. 20, eqn. (8.7)]

∞∑
n=0

qn(3n−1)/2

(q; q2)n(q; q)n

=
∞∏

n=1

(1 − q10n−4)(1 − q10n−6)(1 − q10n)

(1 − qn)
(A.46)

Identity A.47. Note: This identity equivalent to (10), and to (54) + q × (49).

∞∑
n=0

(−1; q2)nq
n2

(q; q)2n

=
∞∏

n=1

1 + q2n−1

1 − q2n−1
(A.47)

Identity A.48. Note: This identity is (54) − q × (49).

∞∑
n=0

(−1; q2)nq
n(n+1)

(q; q)2n

=
∞∏

n=1

(1 − q12n−5)(1 − q12n−7)(1 − q12n)

1 − qn
− q

(1 − q12n−1)(1 − q12n−11)(1 − q12n)

1 − qn
(A.48)

Identity A.49.

∞∑
n=0

(−q2; q2)n(1 − qn+1)qn(n+2)

(q; q)2n+2

=
∞∏

n=1

(1 − q12n−1)(1 − q12n−11)(1 − q12n)

(1 − qn)
(A.49)

Identity A.50.

∞∑
n=0

(−q; q2)nq
n(n+2)

(q; q)2n+1

=
∞∏

n=1

(1 − q12n−2)(1 − q12n−10)(1 − q12n)

(1 − qn)
(A.50)
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Observation A.51. Identity (51) is the same as (11) and (64).

Identity A.52. Note: This identity is the same as (85).

∞∑
n=0

qn(2n−1)

(q; q)2n
=

∞∏
n=1

(1 + qn) (A.52)

Identity A.53.

∞∑
n=0

(q; q2)2nq
4n2

(q4; q4)2n
=

∞∏
n=1

(1 − q12n−5)(1 − q12n−7)(1 − q12n)

(1 − q4n)
(A.53)

Identity A.54.

∞∑
n=0

(−q2; q2)n−1(1 + qn)qn2

(q; q)2n

=
∞∏

n=1

(1 − q12n−5)(1 − q12n−7)(1 − q12n)

(1 − qn)
(A.54)

Identity A.55.

∞∑
n=0

(q; q2)2n+1q
4n(n+1)

(q4; q4)2n+1
=

∞∏
n=1

(1 − q12n−1)(1 − q12n−11)(1 − q12n)

(1 − q4n)
(A.55)

Identity A.56.

∞∑
n=0

(−q; q)nq
n(n+2)

(q; q2)n+1(q; q)n+1

=
∞∏

n=1

(1 + q12n−1)(1 + q12n−11)(1 − q12n)

(1 − qn)
(A.56)

Identity A.57. Note: This identity is the same as (55) with q replaced by −q.
∞∑

n=0

(−q; q2)2n+1q
4n(n+1)

(q4; q4)2n+1
=

∞∏
n=1

(1 + q12n−1)(1 + q12n−11)(1 − q12n)

(1 − q4n)
(A.57)

Identity A.58.

1 +
∞∑

n=1

(−q; q)n−1q
n2

(q; q2)n(q; q)n

=
∞∏

n=1

(1 + q12n−5)(1 + q12n−7)(1 − q12n)

(1 − qn)
(A.58)

Identity A.59 (Rogers, 1917). Rogers [58, p. 329 (1), line 3]

∞∑
n=0

qn(n+2)

(q; q2)n+1(q; q)n
=

∞∏
n=1

(1 − q14n−2)(1 − q14n−12)(1 − q14n)

(1 − qn)
(A.59)

Identity A.60 (Rogers, 1917). Rogers [58, p. 329 (1), line 2]

∞∑
n=0

qn(n+1)

(q; q2)n+1(q; q)n

=
∞∏

n=1

(1 − q14n−4)(1 − q14n−10)(1 − q14n)

(1 − qn)
(A.60)

the electronic journal of combinatorics 10 (2003), #R13 105



Identity A.61 (Rogers, 1894). Rogers [57, p. 341, ex. 2]

∞∑
n=0

qn2

(q; q2)n(q; q)n
=

∞∏
n=1

(1 − q14n−6)(1 − q14n−8)(1 − q14n)

(1 − qn)
(A.61)

Identity A.62. This identity is equivalent to (46): See Andrews [9, p. 20, eqn. (8.7)].

∞∑
n=0

(−q; q)nq
n(3n+1)/2

(q; q)2n+1
=

∞∏
n=1

(1 − q10n−4)(1 − q10n−6)(1 − q10n)

(1 − qn)
(A.62)

Observation A.63. Identity (63) is the same as (44).

Observation A.64. Identity (64) is the same as (11) and (51).

Observation A.65. Note: Identity (65) is (37) +
√
q × (35), with q replaced by q2

throughout.

Identity A.66. Note: Identity (66) is (71) + q × (68)

∞∑
n=0

(−1; q4)n(−q; q2)nq
n2

(q2; q2)2n

=
(q6, q10, q16; q16)∞ + q(q2, q14, q16; q16)∞

(q, q2)∞(q4; q4)∞
(A.66)

Identity A.67. Note: Identity (67) is (71) − q × (68)

∞∑
n=0

(−1; q4)n(−q; q2)nq
n(n+2)

(q2; q2)2n

=
(q6, q10, q16; q16)∞ − q(q2, q14, q16; q16)∞

(q, q2)∞(q4; q4)∞
(A.67)

Identity A.68.

∞∑
n=0

(−q;q2)n(−q4; q4)nq
n(n+2)

(−q2; q2)n+1(q2; q4)n+1(q2; q2)n
=

∞∏
n=1

(1 − q16n−2)(1 − q16n−14)(1 − q16n)(1 + q2n−1)

(1 − q2n)

(A.68)

Identity A.69.

∞∑
n=0

(−q2; q2)nq
n(n+2)

(q; q)2n+2

=
∞∏

n=1

[
(1 + q16n−2)(1 + q16n−14)(1 − q16n)

] (1 + q2n−1)

(1 − q2n)
(A.69)

Identity A.70.

∞∑
n=0

(−q; q2)n+1(−q2; q4)nq
n(n+2)

(q2; q4)n+1(q4; q4)n

=
∞∏

n=1

(1 − q16n−4)(1 − q16n−12)(1 − q16n)(1 + q2n−1)

(1 − q2n)

(A.70)
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Identity A.71.

∞∑
n=0

(−q4; q4)n−1(−q; q2)nq
n2

(q2; q4)n(q2; q2)n(−q2; q2)n−1
=

∞∏
n=1

(1 − q16n−6)(1 − q16n−10)(1 − q16n)(1 + q2n−1)

(1 − q2n)

(A.71)

Identity A.72.

1 +

∞∑
n=1

(−q4; q4)n−1(−q; q2)nq
n2

(q2; q4)n(q2; q2)n(q2; q2)n−1
=

∞∏
n=1

(1 − q16n+6)(1 − q16n+10)(1 − q16n)(1 + q2n−1)

(1 − q2n)

(A.72)

Identity 72-a. Note: This identity does not appear explictly in Slater’s list. It appears
implicitly as the sum of (130) and q × (70).

∞∑
n=0

(−q4; q4)n(−q; q2)n+1(1 + q2n+1)qn2

(q2; q2)2n+2

=
∞∏

n=1

(1 − q16n−8)2(1 − q16n)(1 + q2n−1)

1 − q2n

(A.72-a)

Identity A.73. Note: Identity (73) is the sum of (77) and (78).

1 +
∞∑

n=1

(q3; q3)n−1(−q; q)nq
n(n−1)/2

(q; q)2n−1(q; q)n

=
(q6, q12, q18; q18)∞ + (q9, q9, q18; q18)∞

(q; q)∞(q; q2)∞
(A.73)

Identity A.74. Note: Identity (74) is (77) + (78) − q × (76).

1 +
∞∑

n=1

(q3; q3)n−1(−q; q)nq
n(n−1)/2

(q; q)2n(q; q)n−1

=
(q6, q12, q18; q18)∞ + (q9, q9, q18; q18)∞ − q(q3, q15, q18; q18)∞

(q; q)∞(q; q2)∞
(A.74)

Observation A.75. Note: Identity (75) is (78) − q × (76).

1 +
∞∑

n=1

(q3; q3)n−1(−q; q)nq
n(n+1)/2

(q; q)2n(q; q)n−1

=
(q9, q9, q18; q18)∞ − q(q3, q15, q18; q18)∞

(q; q)∞(q; q2)∞
(A.75)

Identity A.76 (Bailey-Dyson, 1947). Appears in Bailey [21, p. 434, (D1)]; Bailey
credits its derivation to Dyson.

∞∑
n=0

(q3; q3)n(−q; q)n+1q
n(n+3)/2

(q; q)2n+2(q; q)n

=
∞∏

n=1

(1 − q18n−3)(1 − q18n−15)(1 − q18n)(1 + qn)

(1 − qn)
(A.76)
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Identity A.77.

∞∑
n=0

(q3; q3)n(−q; q)n+1(1 − qn+1)qn(n+1)/2

(q; q)2n+2(q; q)n
=

∞∏
n=1

(1 − q18n−6)(1 − q18n−12)(1 − q18n)(1 + qn)

(1 − qn)

(A.77)

Identity A.78 (Bailey-Dyson, 1947). Note: This identity is (75) + q× (76). Appears
in Bailey [21, p. 434, (D3)]; Bailey credits its derivation to Dyson.

1 +

∞∑
n=1

(q3; q3)n−1(−1; q)n+1q
n(n+1)/2

(q; q)2n(q; q)n−1
=

∞∏
n=1

(1 − q18n−9)2(1 − q18n)(1 + qn)

(1 − qn)
(A.78)

Identity A.79 (Rogers, 1894). Rogers [57, p. 330 second eqn. from top]. Note: This
identity is the same as (98).

∞∑
n=0

qn2

(q; q)2n
=

∞∏
n=1

(1 − q20n−8)(1 − q20n−12)(1 − q20n)(1 + q2n−1)

(1 − q2n)
(A.79)

Identity A.80 (Rogers, 1917). Rogers [58, p. 331 (1), line 2].

∞∑
n=0

qn(n+1)/2

(q; q2)n+1(q; q)n

=

∞∏
n=1

[
(1 − q7n−2)(1 − q7n−5)(1 − q7n)(1 − q14n−3)(1 − q14n−11)

](1 + qn)

(1 − qn)
(A.80)

Identity A.81 (Rogers, 1917). Rogers [58, p. 331 (1), line 1].

∞∑
n=0

qn(n+1)/2

(q; q2)n(q; q)n

=
∞∏

n=1

[
(1 − q7n−1)(1 − q7n−6)(1 − q7n)(1 − q14n−5)(1 − q14n−9)

](1 + qn)

(1 − qn)
(A.81)

Identity A.82 (Rogers, 1917). Rogers [58, p. 331 (1), line 3].

∞∑
n=0

qn(n+3)/2

(q; q2)n+1(q; q)n

=
∞∏

n=1

[
(1 − q7n−3)(1 − q7n−4)(1 − q7n)(1 − q14n−1)(1 − q14n−13)

](1 + qn)

(1 − qn)
(A.82)

Observation A.83. Identity (83) is the same as (39).

Observation A.84. Identity (84) is the same as (9).
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Observation A.85. Identity (85) is the same as (52).

Observation A.86. Identity (86) is the same as (38).

Observation A.87. Identity (87) is the same as (27).

Identity A.88. Note: This identity is (91) − q2 × (90).

∞∑
n=1

(q3; q3)n−1(1 − qn+1)qn2−1

(q; q)2n(q; q)n−1
=

(q6, q21, q27; q27)∞ − q2(q3, q24, q27; q27)∞
(q; q)∞

(A.88)

Identity A.89. Note: This identity is (93) − q × (91).

1 +

∞∑
n=1

(q3; q3)n−1q
n(n+1)

(q; q)2n(q; q)n−1
=

(q12, q15, q27; q27)∞ − q(q6, q21, q27; q27)∞
(q; q)∞

(A.89)

Identity A.90 (Bailey-Dyson, 1947). Appears in Bailey [21, p. 434, (B1)]; Bailey
credits its derivation to Dyson.

∞∑
n=0

(q3; q3)nq
n(n+3)

(q; q)2n+2(q; q)n
=

∞∏
n=1

(1 − q27n−3)(1 − q27n−24)(1 − q27n)

1 − qn
(A.90)

Identity A.91 (Bailey-Dyson, 1947). Appears in Bailey [21, p. 434, (B2)]; Bailey
credits its derivation to Dyson.

∞∑
n=0

(q3; q3)nq
n(n+2)

(q; q)2n+2(q; q)n
=

∞∏
n=1

(1 − q27n−6)(1 − q27n−18)(1 − q27n)

1 − qn
(A.91)

Identity A.92 (Bailey-Dyson, 1947). Appears in Bailey [21, p. 434, (B3)]; Bailey
credits its derivation to Dyson.

∞∑
n=0

(q3; q3)nq
n(n+1)

(q; q)2n+1(q; q)n
=

∞∏
n=1

1 − q9n

1 − qn
(A.92)

Identity A.93 (Bailey-Dyson, 1947). Appears in Bailey [21, p. 434, (B4)]; Bailey
credits its derivation to Dyson.

1 +

∞∑
n=1

(q3; q3)n−1q
n2

(q; q)2n−1(q; q)n
=

∞∏
n=1

(1 − q27n−12)(1 − q27n−15)(1 − q27n)

1 − qn
(A.93)

Identity A.94 (Rogers, 1894). Equivalent to Rogers [57, p. 331, eqn. (6)].

∞∑
n=0

qn(n+1)

(q; q)2n+1
=

∞∏
n=1

(1 − q10n−3)(1 − q10n−7)(1 − q10n)(1 − q20n−4)(1 − q20n−16)

1 − qn
(A.94)
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Identity A.95. Note: This identity is equivalent to (97).

∞∑
n=0

(−q; q2)nq
n(3n−2)

(q2; q2)2n

=
∞∏

n=1

(1 − q10n−3)(1 − q10n−7)(1 − q10n)(1 − q20n−4)(1 − q20n−16) · 1 + q2n−1

1 − q2n
(A.95)

Identity A.96 (Rogers, 1894). Equivalent to Rogers [57, p. 331, eqn. (7)].

∞∑
n=0

qn(n+2)

(q; q)2n+1

=
∞∏

n=1

(1 − q10n−4)(1 − q10n−6)(1 − q10n)(1 − q20n−2)(1 − q20n−18)

1 − qn
(A.96)

Identity A.97. Note: This identity is equivalent to (95).

∞∑
n=0

(−q; q2)n+1q
n(3n+2)

(q2; q2)2n+1

=
∞∏

n=1

(1 − q10n−3)(1 − q10n−7)(1 − q10n)(1 − q20n−4)(1 − q20n−16) · 1 + q2n−1

1 − q2n
(A.97)

Observation A.98. Identity (98) is the same as (79).

Identity A.99 (Rogers, 1894). Equivalent to Rogers [57, p. 332, between eqns. (12)
and (13)].

∞∑
n=0

qn(n+1)

(q; q)2n

=
∞∏

n=1

(1 − q10n−1)(1 − q10n−9)(1 − q10n)(1 − q20n−8)(1 − q20n−12)

1 − qn
(A.99)

Identity A.100.

∞∑
n=0

(−q; q2)nq
3n2

(q2; q2)2n

=
∞∏

n=1

(1 − q10n−1)(1 − q10n−9)(1 − q10n)(1 − q20n−8)(1 − q20n−12) · 1 + q2n−1

1 − q2n
(A.100)

Identity A.101. Note: This identity is the sum of (104) and (105-a).

1 +
∞∑

n=1

(−q; q)n(−q2; q2)n−1q
n(n−1)/2

(q; q)2n

=
(q2, q6, q8; q8)∞ + (−q16,−q16, q32; q32)∞ − q(−q8,−q24, q32; q32)∞

(q; q)∞(q; q2)∞
(A.101)
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Identity A.102. Note: This identity is (105-a) + q × (103)

∞∑
n=0

(−q; q)n+1(−q2; q2)nq
n(n+1)/2

(q, q)2n+2

=
(−q12,−q20, q32; q32)∞ − q2(−q4,−q28, q32; q32)∞ + q(−q8,−q24, q32; q32)∞ − q4(−1,−q32, q32; q32)∞

(q; q)∞(q; q2)∞
(A.102)

Identity A.103.

∞∑
n=0

(−q; q)n+1(−q2; q2)nq
n(n+3)/2

(q; q)2n+2
=

(−q8,−q24, q32; q32)∞ − q3(−1,−q32, q32; q32)∞
(q; q)∞(q; q2)∞

(A.103)

Identity A.104.

1 +

∞∑
n=1

(−q; q)n(−q2; q2)n−1q
n(n+1)/2

(q; q)2n
=

(−q16,−q16, q32; q32)∞ − q(−q8,−q24, q32; q32)∞
(q; q)∞(q; q2)∞

(A.104)

Observation A.105. Identity (105) is the same as (37).

Identity A.105-a. This identity does not appear explicitly in Slater’s list. It appears
implicilty as the difference of (101) and (104), and as the difference of (102) and q×(103).

∞∑
n=0

(−q2; q2)nq
n(n+1)/2

(q; q2)n+1(q; q)n

=
∞∏

n=1

(1 − q8n−2)(1 − q8n−6)(1 − q8n)(1 + qn)

1 − qn
(A.105-a)

Observation A.106. Identity (106) is the same as (35).

Identity A.107.

∞∑
n=0

(q3; q6)n(−q2; q2)nq
n(n+1)

(q2; q2)2n+1(q; q2)n

=
∞∏

n=1

(1 + q12n−3)(1 + q12n−9)(1 − q12n)(1 − q24n−6)(1 − q24n−18)(1 + q2n)

1 − q2n
(A.107)

Identity A.108. Note: This identity is (115) − q2 × (116).

∞∑
n=0

(q6; q6)n(−q; q2)n+1(1 − q2n+2)qn(n+2)

(q2; q2)2n+2(q2; q2)n

=
∞∏

n=1

[
(1 + q12n−5)(1 + q12n−7)(1 − q12n)(1 − q24n−2)(1 − q24n−22)

](1 + q2n−1)

(1 − q2n)
(A.108)

the electronic journal of combinatorics 10 (2003), #R13 111



Identity A.109.

∞∑
n=0

(q3; q6)n(−q; q2)n+1q
n2

(q2; q2)2n+1(q; q2)n
=

(−q2,−q10, q12; q12)∞(q8, q16; q24)∞ + q(q12; q12)∞
(q4; q4)∞(q; q2)∞

(A.109)

Identity A.109-a. This identity does not appear explicitly in Slater’s list. It appears
implicilty as the difference of (109) and q × (110).

∞∑
n=0

(q3; q6)nq
n2

(q4; q4)n(q; q2)2
n

=

∞∏
n=1

(1 + q12n−2)(1 + q12n−10)(1 − q12n)(1 − q24n−8)(1 − q24n−16)(1 + q2n−1)

1 − q2n
(A.109-a)

Identity A.110.

∞∑
n=0

(q3; q6)n(−q; q2)n+1q
n(n+2)

(q2; q2)2n+1(q; q2)n

=
∞∏

n=1

(1 − q12n)(1 + q2n−1)

1 − q2n
(A.110)

Identity A.111.

1 +

∞∑
n=1

(q6; q6)n−1(−q; q2)nq
n(n+2)

(q2; q2)2n(q2; q2)n−1
=

(q15, q21, q36; q36)∞ − q(q9, q27, q36; q36)∞
(q4; q4)∞(q; q2)∞

(A.111)

Identity A.112. Note: This identity is (115) + q3 × (116).

∞∑
n=0

(q6; q6)n(−q; q2)n+2q
n(n+2)

(q2; q2)2n+2(q2; q2)n

=
(q9, q27, q36; q36)∞ + q3(q9, q3, q33; q36)∞

(q4; q4)∞(q; q2)∞
(A.112)

Identity A.113. Note: This identity is (115) − q3 × (116).

1 +
∞∑

n=1

(q6; q6)n−1(−q; q2)nq
n(n+2)

(q2; q2)2n−1(q2; q2)n−1

=
(q15, q21, q36; q36)∞ − q3(q3, q33, q36; q36)∞

(q4; q4)∞(q; q2)∞
(A.113)

Identity A.114.

1 +

∞∑
n=1

(q6; q6)n−1(−q; q2)nq
n2

(q2; q2)2n−1(q2; q2)n
=

∞∏
n=1

[
(1 − q36n−15)(1 − q36n−21)(1 − q36n)

]1 + q2n−1

1 − q2n

(A.114)

Identity A.115 (Bailey-Dyson). Bailey [21, p. 435, (C3)].

∞∑
n=0

(q6; q6)n(−q; q2)n+1q
n(n+2)

(q2; q2)2n+2(q2; q2)n
=

∞∏
n=1

[
(1 − q36n−9)(1 − q36n−27)(1 − q36n)

]1 + q2n−1

1 − q2n

(A.115)
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Identity A.116 (Bailey-Dyson). Bailey [21, p. 435, (C1)].

∞∑
n=0

(q6; q6)n(−q; q2)n+1q
n(n+4)

(q2; q2)2n+2(q2; q2)n

=
∞∏

n=1

[
(1 − q36n−3)(1 − q36n−33)(1 − q36n)

]1 + q2n−1

1 − q2n

(A.116)

Identity A.117.

∞∑
n=0

(−q; q2)nq
n2

(q2; q2)2n

=
∞∏

n=1

[
(1 − q14n−3)(1 − q14n−11)(1 − q14n)(1 − q28n−8)(1 − q28n−20)

]1 + q2n−1

1 − q2n
(A.117)

Identity A.118.

∞∑
n=0

(−q; q2)nq
n(n+2)

(q2; q2)2n

=
∞∏

n=1

[
(1 − q14n−1)(1 − q14n−13)(1 − q14n)(1 − q28n−12)(1 − q28n−16)

]1 + q2n−1

1 − q2n
(A.118)

Identity A.119.

∞∑
n=0

(−q; q2)n+1q
n(n+2)

(q2; q2)2n+1

=

∞∏
n=1

[
(1 − q14n−5)(1 − q14n−9)(1 − q14n)(1 − q28n−4)(1 − q28n−24)

]1 + q2n−1

1 − q2n
(A.119)

Identity A.120.

1 +

∞∑
n=1

(−q2; q2)n−1q
n(n+1)

(q; q)2n
=

(−q22,−q26, q48; q48)∞ − q(−q14,−q34, q48; q48)∞
(q; q)∞

(A.120)

Identity A.121.

1 +
∞∑

n=1

(−q2; q2)n−1q
n2

(q; q)2n

=
∞∏

n=1

(1 − q16n−2)(1 − q16n−14)(1 − q16n)(1 − q32n−12)(1 − q32n−20)

1 − qn
(A.121)

Identity A.122.

∞∑
n=0

(−q2; q2)nq
n(n+3)

(q; q)2n+2

=
(−q10,−q26, q38; q48)∞ − q3(−q2,−q46, q48; q48)∞

(q; q)∞
(A.122)
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Identity A.123.

∞∑
n=0

(−q2; q2)nq
n(n+2)

(q; q)2n+2

=
∞∏

n=1

(1 − q16n−6)(1 − q16n−10)(1 − q16n)(1 − q32n−4)(1 − q32n−28)

1 − qn
(A.123)

Identity A.124.

∞∑
n=0

(q3; q6)nq
2n(n+1)

(q2; q2)2n+1(q; q2)n

=

∞∏
n=1

(1 + q18n−5)(1 + q18n−13)(1 − q18n)(1 − q36n−8)(1 − q36n−28)

1 − q2n
(A.124)

Identity A.125.

∞∑
n=0

(q3; q6)nq
2n(n+2)

(q2; q2)2n+1(q; q2)n

=

∞∏
n=1

(1 + q18n−7)(1 + q18n−11)(1 − q18n)(1 − q36n−4)(1 − q36n−32)

1 − q2n
(A.125)

Identity A.126. Note: This identity is equivalent to (71) + q × (68) − q × (128).

1 +
∞∑

n=1

(−q4; q4)n−1(−q; q2)nq
n2

(q2; q2)2n

=
(−q28,−q36, q64; q64)∞ − q3(−q12,−q52, q64; q64)∞

(q; q2)∞(q4; q4)∞
(A.126)

Identity A.127. Note: This identity is equivalent to (71) − q × (128).

1 +

∞∑
n=1

(−q4; q4)n−1(−q; q2)nq
n(n+2)

(q2; q2)2n
=

(−q28,−q36, q64; q64)∞ − q(−q20,−q44, q64; q64)∞
(q; q2)∞(q4; q4)∞

(A.127)

Identity A.128.

∞∑
n=0

(−q4; q4)n(−q; q2)n+1q
n(n+2)

(q2; q2)2n+2
=

(−q20,−q44, q64; q64)∞ − q5(−q4,−q60, q64; q64)∞
(q; q2)∞(q4; q4)∞

(A.128)

Identity A.129. Note: This identity is equivalent to q−2 ×
(
(128) − (68)

)
.

∞∑
n=0

(−q4; q4)n(−q; q2)n+1q
n(n+4)

(q2; q2)2n+2
=

(−q12,−q52, q64; q64)∞ − q3(−q4,−q60, q64; q64)∞
(q; q2)∞(q4; q4)∞

(A.129)
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Identity A.130. Note: This identity is (72-a) − q × (70).

∞∑
n=0

(−q2; q4)n(−q; q2)n+1q
n2

(q2; q2)2n+1

=
(q8, q8, q16; q16)∞ − q(q4, q12, q16; q16)∞

(q; q2)∞(q4; q4)∞
(A.130)
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q-analog of, see q-trinomial coëfficients
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