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The well-known Szemerédi Regularity Lemma [7] (cf. [4] or [5]) may be the single most
powerful tool in extremal graph theory. Roughly speaking, this lemma asserts that every
large enough graph may be decomposed into constantly many “random-like” induced
bipartite subgraphs (i.e. “ e-regular pairs”). A property of the e-regular pairs obtained
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Abstract

The central concept in Szemerédi’s powerful regularity lemma is the so-called
e-regular pair. A useful statement of Alon et al. essentially equates the notion of an
e-regular pair with degree uniformity of vertices and pairs of vertices. The known
proof of this characterization uses a clever matrix argument.

This paper gives a simple proof of the characterization without appealing to the
matrix argument of Alon et al. We show the e-regular characterization follows from
an application of Szemerédi’s regularity lemma itself.

Introduction

from Szemerédi’s lemma is studied in this note.

Suppose G = (U UV, E) is a bipartite graph. For nonempty subsets U’ C U and
V' CV,let GIU', V'] = {{u,v} € E:ue U, v e V'} be the subgraph of G induced on U’
and V'. Set d(U', V") = |G[U", V'||U'|'|V'|7! to be the density of U’ and V'. For € > 0,
we say G = (UUV, E) is e-regularif for all U’ C U, |U'| > ¢|U|, and V' C V, |V'| > ¢|V],

we have! d(U', V') =d(U,V) te.

IFor simplicity of calculations in this paper, s = (a & b)t is short for (a — b)t < s < (a + b)t.
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1.1 Equivalent conditions for s-regularity

We consider the following two conditions for a bipartite graph G = (U UV, E) with
fixed density d (where, whenever needed, we assume |U| and |V| are sufficiently large).
For 0 < ¢, <1, consider

G1 = Gi(e) G is e-regular.
G2 = Ga(d) (i) degg(u) = (d £ 0)|V] for all but §|U| vertices u € U,
(i1) degg(u,u') = (d £ §)?|V| for all but §|U|* distinct pairs u,u’ € U.

1.1.1 Gy <= G,

The following fact, called the intersection property, is part of the folklore and is easily
proved from the definition of e-regularity (cf. [5]).

Fact 1.1 (Intersection Property, Gy = G2) Forall0 < e < d/2, G1(c) = G2 (4e).
In this sense, G1 = Ga.

The following non-trivial theorem was proved by Alon, Duke, Lefmann, Rédl and
Yuster in [1] and by Duke, Lefmann and Rodl in [2].

Theorem 1.2 (Gy = G;) For all § >0, Go(6) = G1(165Y/°). In this sense, Go =
Gy.

We mention that the proof of Theorem 1.2 in [1] (cf. [2]) is elegant and far from obvious.
We return to this point momentarily.
Fact 1.1 and Theorem 1.2 give an equivalence between the conditions G; and Go.

Corollary 1.3 (G1 < Gy) For every 6 > 0 there exists € > 0 (viz. € = §/4) so
that G1(g) = G2(0) and for every e > 0 there exists 6 > 0 (viz. § = €°/16) so that
G2(0) = Gq(e). In this sense, G; <= Ga.

We make the following remark.

Remark 1.4 (Corollary 1.3 = Algorithmic SRL) The original proof of Szemerédi’s
Regularity Lemma was non-constructive. Alon, Duke, Lefmann, Rédl and Yuster [1] (cf.

[2]) subsequently established an algorithmic version of the regularity lemma which effi-

ciently constructs the “regular environment” Szemerédi’s lemma provides. The central

tool in the proof of the algorithmic version of Szemerédi’s lemma is Corollary 1.3.
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1.1.2 The matrix proof of Theorem 1.2

We briefly describe the matrix construction which verifies Theorem 1.2. Let G =
(U UV, E) satisfy Ga = Go(6) where we set ¢ = 160'/°. To show G is e-regular, set
p=d (1 —d) and construct {—1, p}-matrix M = (Muy),cp ey by setting m,, = p <=
{u,v} € G. Let r, denote the row vector associated with u € U.

Now, let U' C U, |U'| > ¢|U|, V' C V, |V'| > ¢|V], be given. One may establish (cf.
[2]) )

au, v’
<7( . ) —1) < ‘U/‘72‘V/’71 (Z ry Ty + 2 Z ru'ru’) .
d uel’ {u,u'}e[U’)?

43

where “ -7 denotes scalar product for vectors. The inequality |d(U’, V') —d| < ¢ then
follows from manipulating the expression above using the hypothesis Gz ().

1.2 Content of this Note

We work with the following simplified condition?
G, =GL(0)  deg(u,u) = (d=+§)?|V] for all but 6|U|?* pairs u,u’ € U.
Our goal is to prove the following theorem.

Theorem 1.5 (G, = G1) For all e > 0, there exists 0 so that G4(d) = G1(e).

We note that our result, Theorem 1.5, is a bit weaker than Theorem 1.2 in the sense that
our constant § = d(¢) is considerably smaller than £°/16.

In our proof of Theorem 1.5, we do not appeal to the matrix argument of Section 1.1.2.
We show G, = G follows directly from an application of the Szemerédi Regularity
Lemma itself.

2 Proof of Theorem 1.5

In this section, we prove Theorem 1.5. In our proof, G = (U UV, E) always represents a
bipartite graph of density d with m = |U| < |V| = n. We state, up front, that we always
assume m is a sufficiently large integer.

Our proof of Theorem 1.5 uses a well-known invariant formulation of Szemerédi’s
Regularity Lemma. We now present that formulation.

2As noted by Kohayakawa, Rédl and Skokan [3], statement (i) of condition Gz is not actually needed.
Indeed, as shown in Claim 5.3 of [3], statement (i) of condition Gz(¢’) follows from statement (i:) of
condition Gz(0), for a suitable d, using a Cauchy-Schwarz argument.
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2.1 An Invariant of Szemerédi’s Regularity Lemma

Let G = (U UV, E) be a bipartite graph. For an integer ¢, we define a t-equitable
partition V(@) as a pair of partitions U = U; U...UU;, V=V, U...UV,, where

{?J _ V%J < <...< | < Ptﬂw - [%

EE {@J <Wl<...<[Vl< [% -1,

In all that follows, o(1) — 0 as m — oo. Thus, in the remainder of this paper, we
may say that for each 1 <7 <,

and

Ul = Z(1£0(1), [Vl = Z(L£0(1)). 1

For convience of notation, we write G = G[U;, V] and d;; = dg(U;, V;), 1 <i,j < t.
For ¢y > 0, we say a t-equitable partition U = Uy U...UU;, V =V U...UV,, is
eo-reqular if all but eqt? biparite graphs G¥, 1 <, j < t, are og-regular.

Theorem 2.1 (Regularity Lemma) For every o > 0 and positive integer to, there
ezists No and Ty so that every bipartite graph G = (UUV, E) withn = |V| > m = |U| > Ny
admits a t-equitable, eg-reqular partition U = U U. . UU;, V = ViU.. . UV,, forty <t <Tj.

Note that the proof of Theorem 2.1 takes an existing parition and refines it. As a result,
clusters U; are subsets of U and clusters V; are subsets of V.

2.2 ¢jp-regular partitions and G5(0)

The following statement, expressed in Proposition 2.2, will imply Theorem 1.5 almost
immediately.

Proposition 2.2 Let d,eq > 0 be given along with an integer t. Let 0 < § < gq/t* be
given. Let G = (U UV, E) be a bipartite graph of density d satisfying G5(d) and let
U=U,U...UU, V =ViU...UV, be an eg-reqular, t-equitable partition of V(G).
Then, at most 58(1)/3t2 pairs U;, Vi, 1 < 4,5 < t, fail to both be eo-reqular and satisfy
dij = d =+ 5ep/>.

Note that Proposition 2.2 essentially says that with appropriate constants®, property
G4 (0) forces the density d to be preserved throughout almost all bipartite graphs G,
1 <i,j < t, of the partition. As almost all bipartite graphs G¥, 1 < 4,5 < t, are also
go-regular, g < ¢, the preserved densities quickly imply the e-regularity of G.

3Here, one may think of the hierarchy “d > eq > 1/t > §”.
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2.3 Proof of Theorem 1.5

Before proceeding to the proof of Theorem 1.5, we begin by describing the constants
involved, the setup we use and a few preparations we make. We begin with the constants.

2.3.1 The Constants

Let d,e > 0 be given. To define the promised constant o > 0, set auxiliary constants
g0 = (d*)/20° (2)

and to = 1. Let Ty = To(eg,1) be the constant guaranteed by Theorem 2.1. Define
0= 80/2T02

2.3.2 The Setup

Let G = (U UV, E) be a bipartite graph of density d satisfying G5(d) where the
integers |V| =n > m = |U] are sufficiently large.

We show G is e-regular. To that end, let U' C U, V' C V |U'| > em, |[V'| > en, be
given. We show dg(U', V') =d +e.

2.3.3 Preparations

We begin by applying Theorem 2.1 to G. With auxiliary constants gy = (d3¢'°/20?)
and ty = 1, Theorem 2.1 guarantees constants Ty = Ty(eo, 1) and Ny = Ny(eo, 1). With
n = |V| > |Ul = m > Ny, we may apply Theorem 2.1 to G to obtain an ep-regular,
t-equitable partition U = U, U...UU;, V =V, U...UV,, where 1 =ty <t <Tj. Note,
importantly, that Ty = Ty(go, 1) is precisely the same constant we saw above when we set
§ = eo/(2T%). In this way, we are ensured § < g¢/t%.

We now wish to apply Proposition 2.2 to G and its eg-regular, t-equitable partition
U=U,U...UU, V =V,U...UV,, obtained above. Note that we may apply Proposition
2.2 (since § < g0/t2). Applying Proposition 2.2, we are guaranteed that all but 5ep/ 2
pairs U;, Vj, 1 <4,j <t, are eg-regular and satisfy d;; = d £ 55(1)/3.
Now, define graph Gy to have vertex set [t] x [t] where

Go = {(i,j) € [t] x [t] : GY is ep-regular with density d;; = d £ 55(1)/3} :

Set G§ = ([t] x [t]) \ Go.
In the notation G§ above, Proposition 2.2 precisely says

GF| < 5eg” . (3)
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For1 <i<t,set U =U"NU; and V/ =V'NV,. For 1 <i,j <t, define the graph B
to have vertex set [t] x [t] where

B ={(i,7) € [t] x [t] : |U| > eo|U;| and |V/| > &o|Vi|}. (4)

Set B¢ = [t] x [t] \ B.

2.3.4 Proof of Theorem 1.5

Recall we are given U’ C U, V' C V, |U'| > em, |V'| > en, and we want to show
dg(U', V') = d + ¢, or equivalently,

GU, V]| = (d = e)|U"[|V'], and ()

|GIU", V'|| < (d+¢)|U'||V'|. As both statements have virtually the same proof with
identical calculations, we only show (5).

Observe
G V= Y [eLvil= X leonvil+ Y |Gl
1<i,j<t (i,§)€EGoNB (1,/)¢GoNB
> > GV = Y (d=5s) [TV,
(i,5)€GoNB (i,§)€GoNB
On account of gy = (d®°/20%) (cf. (2)), we see
s —afi- 0 s a2
(4=55") =d{1-—=] = a(1-<).
Thus, we conclude
G VI zd(1-¢) > UVl (6)
(4,7)€GoNB
Observe
PR A A= D A A D S A A D DR A
(4,5)€GonNB 1<, j<t (4,5)€GS (4,9)€BC

= UV = > UV = > UiV

(1,)eGS (i,)€BC
Now, |GS| < 5ey/*#2 (cf. (3 )) y (4), each term in the last sum above is at most
eo|Ui||Vi| = eo(1 4 0(1)) 55+ < 26055 (Cf (1)). We therefore see

1051/3mn + 2egmn

S UV = (U] = 1025 mn — 2egmn = [U"||[V'] |1 TV
(4,7)€GoNB

THE ELECTRONIC JOURNAL OF COMBINATORICS 10 (2003), #R39 6



As |U'| > em and |V'| > en and gy = (d°c'®/20?) from (2), we conclude

SOV = UV (1=t =) = UV (1 =€) (7)

(4,7)€GoNB

Combining (6) and (7), we see
G V)| = d (1 - ) UV = d (1 —22) [U)|V] = (d— &)U V7).

This proves (5) and hence Theorem 1.5.

2.4 Proof of Proposition 2.2

Let 0 < d < 1, &g > 0 and integer ¢t be given. Let 0 < § < g¢/t* be given. Let
G = (UUV, E) be a bipartite graph of density d satisfying G5(0) and let U = U U...UU,
V =ViU...UV,, be an gg-regular, t-equitable partition of V' (G). We show all but 551/3752
pairs U;, Vj, 1 <i,j <t, span eo-regular bipartite graphs G* of density d;; = d + 551/3.

By definition of eg-regular, t-equitable partition, we have all but e¢t? pairs U;, V},
1 < i,j < t, spanning gy-regular bipartite graphs G%. Thus, it suffices to show all but
48342 pairs U, Vi, 1 <4,j <, span bipartite graphs G* of density d;; = d & 5eg/?

The following two claims prove Proposition 2.2 almost immediately.
Claim 2.3

1<i,j<t

Claim 2.4
& < &Pt (1+182) .

1<4,5<t

Indeed, we now prove Proposition 2.2 from Claims 2.3 and 2.4 using the following
well-known fact (cf. [3]).

Fact 2.5 (Approximate Cauchy-Schwarz) For every ¢ >0, 0 <~ < ¢3/3 and non-
negative reals aq, ..., a, satisfying

1. ¥ ya; > (1 —7)ra, and

2. Z] 1 ] (1 + ’7)71&27

we have
{7 la—a;] <Ca}| > (1= Q)r.

With v = 18, ¢ = (5deo)Y3, r = t? and {ay,...,a,} = {d;; : 1 < i,j < t} we see
Claim 2.3 satisfies (1) of Fact 2.5 and Claim 2.4 satisfies (2) of Fact 2.5. By Fact 2.5, we
see at most (12 = (5deo) /32 < 4ey/*t2 pairs 1 < 4,5 < t, satisfy di; = d(1 + ¢) and so
d;j = d=£( and finally d;; = d = 45(1]/ % The proof of Proposition 2.2 will then be complete
upon the proofs of Claims 2.3 and 2.4.
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2.4.1 Proof of Claim 2.3

Recall G has density d. Consequently,

; mn
dmn =G| = Y |6V = ¥ dy|U|Vil = (1 +0(1)) > dy.

1<ij<t 1<i,j<t 1<i,j<t

Claim 2.3 now follows.

2.4.2 Proof of Claim 2.4

We begin by giving some notation.
Notation and Preparation.
Set
D= {{u,u'} € [UP: degg(u,w) = (d+6)*n}, T9=[UP\T. (8)

For 1 <1 <t, set
[, =IN[U)? TY=[UP\T=In[U]% (9)

Note that since G satisfies G5(9), we may conclude
T < om?, |TY] < |19 < om? (10)

where the last inequality is purely greedy.
Set I, to be the bipartite graph with bipartition [¢] x [t] where

(i,4) € I, <= GY is go-irregular.
Set S to be the bipartite graph with bipartition [¢] x [t] where
(i,§) € S <= (i,])) & I, and d;; < \/eo.

Let
D=t x [{]\ (I, US). (11)

As |1,| < eot* and since U; and V}, (4,7) € S, span few edges, we have the following fact.

Fact 2.6
dood > > dY —2e0t,
(1,7)€D 1<4,5<t
For (i,7) € D, set
Fij = {{U,U,} c [Uz]2 : degGu (U,Ul) = (dU + 80)2 |‘/z|} . (12)
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For (i,j) € D, G" is ep-regular with density d;; > (/29 > 2¢0. Thus, from Fact 1.1, we

see

This concludes our notation and preparations. We now proceed to the proof of Claim
2.4.
Proof of Claim 2.4.

We double-count the quantity 31<; j<; >y wieu,)2 deggis (u, ). In particular, we show
the following two facts.

Fact 2.7 )

> > deggi(u,u) < il

1§i7j§t {uvu/}E[Ui]Q

(d2 + 56t2)

Fact 2.8

Z Z dengj (u)u’) > (1 — 980 23 |:( Z d ) — 480151 .

1<i, <t {uw'}e[Us]? 1<i,j<t

We see Claim 2.4 follows quickly from Facts 2.7 and 2.8. Indeed, comparing the two
facts, we get

nm? 2 2 2

1<4,5<t
which implies (Z1§z‘,j§t d?j) < d?t? + 56t* + 13gpt2. On account of § < g¢/t?, we further
conclude (Zlgz‘,jgt dfj) < d*t? + 18¢¢t?* which proves Claim 2.4. It therefore suffices to
prove the two facts above.
Proof of Fact 2.7.

Observe
> Yoo odeggu(u)= > > Y deggu(w,u)= D0 > degg(u,u).
10,5 <t {uu'FelU;)2 1<i<t fuu'yelU;)2 1<t 1<i<t fuu'}e[U;)2

Recalling [U;]2 = T; UTY is a partition (cf. (9)), 1 <i <t, we see

> > deggi(u, )= D> Y degg(u, )+ > DD degg(u, ).

1<0,5<t {uu/}e[Uy)2 1<i<t {uu'}eT; 1<i<t {y,u/}er?

Then, according to (8) and (9)

Yoo > deggu(uu) < YT YT (d+0PVI+ Y Y |V

1<,5<t {uu/}e[U;)2 1<i<t {u,u'}€T; 1<i<t {y,u/}er?

n((d+0)* > |y ) <nl@+6)? > (‘Ui‘> e
1<i<t 1<i<t 1<4<t 2 1<:<t
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From (10), we conclude

S Y deggs(uu)<n

I<ig<t {uu'}e(Ui]?

(d + 6)% (% 4 0(1)) (%)2 + 5th] .

Fact 2.7 now follows.
Proof of Fact 2.8.

Since D C [t] x [t] (cf. (11)) and T';; C [U;]* (cf. (12)), we see

> o deggi(u, ) > > > deggi(u,u)

1<4,5 <t {u,u'}[U;]? (4,5)€D {uu'}€ly;
2
Z Z (dij ) ‘V’ Z Z (dij - 50)
(4,)€D {uu'}€Ly; (’L 7)ED {u,u'}€ly;
n
> 2 (2 = 20) [T
(3,7)€D

From (13), we thus see

Z Z degGij (U, U Z

10,7 <t {u,u/ Ye[U;]?

@F|3

(4] e

= (1- 960)71277’;2 Z (dfj—%o) (1—950 pYes [Z d Z 250].

(i,)€D (¢,5)€D (¢,5)eD

However, from Fact 2.6 and the fact that |D| < t?, we see Fact 2.7 follows.
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