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Abstract

Let a € (0,1),1 > 2 and let H,, be an l-graph on n vertices. H,, is («, §)-uniform
if every &n vertices of H,, span (« £ &) (gl”) edges. Our main result is the following.
For all g, there exist d,r,ng such that, if n > ng and Hg) is (@, d)-uniform, then
all but exp{—r'/!/20} (7;) r-sets of vertices induce a subhypergraph that is (a,g)—
uniform.

We also present the following application. Let F be a fixed [-graph, and ¢ > 0.
Then there is an ng and r’ such that: If H is an n vertex l-graph (n > ng) such that
the deletion of any cn! edges of H leaves an I-graph that admits no homomorphism
into F, then there exists H' C H on r’ vertices, that also admits no homomorphism
into F. This extends a recent result of Alon and Shapira, who proved it when F is
a complete graph.

1 Introduction

Throughout this paper we write © = y + z for the statement = € [y — z,y + 2], and we
omit ceiling and floor symbols. We write H to denote an n vertex [-graph.

Definition 1.1. 1 is (e, &)-uniform if every {n vertices of HY span (aif)(ﬁl”) edges.
HY s (o, &)-dense if every En vertices of HY span at least a(ﬁl”) edges.

Our main result, Theorem 1.2 below, says that in an [-graph whose edges are uniformly
distributed, this property is inherited to almost all sets of constant size.

*Department of Mathematics, Statistics, and Computer Science, University of Illinois, 851 S. Morgan
Street, Chicago, IL 60607-7045; research supported in part by the National Science Foundation under
grants DMS-9970325 and DMS-0400812

"Department of Mathematics and Computer Science, Emory University, Atlanta, GA 30322, USA;
research supported in part by the National Science Foundation under grants DMS-0071261 and DMS-
0300529

2000 Mathematics Subject Classification: 05C15, 05C35, 05C65, 05D05

Keywords: Ramsey Turdn problems, extremal hypergraph theory

THE ELECTRONIC JOURNAL OF COMBINATORICS 11 (2004), #R55 1



Theorem 1.2. (Sections 6-8) Let o € (0,1),1 > 2 be fized. For all g, there exist 9,1, ng
such that, if n > ng and HY s (v, §)-uniform, then all but exp{—r'/'/20} (:f) r-sets of

vertices induce a subhypergraph that is (c, g)—umform.

Remark 1.3. By bounding some inequalities more carefully in the proof of Theorem 1.2,
we can improve the factor exp{—r/1/20} to exp{—cr}, where c is an absolute constant.

Remark 1.4. Note that the minimum v with the property of Theorem 1.2 must satisfy
r— 00 as 6 — 0. Otherwise, we could choose S such that or < | and a > 5. With this
choice, no r-set R can be («, 5) uniform, since every subset of R of size or < I has density

0<a-—0.
Remark 1.5. We will in fact prove Theorem 1.2 with the following quantification:
Vo drog Vr>rg 30,ng Vn > ng

Remark 1.6. Note also that if &' < &, and Theorem 1.2 holds for §, then it also holds
for &', since an («, 8" )-uniform hypergraph is also (a, 0)-uniform. We may therefore take
d to be as small as we need in relation to r, in particular, we assume that 6 < 1/r".

Remark 1.7. After proving Theorem 1.2, we found out that Alon, de la Vega, Kannan,
and Karpinski [{] independently and simultaneously proved a similar theorem (Theorem
9 in the extended version of [4]) using completely different techniques. It may be possible
to use their ideas to prove Theorem 1.2 with exp{—r''/20} replaced by 1/40 .

Remark 1.8. We recently learned that Theorem 1.2 was also obtained for |=3 by Na-
gle and Czygrinow [6] using an alternative proof. Those authors infer Theorem 1.2 by
first establishing an analogue in a stronger environment provided by an application of the
Frankl-Rodl hypergraph reqularity lemma (cf. [14]).

Theorem 1.2 has already had applications to Ramsey-Turdan problems for hypergraphs.
In particular, it is used in [19] to construct infinitely many [-graphs whose Ramsey-Turdn
density is strictly positive and less than the Turan density. In this paper we present
another application.

Erdés asked the following question, which generalizes a theorem of Bollobds, Erdos,
Simonovits, and Szemerédi [5]: Given positive integers ¢ and k, do there exist positive
integers fi(c) and ng such that the following holds: If G is an n vertex graph with n > ny
with the property that the chromatic number of G cannot be made less than k by the
omission of at most cn? edges, then G contains a k-chromatic subgraph with at most fi(c)
vertices.

It is well-known that chromatic number is a global property, namely, that a graph
can have large chromatic number without having a small subgraph with large chromatic
number. Another motivation for Erdés’ question is: to what extent is chromatic number
global in the sense described above? Duke and the second author [8] answered Erdés’
question. Recently, a new approach was developed by Goldreich, Goldwasser, and Ron
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[15] which gives better bounds on fi(c). Their motivation came from computer science,
to find efficient algorithms to test whether a graph has a given property. These results
were further improved by Alon and Krivelevich [1].

As a relatively straightforward application of Theorem 1.2, we generalize these results
to hypergraphs. Moreover, instead of speaking just about chromatic number, we observe
that the same proof gives a slightly stronger statement about homomorphisms. Recall
that the [-graph H has a homomorphism into the [-graph F if there is a function f :
V(H) — V(F) such that if {uq,...,u} is an edge of H, then {f(u1),...,f(u)} is an
edge of F.

Theorem 1.9. (Section 3) Let F be a fized [-graph, and ¢ > 0. Then there is an ng and
' such that: If H is an n vertex l-graph (n > ng) such that the deletion of any cn! edges
of H leaves an [-graph that admits no homomorphism into F, then there exists H' C 'H
on r' wvertices, that also admits no homomorphism into F.

2 The Regularity Lemma

In this section we describe our main tool needed to prove Theorem 1.2, the Szemerédi
Regularity Lemma. In an [-graph H, let Xy,..., X; be pairwise disjoint sets of vertices.
Write e(X7,...,X;) for the number of edges with exactly one point in each X;. The
density of the [-tuple Xq,..., X is

. G(Xl,...,Xl)

AXy. ... X)) = b2
(X, Xi) X[, X

Given € > 0, the [-tuple X7, ..., Xj is e-regular with density a = d(Xy, ..., X;) if for every
choice of Y; C X; with
|Y;| > €| X;]| for each i ,

we have
d(Y1,....Y)=a+e

We also extend the definition of («, €)-uniform to a partite situation.

Definition 2.1. The l-partite H = H(V4,..., V) is («, €)-uniform if for every choice of
V! C V;, with |V!| = €|V;|, the density d(V],...,V/)=a+te.

Remark 2.2. For an [-tuple L = X;,..., X, there is a subtle distinction between the
following two statements

1) L is e-reqular with density «

2) L is («a, €)-uniform.
It is clear that 1) implies 2), but if 2) holds, then the best we can say regarding 1) is that
L is 2e-reqular with density o/ = a+e. Throughout this paper we use 1) in contexts where
the density of L is not central and 2) where it is.

THE ELECTRONIC JOURNAL OF COMBINATORICS 11 (2004), #R55 3



Consider a partition P = VoUViU- - -UV; of V(H). We say that P is an e-regular partition
if

1) [Vo| < €[V,

2) i =---= Vi,

3) the I-tuple V;,,...,V;, is eregular for all but et' choices of [ of the V;’s.

With these notions we can state the celebrated Szemerédi Regularity Lemma. Below
we state a version for [-graphs, [ > 2. Its proof is essentially the same as for the case
[ =2.

Lemma 2.3. (Regularity Lemma, see [18]) Let | > 2 be fized. For every e > 0 and every
integer to > 1 there exist integers T, ng such that every l-graph of order at least ng admits
an e-reqular partition Vy, ..., V; withto <t <T.

3 Proof of Theorem 1.9

In this section, we sketch the proof of Theorem 1.9. Our mail tool is Theorem 3.1 below.
Later in Section 6.2, we will see that Theorem 3.1 is a special case of Theorem 6.2, which
is the main result proved in this paper. Moreover, we will also show that Theorem 6.2 is
essentially equivalent to Theorem 1.2.

Theorem 3.1. Fiz 0 < a <1 andl > 2. Let G = G(A4,...,A)) be an l-partite [-graph
with |A;| = n for all i. For all g there exist 0,r,ng such that if n > ng, the following
holds: Suppose that G is (a d)-uniform. Then all but exp{— 7“1/’/10}( ) choices of l-tuples
(A1, Ay, .. A) of r-sets A; € [A;]",i € [1] are (av, &)-uniform.

Proof of Theorem 1.9 (Sketch): Let ¢, F be given, and let H be an [-graph on
n > ng vertices (ng comes from Lemma 2.3 and Theorem 3.1) such that after deleting
any cn! edges, the resulting [-graph admits no homomorphism into F. Let € < ¢, and
to > max{|V(F)|,1/c}. Let V.= Vo U... UV, be an eregular partition of H, where
|Vo| < €|V| = en. We now apply Theorem 3.1 to each e-regular [-tuple that has density
at least ¢/2 . In our setup, € plays the role of the parameter ¢ in Theorem 3.1. By
Theorem 3.1, if the I-tuple {Vj,,...,V;} is eregular with density a > ¢/2, then for
all but exp{—r/"/10}(") choices of I-tuples (Viys..., Vi) of r-sets V- C [V4,]", the I-

tuple (Vj,, ..., f/”) is (a, g)—uniform. Consequently, if we choose an r-set V; from each V;
randomly, then the expected number of [-tuples of chosen r sets violating the conclusion
of Theorem 3.1 is at most exp{—r'/!/10}(]). Hence there exists a choice of r-sets V/ C V;
for i € [t], such that all but 2exp{—r'/!/10}(!) of the I-tuples of these r-sets satisfy the
conclusion of Theorem 3.1. Delete from H all edges that

la) have nonempty intersection with Vj,

1b) lie within at most { — 1 distinct Vs,

Lc) contain one vertex from each of V;,,...,V;,, where V;,, ...,
or is e-regular with density less than ¢/2,

l

Vi, is an e-irregular [-tuple,
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2) lie within an [-tuple V;,, ..., V;, for which V], ..., V] violates the conclusion of Theorem
3.1.

It is easy to see that the number of edges deleted from H in 1la)-1c) is at most (c/2)n!.
The number of edges deleted in 2) is at most 2exp{—r/!/10}(})(n/t)" < (c/2)n, since
¢ > 1/r. Therefore we have altogether deleted at most cn! edges, and the resulting
[-graph admits no homomorphism into F.

Define the reduced [-graph H* of ‘H with vertex set {V1,..., Vi}, where {V;,,...,V;,}
forms an edge if the corresponding [-tuple in H is e-regular with density at least ¢/2.
Then it is easy to see that H* also admits no homomorphism into F. If {V;,...,V;}
is an edge of H*, then V/,..., Vz’l satisfies the following property: for every choice of
Ciy CV/,...,Cy CV}, where |C; | > |V/|/|[V(F)| > or for all j, there is an edge with
one element in each of Cj,, ..., ;. From this it is easy to show that the subhypergraph
H' of H with vertex set V/ U ... UV, admits no homomorphism into F (see Duke-Rodl
[8] for the details in the graph case). Moreover, the number of vertices in H' is tr = r’
which is independent of n. O

4 Hypergeometric Lemmas

In this section we state several generalizations of the hypergeometric inequalities that are
proved in the Appendix. We begin with the following two statements which follow easily
from large deviation results of the hypergeometric distribution (see [17]).

Lemma 4.1. Let | X| =z, and |Y| =y withY C X. Let R € [X]" be a random r-set
chosen independently from the family of all r-sets of X. Letr > ro and 3/2 > o > 1/logr.
Then with probability greater than 1 — e V", the following holds:

a) |[RNY|=2(1+0) ify >z/r'/",

b) |[RNY| < r!920 jfy < /910,

Proof. See Appendix. O

An easy consequence of Lemma 4.1 is the following:

Proposition 4.2. For all T, there exist ro,ng, such that if r > ro,n > nyg, the following
holds: Let B = By U...U By, where the B;’s are pairwise disjoint and each of size n/T.
Then all but Te V7 (") of the r-sets R € [B]" satisfy |[R N B;| = (r/T)(1 £ 1/logr) for
each i € [T).

Proof. Tt suffices to show that for a randomly chosen r-set R, the probability that |[R N
B;| # (r/T)(1+£1/logr) is less than e V". This follows from Lemma 4.1 part a) since rg
is sufficiently large that 7' < /4 and hence n/T > n/r/4. O

We also need the following fractional extension of Proposition 4.2.

Lemma 4.3. For all ¢, &, there exist ro, ng such that if r > ro,n > ng, the following holds:
If > e @i = cn, where 0 < z; <1 for each i, then all but e VT/2 (") of the r-sets R € [n]"

satisfy Y .cpti = (c £ E)r.
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Proof. See Appendix. O

The following is an extension of the hypergeometric inequalities to edge sets of weighted
graphs. Given a set S in a weighted graph, the weight of S is the sum of the weights of
all the edges induced by S. We write degs(z) for the weighted degree of vertex x.

Lemma 4.4. Fix k > 2. For every (3, there exists ro,ng such that if r > ro,n > ny,
the following holds. Let G be an n vertexr weighted graph with total weight at most n*,
mazimum weighted degree at most n*~, and mazimum edge weight at most n*~2. Then
all but 2e=V"/2(") of the r-sets of vertices induce a subgraph with weight at most 23n*=2r?.

Proof. See Appendix. O

Proposition 4.5. Let G = (A, B) be a bipartite graph with n?/t edges and |A| = |B| = n.

Let B C E(G) be a set of size at most €n?/t. Let B' C [E(Q))? be a set size at most €n'/t2.

Then the following holds: For all € ,t, there exist ro, ng, such that if r > ro,n > ng, then
for all but 6eV7/? (2)2 choices A € [A]", B € [B]",

2

(A x B)NE(G)| = %(1 +1/10)

and n the graph spanned by A x E,
1) at most 2¢'r*/t edges lie in B, and
2) at most 2¢'r* /t* pairs of edges lie in B'.

Proof. See Appendix. O

5 Notation for Theorem 1.2

In this section we generalize notation from Section 3 to weighted hypergraphs. Let [ > 2,

and let Ay,..., A; be pairwise disjoint sets. Let w : Ay X ... x A; — [0, 1]. Think of w as

a weight function on the edges of the complete [-partite [-graph H with parts Ay,..., A;.

In the case H is not complete, the weight function w assigns zero to all edges outside H.
The weight of the [-tuple L = A, ..., A; under w is

w(l) =Y {wlay,...,a);(ar,..., @) € Ay x ... x A},

The density of L is

w(L)

d(L) = ————.
Al - [A]]

For A, C A;, i € [l], define the density

. A,X"'XA/}
A, Ce Al = Z{w(al’ ’al>’ (CLl, 7al> S 1 1
d( 1 ) l) |A’1||A;|
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We define w to be e-regular of density o = d(L) if for all choices of A, C A;, with |A}| > en
for each ¢ € [I],
d(A},...,A) =ate

As in Section 3, w is («, €)-uniform if for all choices of A, C A;, with |A}| > en for each
i € [l], we have

d(A},...,A) =a+te
Given functions v; : A; — [0,1], 7 € [}, and [yi| = >_,. 4, vi(a), the fractional density

d(y 7) _ Z{w(al___al)Hi%(ai);(al,...,al) €A x--- XAI}
Tyev s vl |l .

Remark 5.1. All these definitions extend naturally to [-uniform hypergraphs that are not
necessarily [-partite.

6 Proof of Theorem 1.2

6.1 The Structure

In order to prove Theorem 1.2, we will prove the following stronger weighted version of it.

Theorem 6.1. Fix 0 < a <1 andl > 2. Let 'H be a weighted [-graph with vertex set

X of size n and weight function w. For all 9, there exist 6,r,n9 such that, if n > ng
the following holds: Suppose that w is (a,8)-uniform. Then for all but exp{—r'/'/20}(")

r-sets of vertices X € [X]", the restriction of w to X is (v, 0)-uniform.
For [ > 2, let WT'(I) be the statement of Theorem 6.1 for [-graphs, and UWT(I) be
the statement of Theorem 1.2 for [-graphs. By restricting to 0-1 weight functions, we see

that
WT(l) = UWT(I).

We will prove WT(l) by induction on [, with the base case [ = 2 in Section 6.4.
Therefore our next step is to prove

WT(l) = WT(I+ 1) (1)

for each [ > 2.
We will only prove
WT(2) = UWT(3). (2)

Extending (2) to WT'(2) = WT'(3) and further extending this to (1) is simply a matter
of adding notation. In the interest of clarity we decided not to write the proof for this
more general statement. We feel that our proof of (2) will convince the reader of (1), and
Section 6.5.6 describes the minor notational changes needed to rigorously prove (1).
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6.2 An equivalent [-partite formulation

In proving Theorem 6.1, it is more convenient to work with an [-partite [-graph. Indeed,
the theorem that we prove is:

Theorem 6.2. Fix 0 < o« < 1 and | > 2. Let G = G(Ay,...,A;) be an l-partite [-

graph with |A;| = n for all i and weight function w. For all 8, there exist 6,r,ng such
that if n > ng, the following holds: Suppose that w is (a,d)-uniform. Then for all but

exp{—rl/l/lo}(:)l choices of l-tuples (A1, As, ..., A;) of r-sets A; € [A;]",i € [l], the
restriction of w to U;A; is (a, §)-uniform.

Remark 6.3. Note that Remarks 1.4, 1.5 and 1.6 after Theorem 1.2 also apply to The-
orems 6.1 and 6.2.

We need some additional notation. An equipartition P of a set S is a partition of S
into sets of equal size. The equipartition P contains an edge e of S if e has nonempty
intersection with each of the parts of P.

Proof that Theorem 6.2 = Theorem 6.1: As mentioned earlier, we only consider
the unweighted case and [ = 3. Alternatively, the weights are all 0 or 1. We describe the
structure of the proof, postponing the details to the Appendix.

To prove that Theorem 6.2 = Theorem 6.1, we will show that given a hypergraph
satisfying the hypothesis of Theorem 6.1, every equipartition of its vertex set yields a
3-partite hypergraph satisfying the hypothesis of Theorem 6.2. More precisely,

hypothesis of Theorem 6.1 with §, ng = hypothesis of Theorem 6.2 with 140, nq/3 (3)
and similarly
conclusion of Theorem 6.2 with 0/2,r/3 = conclusion of Theorem 6.1 with &,7. (4)
In fact we prove (4) in contrapositive form, namely

conclusion of Theorem 6.1 with 4, r fails = conclusion of Theorem 6.2 with 6/2,7/3 fails.

(5)
Proof of (3): See Appendix. O

Proof of (5): See Appendix. O

6.3 Degree Conditions for Regularity: the weighted case

In this section we extend degree conditions for e-regularity of graphs to weighted graphs
(c.f. [2] Lemmas 3.1 and 3.2).

First we describe the results for the unweighted case. Let G = (X,Y’) be a bipartite
graph. Consider the following two statements where 0 < ¢, ¢, < 1:

(i) UNI(e): G is (a, €)-uniform
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(ii) DPC(¢):
a) All but €/|X| vertices of X have degree |Y|(a £ ¢)
b) All but €'| X|? pairs of vertices in X have a common neighborhood of size |Y|(a?+¢')

The next Proposition is almost identical to Lemma 3.1 and Lemma 3.2 in [2]. We refer
the reader to [2] or [7] for a proof.

Proposition 6.4. UNI(¢) and DPC(€') are equivalent in the following sense
1) Ve, 3¢, ng, Y, if min{|X|,|Y|} > ng, then DPC(€¢') = UNI (e).
2) V€', Je, ng, Vo, if min{| X|, |Y'|} > ng, then UNI(e) = DPC(¢).

To extend this result to the weighted case, the following Proposition is useful.

Proposition 6.5. Let H(A1, ..., A;) be an l-partite [-graph, w be a weight function on
H of density o, and ~; : A; — {0,1}. Suppose that § > 0 and |vy;| is an integer for each
i. Then the following are equivalent:

1) w is (o, 8)-uniform

2) for all choices of ; = A; — [0, 1] with |7y;| > dn,

d(v,y...,m) =axd.
Proof. See Appendix. O

Now we extend Proposition 6.4 to the weighted case. We need the following set up:
Let A= {a,...,a,}, B={b1,....bp} and w: Ax B — [0,1]. Let w; ; = w(a;,b;), and
let @ = (wi1, ..., win). Set a = (1/n*)3", jw;;. Consider the following two statements:

(i) UNI(9): w is (v, 0)-uniform
(i) DPC(&'): All but §’'n? pairs i, have dot product w; - wy = (o + ¢')*n.
Proposition 6.6. UNI(0) and DPC(J') are equivalent in the following sense:

1) ¥6,36',ng, Yo, Vn > ng, DPC(6") = UNI(J)
2) V¢, 30, nogVa,Vn > ng, UNI(0) = DPC(')

Proof. See Appendix. O

6.4 Proof of Theorem 6.2 for graphs

Theorem 6.7. Fiz 0 < o < 1. Let G = G(A, B) be a bipartite graph with |A| = |B| =n
and weight function w. For all §, there exist ,r,ng such that if n > ng, the following
holds: Suppose that w is (c,d)-uniform. Then for all but exp{—+/r/10} (?)2 choices of

r-sets A € [A]", B € [B]", the restriction of w to AU B is (e, §)-uniform.
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Proof. Our constants will satisfy the hierarchy 5> 68 >8> 6. The choice of these
constants, however will ensure that 6 — 0 as 0 — 0, thus allowing any ¢ > 0 as input for
the Theorem.

Since w is («, §)-uniform, G satisfies DPC/(J’) for some ¢’ by Proposition 6.6 Part 2.
Define an auxiliary graph G 4 with vertex set A and edges consisting of pairs 7,4 forming
the exceptional set in DPC/(d'). The definition of DPC/(¢’) implies that G4 has at most
d'n? edges. Now apply Lemma 4.4 with 3 = ¢’ and & = 2. We obtain that all but
2e~Vr/2 (") of the r-sets Ae [A]" induce at most 20'r* edges from GA Fix once such A.

We will show that for most of the r-sets B € [B]", the pair A, B satisfies DPC(d")
where §” = 3. This will imply by Proposition 6.6 Part 1 that w restricted to AUB is
(av, d)-uniform as required.

Fix a pair {i, '} € [A]? that is not an edge of G4. For each j € B, define Tj = w; Wy j.
By the choice of 7,4, we have
Yo=Y wigwgy = ;- wy = (@ +8)n
jeB jeB

By Lemma 4.3 with ¢ = (o +§')% and { = ¢/, all but e V™/?(") of the r-sets B satisfy

Z w; jWy Z z; = (a4 38 )°r. (6)
jEB jEB
Therefore all but (3)e™V"/?(") < e=V"/3(") of the r-sets B € [B]" satisfy (6) for all choices

{i,i'} € [A]2 — E(G,). Consequently, the number of choices of A, B that do not satisfy
DPC(d") is at most

2 2 2
2e~ V2 [T povis () <m0 (T
r r T

For a pair ;1, B that satisfies DPC (0”), Proposition 6.6 Part 1 implies that the restriction
of wto AU B is (a, §)-uniform. O

6.5 The Induction step: Extension to hypergraphs

In this section we prove the [ = 3 and unweighted case of Theorem 6.2.
Let a, 5> 0 be given and let H = H(A, B, C) be a 3-partite triple system with parts
A B, C each of size n. We will show that there exist 0, r, ng such that, if n > ng, and H
is («, §)-uniform, then for all but e*’"l/g/lo(r) choices of triples of r-sets A € [A]", B €
[B]’”, Ce [C]", the hypergraph H = H(A, B, C’) is (a, 5)—un1form. Throughout the proof,

our constants implicitly satisfy the following hierarchy:
a>0>00 > >d>e>1/t>1/r>6>1/n. (7)

Remark 6.8. In the notation above, by x > y we mean that x > (100y)'% holds. The
relation € > 1/t between € and t is given by the Regularity Lemma (Lemma 2.3 applied
with | = 2). Since t is guaranteed to exist only for t being a very fast growing function of
€ (see [16]), we will assume that € > 1/logt > 1/logr.
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6.5.1 Outline of Proof

In this subsection we give the outline of the proof. Let a,g be given.
Define I' = (A x B, C) to be the bipartite graph with edge set

E(T) ={((a,b),c) : (a,b,c) € E(H)}.

Observe that I" has the same density as H, namely .
Step 1: Apply the Szemerédi Regularity Lemma to I" with parameter ¢ > 0 chosen
appropriately (see Remark 6.9 after Step 4). This gives a partition

AxB=G U---UGY, |G| =n?/t, i=1,...,t,

C=CiU---Udy, |ICi|=n/t, j=1,...,1,
so that all but et? pairs G;, C; are e-regular.
For each j = 1,...,t, consider the weighted graph H;(A, B) with weight w;, where
wj(a,b) is the number of ¢ € C; for which {a,b,c} is an edge in H.

Step 2: Fix 5@ <« §and apply the induction hypothesis WT'(2), or equivalently, Theorem
6.7 to H;(A, B) to conclude that for most choices of r-sets A € [A]", B € [B]", w, restricted

to AUB is (v, 0®)-uniform. Since WT'(2) is a statement which remains true with a smaller
choice of ¢ and a larger choice of r, we can choose ¢ and r such that (7) holds.

Let T';; be the subgraph of I' induced by G; U C;. Let Fi,j(g X E) C I';; be the
subgraph induced by [G; N (A x B)| U C;.
Step 3: Choose € appropriately (see Remark 6.9 after Step 4) and show that for most
A e [A",B € [B]", I'ij(A x B) satisfies DPC(3¢') for most ¢, j.

Now fix Z, B satistying the conditions of both Steps 2 and 3. Let o; ; be the density of
I;;. Let T j(A x B,C) C I'; j(A x B) be the subgraph consisting only of edges touching

C.

Step 4: Choose ¢’ < 6 and show that for most C' € [C]", the graph FM(Z x B,C) is
(v, €")-uniform.

Remark 6.9. We fized ¢’ < 5@ above. The proof of Step 4 relies on Proposition 6./
part 1 which yields € = € (") considered in Step 3. Furthermore, the proof of Step 3 is
based on Proposition 6.4 part 2, which yields € = €(€') used in Step 1.

Now fix C satisfying the conditions of Step 4.
Step 5: Show that H(A, B, C) is (o, 0)-uniform.

In the following subsections, we provide the details of Steps 2-5.
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6.5.2 Step 2

Claim 6.10. For all but e~ V7/10 (2)2 choices A € [A]", B € [B]" and all j € [{]

(*) d(A’, B',C;) = ar £ 6@ whenever A' C A, B' C B with |A'| > §?|A|,|B/| > 6?|B|.

Proof. For each j € [t], consider the weighted bipartite graph H;(A, B) and weights
wj(a,b) = |{c € Cj;(a,b,c) € H}|.

Because H is (o, §)-uniform and |C;| = n/t > n/r > on, we have d(A’, B',C;) = a £ 0
whenever A" C A, B’ C B with |A'| > 0|A|,|B’| > 0|B|. Consequently, w; is («,0)-
uniform. By the induction assumption, The01em 6.7, applied to the weighted graph

H;(A, B), we conclude that for all but e=v"/ IO(T) choices A € [A]", B € [B]", the weight

function w; restricted to AUB is (a, e ))-uniform. Translating this statement to H,
yields the Claim. O

6.5.3 Step 3

Let T'; ; be the subgraph of I' induced by G; U C;. Let a;; be the density of I'; ;. Let
F”(A x B) be the subgraph of I'; ; induced by [G; N (Ax B)] UCj. For (a,b) € Ax B, let
I'j(a,b) ={ce C;:(a,bc) € E(H)}.

In this Subsection we prove the following Claim.
Claim 6.11. For all but 2¢~V"/? (2)2 choices A € [A]", B € [B]",
2

|(,Zx§)mc:,-|:%(1i1/10). (8)

For all €, there exists an € such that the following holds: If I'; ; is e-reqular, then the
following are also satisfied for all but 4e=V"/? (?)2 choices A € [A]", B € [B]":

All but 26’? elements (a,b) € (A x B)NG; have ITj(a,b)] = (cu; £€)|C;1  (9)

All but 26,:—;1 elements {(a,b), (a/,V')} € [(A x B) N G;]? have
ITj(a, b) N Ty(a’, V)| = (of; + €)[C5l. (10)

Furthermore, FM(Z x B) has density o;; £ 5€.

Proof. We apply the proof of Proposition 4.5 to the bipartite graph with bipartition
AU B whose edges consist of all elements of GG;. This immediately gives (8) for all but
2e~V7/2 (:)2 choices of ;1, B.

We now focus on proving (9) and (10). Since I';; is eregular of density o ;, it is
(cv; j, €)-uniform. Proposition 6.4 Part 2 implies that I'; ; satisfies DPC/(€') for some €. In
other words,
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a) All but €|G}| elements (a,b) € G; have |I'j(a,b)| = (o, ; £ €)|C}|, and
b) All but €|G|? elements {(a, ), (a/, ')} € [Gi]* have |T;(a,b)NT;(a’, V)| = (af j£€¢)|C5].

Let B;; and B;; denote the exceptions in a) or b). More precisely, let B; ; denote the
set of elements (a,b) € [G;] for which |I'j(a,b)| # (ay; & €')n/t. Let B;; denote the set of
elements {(a,b), (¢’,V')} € [G]* for which |T';(a,b) NT;(a’, )| # (aF; = € )n/t.

By a) and b) above, |B; ;| < €|G;| = e’"Tz and |Bj ;| < €|Gy|* = e’?—:. We now apply
the proof of Proposition 4.5 to the bipartite graph with bipartition A U B whose edges
consist, of all elements of G;. This gives (9) and (10) for all but 4e v7/2 (Z)2 choices of
A, B. L o

For all other choices A, B, the number of edges in I'; ;(A x B) is at most

2¢(r* /D)|Cy] + (A x B) N Gil(ass + €)]Cy1.

Since (A x B)NG;| > ?Lo?: > %, this is at most

3€|(A x B) NGil|C)| + (a; + €)|(A x B) N Gil|Cy| < (a; + 5€)|(A x B) N Gi]|Cyl.
On the other hand, the number of edges in FM(Z x B) is at least
(I(A x B) N Gy| — 2¢'r?/t)(aij — €)|Cy1.

Since |(A x B)NG;| > 23—’f, this is at least

(1= 3I(A x B) N Gil(as; — )Gyl > (ass = 5)I(A x B) N Gil[C].
Therefore the density of FM(Z x B) is a; ; + 5€'. O

Definition 6.12. The set C; is good if for all but \/et of the i’s, the graphT'; ; is e-regular.

Since the number of e-irregular pairs G;, C; is at most et?, we infer that at most /et
of the C}’s are not good.

We now fix A € [A]", B € [B]" satisfying (*) in Claim 6.10, and each of (8), (9),
(10) for every 4,j for which I';; is eregular. The number of exceptions to (*) is at
most e~ V7/10 (?)2, and the number of exceptions to (8), (9), (10) over all 4, j is at most
(t2e=VT/ 3)(2)2 Therefore the total number of exceptions is at most 2e~V7/10 (2)2, and
there are at least (1 — 2e~V7/ 10)(2)2 pairs ;L B remaining. For the rest of the proof, fix
one such pair Z, B.

6.5.4 Step 4
Given an r-set C' € [C]", we let éj =C;N C.
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Claim 6.13. For all but (t + tr*)e V" (") of the r-sets C e [C), and all j € [1]

1) |Gyl = Z|C5|(1 1/ logr) = 2(1 41/ logr),

and for all (a,b) € A x B,

2) [Ty, 6) N G| = [Ty(a, )l (1 + 1/ logr) if |Ty(a, b)| > n/r'/*, and

3) [T;(a,b) N Cy| < r%% if [0(a,b)|] < n/r'/1.

Proof. By Proposition 4.2 all but te V" (:) of the r-sets C € [C]" satisfy 1). Similarly, by
Lemma 4.1, for a fixed (a,b) € A x B, all but te V" (") of the r-sets C € [C]" satisfy 2) or
3). Since |A x B| = r?, the total number of exceptions to 2) or 3) is at most tr2e V7 (").
Therefore the total number of exceptions to 1), 2) or 3) is at most (¢t + tr2)e V7 ("). O

Claim 6.14. Let T, ; be e-regular. Suppose that oy ; > v/2¢'. Then all but (r>+r*)e=V" (:f)
of the r-sets C € [C|" satisfy

1) I05(a,b) N Cj| = (v ; % 2€)|C;| for all but 2¢'r2/t elements (a,b) € G; N (AN B), and
2) |0;(a, )Ny (a, b)NCy| = (af,jj:QG’)|5j| for all but 2€'r* /t% elements {(a,b), (a’,V)} €
[G:N (A x B)J2.

Proof. By (9) and (10),

1) |T;(a,b)] = (a;; & €)|C,] for all but 2¢r2/t of the (a,b) € (A x B)NG;

and

2)) Tj(a,b) NTy(d',0)] = (of; £ €)|Cy| for all but 2¢'r*/t* elements {(a,b),(a’,V)} €
(A x B)NGy*

Since o, ; > V2€, o j — € > a; /2. Also, € >> 1/r (and due to Remark 6.8 we further
have € > 2/logr) hence 1°) yields

|F]’(a,b>| > (ai,j — €,>|Cj| > Oéi’j|Cj|/2 > e'n/t > n/t2 > n/rl/4.
Consequently Lemma 4.1 implies that for all but T26_‘/F(:L) of the r-sets C' € [C]" and all

(a,b) that are not exceptions in 1),

T5(a,5) N Gy = |00 )L (1 1/ 10 1) = (uy £ ) Fl(1 £ 1/ Togr) = (ar, £26)15.

C;
(]

Therefore 1) holds for all these sets C.
Similarly, o7 ; — € > a7 ;/2, and therefore

(of; — €)|Cj| > a2,1Cy1/2 > €nft > n/r'/*
Now we apply 2’) and Lemma 4.1 to conclude 2).
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The total number of exceptions to 1) and 2) is at most (r?+7*)e V" (") as needed. O

For the rest of the proof, we fix a C that satisfies the conditions of Claim 6.13, and
Claim 6.14 for every pair ¢, j for which I'; ; is e-regular. The number of exceptions is at
most

+itre+rtt+r e " <e " .
b4 2 242 442 N Vr/3
T T

Let Fiyj(g X E, 5) - FM(Z X E) be the subgraph consisting only of edges touching C'.
Claim 6.15. Suppose that I'; ; is e-reqular. Then

Fm-(g x B,C) is (a4, €")—uniform. (11)

Proof. We distinguish between two cases. L

Case 1: a;; > V/2€¢. We first observe that I'; ;(A x B, () satisfies DPC(3¢). This
follows immediately from Claim 6.14 (see (9) and (10)) and the inequalities 2¢'r?/t <
3¢'|G; N (A x B)| and 2¢'r*/t2 < 3¢|G; N (A x B)|?2 which bound the number of exceptions
in each case. By Claim 6.11, I'; ; (Z X E, CN') has density «; ; = 5€¢’. Now Proposition 6.4
part 1 implies that (11) holds.

For the other case we use the following trivial fact:
Fact: Suppose that a bipartite graph G has density less than (¢”)?, and & < (¢”). Then
G is (@, €”)-uniform.

Case 2: o;; < v2¢. We show that the number of edges in T; ;(A x B,C) is less than
(€")3|G; N (A x B)||Cy]. Since a;; < v2€¢ < € (see Remark 6.8), the Fact implies that
(11) holds. Let

S ={(00) € Gin (A% B): [Ty, = (s % )[Cyf and [V, b)] 2 /1%,
S = {(a,b) € G (A x B) ¢ ITy(a,)] = (0 £ )]G and [Uya )] <m0},
53 = {(C%b) € Gz N (A" X E) : |Fj(a, b)| ?é (ai,j + 6/)|Cj|}.
Then the number of edges in Fiyj(;lv X é, 5) is

Y7 N nCl+ Y Tila,b)nCl+ Y [Tila,b)NCl. (12)

(a,b)€S1 (a,b)ESg (a,b)GSg

By Claim 6.13 part 2, and oy ; < v2¢€,

- " - " 1\ 3 - - -
> Ti(a,b)NC| < |GiN (A x B)|(oj +€)|Cyl(1+1/ logr) < (e; IG:N (A x B)||Cy].
(a,b)ESl

By Claim 6.13 parts 1 and 3, and r > t,

. . . 11\3 . . .
> (e, 0) N C| < |G N (A x B)|r'* < %mi N (A x B)||C).

(a,b)ESg
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Since I'; ; is e-regular, (8) and (9) yield |Ss| < 2¢'r?/t < 3€/|G; N (A x B)|. Therefore

. . ~~ m\3 . ~~
S e b)n €] <316 (A x B)IG | < e (A x Bic)
(arb)GSS

We conclude that (12) is bounded above by (¢”)3|G; N (A x §)||6']| This completes the
proof. O

6.5.5 Step 5

In the remainder of the proof, we show that Z,NE , ( CN'Nsatisﬁes ‘the conclusion of the The-
orem. In other words, we will prove that H(A, B,C) is («,)-uniform. Note that the
number of triples A, B, C that are exceptions is at most

Rexp{—v7/3} + exp{—vi/10)] (”) <e(-r/10) (") )

Pick A’ ¢ A, B' C B,C' c C, with |A'] > §|A],|B'| > §|B|,|C"| > 4|C|. To complete the

proof, we must show that

Lemma 6.16.

d(A',B',C")=a+$ (13)
Proof. Our first goal is to prove
Claim 6.17. Let A’, B’ be as above, and C satisfy the conditions in Claim 6.13. Then

d(A', B, C;) = a +20?. (14)
Proof. Let
Sy = {(a,b) € A’ x B : |T;(a,b)| > n/r'/"}
and
Sy = {(a,b) € A’ x B : |T;(a,b)| < n/r'/*}.
Then
I, B, 5 e(A,B',C;)  Dapes: ITi(a,0) N Tyl N > (apes, ITila, b) N Cj|_

/|| B'[|C] [A/||B[|C] (ANBNC)

By Definition of Sy, Claim 6.13 parts 1 and 3, and S>> e> 1/t>1)r,

Z(a,b)esg |Fj(a’7 b) N 6]| r27a19/20
2 < <€
A11B1C5) (0)2r3(r/2t)
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Since 6 > €, to finish the proof it suffices to show that

> apes, IDi(a,0) NGyl
|A/||B'[|C5]

3~
o+ 0@, (15)
2
We estimate >, cs, [T'(a, ) ﬂéj| by estimating e(A’, B’, C;), which we in turn estimate
by using (*):
eo(A',B',Cy) = d(A, B, Cy)|A||B||Cy| = (a £ 67)| 4| B||C]. (16)
On the other hand,

e(A\B,Cy) = Y T(a,b)+ > Tyab),

(a,b)€S1 (a,b)652

while 37, 15, Iia, b) < r?n/rt/*. Consequently,

Y Tiab) = (a£8)ABICy| £ ',

(a,b)ESl
and therefore _
C. ~ ~
> Ty(a, b)M = (£ 6| A'||B'||Cy| £ 2r1V/4,
|Cj
(a,b)ESl

Now by the Definition of S; and Claim 6.13 part 2,

~ [ef]
Z(a,b)es1 [T'j(a,b) N Cy| _ z(a,b)651 |Fj(a’b)|ﬁ(1 + loér) _ [ai (g(z) +€>] (1+ 1 )
|A'||B)|C] A|[B||Cy| logr”
This implies (15) since 62 > € > 1/r. O

We now focus on C’. Let C’]f = C'NCj. Then

t | !

d(A,B'.C") =) |CJ,| d(A', B, CY). (17)
=1

Break the sum in (17) into three parts depending first on whether C; is good or not, and
then on whether |C7] is big or not:

Ji = {j: Cj is good and |C}| > Ve'r/t},

Jo ={j : C; is good and |CJ’| < \/?r/t},
J3 = {j : C; is not good}.
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For i =1, 2,3, define

Z Z| /| A/ B C/)

Jj€J;

Next we show that the contribution of > @ and Z(S) is negligible. By definition

(2) '
! t Ny [ " m\1/3
o< > ||ij||< Vet fT<(€§ . (18)
|Cl|<Ver/t Jlel or

Since C} C @, Claim 6.13 part 1 implies that |C| < 2r/t. Moreover, at most /et of the
C;’s are not good. Consequently,

(19)

Z Z e \ﬁt max; |Cj] _ Vet2r/t  2\/e - (eM)/3
o = 4|C] or 5 2

JjEJ3

We have shown that "
1

(1)
Y <dA B CY<> T+ () (20)
To complete the proof of Lemma 6.16, it suffices to prove the following Claim.
Claim 6.18. Let j € J;. Then
d(A',B',C}) = a=£0/2. (21)

Before we prove Claim 6.18, we show how to complete the proof of Lemma 6.16.
Indeed, if we assume Claim 6.18, then (17) and (20) together with € < § yield

d(A',B',C LE:

eJy

+ (NP <a+6/2+ () < a+o.

(o +0/2)

leg

On the other hand,

)23 Z{

JjeJ1

—-5/2)}

|Gl

Z | /|
where the second last 1nequahty comes from the fact that

|C/ |Cl| (6”)1/3
2 2o gz 2

IChI<Ver [t JET3

€51

> (@ = 6/2)(1 = ()'%) = (a = 0),

—(a—16/2)

2.

/
JjEJUJ3 | |

|C/ )1/3
]S 2
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proved in (18) and (19).

Proof of Claim 6.18. Let G = G; N (A’ x B'), and let (G}, C7}) be the number of edges
between G} and C7 in T ;. Then

t
e(A,B,C)) =) e(G.C)). (22)

i=1
Break the sum in (22) into three parts by the following sets:
19 = {i |G| > Ver?/t and T; ;(A x B,C) is (a; ;, € )—uniform}
1 - . 7 1, ’ 4,79 ’
1Y) = {i: |G!| > Ve'r? /t and T; (A x B, C) is not (., €")-uniform},

I = {i: |G} < Ver?/t}.
Then

t
e(G},Cp) = e(GLCH + Y e(GLC) + Y e(GlCY).
i=1 ier® ier) et

We now bound the contribution from the last two sums. If I';; (;I x B, 6’) is not
(e j, €")-uniform, then by Claim 6.15, I'; ; is not e-regular. Since j € J;, C; is good and
therefore I'; ; is not e-regular for at most /et of the G;’s. Also, G} = G; N (A’ x B') C
G; N (A x B), hence by (8),

G < |GiN (A x B)| < 2r%/t. (23)
Consequently;,
S e(G1.C)) < VRIGHIC) < Vet (2t 1)[CY) = 2/er?|C.
ierd

Clearly
doeGLopy<icy > |G < |CjVenr?.
el GVt
Now we estimate Zielij) e(G}, C;). Forani € Ifj) and j € J; we have
(a) Ty;(A x B,C) is (o, €")-uniform
(b) |Gl > Ver?/t > €"|G; N (A x B)|
(¢) 1Cf] > Ver/t > (VE/2)|Cy] > ¢"|C).

Therefore
> elGLC) =) IGHIC) (aiy £ ). (24)

ier? ier?)
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Now
s gy = e G O+ Dieqn oG ) + 2 ey (G ) (25)
5,65 = A '

Since |A'| > 0|A|, |B'| > 4|B|,
Zien G0 O 2/e?(CY 2yt 2y 8 (26)
|A'l|B'[|C] 5 ’

< =
\ANBrlCil ABL - (5)2 16

and
2 sero €(G, ) ) CiVeEr? L fer? ) Ve _3 o
A B|C ANBC ANBT T (5)2 16
Consequently in view of (25), to finish the proof of the Claim it suffices to prove the

following Subclaim

Subclaim 6.19. For every j € Jq,

> i e(GE CY)
el 7 ax? (28)
|A'l|B]|C] 4
Proof. Using (24) for j € J; we have
Zielfj) e(Gi, C],) B Zielp |G;|(O‘i,j + ¢’) (20)
Al B[|C] Al B'| '

Now we use Claim 6.17 (Equation (14)) as well as (a) and (b) above:

Zief{j) |GGl £ €7) +Zie1§j> e(G}, Cy)

. -
a+20® = d(A', B, C;) = 2 G G) _ i
A B'[1C5 A B[1C5 A B G5
(30)
By arguments similar to those used for (26) and (27),
Y eGL Gy Yw |GG §
<3 (31)

= < =
A B]1C5 A B[1C5

Consequently, by (31) and (30)
0 |Gl £ € 0 |GGyl (v £ € 5 5
Dier [Gillai; £ €)X 0 |G|yl (0 £ €) - (25(2) +g> :aig

A" BY| N ||| B'||C]

Equation (28) now follows from (29). This completes the proof of Subclaim 6.19, Claim
6.18, and the Theorem. O

20
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6.5.6 Comments on the weighted case

In this subsection we briefly describe the relatively minor modifications needed to prove
WT(l) = WT(I+1) for | > 2. We explain only the implication WT'(I) = UWT(I+1),
since extending the result to the weighted case is essentially identical to our proof for the
unweighted conclusion. We only need to add notation that not only counts edges, but
counts edges based on their weight.

Our focus is therefore on WT'(l) = UWT(l + 1) for [ > 2. Our strategy is the same
with slight modifications to Steps 1-3.

Let a, 6 > 0 be given and let H = H(A1,..., Ai41) be an (I + 1)-partite (I 4+ 1)-graph
with parts Ay, ..., Aj11 each of size n. We will show that there exist §, 7, ng such that, if
n > ng, and H is (e, §)-uniform, then for all but e=""""/10 (:f)l choices of (I 4+ 1)-tuples
of r-sets A; € [A;]",i € [l + 1], the hypergraph H = ’H(Zl, . ,ZIH) is (a,g)—uniform.
Throughout the proof, our constants implicitly satisfy the following hierarchy:

a0 > >d>e>1/t>1/r>08>1/n.

Define I' = (A; x - -+ x A;, Aj41) to be the bipartite graph with edge set

ET) ={(a1,..., @), a11) : (a1, ..., a11) € E(H)}.
Observe that I" has the same density as H, namely .
Step 1: Apply the Szemerédi Regularity Lemma with parameter € > 0 to I". This gives
a partition
Ay x - x Ai=GU---UG,, |Gil =n?/t, i=1,...t,
A1 =CLU---UCY, |IC;| =n/t, j=1,...,1,
so that all but et pairs G;, C; are e-regular.

For each j = 1,...,t, consider the weighted [-graph H;(A;,..., A;) with weight w;,
where w;(aq, ..., a;) is the number of a;41 € A4y for which {ay,...,a;, a;41} is an edge in

H.

Step 2: Apply the induction hypothesis WT'(I) to H;(As, ..., A;) to conclude that for

most choices of r-sets A; € [A;]",4 € [I], w; restricted to A, U---U A4; is (a, 6")-uniform.
Let I'; ; be the subgraph of I' induced by G; UC);. Let Fiyj(;lvl X +re X Xl) C I'; ; be the

subgraph induced by [G; N (A x -+ x A4;)| U ;.

Step 3: Show that for most A; € [4,]",i € [l], Fi,j(;li x -+ x A satisfies DPC(3¢') for
most ¢, j.

Fix A,,..., A, satisfying Steps 2) and 3).

Step 4: Show that for most Avl+1 € [Am]", Ty (;L X oo X ,ZIZ, EZH) is (o j, €)-uniform.
Now fix Zl—i—l satisfying the conditions of Step 4.

Step 5: Show that H(Zl, A Zz+1) is (a,g)—uniform.
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7 Appendix

7.1 Proofs from Section 4

Lemma 4.1: Let |X| =z, and |Y| =y with Y C X. Let R € [X]" be a random 7-set
chosen independently from the family of all r-sets of X. Let r > roand 3/2 > o > 1/logr.
Then with probability greater than 1 — e~ V", the following holds:

a) |[RNY|=2(1+0)if y > z/rt/4,

b) [RNY| < r1920if y < x/r1/10.

Proof. The following two inequalities apply to a binomially distributed random variable
X = Bi(N,p) with mean p (see [17] pages 27-28).

1) Pr(|X —u| >ep) < 2exp{—§u} for 0 < € <3/2, and

2) Pr(X > a) < exp{—a} for a > 7u. Here we use the fact that these estimates
apply to the hypergeometric distribution (see [17] pages 29-30). In the range y > z/r'/*
we use 1): here p = ry/x, 0 < ¢ = ¢ < 3/2 and thus due to our assumption on r
(r > ro,0 > 1/logr) we infer that

Pr(||RNY| —ry/z| > ory/z) < Qexp{—gry/z} < exp{—+/}.

In the range y < 2/r"/1°, we use 2) with a = 7'/?°, Notice that a = r'%/? > 7ry/z = Tp,
SO

Pr(|RNY| > r'%®) < exp{—r'"?} < exp{—v/T}.
This completes the proof. O

Lemma 4.3: For all ¢, &, there exist rg, ng such that if » > rg, n > ng, the following holds:
If Ziem z; = cn, where 0 < z; < 1 for each 4, then all but e=V7/? (:f) of the r-sets R € [n]"

satisfy >, pxi = (c £ &)r.

Proof. The idea is to partition the elements z; into intervals and apply the hypergeometric
inequalities to each interval that has a large proportion of the z;’s. By choosing intervals
of appropriate size, we ensure that the major part of the contribution of ) z; comes from
z;’s in these intervals.

Let € = £/10. Define [y = {i : z; < e} and for 1 < j < %, let I; ={i: ;1 <z <[},
where [; = e+ je*. Let J; = {j : |[;| > en} and Jo = {j : |I;] < é¥n}. We now apply
Lemma 4.1 with y = |I;|.

If j € Jy, then since ry = 79(€) we have y > e*n > n/r'/%. Therefore all but e V" of
the r-sets R € [n|" have |[RN I;| = |I—Tf‘r(1 +¢).

If j € Jo, then all but e~ V7 (") of the r-sets R € [n]" have either

i) |[RNI;| = %T(l +¢) < 263 or

i) |[RN | < r19% < 263,

We conclude that for all but Eize’ﬁ (Z) of the r-sets R € [n]",

iii) |[RN ;| = |I—7f‘7"(1 +e¢) for all j € J; and
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iv) |[RN 1| < 26’ for all j € Js.
Since E%e_ﬁ < e~V7"/2 it suffices to show that the conclusion of the Lemma holds for these
r-sets. Now fix an R satisfying iii) and iv) and note that |[;|/|[;_1] < 1+ €. Then by iv),

IEEDIDIETH IS DT DIDIET EF S DO IEI EES
iER je€J1i€l;NR jE€J2i€l;NR jeJriel;NR jeJriel;NR

Using iii) now gives

2
SN w< Y ILnRlG < T(lnﬂ) Sl < @ZMMA L raxd” Z

jeJiiel;NR VISP VISEA VISP =1

Consequently,
r(l+¢)?
le — le+2er = cr(1+€)*+2er < cr(1+3€) +2er < r(c+5¢) < r(c+£).
1ER
On the other hand, iii) and iv) together give

ZIZ. > Z Z xr; > Z |I; " R|lj—y > ZjeJ11|iemR|l " Z |2;11;

1ER jeJ1iel;NR j€J1 ]6]1

— ) =90
i (Zx@ Zuu) o {en —enm) = TS

JEJ2

Y

> r(c—3e) >r(c—E).

We have shown that for all but e=V7/(") of the r-sets R € [n]", the sum Y, z; = (c£&)r
as required. O

The following lemma is used in the proof of Lemma 4.4. Its proof is very similar to
that of Lemma 4.3 so we omit it.

Lemma 7.1. Given r > rq, there exists n(r) such that for n > n(r) the following holds:
Suppose that 3, i, Ti < n/r'1% with 0 < ; < 1. Then for all but e=V"/*(") R € [n]", we

have Y, p @i < 119/20.

Given a weighted graph G, we write degg(z) for the weighted degree of x, so we sum
over the weights of all edges incident with .

Lemma 4.4: Fix k > 2. For every (3, there exists r,ng such that if n > ngy then the
following holds. Let G be an n vertex weighted graph with total weight at most Sn*,
maximum weighted degree at most n*~!, and maximum edge weight at most n*~2. Then
all but 2e~v"/ 2( ) of the r-sets of vertices induce a subgraph with weight at most 28n*~2r2.
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Proof. We may assume by adding weight to edges if needed that GG has weight exactly
Bnk. We may also divide all weights by n*~? and assume that G has total weight /n?,
maximum weighted degree n, and maximum edge weight 1. Let V(G) = [n], and for each
i € [n], let z; = degg(i)/n. Then

2 d '
Zml = ﬁn = 20n, and 0<x; = ¢g(7) <1

n

so by Lemma 4.3, all but e=V"/%(") of the r-sets R € [n]" have

Zdegg(i) = anl = (28 £ /10)nr

1ER 1€ER

From now we restrict only to these r-sets.

Given a vertex ¢, an r-set R Containing 7 is i-bad if either

i) degr(i) > (1 + L)dege(i) = (i) > n/r'/*, or

i) degr(i) > %% and degq/(i ) < n/ri/10
If i) holds, then by Lemma 4.3 at most e~ V7/?2 (:fj) of the r-sets containing i are i-
bad. If ii) holds, then since the edge weight is at most 1, Lemma 7.1 implies that at
most e V'/2 (:j) of the r-sets containing ¢ are i-bad. Hence for any vertex i, at most

e VT/2 (”_i) of the r-sets containing ¢ are i-bad. Therefore the number of r-sets R that

contain an i for which R is i-bad is at most ne~V"/2 (” i) < e VT/2 (:f) For an R that
contains no i for which it is i-bad, we have

— 1
ZdegR <p-rt0 4 Z 2dega( )T 1 739/20 Zdegc < 20r2.

1ER 1€ER ZER

Altogether we have considered all but 2e~V"/ 2( ) of the r-sets. The weight of one of the
sets R we have considered is Y, degg(i)/2 < 24r? as needed. O

7.2 Proofs from Section 6.2

Recall that an equipartition P of a set S is a partition of S into sets of equal size. The
equipartition P contains an edge e of S if e has nonempty intersection with each of the
parts of P.

Let p(z) = (**)(**). Note that p(¢)/6 is the number of equipartitions of a 3¢ element

set into three subsets. Then for a < b, an easy computation using () = n!/[k!(n — k)!]
yields

b\ 3
plap(b—a) _ ()"
p(b) (50)
The following Lemma deals with 3-graphs, but can easily be extended to [-graphs.

(32)
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Lemma 7.2. Let Oz,g >0, and let S be a set of size 3s with density at least o + 5. Then
the number of equipartitions P = S; U Sy U Ss of S containing at least (o + 6/2)s> triples

of S is at least
T0(5) 00 0-0G) @

Proof. We consider the space of all equipartitions of S. For each edge e in S, let X, be
the indicator random variable for e belonging to some equipartition P. Then

6p(s — 1)

Pr(X.=1) = 05)

We now estimate the expected number E(X) = E(> . X.) of edges contained in an
equipartition. By linearity of expectation and (32) we have

BX) 2 (a+d)(5)Prx =1

— NSSM—QN&S (i)g_O‘NSS
B 6(a+5)(3> ORI +5)(3>6(3§)_( o

To show that most equipartitions contain close to the expected number of edges, we use

Chebyschev’s inequality which states that for any positive ¢, we have Pr(|X — E(X)| >

to) < 1/t?, where o is the standard deviation. We must therefore compute the variance
2

0. Now

0* = B(X?) = [E(X)] = E(Q_ X)) = [E(X)) = E(X) + Y E(X.Xy) - [E(X)]”
e etf

The term ) oy E(X.X/) can be computed by considering those pairs e, f that are disjoint
and those that intersect. Since |e N f| # 0 implies that |e U f| < 5, we have

Y E(X)E(X;) <s".
jernfio
On the other hand,

3 B(X)E(X) = % S 1= (a+8)’ +0(s) = [B(X)] + O(s).

e, f

e, f )
lenf|=0 lenf|=0

We have shown that the standard deviation o of X is O(s%2). Therefore

Pr(X < (a+6/2)s%) < Pr(|X — BE(X)| > (6/2)s*) < O (%) ,

S
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and consequently

Pr(X > (a+6/2)s%) > 1 - -

92s
for some absolute constant c. Since the total number of equipartitions of S'is (1/6) (3:) (288),

the number of equipartitions which contain at least (a + g/ 2)s3 triples of S is given by
(33) as needed. 0

Proof of Theorem 6.1 from Theorem 6.2: Recall that we only consider the un-
weighted case and [ = 3. Alternatively, the weights are all 0 or 1.

Proof of (3): Given a d-regular H of density «, we show that for all equipartitions
A= A1 UAyU A; of V(H), the resulting 3-partite 3-graph H(A;, Ay, A3) is 145-regular
of density a.

For i = 1,2,3, pick A} C A;, each of size at least v/3 > 146(n/3). We may assume
that each has size exactly v/3 since a simple averaging argument implies the result in
the case of strict inequality. We will prove that the number of edges in H (A}, A, A%) is
(1 £ 148)av.

The set A} U A}, U A} contains (1 &+ §)av® triples since H is d-regular and v > on.
Similarly, for each i, j, the set A; U A} contains (1 + 5)04(23” ) triples, and A} contains
(1 +0)(3) triples. Therefore the number of triples in A} U A} U A} with at least one
element in each of A, A}, and A} is by inclusion-exclusion

(1+ 5)a(33”> ~3(1+d)a (2;) +3(1+ 5)a(g> = (1+ 146)av®, 0

Proof of (5): We will assume that there exist exp{—r'/!/20}(") r-sets X € [X]" (here
[ = 3), which do not satisfy property (a,g). Our goal is to prove that there exists
an equipartition A = A; U Ay U A3 of X and exp{—7r/!/20} (Zg’)s triples of r/3-sets
A € [A;]"/3,4 € [3], which do not satisfy property (a, g/ 2).

Let R be the family of r-sets X € [X]", not satisfying property (a,d). This means
that for each X € R, there is a Y = Y; C X, |1N/| — 47 that has density outside o £ 5
Let

B={(X,Yy): X €R}
and ~ N
B ={(X,Yy)eB:d(Yy) > a+d}.
We may assume without loss of generality that [B'| > |B|/2 > exp{—r'/"/20}(") /2.
For an equipartition P = A; U Ay U A3 and R C X, let PR = Ry U Ry U R3 be the
restriction of P to R. We prove that such a P exists that satisfies the following two
3 ~
properties for at least exp{—r'/!/10} (%;’) elements (X,Y) € B"
1) Py is an equipartition of Y and the density d(Y;,Ys,Y3) > (a +0/2).
2) P is an equipartition of X.
This will complete the proof.
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Set n/ =n/3,r =r/3and s’ = [Y|/3 = or/3. By Lemma 7.2 the number of equiparti-
tions of Y that contain at least (a40/2)(s')? triples is at least (1/6)p(s’) (1 -0 ( ! )) :

62g’
The number of ways to extend each of these equipartitions of ¥ to an equipartition of
X is p(r" — §’). The number of ways to extend each of these equipartitions of X to an

equipartition of X is p(n/ — 7).

Now form a bipartite graph with parts ', P, where P consists of all equipartitions of
X, and join (X,Y) € B to P € P if 1) and 2) are satisfied. We have just argued that
every vertex of B’ has degree at least

1= " =t =10 (120 () ) 2 Sople e’ =l = )

02s’

where the inequality holds since r is sufficiently large. Hence there is a P € P with degree
at least |B'|d/|P| > |B|d/2p(n’). Now we lower bound this and use (32) to simplify:

B L oxptrtan (") A2 ol =)

2p(n’) — 24 p(n’
1 i p(s)p(r’ — ') p(r)p(n’ — 1)
=3 exp{—r"/ /20}( > () ()

= gyel-r0 () L))
> exp{— rl/l/lo}( />3 — exp{—r//10} (7:/ 3>3.

Consequently there is an equipartition of X satisfying 1) and 2) for at least
exp{—r'/1/10} ("/3) elements (X,Y) € B'. This concludes the proof. O

7.3 Proofs from Section 6.3

Proposition 6.5: Let H(A1, ..., A;) be an [-partite [-graph, w be a weight function on
H of density a, and ~; : A; — {0, 1}. Suppose that § > 0 and |7;| is an integer for each i.
Then the following are equivalent:

1) wis (o, d)-uniform

2) for all choices of v; : A; — [0, 1] with |v;| > dn,

ld(71y..ym) =a L.

Proof. Clearly 2) implies 1) since we may consider ~; that take only 0-1 values. We now
prove that 1) implies 2). Suppose that w is («,d)-uniform and |d(v1,...,v) — a| > 0.
Assume by symmetry that d(7yi,...,7;) > a+d. We will transform +; to [3; such that for
each @

i) 6] = |l

ii) f; is a 0-1 function,
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111) d(ﬁl;---,ﬁl) > d(717---771> > Oz—|—5
Now letting A, = {z € A; : B;(z) = 1} we have that |A}| = |3;] > on and

AL, A) = d(Br, .. ) > 0

This contradicts 1).
We now show how to create [3; for which i), ii), iii) hold. For z € A;, let

d(xz) = Z{w(x,ag, coeay) H%(ai) c(myag, .., a) € Ap X LLUAT

Suppose that there are z, 2" € A; with neither 4, (x) nor v,(z’) being an integer. We will
transform ~; to 7] such that

) Inl =l

ii") at least one of v{(z) or v;(z’) is an integer,

") d(vi, 72, ) = d(vs - M)
Assume without loss of generality that d(z) < d(z’). Let € = min{1 — v (2), 1 (2
N(@) =m(2) =€ n(@) =n(a) +e and n(z
and by the choice of €, either vj(z) =0 or v (z

] )}. Set
) =(z) for z & {z,2'}. Clearly i’) holds
) =1 s0 ii’) holds. Since d(z) < d(2'),
n(@)d(z)+71(2")d(z') = n(z)d(@)+71(2)d(@") +e(d(z") —d(x)) = n(z)d(@) +7(a")d(2’).
Consequently,

2o N(AAZ) D sen, N(2)d(2)

villval -1l = llvel -l

d(717727"'771>: :d(717727"'771)7
which proves iii’).

We repeat such a transformation to 4] until the resulting function takes on only integer
values. Since |y;| is an integer, the resulting function cannot have only one non integer
value, and this process therefore terminates to form (3;. Repeating this for each ¢ yields
i), ii), and iii) as required. O

Recall the following set up: Let A = {aq,...,a,}, B={by,....by} and w: A x B —
[0, 1]. Let w; ; = w(as, b;), and let @ = (wi 1, ..., wi,). Set v = (1/n?) 37, w ;. Consider
the following two statements:

UNI(0): wis («,d)-uniform

DPC(4"): The dot product ; - wy = (o £ ¢')*n for all but §'n? pairs 4,7
Proposition 6.6: The statements UNI(J) and DPC(d’) are equivalent in the following
sense:

1) Vo,30", ng, such that ¥n > ng, DPC(0") = UNI(0)
2) V¢', 36, ng, such that Vn > ng, UNI(0) = DPC(')
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Proof. The proofs of both 1) and 2) are similar to Lemmas 3.1 and 3.2 in [2]. Here we
only prove 2), since 1) follows by extending the ideas of [2] in a similar fashion.
Suppose that UNI(6) holds and let A" C A be the set of vertices a; for which

d(Cll) = Zwi,j > (Oé —+ (5)71,
j=1

Then
. ZaieA’ ijeB Wi, j . Za,-eA’ d(ai> S adts
|A'|| B |A'[| B '

Since w is («,d)-uniform we conclude that |A’| < dn. Arguing similarly for vertices
with d(a;) < (o — d)n, we obtain that for at least (1 — 20)n vertices a; € A, we have
d(a;) = (a4 6)n. We now show that for each such a;, the dot product ;- wy = (o +6)*n
for all but at most 20n of the a;s.

Fixing 7, let A” C A be the set of those ay for which w; - wy > (a + §)*n. Define
71(z) =1 for z € A” and 0 for x ¢ A”, and define v,(b;) = w;; for all b; € B. Then
|71| = |A”|, and |y2| = d(a;) = (o £ §)n. Consequently,

d(A’, B)

Za./ NZ ; wi’,"Yl(ai')’Yz(b') G - W 5)2
d(71772) = L €A bJGB J J — W; - W; > (a+ ) n .

=a-+90.
71l[ 72l 72| (a+0)n

If |71| > dn, then by Proposition 6.5, this contradicts (c,d)-uniformity of w. Hence
|A”] = |11] < dn. Arguing similarly for those ay for which w;-wy < (a—§)*n, we conclude
that ;- wy = (a4 8)?n for all but at most 20n of the ays. Therefore the number of pairs
i, for which w; - wy # (% 6)?n is at most (20n)n + (n — 26n)26n < 46°n. We conclude
that for any ¢', there is a 6 = §(¢', ) such that UNI(§) = DPC(d"). O

7.4 Proofs from Section 6.5

Proposition 4.5: Let G = (A, B) be a bipartite graph with n?/t edges and |A| = |B| = n.

Let B C E(G) be a set of size at most €n?/t. Let B C [E(G)]* be a set size at most

¢'n'/t%. Then the following holds: For all ¢, ¢, there exist r,ng, such that if n > ng, then
for all but 6e~v"/2 (2)2 choices A € [A]", B € [BY",

2

(A x B)NEG)| = %(1 +1/10) (34)

and in the graph spanned by AxB ,
1) at most 2¢'r?/t edges lie in B, and
2) at most 2¢'r/t? pairs of edges lie in B'.
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Proof. We first show that for all but 2ev7/2 (7;)2 choices A € [A]", B € [B]", (34) holds.
For i € A, let z; = deg(i)/n. Then Y, , x; = n/t so by Lemma 4.3 all but e~V"/?(")
choices A € [A]" have

> deg(i)=n oz = (1/t +1/10)rn.

icA icA

Fix such an A, and for each j € B, define yj = degz(j)/r. Then ", py; = >, xdeg(i)/r =
(1/t £1/10)n. By Lemma 4.3, all but e~V"™/2(") choices B € [B]" have

e(A,B) = degz(j) =1y y; = (1/t £ 1/10)r".

jeB jeB

The total number of exceptions A, B is at most e~v"/? (2)2 +e V2 (?)2 = 2e~V7/? (2)2 as
claimed.

Applying this argument to the graph with edge set B, we obtain that 1) holds for all
but 2¢~v"/2 (?)2 choices A € [A]", B € [B]".

We now prove that 2) holds for all but 2e~V"/2 (2)2 exceptions. Define a weighted
graph G4 with vertex set A (possibly with loops), where the weight w(uv) of edge uv is
the number of {e, €’} € B’ with u an endpoint of e and v an endpoint of €. Then the sum
of the weights of all edges in G4 is |[B'| < €¢n*/t?, the maximum weighted degree is at
most n?, and the maximum edge weight is at most n?. By Lemma 4.4, setting 3 = €' /t*
and k = 4, all but 2¢7V"/2(") of the A € [A]" have

4.2
Z w(uv) < 26/7;—2%

u,veg

n2,,,2

2

= 2¢

Now define a weighted graph G with vertex set B (possibly with loops), where the weight
w(uwv) of edge uwv is the number of {e, e’} € B’ with e = au and ¢’ = a'v where a,d’ € A.
Then the sum of the weights of all edges in G is Zu,veﬁ w(uv) < 26’”:;2, the maximum
weighted degree is at most 7%n, and the maximum edge weight is at most 72. Therefore
by Lemma 4.4 (scaling down by a factor of r?, setting 8 = 2¢//t?, and k = 2), all but

2e~V7/2(") of the B € [B]" have

TL2T2 T2 ,7,.4

Z w(uv) < 2€ g 2¢ 7

u,veB

Therefore the number of elements of B’ in the graph spanned by A x B is at most 2er /%,
and this holds for all but 2e~v"/2 (2)2 choices AV, B.

We have argued that altogether the number of A, B not satisfying (34), 1) or 2), is at
most Ge V7/2 (7;)2, thereby completing the proof. O
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