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Abstract

We introduce here a new approach to the study of m-quasi-invariants. This
approach consists in representing m-quasi-invariants as IV tuples of invariants. Then
conditions are sought which characterize such N**Ps. We study here the case
of S3 m-quasi-invariants. This leads to an interesting free module of triplets of
polynomials in the elementary symmetric functions ey, eo, e3 which explains certain
observed properties of S3 m-quasi-invariants. We also use basic results on finitely
generated graded algebras to derive some general facts about regular sequences of
Sn m-quasi-invariants

1 Introduction

The ring of polynomials in z1, zs, . .., z,, with rational coefficients will be denoted Q[X,,].
For P € Q[X,,] we will write P(x) for P(zy,xa,...,2,).

Let us denote by s;; the transposition which interchanges x; with x;. Note that for
any pair ¢, j and exponents a, b we have the identities

Q;‘?:pb. — l‘@x’? .]7?1'?(2?;8_1 x;‘x?iailir) if a < ba
112 = (1.1)
A xfx?(zgg_l 2t ifa > b,

This shows that the ratio in (1.1) is always a polynomial that is symmetric in z;, z;. It
immediately follows from (1.1) that the so-called “divided difference” operator

1
i = ————(1 — s;;
j %‘—%‘( Sij)

sends polynomials into polynomials symmetric in z;, ;.

THE ELECTRONIC JOURNAL OF COMBINATORICS 12 (2005), #R20 1



It follows from this that for any P € Q[X,,] the highest power of (z; —z;) that divides
the difference (1 — s;;)P must necessarily be odd. This given, a polynomial P € Q[X,,]
is said to be “m-quasi-invariant’ if and only if, for all pairs 1 <1 < j < n, the difference

(1 — si5)P(x)

is divisible by (z; — z; . The space of m-quasi-invariant polynomials in xy,zs, ..., 2,
will here and after be denoted “QZ,,[X,]” or briefly “QZ,,”. Clearly QZ,, is a vector
space over Q, moreover since the operators 9;; satisfy the “Leibnitz” formula

)2m+1

0;; PQ = (0;;P)Q + (54 P)d;;Q (1.2)
we see that Q7,, is also a ring. Note that we have the inclusions
QX,] = QIy[X,] D QL[X,] D QL[X,]| DD QT [X,] D -+ D QT [X,)]
= SYM[X,].
where SYM|[X,,| here denotes the ring of symmetric polynomials in x1, z, ..., Z,.

It was recently shown by Etingof and Ginzburg [4] that each QZ,,[X,,] is a free module
over SYMIX,] of rank n!. In fact, this is only the S, case of a general result that is
proved in [4] for all Coxeter groups. There is an extensive literature (see [1], [3], [5], [7],
[9]) covering several aspects of quasi-invariants. These spaces appear to possess a rich
combinatorial underpinning resulting in truly surprising identities. The .S,, case deserves
special attention since the results in this case extend in a remarkable manner many well
known classical results that hold true for the familiar polynomial ring Q[X,]. To be
precise note that for each m we have the direct sum decomposition

QT,, = Ho[QL,) ®H\[QT ] & - & HL[QT 0] & -

where Hk[QIm} denotes the subspace of m-quasi-invariants that are homogeneous of
degree k. Since m-quasi-invariance and homogeneity are preserved by the S,, action each
Hy, [QIm] is an .S, module and we can thus define the graded Frobenius characteristic of
Q7,, by setting

D, (z;q) = Z q"FcharH[QT,,] (1.3)

k>0

where we denote by F' the Frobenius map. Now it is shown by Felder and Veselov in [6]
that we have

(=) =) (1= ) m(@a) =D Si( D qCO(T’>qm((3)‘C*> (1.4)

A TeST(N)

where S, is the Schur function corresponding to A, ST'(A) denotes the collection of stan-
dard tableaux of shape A, co(T) denotes the cocharge of 7" and ¢, gives the sum of the
contents of the partition A. This truly beautiful formula extends in a surprisingly simple
manner the well known classical result for m = 0. In fact, more is true. Since the ideal

(617 €2, en)QIm[Xn]
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generated in Q7,,[X,] by the elementary symmetric functions ej,es,. .., e, is also S,-
invariant, it follows from the Etingov-Ginsburg result that the polynomial on the right
hand side of (1.4) is none other than the graded Frobenius characteristic of the quotient

QIm[Xn]/(ela €2,..., en)QIm[Xn]- (15)

Unfortunately, the literature on quasi-invariants makes use of such formidable machinery
that presently the theory is accessible only to a few. This given, the above examples
should provide sufficient motivation for a further study of S,, m-quasi-invariants from a
more elementary point of view.

In this vein we find particularly intriguing in (1.4) the degree shift of each isotypic
component of Q7,, expressed by the presence of the factor

qm((g)_c*) .

This shift pops out almost magically from manipulations involving a certain Knizhnik-
Zamolodchikov connection used in [6] to compute the graded character of QZ,,.

The present work results from an effort to understand the underlining mechanism that
produces this degree shift. In this paper we only deal with the S5 case but the methods
we introduce should provide a new approach to the general study of m-quasi-invariants.

The idea is to start with what is known when m = 0 and determine the deformations
that are needed to obtain QZ,,. More precisely our point of departure is the following
well known result.

Theorem 1.6 FEvery polynomial P(x) € Q[X,] has a unique expansion in the form

P(z)= Y a“Afz) (with A, € SYM[X,]) (1.7)
2€€ART (n)
and
ART (n) = {2 =afaf 2 : 0< g <i—1}, (1.8)

It follows from this that each P(z) € Q[X,] may be uniquely represented by a n!frl
of symmetric polynomials. The question then naturally arises as to what conditions these
symmetric polynomials must satisfy so that P(z) lies in QZ,,. In this work we give a
complete answer for S3. Remarkably, we shall see that, even in this very special case, the
answer stems from a variety of interesting developments. We should mention that Feigin
and Veselov in [7] prove the freeness result of the m-quasi-invariants for all Dihedral
groups. They do this by exhibiting a completely explicit basis for the quotients analogous

o (1.5). Of course, since the S3 m-quasi-invariants are easily obtained from the m-quasi-
invariants of the dihedral groupd Ds, in principle, the results in [7] should have a bearing
on what we do here. However, as we shall see in the first section, the freeness result for
m-~quasi-invariants is quite immediate whenever the invariants form a polynomial ring on
two generators. Moreover, the methods used in [7] are quite distinct from ours and don’t
reveal the origin of the observed degree shift.
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This paper is divided in to three sections. In the first section we start with a review
of some basic facts and definitions concerning finitely generated graded algebras. Two
noteworthy developments in this section are a very simple completely elementary proof
of the freeness result for dihedral groups m-quasi-invariants and the remarkable fact that
the freeness result for all m-quasi-invariants follows in a completely elementary manner
from one single inequality. Namely that the quotient of the ring m-quasi-invariants by
the ideal generated by the G-invariants has dimension bounded by the order of G. In
the second section we determine the conditions that 6"P'* of symmetric functions give
an element of Q7,,[X3]. It develops that the trivial and alternating representations are
immediately dealt with. In the third section we show how that these conditions, for the
2-dimensional irreducible of S3, lead to the construction of an interesting free module of
triplets over the ring Qley, ez, e3] which is at the root of the observed degree shift for Ss.

2 Cohen-Macauliness and m-quasi-invariants.

Before we can proceed with our arguments we need to introduce notation and state a few
basic facts. To begin let us recall that the Hilbert series of a finitely generated, graded
algebra A is given by the formal sum

Fu(t) =) " dimH,,(A) (2.1)

m>0

where H,,(A) denotes the subspace spanned by the elements of A that are homogeneous
of degree m. It is well known that F4(¢) is a rational function of the form

P(t)

Fu(t) = NG

with P(t) a polynomial. The minimum & for which this is possible characterizes the growth
of dim H,,(A) as m — oo. This integer is customarily called the “Krull dimension” of A
and is denoted “dimg A”. It is easily shown that we can always find in A homogeneous
elements 0,0, ..., 0, such that the quotient of A by the ideal generated by 6,0, ..., 0,
is a finite dimensional vector space. In symbols

dim A/(01,02,...,6’k)A < 00 (22)

It is shown that dimg A is also equal to the minimum k for which this is possible. When
(2.2) holds true and k = dimg A then {0y,6s,...,0;} is called a "homogeneous system
of parameters”, HSOP in brief.

It follows from (2.2) that if 7y,7m2, ...,y are a basis for the quotient in (2.2) then
every element of A has an expansion of the form

N
P =Y "nPi(by,0,....0) (2.3)
=1
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with coefficients P;(6,,0s, ..., 0) polynomials in their arguments. The algebra A is said
to be Cohen-Macaulay, when the coefficients P;(6;,0s, . .., 0;) are uniquely determined by
P. This amounts to the requirement that the collection

{77z' 071057 - - Oy }i,p (2.4)
is a basis for A as a vector space. Note that when this happens and 0y,0,,...,0;
M, M2, - -.,Nn are homogeneous of degrees dy, ds, . .., dg;r1,72,. ..,y then we must neces-

sarily have

St
(1 —td)(1 — td2) - - - (1 — t) (2.5)

from which it follows that & = dimg A. It develops that this identity implies that,
for any i = 1,2, ..., k the element 6; is not a zero a zero divisor of the quotient

Fu(t) =

./4/(01,02, .. '76Z—1)A

We call such sequences 01,05, . .., 0 “reqular”. Conversely, if A has an HSOP 61,0, ..., 0,
that is a regular sequence, then (2.5) must hold true for any basis 7,19, ...,ny of the
quotient A/(01,6s,...,0;) 4 and the uniqueness in the expansions (2.4) must necessarily
follow yielding the Cohen-Macauliness of A. However, for our applications to m-Quasi-
Invariants we need to make use of the following stronger criterion

Proposition 2.6 Let A be finitely generated graded algebra and 61, 60s, . .., 0; be an HSOP
with d; = degree(0;), then A is Cohen-Macaulay and 01,05, ..., 0y is a reqular sequence if
and only if

t11m1(1 — D) (1 — %) (1 — t%)Fu(t) = dim A/ (61,0, ...,01) 4 (2.7)

This result is known. An elemtary proof of it may be found in [§].

A particular example which plays a role here is when A = Q[zy, s, ..., 2,] is the
ordinary polynomial ring and the HSOP is the sequence eq,es,...,6e, of elementary
symmetric functions. As we mentioned in the introduction following result is well known
but for sake of completeness we give a sketch of the proof.

Theorem 2.8 FEvery polynomial P(x) € Q[x1,xs, ..., x,] has a unique expansion of the
form
P(x)= )  aPler,es,....¢p) (2.9)
2¢€ART (n)
where
ART (n) = {af =23 -2 1 0<eg <i—1}
In particular e, es, ..., e, 1S a reqular sequence.
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Proof It is easily seen that we have

n

1 ~

i=1
where “=” here denotes equivalence modulo the ideal (e, es,...,e,). This implies the
identity
i—1 n 1
H (]_ - tl'j) = H f = Zhr(l'i,flii+1 Ce ,l’n)tr .
j=1 j=i ( - mj) r>0

Equating coefficients of #* we derive that

0 = hi(ws, 41 ..,7n)
Now this gives
-1
wh =Y wlhi j(rig .. w,) (for 1<i<n—1) (2.10)
=0
as well as
a0, (2.11)
It is easily seen that (2.10) and (2.11) yield an algorithm for expressing, modulo the ideal
(e1,€3,...,€,), every monomial as a linear combination of monomials in ART (n). This
implies that the collection
{xfeleh? - b o 1€ ART (n); pi >0} (2.12)
spans Q[xy, 2, ..., x,]. In particular we derive the coefficient-wise inequality
[+t +--- 4+t 1
Fojay a,aa)(t) << 77 = (2.13)

(1-t)(1—1¢2)---(1—t) (L—1t)

since
1

F@[xl 712,...,171] (t) - (1_7t)n

equality must hold in (2.13), but that implies that the collection in (2.12) has the correct
number of elements in each degree and must therefore be a basis, proving uniqueness for
the expansions in (2.18).

We can now apply these observations to the study of m-quasi-invariants. To begin
note that, we have the following useful fact

Theorem 2.14 To prove that ey, e, ... e, is a reqular sequence in QT,[X,] we need
only construct a spanning set of n! elements for the quotient
QL[ Xnl/(e1,€2,. .., €n)01,,[X,] (2.15)

In particular the Cohen-Macauliness of QZ,,[X,] is equivalent to the statement that this
quotient has n! dimensions.
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Proof Let II(x) denote the Vandermonde determinant
)= ] (@-=).
1<i<j<n

This given, it is easy to see that the map

P(x) — ()™ P(x)

is an injection of Q[z1,xs, ..., z,] into QZ,,[X,]. This fact combined with the inclusion
QT,,[X,] C Q[x1, za, ..., x,] yields the coefficient-wise Hilbert series inequalities
tn(nfl)m » 1
<< 1) <<
(1 _ t)n sz[Xn]( ) (1 —_ t)n
this gives
lim (1—¢)(1—#*)--- (1 —t")For,[x,)(t) = n!. (2.16)
t— —1

Thus if ey, €9, ..., €, is a regular in sequence in Q7,,[X,], (2.25) then the quotient

QL[ Xnl/(e1,€2,. .., €n)o1,,[X,] (2.17)
must be of dimension n!. To prove the converse, note that if we have a homogeneous
basis 11,19, ...ny,0f degrees ri,7ry,...,r,, for this quotient, then we the Hilbert series

inequality
N
> izt
(1—t)(1—1¢2)--- (1 —1tn)

For, 1x,(t) <<

combined with (2.16) yields that
n! < N.

On the other hand if we have a spanning set of n! elements for the quotient in (2.17) we
must also have
N <nl

This forces the equality
tlirr_ll(l —t)(1 =t (1 — t")Foz,1x,(t) = dim QT,,[X,]/(e1, €2, - - ., €n) 0z, [Xn] -

Thus we can apply Proposition 2.6 and derive that ey, eq, ..., e, is a regular sequence in
Q7,,[X,]. This completes our argument.

It develops that the regularity of ey, es, e3, can be shown in a very elementary fashion
for all n. This of course implies the Cohen-Macauliness of QZ[X3]. But before we give
the general argument it will be good to go over the case of ey, eq, €3 in QT[X3]. In fact,
we can proceed a bit more generally and work in the Dihedral group setting.

Let us recall that the Dihedral group D, is the group of transformations of the z,y
plane generated by the reflection T across the z-axis and a rotation R, by 27/n. In
complex notation we may write

Tz=%, and Ry,z=e>/"y (2.18)
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It follows from this that the two fundamental invariants of D,, are

[n/2]
pp=12>+y*, and g,=Rez" = Z (;) (=1)"z" 2y (2.19)

r=0
Note that if n = 2k and we set

then we may write

P(t)=P(—-1)+ (1 +t)Q(¢) (2.20)
with Q(t) a polynomial of degree k — 1. Now setting ¢t = z%/y* in (2.20) and mutiplying
both sides by y* we get, since P(—1) = (—1)k2%~!

gn(z,y) = (=1)F22 12+ po(2,y) v 2Q(2%/y?) .

This shows that y** lies in the ideal (ps, gn)gzy- In particular, under the total order
x > y we derive that 22 and 3?* lie in the upper set of leading monomials of the elements
of this ideal. It follows that the monomials

Ly y? oy ey g, ey (2.21)
span the quotient
Qlz, y]/ (P2: 9n)qly) (2.22)
This forces the Hilbert series inequality
(T+8) (L4t 4+ 1
Fore 1 (t) << =
Qe (t) (1 —2)(1 — t2%) (1 —t)2

since we also have 1

FQlzy) (t)= (1—1t)?

It follows that the monomials in (2.21) are in fact a basis for the quotient in (2.22). An
analogous argument yields a similar result when n = 2k + 1. We need only observe that
in this case we use the polynomial

P(t) = TZ: (2/{; 1) (1)

and the total order ¥y > x to obtain that y? and z%*!

monomials of the ideal (ps, gn)qje,y)- This implies that

are in the upper set of leading

2 2%k | 2 2k
1z, xz°,....27" y,yx,yx”, ..., yx

are a basis of the quotient in (2.22). Thus in either case we obtain that and that ps, g,
are a regular sequence in Q[z, y].

It develops that this immediately implies the Cohen Macauliness the ring QZ,,(D,,)
of m-quasi-invariants of D,,. More precisely we have
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Theorem 2.23 The D,, invariants ps, g, are a reqular sequence in QZ,,(D,).

Proof By definition, a polynomial P(z,y) € Q[z,y] is said to be D,, m-quasi-invariant
if and only if for any reflection s of D,, we have

(1= s)P(z,y) = as(a,y)" " P'(a,y)  (P'(x,y) € Qlz,y))

where a,(x,y) denotes the equation of the line accross which s reflects. This given, since
OT,,(D,,) C Q|zx,y], we clearly see that po itself is not a zero divisor in QZ,,(D,,). So we
need only show that g, is not a zero divisor modulo (p2)oz,,(p,). Now suppose that for
some H € QT,,(D,,) we have

H g, =pK (with K € OQZ,,(D,)).
Then since po, g, are regular in Q|x, y] it follows that for some K’ € Q[z,y| we have
H=p, K'
applying 1 — s to both sides the invariance of p, gives
(1= s)H(z,y) = (2" +y*)(1 - ) K'(z,y)

and the m-quasi-invariance of H yields that a,(z,y)*" ! divides the right hand side. Since
2? 4+ 3% has no real factor, the polynomial (1 — s)K’(x,y) must be divisible by (z,y)*™ 1.
This shows that K’ € QZ,,(D,) proving that g, in not a zero divisor in (p2)oz,,(p,) and
our argument is complete.

Our next step is to use the fact that the Weyl group of Ay is D3 to derive the Cohen-
Macauliness of Q7,,[X3]. To this end set

f1:(17070)7 f2:(07170)7 f1:(0,0,1)
and take as basis for the plane
II = {(33'1,.1[2,.1[3) P X+ T+ X3 = 0}

the orthonormal vectors

\/;<fl+f2—f3> U:%(fQ_fl)'

This gives the expansions

1
ﬁ(fl - f2) =,

Note that we also have

Sl
=

Tu+yv= +f2<— +—y>—f3

(757~ 757)
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Since the vector
(x1—e1/3 g —e1/3 x3—e1/3) (with e; = 1 + 29 + x3)
lies in the plane Il we can find z,y giving

1 1
T —e/3=—uz —

\/6 ﬁy,

Solving these equations for x and y gives

To —e1/3 =

Sl
D
[\
w

1 1
T = —=(e; — 3x3), = —(r2—x
\/6( 1 3 Y 2( 2 1)
Thus the substitution maps
¢ Qlay, 29, 23] — Qlw,y], Y Qlz,yl — Qlay, 2, 73]

defined by setting
OP(x1, 22, x3) = P(d(21), d(2), ¢(x3)), VQ(z,y) = Q(¥(x), ¥(y))

with
1 1 1 1 2
T)=—4=2 — —Y, To)=—=2a + —1, r3) = —/-x 2.24
and 1 1
r) =—=(e;1 —3x3), = —(x9—x 2.25
¢( ) \/6( 1 3) ¢(y) \/5( 2 1) ( )
satisfy the identities
1 =PP(r1) +e1/3, x1=PP(r2) +e1/3, x1 =PP(x3) +e1/3.
In particular it follows that for P(x1, zo, x3) € Q[x1, 22, x3] we will have
P(x1, 79, 73) = Yo P (21, T2, 73) + 1Q(71, 12, 73) (2.26)

with Q(x1, 2, x3) € Q[z1, 79, 23]. Moreover, a simple calculation with the elementary
symmetric functions

€1 =21+ X2+ T3, €3 =T1T2 + X1T3 + T2l3, €3 = T1T2T3
gives

x? +y2
2 )

pler) =0, o¢(e2) = — P(es) = 3—\1/6(963 - 39592) = 3—\1/693(9579) . (2.27)

We have now all the ingredients needed to prove
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Theorem 2.28 The elementary symmetric functions e, s, e3 are a reqular sequence in

QIm [XB]

Proof Clearly, e; is not a zero divisor in Q7,,[X3]. Likewise, we can show that ey is not
a zero divisor in QZ,,[X3]/(e1)oz,,(x, in exactly the same way we showed that g, is not
a zero divisor in Q7,,(D,,)/(p2)oz,,(p,)- The only remaining step is to show that

hes = Ae; + Bey with  h, A, B € QT,,[X3] (2.29)
implies B - L
h = A61 + B€2 with A, B e QIm[Xg] (230)
Note that using the relations in (2.27), (2.29) gives

¢<h>ﬁ (4 — 305) = —9(B)(2* + 1)/

Since ¢ maps S3 m-quasi-invariants onto D3 m-quasi-invariants, from Theorem 2.23 we
derive that
¢(h) = C(a,y) (2% +y?) (2.31)

with C'(z,y) a D3 m-quasi-invariant. Applying ¢ to both sides and using (2.38) we get
h=9(C)((@* +y*) + eD (2.32)
with a suitable polynomial D. But
1
¢(f’52 + 312) = ef — bejxg + 95133) + 3 (:I:% + x% — 2x1:1:2)

e} — 6e113 + 973 + 325 + 317 — 6x1x2> (2.33)

D~~~

(ef — 6(z123 + Tow3 + 13) + 975 + 315 + 3x] — 69511'2)
d

Thus combining (2.32) and (2.33) we obtain
h=y(C)(3¢; —2e3) + 1D (2.34)

Since 1(C) is an S5 m-quasi-invariant and 2ef — 2 e, is invariant, this relation forces D
to be S3 m-quasi-invariant as well and our argument is complete.

We terminate this section by showing that the mechanism we have used for passing
from the Weyl group of A; to S3 can be extended to all n. More precisely we can show
that

Theorem 2.35 For any 1 < iy < i3 < n the elementary symmetric functions ey, €;,, €,
are a reqular sequence in QT,,[X,].
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Proof

We start by noting that the same argument we used for D,, yields that for any 1 <
i < n the two elementary symmetric functions e, e;, are a regular sequence in Q7,,[X,,].
So the extension of the previous argument consists in deriving from this that e;, is not
a zero divisor in QZ,,(X,]/(e1,€i,) 01, [x,]- Since e;,, e;, are basic S,-invariants for the
polynomials on the space V' = {x1 423+ - -+, = 0}, this particular step is a consequence
of the following general result. To state it we need some definitions.

Let A(z) = ayz1 + -+ + a2, be a nonzero homogeneous polynomial in n variables
and let u be such that A\(u) = 1. Let R be a subalgebra of the algebra of polynomials
on V. If f is a polynomial on V' we extend f to Q" by setting f(v + tu) = f(v). If
g € Q[zy, ..., x,] then we write g for the restiction g of g to V. Let S be the subalgebra
of Q[z1,xa,...,x,] generated by the extensions of the elements of R and A. This given
we have

Theorem 2.36 If fi,..., fr is a reqular sequence in R then M\, fi,..., fr is a reqular
sequence in S.

Proof
Every element, f, of S has a unique expansion (ignoring coefficients that are 0)

f=TF+ A+ 4 fa)
with f; € R. Clearly A is not a zero divisor in S. Suppose that g € S and gf; € SA. Then
g=9+gA+ -+ gXN

with g,¢1,...,9- € R. Restricting to V' we have gf; = 0. Since f; is not a zero divisor
in R this implies that g = 0. Hence g = A(g1 + -+ ¢-A""') = A with h € S. Assume
that we have shown that A, f1,..., fj—1 is a regular sequence in S. Suppose that we have

gfi=hoA+hifi+--+hj_1fi
with h; € S for [ =0,...,7 — 1. Restricting both sides of this equation to V' we get

gfi=hifi+- -+ hi1fi-

Here hy € Rforl=1,...,7—1 and since fi,..., f; is a regular sequence in R this implies
that
g=nfi+ - +7y-1fim1 (withy, € Rfori=1,...,5—1)
Now g =G+ @A+ -+ g\ with g; € R. Thus g —g= Mg + -+ ¢g-A""1) = M\ with
h € S. Hence
g=mnfi+ - +v-1fi-1+ A,

This completes the proof.

To apply this result to m-quasi-invariants. We take A(z) = e; = z1 + -+ + z,
u=(1,...,1)/n and V the zero set of e;. Finally we take R be the S,, m-quasi-invariants
polynomials on V and let S = QZ)[X,]. The only missing ingredient is given by the
following
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Lemma 2.37 O7,,[X,] is the subalgebra of Q[z1, ..., x,] generated by R and e;.

Proof First observe that if g = he; and g € QZ,,[X,,] then h € QT,,[X,,]. Indeed, if «
is a root of A, _jthen (1 —s,)g = ((1 — s4)h)e;. Now (1 — s4)g9 = a®™w. Thus have

" = ((1 — s4)h)ey.

But « and e; are relatively prime. Hence e; divides w. That is w = ¢e;. Hence
(1 = s4)h)er = a®™lge;. Dividing off e; yields the m-quasi-invariance of h.
We need to show that if f € Q7,,[X,] and if

f=fot fies+--+ fre] (2.38)

with f; polynomials on V' then f; € R for all . Note that the assertion is trivially true
for r = 0. We can thus proceed by induction on r and assume the assertion true up to
r — 1. To prove it for r note that if we restrict both sides of (2.38) to V we have f = f;.
Since f € QT,,[X,], f € R. Thus fy € R. Now f — fo = ei(fi +---+ fre/™!). From the
observation at the beginning of the proof we derive that f; +---+ f.e} ' € QZ,,[X3] and
the induction hypothesis completes the argument.

3 More on S3 m-quasi-invariants.
Using Theorem 2.8 we will start by writing every element P(x) € QZ,,[X3] in the form
P(x) = Aooo + Aoros + Ao + Ao 2223 + Ageay + Agro 273 . (3.1)

Our goal is to see what conditions the coefficients A;;; must satisfy to assure that
P(z) € QT,,[X3]. The idea is to use the fact that the spaces QZ,,[X,] are S, modules
to gain information about these kinds of expansions. This given, our point of departure
is the following identity in the algebra of S5.

id = 83 + %(1 — 812)(1 + 823) + %(1 — 823)(1 + 812) + Ag (32)

where
Ss = (14 815+ 513+ 593 + (1,2,3) + (3,2, 1))

and
Ag = 1(1 = 519 — 513 — 593 + (1,2,3) + (3,2, 1))

Note that, since the operator Aj kills all the monomials 1, zq, 3, 7973, 22, applying it to
P as given by (3.1) gives
Agp = A012H3($)/6

with
1<i<j<n
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However, note that it is an immediate consequence of the definition that any alternant in
O7,,[X,] must be a multiple of II(z)?*"*! by a symmetric polynomial. This implies that
the symmetric polynomial Ay, must necessarily be a multiple of II3(x)?™. Note further
that a multiple of IT3(x)?™ by any polynomal in xy, 9, x3 lies in QZ,,[X3]. This given, we
see that Agio may here and after be assumed to be of the form Ags = B(x)As(x)?*™ with
B(x) an arbitrary symmetric polynomial. It is also clear that Aggy can also be arbitrarily
chosen. This reduces our study to the elements of QZ,,[X3] which are of the form

P(x) = Aowo®a + Agors + Ao ®as + Agoas - (3.3)
When we apply the identity in (3.2) to this expansion we derive that
P(ZL’) = A(l‘) + %(1 — 812)(1 -+ SQg)P(l‘) + %(1 — 823)(1 -+ Slg)P(l')

with A(z) a suitable symmetric polynomial. This is because A3 kills every monomial in
(3.3) and S3 sends every monomial into a symmetric function .
Now we see that

(14 s23)P(x) = Aoro(2 + 23) + Aoor (z2 + 3) + 2Aon1 2025 + Aoz (23 + 23)  (3.4)
but we can easily check that we have
T3+ T3 = —2923 — ey + e1(2 + T3) (3.5)
Using this (3.4) becomes
(14 s93) P(x) = —Aonzez + (Ao + Aoor + e1Aoo2) (w2 + 23) + (24011 — Aooz)T23+
Note further that
(1+s12)P(z) = Apo(z1 + 22) + 2A00173 + Aori (21 + 22) 23 + 2400275
= Ago(er — x3) + 2400123 + Ao (e1 — 3)x3 + 24002273
= Aower + (24001 — Aoro + €14011)33 + (24002 — Ao11)23
This reduces our study to elements of QZ,,[X3] of the form
Pi(x) = Ay(xg + x3) + Bixaxs

and elements of the form
PQ(ZE) = Agl'g + BQZE?))
together with their images s;2 P, and so3P.
Now it develops that we have the following remarkably simple criterion.

Theorem 3.6 The polynomials Py = Ai(x3 + x3) + Bixaxs and Py = Asxz + Byx3, with
Ay, Ay, B1, By symmetric, are m-quasi-invariant if and if only we have

&) Al = —612171(33'1 — 5173)2m 01(17) Bl = 512(171 — .T3)2m 91(17)
(3.7)
b) AQ = (512(33'2 + .Tg)(l'l — 33'3)2m 02(33') BQ = —(512(33'1 — .T3)2m 02(17)
where 61 and 0y are any polynomials that satisfy the two conditions
CL) 513 6) = ‘9, b) 523512(1‘1 — $3)2m¢9 = 0, (38)
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Proof We begin by proving necessity. To this end note that for P;(z) to be m-quasi-
invariant we must have

(1 —s13)Pi(2) = (21 — 23)*" T 0, (2) (3.9)
with 0; a polynomial in Q[X3] satisfying the condition
s1301 = 0, . (3.10)
In fact, applying 1 + s13 to (3.9) gives
0= (21 —23)"" 01 (2) — (21 — 23)"" ! 5130, ()

2m+1

and (3.10) follows upon division by (z; — x3) . On the other hand the symmetry of

Ay, By gives
(1 — 813)P1 = Al(l'g — I'l) + Bll'g(l'g — l‘l)

using this in (3.9) we get
Al(l'g — l‘l) + Bll'g(l'g — l‘l) = (l‘l — $3)2m+1 ‘91(1[’)

or better
Al + Bll'g = —(33'1 — 5173)2m 01(17) . (311)

Using again the symmetry of Ay, By , applying d12 to both sides of (3.11) we obtain
—By = —612(x1 — 13)*™ 01 () . (3.12)
Finally, multiplying by x; both sides of (3.11) and applying d12 gives
Ay = —01px1 (11 — 13)*™ 01 (2) . (3.13)
This proves (3.7) (a). Similarly for P, to be m-quasi-invariant we must have
(1 — s13) Py = (w1 — 23)*™ Oy(z) (3.14)
for a suitable 65(x) invariant under s;3. But the symmetry of Ay, By, gives
(1 — 813) Py = Ag(x3 — 21) + Bo(23 — 27)
using this in (3.14) and cancelling the common factor we get
— Ay — By(x1 + 13) = (11 — 23)*" Oo() .
Proceeding as before, using again the symmetry of As, By, we obtain

By = —019(x1 — 13)*™ Oy(x) (3.15)
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Finally, multiplying both sides by x5 + x3 and applying 415 we get
A2 = 512($2 + 33'3)(.%1 — $3)2m 92(33') . (316)

This proves (3.7) (b). To complete our proof of necessity, we are only left to show that
0, and 0y must satisfy (3.8) (b). It turns out that (3.8) (b) is all we need to assure the
symmetry of Ay, Ay, Bi, Bs. To show this it is convenient to set

so that (3.12), (3.13), (3.18) and (3.19) become

Ay = b Hy Ay = —619(x2 + 23)Ha ,
Bl - —612H1 . BQ - (512H2 . (318)

Clearly, Ay, Ay, B1, By are symmetric if and only if they are invariant under the action
of s19 and s93. However, since all of them are images of 015 there are automatically sqo-
invariant. Thus we only need to assure that they are also so3-invariant. Note that since,
when 6, = 6

BQ = —Bl and A2 = —512(61 — ZEl)H = 6131 + A1 (319)

we need only assure the sos-invariance of A; and B;. This is equivalent to the two
equations
CL) 0301001 H, =0,
b) (523(512H1 =0.
It develops that the first equation here is a consequence of the second. To see this note

that since (3.21) (b) implies that ;2 H; is symmetric in particular it is left unchanged by
S13. Thus

(3.20)

0oy = s13012H,
(by (310) and (318)) = 813(512813H1
= 030Hy = —093H; .

On the other hand we see that we have (by the Leibnitz formula)
09301921 H1 = 03 (Hl + $2512H1) = O93H | + 012Hy + 230930121 .

Thus (3.21) (b) implies (3.21) (a) as asserted. Recalling the definition of H; in (3.18), we
see that the equations in (3.21) reduce to

523612(1‘1 — $3)2m61 = 0 .

This completes the proof of necessity.
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To prove sufficiency, note that the formulas in (3.7) together with the conditions in
(3.8) assure that Ay, Ag, By, By are symmetric, and that Py = A;(z9 + x3) + Bizazrs and
Py = Ayws + Byx? satisfy

CL) (1 — 813)P1 = (ZEl — $3)2m+1€1 b) (]_ — Slg)PQ = (l‘l — $3)2m+1¢92 (321)
Indeed, from (3.7) we derive that

013Pp=—A, — Bixs
=i <(1 — s12) (21 (21 — 23)"™ 01(2)) — ((1 — s12) (w1 — 23)*" 91(3:))1:2>

= (11 — x3)*™ 0y (x) + <—312 (z1(z1 — 23)*™ 01(2)) + s12(z1 (21 — 23)°™ 6 (x)))

T1—T2

and this just another way of writing (3.21) (a). An entirely analogous calculation gives
(3.21) (b).
Now the invariance of Ay, Ay, By, By assures that

a) (1—s93)PL =0 b) (1—s512)P=0 (3.22)
On the other hand hitting (3.22) (a) by ss3 and (3.22) (b) by s12 we get
(l) (1 - 512)523P1 = (331 - $2)2m+152391 b) (1 - 523)812P2 = (5752 - $3)2m+151292
and from (3.23) we finally derive that
a) (1—s12)P = (21 —22)"" 30, b) (1 — 593) Py = (19 — 23)*" 5100,

Thus the m-quasi-invariance of P; and P, is assured and our proof is complete.
Our next task is to find all solutions 6 of the system

(l) (523612(1‘1 - l‘g)QmQ = O,

b) 10— 0. (3.23)

To work with expansions in the Artin basis AR7 (3) it will be more convenient to solve

the system
(l) 613612(1‘2 - l‘g)2m€ = O,

b) 330 — 0. (3.24)
There is no loss here since applying the transposition sj5 to (3.24) gives
(l) 513512(@ - $3)2m5129 =0,
b) 8238129 = 8120 .
So if 0 satifies (3.24) then s120 satisfies (3.25) and vice versa.
Now note that expanding (zo — x3)*™ in terms of AR7 (3) we obtain that
(29 — 23)* = A, + B(1a + 23) + Cpzoxs . (3.25)
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with A,,, B, C,, suitable symmetric polynomials of degrees 2m 2m—1 2m—2 respectively.
For the same reason any solution 6 of (3.25) (b) must have the form

0 = a+ b(zy+ x3) + croxs .

Our task then is to find all triplets (a, b, c) such that the resulting 6 satisfies also (3.25)
(a). To carry this out we need the following auxiliary fact.

Proposition 3.26 Let

then we shall have
013012H1Hy =0

of and only if
C1 (Az + Baer + Caez) + By (B + Caeq) + A1Cy = 0. (3.28)
Proof Note that we have
S1501oHy Hy — 513<(612H1)H2 n (squ)amHQ)

= (513512H1)H2 + (813512H1)513 Hy (3.29)
+(513 812H1)512H2 + (813812H1)513512H2

Now using the expressions in (3.28) we derive that

010H; = —B; —Cizs
s13012H; = —B; — Cizy
0hsH; = —B;—Cizy

d1301H; = C;
sislHy = A+ Bi(z1 + 22) + Cizy22
sl = A+ Bi(r1 + x3) + Ciwys
sizsieH; = A+ Bi(x1 + x3) + Cizyas
O138120H; = 0

This reduces (3.31) to

O13012H 1 Hy = () (A2 + By (22 + 3) + C2$2$3) + (=B1 — Ci21) (= B2 — Cax)
+(A1 + Bl(.Tl + 33'3) + 0133'1.%3)02

Clearly this expression vanishes identically if and only if
OlAg + BlBg + Alog + 013261 + 310261 + 010262 =0.

Grouping terms according to C, By, A; yields (3.29) precisely as asserted.
This immediately brings us to the next step in our development.
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Theorem 3.30 Recalling that
(29 — 23)*" = A,y + Bp(1a + 23) + Czox3 and 0= a+ b(zy + x3) + croxs,

with A, B, C, a, b, ¢ suitable symmetric polynomials. We shall have

613512(]72 — 33'3)2m0 =0 (331)
of and only if _ B _
cA,+bB,,+aC,, =0 (3.32)
where we have set
A,, = Ay, + Bner + Cnes, By =By, +Cper, C,=0C,, (3.33)

Proof Using (3.29) with H; = 6 and Hy = (23 — x3)*™, we get that (3.32) holds true if
and only if the vector (a, b, c) satisfies the equation

¢ (Am 4 Bpmer + Crez) +b (B, + Crer) +aCp, =0,

and this is (3.33).
Our next task is to characterize the triplets of symmetric functions (a, b, ¢) that satisfy
the equation in (3.33). This will be carried out in the next section.

4 Some Cohen-Macaulay modules of triplets.
To proceed we need some notation. To begin let
R, = Qz1, 72, 73], R. = Qley, €3, €3]

and note that the corresponding Hilbert series are

1 1
i RUO-ahasease

Fr,(t) = (4.1)

Now set

R3 — {(a,b,c) s a,bce Rx}, R? = {(a,b,c) : a,b,cERe}

x €

and let us make R3 and R? into graded modules by saying that a triplet (a,b,c) is
“homogeneous of degree k7 if and only a, b, ¢ are homogeneous of degrees k,k — 1,k — 2
respectively. We shall view the solution spaces

M (x) = {(a, b,c) € R, : cA, +bB,, +aC,, = 0}
M. (e) = {(a, b,c) € R, : cA,, +bB,, +aC,, = 0}

as a graded submodules of R? and R? respectively. Now we have the following crucial
Hilbert series identities
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Proposition 4.2

1) Fu@(t) = 1+ +1t+ %) Fap, (o) (t)

_ m—2 4 2m—1_42m _ 4.3
2) 2 2F./\/lm(x)(t) = Flam, B Co)e, (1) + t2 2+221_t)13+t2 1 (4.3)

Proof Note that by definition (u,v, w) € M,,(x) if and only if
wA,, +vB,, +uC,, =0. (4.4)

Now Theorem 2.8 gives the expansions

u= Z a., v= Z b, w= Z e, (4.5)

2 €ART (3) 2 €ART (3) 2 €ART (3)
using this in (4.4) gives
Z ¢ (cezm +b.B,, + aeém) =0
¢ €ART (3)

and the uniqueness part of Theorem 2.8 now yields that for all ¢ € AR7(3) we must
have _ B _
c.A, +bB,,+aC,,=0.

In other words, each triplet (u,v,w) € M,,(x) decomposes into a linear combination of
triplets (ae, be, ¢c) € M, (e) with coefficients ¢ € ART (3). But then again the uniqueness
part of Theorem 2.8 forces this decomposition to be unique. In symbols we may write

Mu(z)= P  zMyle).

2 €ART (3)

This implies the Hilbert series identity

2 € ART (3)

and (4.3) (1) follows since

Z tdegree(;ﬁ) _ (1 + t)(l 4 t2> )
2 ART(3)

To prove (4.3) (2) it is convenient to set
Wm(£) = Rx/(Am: Bm: Cm)Rm
We clearly see from (3.33) that

(Zma Bma Em)Ra: = (AWH Bma Cm)Rz,
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SO
Wm(£) = Rx/(zm:§m76m>Rm

Clearly Fyy,,()(t) is given by the difference between the Hilbert series of R, and the
Hilbert series of the ideal (A,,, By, Cin)r,. In symbols

1

Fyw, ) (t) = a—n E, B (1) (4.6)

Now, by definition
(A, B, Co)r, = {cApm +0B,, +aC,, : a,b,c € R, }.

Note further that the polynomial cA,, +bB,, + aC,, is homogeneous of degree k +2m — 2
if and only if a, b, c are respectively homogeneous of degrees k,k — 1,k — 2. Clearly the
dimension of the space of such triplets a, b, ¢ is given by the expression

Fr, ()| + Fro (6) | o1 + Fro ()] s - (4.7)
To get thg dimension of the degree k + 2m — 2 homogeneous component of the ideal
(A B, )R we must subtract from (4.7) the dimension of the collection of all triplets
(a,b,c) € M,,(x) which are homogeneous of degree k. This may be written as

FRz (t)}tk + FRz (t)’tk—l + FRz (t)’tk—2 o FMm(x)(t)’tk :

Multiplying by #*"~2** and summing for k& > 0 gives the identity

Ed BoCor, () = t2m72ZFRm(t)’tktk

k>0
k>1
+t2m Z FRx tk N — t2m_2FMm(x) (t)
k>2

Now using (4.1) we derive that
t2m=2 > k0 FR. (1) }tktk + 2t > o1 IR (1) ’tkfltkil + 2 > ko IR, (1) ’tk—th72

t2m—2+t2m— 1 +t2m

(1-t)

and (4.8) becomes

t2m72 + tmel + t2m .
F B Oy, (B) = A=) =t Pty (1) (4.9)

Substituting this in (4.6) we finally obtain
1 t2mf2 + tmel + tQm

(1t (1)
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and this is simply another way of writing (4.3) (2). Our proof is thus complete.
We shall show in the next section that

u+¢M+¢m4X1—ﬂﬂu—¢m4)'

B @) (t) = EE (4.10)
and we can state
Theorem 4.11 Upon the validity of (4.10) it follows that
tm + tm+l
Fop o(t) = 4.12
Proof Using (4.10) in (4.3) (2) gives
B 1 + ™ tm—l)(l _ tm)(l _ tm—l) t2m_2 + t2m—1 + t2m -1
B (1 + tm + tmfl)(l —m tmfl + tmel) + t2mf2 + thfl + tQm -1
B (1—1) '

t3m71 + t3m72
(1)
Now from (4.3) (1) we get

tSmf 1 + t3m72

ErEAA O ) (1) = — 5

and (4.12) follows by cancelling the factor *~2 and division of both sides by (1 +#)(1 +
t+ t2).
This brings us to the crucial result of this section,

Theorem 4.13 Upon the validity of (4.10) it follows that the collection
Mp(e) = {(a,b,c) : ¢Ay,+bB,, +aC, =0}
is a free Qleq, e, e3]-module of rank 2

Proof From the Hilbert series in (4.12) it follows that the subspaces H,, (M (€)) and
Honit (Mm(e)) of homogeneous triplets of M,,(e) of degrees m and m + 1 have dimen-
sions 1 and 2 respectively. This given, let ©; = (ay,b,¢1) be a non trivial element of
H.n (Mm(e)) and note that e;0; = (ejay, €10y, e1¢1) € Hppt1 (Mm(e)) This accounts for
one of the 2 dimensions of H,n41 (M, (e)). Let us pick Oy = (az, ba, ¢2) € Hypg1 (Min(e))
so that together with e;©; we have a basis for H,,11 (Mm(e)) Now suppose that for two
symmetric functions D; and Dy we have

D10; + DOy =0 (4.14)
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Clearly there is no loss in assuming that D; and D, have no common factor. Then it
follows from (4.14) that Dy must divide a1, b; and ¢;. But since O is an element of least
degree in M,,(e) it follows that Dy must be a constant and there is no loss in taking it
to be —1. So (4.14) becomes

Dl@l = @2 (415)

This given, equating the first components in (4.14) gives Dja; = ag this forces Dy to be
homogeneous of degree 1 since it is symmetric it can only be a constant multiple of ey,
but then (4.15) contraddicts our initial choice of ©5. Thus there is no relation such as in
(4.14). This means that the collection

pP1 P2 P37 .
{@Zel 62 63 }1=1,2
p; >0

is an independent subset of M,,(e) and since it has the correct number of elements in
each degree it must be a basis. In summary, O, Oy generate M,,(e) as a free Q[eq, €9, €3]~
module and our proof is complete.

We can now obtain our desired result on S3 m-quasi-invariants:

Theorem 4.16 Let (a1,b1,c1) and (ag, be, c2) be the generators of M,(e) of degrees m
and m + 1 and set

0y = a1 + by (x1 + x3) + rxiws, Oy = ag + ba(xy + x3) + w3,
Then QT ,,[X35] is a free Qley, ez, e3]- module with basis
1, Gy, 512Gy, Ga, 819G, xox3 M (2)*™ (4.17)
where I1(x) denotes the Vandermonde determinant in xq,xs, T3,
G = —(610m1 (w1 — 23)*™ 1) (w2 + x3) + (O12(21 — 3)*™ 61) a3

and
Go = _(612951(951 - $3)2m 92)(x2 + x3) + (512($1 — $3)2m 6’2) ToT3

Proof We have seen in section 2 that every m-quasi-invariant in xy, xs, 3 is a sum of
terms involving

1) An invariant

(1)

(2) The polynomial xox3 TI(z)*™ times an invariant.

(3) An m-quasi-invariant P; = A; (23 + x3) + Birors and its image by sq .
(4)

4) An m-quasi-invariant P, = Ayx3 + Byx3 and its image by Sas.
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with Ay, By, Ag, By invariants. We have also shown that for P, and P, to be m-quasi-
invariant it is necessary and sufficient that A;, By, Ay, B have the expressions given in
(3.7). Now it develops that an m-quasi-invariant of the form P, = A,z2 + Byx3 can be
obtained (modulo the ideal generated by eq, €9, e3) as an S3 image of an m-quasi-invariant
polynomial of the form P, = Ay(xy + 23) + Bizoxs In fact, note that from (3.7) (a) and
(b) we derive that when 6; = 0y =6

Ay = O1o(zo + x3) (21 — x3)2m9(3:)
di2(er — 1)(z1 —23)"" 0(x) and By =—Bi ,
A+ e By

This gives

(1 + 812)p1 = A1(331 + X9 + 2173) -+ Bl(l'll'g + 117233'3)
= Al (61 + Ig) + Bl (61 — ZL‘3)I3
= A1€1 + (A1 + Blel)l'g, + Bgl‘% = A161 + PQ .

Combining this with Theorem 4.11 we derive that every m-quasi-invariant P is of the
form
P=U + G + SlgG + |4 IQZE?)) H(ZE)Qm

where U,V are arbitrary invariants and
G = ( — 51233'1($1 — l’g)Qm 9($)) (33'2 + .Tg) + ((512(33'1 — l’g)Qm 9(33')).%233'3

where
0 =a+b(xy+x3) +cryzs with (a,b,¢) € M,,(e)

This implies that the polynomials in (4.17) span QZ,,[X3] as a Qley, ez, e3]-module. Since
they are altogether 6 = 3! in total, we can use Theorem 2.14 and obtain the polynomials
in (4.17) are in fact a free Q[ey, 2, e3]-module basis for Q7,,[X3].

5 Determining the quotient Ry/(An, bm, Cu)r, -

Our first task is to construct the Grobner basis of the ideal (A,,, By, Cin)r,- The following
identities open up a surprising path.

Proposition 5.1 Denoting by I1(x) the vandemonde determinant in xy, x5, x3 we have

Po(z) =H(2)An(z) = 23(x1 — 20)*™ T 4+ 23 (29 — 23)*" T + 25 (23 — 21)*™H!
Qm(r) =(2)B(x) = —x3(xq — x2)2m+1 —xq(z — x3)2m+1 — zo(x3 — x1)2m+1
R (z) =(2)C(x) = (21 — 20)*" T + (29 — 23)*" T + (23 — 27)*™ ! (5.2)
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Proof Because of uniqueness of the expansions in terms of AR7 (3) and the symmetry
of A, b, Cy, it is sufficient to verify the identity in (3.27). In other words we need to
show that

(2) (29 — 23)*" = Py + Qu(zo + 3) + Ry 1273, (5.3)

Now denoting by RH S the right hand side and using (5.2) we get

RHS = z3(x; — 29)™ " + 23 (19 — 23)*™ ™ + 25 (23 — 27)*" 1
—($2 + xS) (33'3(131 - x2)2m+1 _ 33'1(132 o x3)2m+1 _ $2($3 o x1)2m+1)
33'233'3((131 - $2)2m+1 4 (.1'2 _ x3)2m+1 4 (.1'3 _ x1)2m+1)
= (2] — zaw1 — 2321 + Tow3) (22 — 23)*" !
= (11— m2) (21 — 23) (23 — 21)*™ = 7(2) (23 — 21)*™.
This proves (5.3).
To proceed it will be convenient to make a change of variables and set
T=ytu, Ty=y, T3=y-— v (5.4)
This gives
X1 —Tog=1U, To—T3=0, T3— T =—U~—7. (5.5)
Thus we may write
) (y — 0)2u2m Y 4 (y + u)202H — 2 (y 4 p)2m]
"o —uv(u +v)
B = _(y - U>u2m+1 B (y + u>/02m+1 + y(u + U>2m+1 (5 6)
" —uv(u + v) '
2m—+1 2m—+1 2m—+1
- u +v (u+v)
—uv(u +v)
Now note that
Uu2m+1 _ UU2m+1 U2m _ u2m -
By = —yCp + =—yCp+ ———=—yChn + B,
—uv(u+ ) u+v
where we have set ) )
B,, = v v (5.7)
u—+v

Similarly we get

—2yUU2m+1 + 2yuv2m+l 02u2m+1 + u2v2m+1

Ay = y20m+

—uv(u+ v) —uv(u + v)
_ 20 5 u?m _ v?m qum + qum _ 20 5 E AAV
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where we have set

Ap=—7-—7-—+, (5.8)
and we clearly see that we have
(Am: Bm: Cm)@[u,v,y} = (Am: Bm: Cm)@[u,v,y}' (59)
Note further that from (5.7) and (5.8) we get

. . vu?m + uv?m ,U2m _ u?m

+v
uU—+v u—+v

and (5.9) can be then replaced by

(Ama Bma Cm)@[u,v,y] = (U2m: Bm: Cm)@[u,v,y} . (510)

To work with this ideal will be convenient to set, here and after

Py == gy = ””;(1 ;f;m“ -1 (5.11)
So that we may write
Bo(u,v) = v 'P(u/v) and  Cp(u,v) = v*"2Q(u/v). (5.12)
We can easily see that
2m—1 om-1  rA@m—r)
Py =Y (—t) and Q)= ¢ Y (Qm: 1) (—1)"" .
=0 r=1 s=1

However these expansions will play no role. All we need to know is that P(t) and Q(t) are
of degrees 2m — 1 and 2m — 2 respectively and that the following technical result holds
true.

Lemma 5.13 Suppose that we have

R(t) = a(t)P(t) + bH)Q(t), (5.14)

with a(t), b(t) polynomials of degrees bounded by some j < m, Then the polynomial R(t)
must have degree at least 2m — 2 — j

Proof Set
Sty=t*""1-1 and T({t)=1+t)*" '~ (1+1) (5.15)

then multiplying (5.14) by ¢(1 +t) gives

tA+0RE) = a(t)(t—2mF) +b(t)( (1 + )P — g2 — 1)
(a(t) +b(t)) (¢t =) +b(t) (1 +)>™ T — (1+1)).
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In summary, we get that for some polynomials ¢(t) and b(t) of degrees bounded by j we
have

t(1+t)R(t) = —c(t)S(t) + b(t)T(1), (5.16)
Now, proceeding by contraddiction, suppose if possible that the degree of R(t) is strictly
less than 2m — 2 — j. Then differentiating both sides of (5.16) 2m — j times gives

(%)Qm_j a(t)S(t) = (%)m_j b(HT (1)

Qij (2771@_— j) o (#) M=) () = Qij (Qmi— J ) b (1) T @m =30 (¢)

= 1=0

or better

since 7 < m we will have 2m — 7 > m and since by assumption both b and ¢ have degrees
bounded by j < m < 2m — j, these sums need only be carried out for ¢ < 7, giving

Zj: (2m - J') O () SEm—I=D (¢) = ZJ: (Qm - j) b (#)Tm==1) (1) (5.17)

i=0 L i=0 L
This means that both S(¢) and T'(t) are differentiated at least 2m — j > m times, that
is at least two times, since m > 1. This means that we can ignore the linear terms and
obtain

S(Qmijii) (t) = (2m+1)2m,j,it1+i+j and T(Qmijii) (t) = (2m+1)2m,j,i(1+t)”i+j.
So (5.17) may be rewritten as

J .
j 2m—7\ i
¢+ ZO ( Z, )c< () (2m + 1)gm_j_it (5.18)
J .
j 2m =7\ ¢ i
~ (49 ("7 )porem + Va1 41
Setting

Ut) = Sy (7)) (2m + 1)zt

2

and V() = Y0, (" )bD ) (2m + Vapeji(1 + 1)
from (5.18) we derive that
(1+6)"™|U®#)  and |V (2)

Now since both ¢ and b have degrees < j + 1, (5.18) forces both U(t) and V (¢) to vanish.
That means that we must have

(4" 7a®St)=0 and (L) b)T(t) =0

but that is absurd since both a(t)S(t) and b(t)T'(t) have degrees > 2m + 1.
This brings us in a position to state and prove the crucial result of this section
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Theorem 5.19 The dlex minimal elements of the lower set of leading monomials of the
1deal B
(U2m, Bm, Cm)(@[u’v] (5.20)

with respect to the total order u > v are

u?m—? U2U2m_3 U4U2m_4 o UQiUQm—Q—i o UQm—Qum—l UQm (521)
Proof We shall start by proving that every leading monomial of the ideal in (5.20) is
divisible by one of the monomials in (5.21). To begin note that if u"v* is a monomial not
divisible by any of the monomials in (5.12) then v < 2m and we must have

2j
k= or (for some 0 < j < m) (5.22)
2j +1

as well as
0<h<2m—2-j. (5.23)
Suppose if possible that a monomial u"v* with h, k satisfying (5.22) and (5.23) is the

leading monomial of a homogeneous element of M(u,v) € (vV*", By, Cp)gue)- Then,
setting

r=h+k (5.24)
we have the expansion
M(u,v) = u"v* + Z ew v = P R(u, v) (5.25)
kK >k
W+ =r

with R(u,v) homogeneous of degree h and leading monomial u" and there will be some
homogeneous polynomials a(u, v), b(u, v), c(u,v) giving

0 R(u, v) = au, v) By (u,v) + b(u, v)Cp(u, v) + c(u, v)v>™ (5.26)

then setting u = tv and denoting by d,, d, and d. the degrees of a(u,v), b(u,v) and c(u, v)
we obtain

VPR R(t, 1) = v T2 g (8, 1) P() + v @2 72b(8, 1)Q(t) + v e(t, 1). (5.27)

This gives
k+h=d,+2m—-1=dy,+2m—-2=d.+2m,

and cancelling the common factor v"** (5.27) may be rewritten as

R(t,1) — c(t, 1) = a(t, 1)P(t) + b(t, )Q(2). (5.28)
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Now note that from (5.22) and (5.23) we get

2j+2m—2—j—2m+1 if k= 27
dg=k+h—2m+1 < (5.29)
2j+14+2m—2—j—2m+1 if k=2j
j—1 ifk=2j

J itk=27+1
similarly we must also have
Ji if k =2y j—2 ifk=2j
dy < and d. < (5.30)
j+1 iftk=2j+1 jg—1 ifk=27+1

Thus in any case the polynomials a(t,1) and b(¢,1) have degrees bounded by j. This
places us in a position to use Lemma 5.13 and conclude that R(¢,1) — ¢(¢,1) must be of
degree at least 2m — 2 — j. But in any case (5.30) shows that c(¢) has degree at most
j—1<2m —2—j thus R(t,1) itself must have degree at least 2m — 2 — j but that
contradicts (5.23). So every leading monomial of the ideal in (5.20) must be divisible by
one of the monomials in (5.21) precisely as asserted.

To complete the proof we need to show that each of the monomials in (5.21) is a leading
monomial. To this end we apply the Berlekamp algorithm [2] for computing the greatest
common divisor of P and @), as given by (5.21), we obtain a sequence of polynomials

Qi(t) Ri(t) ai(t) bi(t) (for i=-1,0,1,2,...,m)
determined by the initial conditions

R_1:P CL_1:1 b_1:O

RO = Q ag = 0 b() =1 (531)

where (); and R; are the quotient and the remainder of the division of R; 5 by R;_1, in
symbols
RZ',Q == Rilei + RZ (532)

and a;, b; are obtained from the recursions
a) i = a;i1Q; +a; b) bio =b1Q; +0b;. (5.33)
This allows us to express R; in the form
Ri=a;P+0,Q. (5.34)

Clearly the degree of R; as constructed from (5.15) decreases by 1 at least at each step.
Since we see from (5.14) that R_; has degree 2m — 1 it follows that

degree(R;) <2m —2 —i (for all i <m) (5.35)
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Actually we will show that equality must hold here. Since as we noted this is true for
1 = —1,0, we can proceed by induction an assume that the equality

degree(R;) =2m — 2 — i (5.36)

has been established for all ¢ < j. Now note this equality for all i < j together with (5.32)
gives that ); is of degree 1 for all 0 < ¢ < j in particular we can recursively obtain from
(5.33) that a; and b; are of degrees j — 1 and j respectively. This places us in a position
to apply Lemma 5.13 to (5.34) for i = j that is

Rj = &jp+ij. (537)

and conclude that the degree of R; must be at least 2m — 2 — j which combined with the
inequality in (5.35) yields that

degree(R;) =2m —2 —j (5.38)

completing the induction. Now setting ¢ = u/v in (5.35) and mutiplying both sides by
0?70 gives

VPR (ufv) = v ay (u/o) 0P T P (u/v) + 07bi (u/v)v* 2 Q(u)/v),
Using the relations in (5.12) this may be rewritten as
V¥ R(u,v) = a(u,v) B (u, v) + b(u, v)Cpn(u, v), (5.39)
with
a(u,v) = v a;(u/v), blu,v) =v"bj(u/v), R(u,v)=1v"""a(u/v), (5.40)

Now we have seen that the equality in (5.35) for all i < m forces a; and b; to be of
degrees j—1 and j respectively we derive from (5.39) that a(u,v), b(u,v) are homogeneous
polynomials, likewise (5.37) yields that R(u,v) is a homogeneous polynomial with leading
monomial u*" 277, But then (5.38) proves that v¥u?™~277 is a leading monomial of the
ideal (v?™, By, Ci)gpu, - Thus our proof is complete.

It develops that Theorem 5.19 is more that is needed to establish the Hilbert series
equality in (4.10). More precisely we have

Theorem 5.41 The standard basis of the quotient

Q[Uv U]/(Emv Cm, U2m)

relative to the order uw > v s given by the collection of monomials

B, = (5.42)

21 2m—3—1 U2z+1 U2z+1u U2z+1u2

2% . 2i 2 2 241, 2m—3—i
{v* 0¥, vPe®, 0P : , , R T T

}0§i<m
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In particular the Hilbert series of the quotients
Qlu, v, y)/ (B Consv™™), Ra/ (A, Bin, O, (5.43)
are given by the rational function

(1 —¢™) (1 —t™ Y (1 4 t™ + ™)
(1—1)

(5.44)

Proof Note that by Theorem 5.19, the collection in (5.40) constitutes the lower set
of non-leading monomials of the ideal (B,,, C,,,v*™"). Thus it is the standard basis as

asserted. Thus the Hilbert series of the quotient Q[u, v]/(Bu, Ci, v2™) is given by the
generating function

-1

Z tdegree(b) _ (t2z + t?i—i—l) (1 4+t 4 t2m—3—i)
beB %

1+tm71 7 m—2—1
— —1_t2t2(1—t2 1)
=0

1+t <1—t2m_t2m21—tm)

3

Il
o

1—t \1—¢2 1—t
(=) i PR !
1t <1—t 1t )
A [ e e O e )
N (1—-1)? ‘

This gives that the rational function in (5.43) gives the Hilbert series of Q[u,v,y|/

(Bu, Cp, v*™). The extra factor of (1 —t) in the denominator accounting for the presence
of the extra variable y. This completes our proof since the manipulations at the beginning
of the section prove that the two quotients in (5.42) have the same Hilbert series.
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