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Dans la théorie de Morse, quand on veut étudier
un espace, on introduit une fonction numérique; puis
on aplatit cet espace sur 'axe de la valeur de cette
fonction. Dans cette opération d’aplatissement, on crée
des singularités de la fonction et celles-ci sont en
quelque sorte les vestiges de la topologie qu’on a tuée.

René Thom, Logos et Théorie des catastrophes, 1982.

Dedicated to Richard Stanley,
on the occasion of his sixtieth birthday.

Abstract

As for the symmetric group of ordinary permutations there is also a statistical
study of the group of signed permutations, that consists of calculating multi-
variable generating functions for this group by statistics involving record values
and the length function. Two approaches are here systematically explored, us-
ing the flag-major index on the one hand, and the flag-inversion number on the
other hand. The MacMahon Verfahren appears as a powerful tool throughout.

1. Introduction

The elements of the hyperoctahedral group B, (n > 0), usually called signed
permutations, may be viewed as words w = x1x5 . ..x,, where the letters x; are positive
or negative integers and where |z1] |x2| ... |z,| is a permutation of 12 ... n (see [Bo68§]
p. 252-253). For typographical reasons we shall use the notation i := —i in the sequel.
Using the y-notation that maps each statement A onto the value x(A) = 1 or 0
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depending on whether A is true or not, we recall that the usual inversion number,
invw, of the signed permutation w = x1x5...x, is defined by

invw := Z Z:X(a:z > zj).

1<j<n i<y
It also makes sense to introduce
invw := Z Zx(fz > xj),
1<j<n i<j
and verify that the length function (see [Bo68, p. 7], [Hu90, p. 12]), that will be denoted
by “finv” (flag-inversion number) in the whole paper, can be defined, using the notation
negw = » x(xz; <0), by
finvw = invw + inv w + neg w.
Another equivalent definition will be given in (7.1). The flag-major index “fmaj” and
the flag descent number “fdes” were introduced by Adin and Roichman [ARO1] and
read:
fmajw := 2majw + neg w;
fdesw := 2desw + x(z1 < 0);

where majw := >, jx(x; > x;j+1) denotes the usual major index of w and desw the
number of descents desw := . x(x; > zj11).

Another class of statistics needed here is the class of lower records. A letter x;
(1 < i < n) is said to be a lower record of the signed permutation w = z1x3...2,,
if |z;| < |x;| for all j such that i + 1 < j < n. When reading the lower records of w
from left to right we get a signed subword, called the lower record subword, denoted by
Lower w. Denote the number of positive (resp. negative) letters in Lower w by lowerp w
(resp. lowernw).

In our previous paper [FoHa05] we gave the construction of a transformation ¥ on
(arbitrary) signed words, that is, words, whose letters are positive or negative with
repetitions allowed. When applied to the group B,, the transformation ¥ has the
following properties:

(a) fmajw = finv ¥(w) for every signed permutation w;

(b) W is a bijection of B,, onto itself, so that “fmaj” and “finv” are equidistributed
over the hyperoctahedral group B,,;

(¢) Lowerw = LowerV(w), so that lowerpw = lowerp ¥(w) and lowernw =
lowern ¥ (w).

Actually, the transformation ¥ has stronger properties than those stated above, but
these restrictive properties will suffice for the following derivation. Having properties
(a)—(c) in mind, we see that the two three-variable statistics (fmaj, lowerp, lowern) and
(finv, lowerp, lowern) are equidistributed over B,,. Hence, the two generating polynomials

fmajBn(q,X, Y) — Z quanlowerpwylowernw
wE B,

ﬁnVBn(q, X, Y) = Z qﬁHVXlowerp wylowernw
weDB,
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are identical. To derive the analytical expression for the common polynomial we have
two approaches, using the “fmaj” interpretation, on the one hand, and the “finv”
geometry, on the other. In each case we will go beyond the three-variable case, as
we consider the generating polynomial for the group B, by the five-variable statistic
(fdes, fmaj, lowerp, lowern, neg)

(11> fmajBn(t7 q,X, Y, Z) — Z tfdes wquaj leowerp wylowerannegw
weEB,

and the generating polynomial for the group B,, by the four-variable statistic
(finv, lowerp, lowern, neg)

(12> ﬁann(q7 )(7 Y, Z) — Z qﬁnv leowerpwylowern w negw.
weB,

Using the usual notations for the g-ascending factorial

1, it n =0;
(1.3) (@;)n = { (1—-a)(l—aq)...(1—ag" 1), ifn>1;
in its finite form and
(1.4) (a;9)oo = limy, (a5 9)n = 1;[ (1 —aq");
n>0

in its infinite form, we consider the products
Z+q 2
(va( =z = 2¥)ie)
Z
<u<q( +4q) +X);q2)

1—¢2

oo

(1.5) Hoo(u) =

oo

in its infinite version, and

Z—|—q—ZY(1—q2) o
B 1—q? (uql—q2+uq2s+1(Z+q)’ )s
11—+ ug*t(Z +q) <u ¢Z+q)+X(1-¢°) 2> ’

1— @ +ugt (Z+q)" " s+

(1.6) Has(u):

as well as

( Z+q—-2Y(1—-¢? _ 2)

9 @ +ug*t2(Zqg+1)" 7 /st

( ((Z+aq) +X(1—-¢% _q2> ’
1—@?+ug?t2(Zqg+1)"7 /st1

(17) H28+1(’LL) =

in its graded version under the form Y t°Hg(u).
s>0
The purpose of this paper is to prove the following two theorems and derive several

applications regarding statistical distributions over B,,.
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Theorem 1.1 (the “fmaj” approach). Let ™B,(t,q,X,Y,Z) be the generating
polynomial for the group B, by the five-variable statistic (fdes, fmaj, lowerp, lowern, neg)
as defined in (1.1). Then

(1.8) S (A +)™IB,(tq, XY, Z) 5 = Y _t°H,
n>0 (t%5¢*)n1 5>0

where Hy(u) is the finite product introduced in (1.6) and (1.7).

Theorem 1.2 (the “finv” approach). Let "B, (q, X,Y, Z) be the generating polyno-
mial for the group B,, by the four-variable statistic
(finv, lowerp, lowern, neg), as defined in (1.2). Then

(1.9) ™B,(¢,X,V,2)=(X+q+ - +¢""+¢"Z+ -+ PZ+ ¢V Z)
X(X+a+ @+ P2+ Z+ Y D)X + a9+ @2+ Y 2)(X +qY 2).

The proofs of those two theorems are very different in nature. For proving Theo-
rem 1.1 we re-adapt the MacMahon Verfahren to make it work for signed permutations.
René Thom’s quotation that appears as an epigraph to this paper illustrates the essence
of the MacMahon Verfahren. The topology of the signed permutations measured by the
various statistics, “fdes”, “fmaj”, ... must be reconstructed when the group of the
signed permutations is mapped onto a set of plain words for which the calculation of
the associated statistic is easy. There is then a combinatorial bijection between signed
permutations and plain words that describes the “flattening” (“aplatissement”) process.
This is the content of Theorem 4.1.

Another approach might have been to make use of the P-partition technique
introduced by Stanley [St72] and successfully employed by Reiner [Re93a, Re93b, Re93c,
Re95a, Re95b] in his statistical study of the hyperoctahedral group.

Theorem 1.2 is based upon another definition of the length function for B,, (see
formula (7.1)). Notice that in the two theorems we have included a variable Z, which
takes the number “neg” of negative letters into account. This allows us to re-obtain the
classical results on the symmetric group by letting Z = 0.

In the next section we show that the infinite product Hg(u) first appears as the gen-
erating function for a class of plain words by a four-variable statistic (see Theorem 2.2).
This theorem will be an essential tool in section 4 in the MacMahon Verfahren for
signed permutations to handle the five-variable polynomial fmajBn(t,q,X Y, Z). Sec-
tion 3 contains an axiomatic definition of the Record-Signed-Euler-Mahonian Polyno-
mials By(t,q,X,Y,Z). They are defined, not only by (1.8) (with B, replacing ™B,,),
but also by a recurrence relation. The proof of Theorem 1.1 using the MacMahon Ver-
fahren is found in Section 4. In Section 5 we show how to prove that the polynomials
fmajp (t,q,X,Y, Z) satisfy the same recurrence as the polynomials B,(t,q, X,Y, Z),
using an insertion technique. The specializations of Theorem 1.1 are numerous and
described in section 6. We end the paper with the proof of Theorem 1.2 and its special-
izations.
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2. Lower Records on Words

As mentioned in the introduction, Theorem 2.2 below, dealing with ordinary words,
appears to be a preparation lemma for Theorem 1.1, that takes the geometry of signed
permutations into account. Consider an ordinary word ¢ = cica...c,, whose letters
belong to the alphabet {0,1,..., s}, that is, a word from the free monoid {0, 1,..., s}*.
A letter ¢; (1 <i < mn) is said to be an even lower record (resp. odd lower record) of ¢, if
¢; is even (resp. odd) and if ¢; > ¢; (resp. ¢; > ¢;) for all j such that 1 < j <i—1. Notice
the discrepancy between even and odd letters. Also, to define those even and odd lower
records for words the reading is made from left to right, while for signed permutations,
the lower records are read from right to left (see Sections 1 and 4). We could have
considered a totally ordered alphabet with two kinds of letters, but playing with the
parity of the nonnegative integers is more convenient for our applications. For instance,
the even (resp. odd) lower records of the word ¢ = 54415210403 are reproduced in
boldface (resp. in italic).

For each word c let evenlower ¢ (resp. oddlower ¢) be the number of even (resp. odd)
lower records of c. Also let tot ¢ (“tot” stands for “total”) be the sum ¢q +co+---+¢, of
the letters of ¢ and odd ¢ be the number of its odd letters. Also denote its length by |c| and
let |c|x be the number of letters in ¢ equal to k. Our purpose is to calculate the generating
function for {0,1,...,s}* by the four-variable statistic (tot, evenlower, oddlower, odd).

Say that ¢ = cico...c, is of minimal index k (0 < k < s/2), if minc :=
min{ci,...,c,} is equal to 2k or 2k + 1. Let ¢; be the leftmost letter of ¢ equal to
2k or 2k 4 1. Then, ¢ admits a unique factorization

(2.1) c=dc;d,
having the following properties:
de{2k+2,2k+3,...,s}", ¢;=2kor2k+1, " € {2k, 2k+1,...,s}".

With the forementioned example we have the factorization ¢ = 544, ¢; = 1,
¢’ =5210403. In this example notice that ¢; = 1 # minc = 0.

Lemma 2.1. The numbers of even and odd lower records of a word ¢ can be calculated
by induction as follows: evenlower ¢ = oddlowerc := 0 if ¢ is empty; otherwise, let
¢ = dc;c” be its minimal index factorization (defined in (2.1)). Then

evenlower ¢ = evenlower ¢ + x(¢; = 2k) + || 2x;
oddlower ¢ = oddlower ¢ + x(¢; = 2k + 1).

Proof. Keep the same notations as in (2.1). If ¢; = 2k, then ¢; is an even lower
record, as well as all the letters equal to 2k to the right of ¢;. On the other hand, there
is no even lower record equal to 2k to the left of ¢;, so that (2.2) holds. If ¢; = 2k + 1,
then ¢; is an odd lower record and there is no odd lower record equal to 2k + 1 to the

right of ¢;. Moreover, there is no odd lower record to the left of ¢; equal to c¢;. Again
(2.3) holds. []
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It is straightforward to verify that the fraction Hg(u) displayed in (1.6) and (1.7)
can also be expressed as

1—u 2k+1 1-Y)Z + 2k+2_|__.__|_ 2372_|_ 237124_ 2s

OSkgsl _ ’LL( 2kX + [q2k:+1Z + q2k:+2 4+ q2s—2 + q2s—1Z + q2s])
1— uq2k+1 1—YZ+ 2k+2+‘”+q2s+q2s+1Z
(2:5) Haepr(u) = 11— ( 2k X ( 2k+)1Z ¢ 2k 12 25 23+1Z]) g
oZied — @ X +q (@2 4+ P+ et Z)

where the expression between brackets vanishes whenever k = s, and that the Hg(u)’s
satisfy the recurrence formula

1 1—-ugZ(1-Y)
2.6 H, =—Q; H = ; d f >1
(2.6) o(u) 1 —uX’ 1(u) T—u(X +42) and for s >
1—u(ql -2+ @F+¢@3Z+ -+ ¢* 7 + ¢*
H2s(u): (Q( ) ;] 36,1 2qil 2(] )Hgsfg(uq2);
1—wu(g(l =YNZ+a?>+¢3 7+ -+q¢?5 + g2tz
H2s+1( ) ( ( ) 1 d q a )Hgs_l(uqz).

l—u(X+¢Z+ @+ P2+ + ¢+ ¢t 2)

Theorem 2.2. The generating function for the free monoid {0,1,...,s}* by the four-
variable statistic (tot, evenlower, oddlower, odd) is equal to Hg(u), that is to say,

(27> Z u|c|qtot chvenlower cyoddlower cZodd c_ H, (u>
ce{0,1,...,s}*
Proof. Let H¥(u) denote the left-hand side of (2.7). Then,

1
1 —uX’

H* Z uc| OX\C\YOZO
ce{0}~*

When s = 1 the minimal index factorization of each nonempty word ¢ reads ¢ = ¢;c”,
so that

Hi(u) =1+u(X +qYZ) Z u|c~|q\c”\1X|c”\0YOZ\c“\1
c’e{0,1}*

1 l—uqZ(1-Y)
1-u(X+qZ) 1-uX+q¢2)

=1+uX+¢YZ2)

Consequently, H} (u) = Hq(u) for s = 0, 1. For s > 2 we write

Hi(w= Y Hiu

with 0<k<s/2
H;( k (u> e E u\c\ qtot chvenlower cyoddlower cZodd ¢
cef{0,1,...,s}*

min; ¢;=2k or 2k+1
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From Lemma 2.1 it follows that
H:,O(u) — Z u|c/|qtot c’Xevenlower c’Yoddlower c’Zodd c % u(X + qYZ)
c'€{2s} % Z u|c”|qtot " xle"]o zodd c”
¢’€{0,...,s}*
_ Z (uq2)|c/|qtot C'Xevenlower c’Yoddlower c zodd C'X u(X + qYZ)
c’€{0,...,s—2}~*
X Z (X)€"l (ug2)1" 1t (ug?)1<" 12 (ug® 2)1<" 13 (ugh) <"1+ . ..
c¢€{0,...,s}*
1
l-uwX+qZ+¢>+¢*Z+q* +---)

= H; 5(ug*)u(X +qY Z)

the polynomial in the denominator ending with - -+ ¢ 'Z + ¢ or ---+¢* ' +¢°Z
depending on whether s is even or odd.
On the other hand,

2 :H;‘k(u) _ § : u|c|qtot chvenlower cyoddlower cZoddc
1<k<s/2 ce{2,3,...,s}*
_ § : (uq2)|c|qtot chvenlower cyoddlower cZoddc
ce{0,1,...,s—2}*
_ * 2
- Hs—2(uq )

Hence, H* (u) = <1+ uw(X +qY 2) ) oy 2
s 1—u<X—|—qZ—}—q2+qBZ+q4_|_> s—2lugq
:1—u(qZ(1—Y)+q2+q32+q4+...) )

l—uX+9¢Z+P+PZ+q +-) 77

As the fractions H; (u) satisfy the same induction relation as the H,(u)’s, we conclude
that H(u) = Hy(u) for all 5. []

When s tends to infinity, then Hg(u) tends to Hoo(u), whose expression is shown
in (1.5). In particular, we have the identity:

(28) Z u|c|qtot chvenlower cyoddlowerCZOdd c_ H,. (U) )
c€{0,1,2,...}*

3. The Record-Signed-Euler-Mahonian Polynomials

Our next step is to form the series > ., t*H,(u) and show that the series can be
expanded as a series in the variable u in the form

(3.1) 3 Cult,a. XY, 72— St H, (u),

2. 2 -
n>0 (t yq )nJrl 5>0

where B, (t,q,X,Y,Z) := C,(t,q,X,Y,Z)/(1 + t) is a polynomial with nonnegative
integral coefficients such that B, (1,1,1,1,1) = 2"n!.
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Definition. A sequence <Bn(t, ,X,Y,Z) = Y. t*B, (g, X,Y, Z)) (n > 0) of
k>0
polynomials in five variables t, ¢, X, Y and Z is said to be record-signed-Euler-Mahonian,

if one of the following equivalent three conditions holds:

(1) The (t2, ¢?)-factorial generating function for the polynomials
(32> Cn(t7q7X7Y72) = (1+t)Bn(t7q7X7Y7Z>

is given by identity (3.1).

(2) For n > 2 the recurrence relation holds:

=<X(1 — )+ (Zg+ @)1 - 2@+ 2¢* (1 - qz)ZY) Bn-1(t,q,X,Y,2)

—5(1=t)q(1 +¢)(1 +tq)(1 + Z)Bpn-1(tq,q, X, Y, Z)

(1-1t)q(1—q)(1 —tq)(1 — Z)Bp-1(—tq,q, X, Y, Z),

DN = DN =

+

while Bo(t,q, X,Y,Z2) =1, Bi(t,q,X,Y,Z) =X +tqY Z.
(3) The recurrence relation holds for the coefficients B, 1 (¢, X, Y, Z):

(3.4) Boo(q, X, Y, Z)=1, Box(q,X,Y,Z)=0 for all k # 0;
Bio(q,X,Y,Z) =X, Bi1.:1(¢,X,Y,Z)=qYZ,
B1x(¢, X,Y,Z) =0 for all k # 0, 1;
Bnok(¢, X, Y, 2)= (X +q¢Z+@+FZ+ -+ ¢*)Bn_121(¢, X, Y, Z)
+ qszn—1,2k—1(q7X7 Y, Z)
(@ + P Z 4+ T Z) B k-2, X, Y, Z),
Bnokt1(, X, Y, 2)=(X+qZ+ ¢+ + ¢ + ¢ Z)Br_12641(¢, X, Y, Z)
+ ¢ ZBy10k(q, X, Y, Z)
+ (q2k+1Z + q2k+2 N q2n—2 + q2n_1YZ>Bn_1’2k_1(q,X, Y, Z),

forn>2and 0<2k+1<2n-—1.

Theorem 3.1. The conditions (1), (2) and (3) in the previous definition are equivalent.

Proof. The equivalence (2) < (3) requires a lengthy but elementary algebraic
argument and will be omitted. The other equivalence (1) < (2) involves a more elaborate
g-series technique, which is now developed. Let G4(u) := Hg(u?); then

1 1-w?qZ(1-Y)

G =1—ex AW =Tax )
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and by (2.6)
Gas(u) = w2 V) tq gt q2j_1Z i q2S)G2872(UQ),
1 - (X +qZ+ @+ @32+ -+ ¢* 71 Z + %)
Gawrr (1) = 11 — u22(qZ(1 — Y)+q2+3q32+ +q223+q223+112) Gae 1 (u0),
—u X +gZ+ P+ PZ A+ + T Z)
Gs(u) we obtain

for s > 1. Working with the series ) t*
s>0

5 VA + 2 2s
> 25 Gag(w) (1w (X + S —1q_q2<ZQ+q2>))
2542

1—gq
Zq+q> ¢

2s+1 2
+ ¢ G28+1(u)<1—u (X+5-2 —1_q2(Zq+1))>

s>0
2s

=1+t(1 -u*qZ(1-Y))
Zg+q¢* ¢

2s 2 2

+) 0t stfz(qw(l —u?(—qZY + T 1 _qg(Zquq )))

s>0

s>1
Zq+q2 q2s+2
251Gy, (1— 2(_q2Y — Zq+1 )
+SZ>:1 0s—1(qu) u’(—qZY + e 1_q2( q+1))),

which may be rewritten as

ZtsGs(u)<1 _a2(x 4 24t 22)) —1+t(1—u2qZ(1—Y))

s>0 1 —4q
s+2 2 Zq+q
+ ;}t Gs(qu)<1 —u?(—qZY + =& ))
2
_ Z(tq)% (G (u) — 12¢% Gy (qu) Zq+ (12
s>0 1- q
Z 1
- Z(t9)28+1(G25+1( ) — °¢°Gasi1(qu))u’q 1q —;2 :
s>0

Now let anobn(t)u% =3 5ot Gs(u). This gives:

Z bn(t)u2”<1 —u? (X + L—f—(;)) =1+t(1 —u*qZ(1 -Y))

n>0 1_q
Zq+q°
2 2 2 2
+an (H)t“q“"u ”(1—u(—qZY—|— =2 ))
n>0
n(tq) +b Zq+q
_Z )(1_t2q2n+2> 2n—+2 1
n>0 _q
—1q Zg+1
_Z )(1_t2q2n+2>u2n+2q1_q2 )

n>0
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1 X+tgYZ

We then have by(t) = -3 bi(t) = A0 - 2¢9) and for n > 2
n Zq+q° e n22q+¢
ba(t)(1 —t2¢°") = <X+ 2 + 2P ZY — 2P =g )bn_l(t)
bn—1(tq) 9 o bn—1(—1q) 2 2
— (1 - 2P (1 14+ 2) + =—— 21— 2¢)q(1 — ¢)(1 — Z).
2(1_(12)( 21+ q)(1+ 2) + 2(1—q2)( t2q™")q(1 — q)( )

Because of the presence of the factors of the form (1 — t2¢?") we are led to introduce

the coefficients C,,(t,q, X, Y, Z) := b, (t)(t*;¢*)ns1 (n > 0). By multiplying the latter
equation by (#2;¢?), we get for n > 2
(35) (1 - QQ)Cn(ta q, X? Ya Z)

=<X(1 —@*)+ (Za+@*) 1 = 2¢*"72) + 2" (1~ qz)ZY) Cp-1(t,q,X,Y, Z)

1
- _(1 - t2)q(1 + q)(l + Z>Cn—1(tq7q7X7 Y? Z)

— N

+ _(1 - t2)q(1 - q)(l - Z>Cn—1(_tQ7Q7X7 Y? Z)7

\)

while Co(t, ¢, X,Y, Z) =1+t, Ci(t,q,X.Y,Z) = (1+t)(X +tqV Z).

Finally, with C,(t,q, X,Y,Z) := (1 +t)B,(t,q,X,Y, Z) (n > 0) we get the recur-
rence formula (3.3), knowing that the factorial generating function for the polynomials
Cn(t,q, X,Y,Z) = (14t)B,(t,q,X,Y, Z) is given by (3.1). As all the steps are perfectly
reversible, the equivalence holds. []

4. The MacMahon Verfahren

Now having three equivalent definitions for the record-signed-Euler-Mahonian
polynomial B,,(t,q, X,Y, Z), our next task is to prove the identity

(4.1) maip (t,q,X,Y,Z) = B,(t,q,X,Y, Z).

Let N™ (resp. NIW(n)) be the set of all the words (resp. all the nonincreasing
words) of length n, whose letters are nonnegative integers. As we have seen in section 2
(Theorem 2.2), we know how to calculate the generating function for words by a certain
four-variable statistic. The next step is to map each pair (b, w) € NIW(n) x B,, onto
¢ € N” in such a way that the geometry on w can be derived from the latter statistic
on c.

For the construction we proceed as follows. Write the signed permutation w as the
linear word w = x1xs...x,, where zj is the image of the integer k (1 < k < n). For
each £k = 1,2,...,n let z; be the number of descents in the right factor zxxry1... 2,
and € be equal to 0 or 1 depending on whether x; is positive or negative. Next, form
the words z = 2129 ...2, and € = €1€3 .. . €,.
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Now, take a mnonincreasing word b = biby...b, and define ap := by + z,

¢, '=2ar+ €, (1 <k <n), then a :=ajaz...a, and ¢ := cjc,...c|,. Finally, form the
/ / /
two-matrix | 1, 2, 77" “» ). Its bottom row is a permutation of 12 ... n; rearrange

the columns in such a way that the bottom row is precisely 12 ... n. Then the word
¢ = c1¢y...c, which corresponds to the pair (b, w) is defined to be the top row in the
resulting matrix.

Ezxzample. Start with the pair (b, w) below and calculate all the necessary ingredi-

ents:
b=1110000

w=6541732
2=2111100
e=0110011
a=3221100
d=6552211
c=2115562

Theorem 4.1. For each nonnegative integer r the above mapping is a bijection of
the set of all the pairs (b,w) = (biby...by,, x122...2,) € NIW(n) x B, such that
2b1 + fdesw = r onto the set of the words ¢ = c1¢a...¢, € N™ such that maxc = r.
Moreover,

(4.2) 2b1 + fdesw = maxc;  2tot b+ fmajw = tot¢;

(4.3) lowerp w = evenlower ¢; lowernw = oddlower ¢; negw = oddc.

Before giving the proof of Theorem 4.1 we derive its analytic consequences. First,
it is g-routine to prove the three identities, where b; is the first letter of b,

(4.4) 1 :Z[N+:_1]q“n5

(won =

(4.5) [N;L n] = > g

bENIW(N), by <n

(4.6) + = un 3 gtotb,

"
(@) N+1 n>0  beENIW(N), b <n

We then consider

1+t fmaj
m ‘B, (t,q,X,Y, 2),

where

frnajBn(t, q, X, Y, Z) = § tfdes wquaj leowerpwylowerannegw,
weE B,
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which we rewrite as

Z (t27" i t27’/+1) [" :r’] maip (t,q,X,Y, Z) [by (4.4)]
r’'>0 q?
— S {" E%Qq B, (.. X.Y. 2) [and by (4.5)]

— E :tr E : q2 tot b E : tfdes wquaj leowerp wylowerannegw
r>0  beENIW(n),2b1<r webB,

— E : 8 E : q2 tot b+fmaj leowerp wylowern w negw
s>20  beNIW(n),weB,
2by+fdes w<s

By Theorem 4.1 the set {(b,w) : b € NIW(n), w € B,,, 2b; + fdesw < s} is in bijection
with the set {0,1,...,s}" and (4.2) and (4.3) hold. Hence,
1+1¢
(%41
Now use Theorem 2.2:
Z 5 H, (U) _ Z 5 Z u|c|qtot chvenlower cyoddlower cZOdd c

s>0 520 ce{0,1,...,s}*

— § u” § s § qtot chvenlower cyoddlower cZOdd c

n>0 520 ce{0,1,...,s}"

fmajBn (t, q, X, Y, Z) — Z s thot chvenlower cyoddlower CZOdd c
5>0 ce{0,...,s}™

un

= 1+¢)™aB, (t,¢, X,Y, Z)———.
Z( ) ( q )(t23q2)n+1

n>0

Thus, identity (4.1) is proved, as well as Theorem 1.1.

Let us now complete the proof of Theorem 4.1. First, maxc = ¢} = 2a; + ¢; =
2b1 4221 + €1 = 2b; +fdes w; also tot ¢ = tot ¢/ = 2tota+tote = 2totb+2tot z+tote =
2tot b + fmajw. Hence (4.2) holds.

Next, prove that (b, w) — cis bijective. As both sequences b and z are nonincreasing,
a = b+ z is also nonincreasing. If x; > xpy1, then 2z = 2541 + 1 and ax > apy1 + 1,
then cj, = 2ay + € > 2a41 + 2 + € > 2a41 + 2 > 2ap41 + €11 = ¢, Thus,

(4.7) Th > Tpy1 = € > Cppq-
To construct the reverse bijection we proceed as follows. Start with a sequence

¢ = c1C...cy; form the word § = 6193 ...9,, where 0; := x(¢; even) — x(¢; odd)
(1 <i < n) and the two-row matrix

Ci C2 ... Cp
151 252 nén )
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Rearrange the columns in such a way that (CZ) occurs to the left of (CJJ), if either ¢; > c¢j,
or ¢; = ¢j, 1 < j. The bottom of the new matrix is a signed permutation w. After those
two transformations the new matrix reads

/
¢\ _ [ ... a,
w r1 X2 ... Ty ’

The sequences € and z are defined as above, as well as the sequence a := (¢’ —¢€)/2.
As the sequence ¢’ is nonincreasing, the inequality ¢}, — e, > ¢} | — €x11 holds if ¢, = 0
or if €5 = €41 = 1. It also holds when €, = 1 and €41 = 0, because in such a case ¢},
is odd and ¢}, ; even and then ¢;, > 1+ ¢}, ;. Hence, a is also nonincreasing.

Finally, define b := a — z. Because of (4.7) we have z;, = zp11 +1 = ¢, > ¢ ;-
If ¢}, and ¢}, are of the same parity, then ¢, > ¢, = ar > apq1. If ¢, > ¢,
holds and the two terms are of different parity, then ¢ is even and ¢}, 41 odd. Hence,
ar = ¢, /2 > (Chy1 — €ry1)/2 = agq1. Thus zp = 2p11 +1 = ap > apy1. As 2, =0, we
conclude by a decreasing induction that by = ar — 2z > ag+1 — 2k+1 = br+1, so that b
is a nonincreasing sequence of nonnegative integers.

There remains to prove (4.3). First, the letter ¢; of ¢ is odd, if and only if j occurs
with the minus sign in w, so that negw = oddec. Next, suppose that z; is a positive
lower record of w = zix2...x,. For j < i we have z; < |z;|. Hence, the following
implications hold: |z;| < z; =i < j = ¢, > c;- = Cla;| < Clgy| and ¢, is an even lower
record of c. If z; is a negative lower record of w, then j < i = —z; < |z;|, so that
2| < —xj =i < j = ¢} >} = Cpy) < O, and ¢, is an odd lower record of ¢. []

5. The Insertion Method

Another method for proving identity (4.1) is to make use of the insertion method.
Each signed permutation w’ = ...z, _; of order (n — 1) gives rise to 2n signed
permutations of order n when n or —n is inserted to the left or to the right w’, or between
two letters of w’. Assuming that w’ has a flag descent number equal to fdesw’ = k, our
duty is then to watch how the statistics “fmaj”, “lowerp”, “lowern”, “neg” are modified
after the insertion of n or —n into the possible n slots. Such a method has already
been used by Adin et al. [ABRO1], Chow and Gessel [ChGe04], Haglund et al. [HLRO04],
for “fmaj” only. They all have observed that for each j = 0,1,...,2n — 1 there is one
and only one signed permutation of order n derived by the insertion of n or —n whose
flag-major index is increased by j.

In our case we observe that the number of positive (resp. negative) lower records
remains alike, except when n (resp. —n) is inserted to the right of w’, where it increases
by 1. The number of negative letters increases only when —n is inserted. For controlling
“fdes” we make a distinction between the signed permutations having an even flag
descent number and those having an odd one. For the former ones the first letter
is positive. When n (resp. —n) is inserted to the left of w’, the flag descent number
increases by 2 (resp. by 1). For the latter ones the first letter is negative. When n (resp.
—n) is inserted to the left of w’, the flag descent number increases by 1 (resp. remains
invariant).
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Forn>20<k<2n-—1let

fmaJBn,k: pp— E quaj leowerp wylowern w yneg w’
wE B, fdes w=k

and fmf"J‘BO’O =1, fmajBoyk := 0 when k # 0; fmf"J‘BLO =X, fmajBLl = qY Z. Making use
of the observations above we easily see that the polynomials fmajBnyk satisfy the same
recurrence relation, displayed in (3.4), as the B, (¢, Y,Y, Z).

Remark. How to compare the MacMahon Verfahren and the insertion method?
Recurrence relations may be difficult to be truly verified. The first procedure has the
advantage of giving both a new identity on ordinary words (Theorem 2.1) and a closed
expression for the factorial generating function for the polynomials ™2B,, (¢, ¢, X,Y, Z)
(formula (1.8)).

6. Specializations

When a variable has been deleted in the following specializations of the polynomials
B, (t,q, X,Y,Z), this means that the variable has been given the value 1. For instance,
Bn(q7X7 Y7 Z) = Bn(17Q7X7 Y7 Z)

When s tends to infinity, then Hs(u) tends to Hoo(u) given in (1.1). Hence, when
identity (3.1) is multiplied by (1 — ¢) and ¢ is replaced by 1, identity (3.1) specializes

into
Z+q
(6.1) Bn(q,X,Y, Z)—5—5—=Hs(u)= =
: Z
= (4% ¢*)n <u<q(1 _ﬂ;g) +X>;q2>

Now expand H.(u) by means of the g-binomial theorem [GaRa90, chap.1]. We get:

Z+q
q 5 —YZ n
s (N +X>;q2)n<u<q<fz?+x>> i
1—¢q?

By identification

Z +q
—YZ)
q<1—q2 9 <q(Z+q>+X>“
q(Z +q) ’ : 1—¢2 ’

Bn(CI,X,Y’Z):<
1— ¢?

+ X

which can also be written as
(6.2) Bn(q,X.Y,Z)=(X+qZ+ @ +¢@Z+ +¢" 2 +YZg* )

XX+ 2+ P+ P24+ YD X+ 42+ P+ PY (X +qY 2),
or, by induction,
(6.3) Bn(¢. X, Y, 2)=(X4+qZ+F+@Z+ -+ *+YZ¢* B, _1(q,X,Y, 2)
forn>2and Bi(¢,X,Y,Z)=X+qY Z.
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In particular, the polynomial ™&B, (¢, X,Y) defined in the introduction is equal
to

(6.4) Bn(q,X,Y)=(X+q++¢+ -+ 2+ Y
X (X g+ P+ EF AP X g+ P+ EY)(X +qY).
Finally, when X =Y = Z := 1, identity (6.4) reads

(6.5) > (1+1)Bul(t, q)L =2t 1 — u( :

n>0 (t2;92)n+1 5>0 1—|—q—|—q2_|_..._|_qs)’

an identity derived by several authors (Adin et al. [ABRO1], Chow & Gessel [ChGe04],
Haglund et al. [HLRO04]) with ad hoc methods. Also notice that for X =Y = Z :=1
formula (6.2) yields B, (q) = (¢%¢*)n/(1 —q)™.

For Z =0 we get

fmajBn(t,q,X, Y, 0) _ Z tfdeswquaijlowerpw,
weS,
since the monomials corresponding to signed permutations having negative letters
vanish. The summation is then over the ordinary permutations. Also notice that
fmajp (t,q,X,Y,0) = ™aB, (¢ ¢, X,0,0). Moreover, for each ordinary permutation w

we have: fdesw = 2desw and fmajw = 2majw. When Y = Z = 0 we also have
2

(g )
1—q? 4+ ug?t)’ " s

hea
1—q% +ug?t)’ " /s

Hyy1(u) = Has(u) =

and

u'fl

Z(1+t) fmajBn(t,q,X,0,0) 53 :Z(t28+t28+1)H25(U).
= (@)1 &4

With A, (¢, ¢, X) 1= maiB, (11/2 ¢1/2, X,0,0) = 3 tdeswgmajw xlowerpw o ohtain the

identity weG,
(izor
T x4
u” 1—q+ugst! )s+1
(6.7) D An(tg, X)— => :
2 T & F0ir )
1 —q+ugstt’ /s

apparently a new identity for the generating function for the symmetric groups &,, by
the three-variable statistic (des, maj, lowerp), as well as the following one obtained by
multiplying the identity by (1 — ¢) and letting ¢ go to infinity:

(6.) ZA( X) u" <1u—qq;q>oo
' = md (q;Q)n_<uX+1“—_qq;q)oo'
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7. Lower Records and Flag-inversion Number

The purpose of this section is prove Theorem 1.2. We proceed as follows. For each
(ordinary) permutation o = 0103 ...0, of order n and for each i = 1,2,...,n let b;(0)
denote the number of letters o; to the left of o; such that o; < o;. On the other hand,
for each signed permutation w = z1x5...x, of order n let absw denote the (ordinary)
permutation |z1||z2| ... |x,|. It is straightforward to see that another expression for the
flag-inversion number (or the length function), finv w, of w is the following

(7.1) finvw = invabsw + Z (2b;(absw) + 1)x(z; < 0).
1<i<n

The generating polynomial i*VB,,(¢, X,Y’) can be derived as follows. Let Lower o denote
the set of the (necessarily positive) records of the ordinary permutation o. By (7.1) we
have
ﬁann(q7 )(7 Y, Z) :Z qﬁnv leowerp wylowern w neg w
weB,

_ E : 2 : qﬁnv leowerp wylowern w ynegw

c€6,, absw=0o

:Z qinvo H (X+YZq2bi(o)+1>H (1_|_Zq2bi(o)+1>

e, o;ELower o o,ZLower o
=Y f(o),
ceS,

showing that 1™B,, (¢, X, Y, Z) is simply a generating polynomial for the group &,, itself.

But &,, can be generated from &,,_; by inserting the letter n into the possible n
slots of each permutation of order n — 1. Let ¢’ = 004 ...0/,_; be such a permutation.
Then

fleNX +YZg ),
fo"q(1 + Zg>");

f(aiaé - 'O-;L—2O-7/’L—1n)
f(aiaé - .a;_2na;_1)

/

floinoy .. o _y00,_1) = f(0")d" (1 + Z¢°);
f(noyoy .. oy _s05,_1) = f(0')d" " (1 + Zg).
Hence, "™B, (¢, X,Y, Z) =B, (¢, X,Y, 2) (X +q+ - +q" 1 +q"Z+ - +¢*" 272+
"Y' Z) (n>2). As™B(¢q,X,Y, Z) = X +qY Z, we get the expression displayed in
(1.9). []
Comparing (6.2) with (1.9) we see that the two polynomials i%VB, (¢, Z) and

B, (q, Z) are different as soon as n > 2, while i™VB, (¢, X,Y) = B,(¢, X,Y) for all n.
This means that any bijection ¥ of the group B,, onto itself having the property that

fmajw = finv ¥(w)

does not leave the number of negative letters “neg” invariant. It was, in particular, the
case for the bijection constructed in our previous paper [FoHa05].
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Remark 1. Instead of considering lower records from right to left we can introduce
lower records from left to right. Let lowerp’ w and lowern’ w denote the numbers of such
records, positive and negative, respectively and introduce

/ ’
ﬁann(CL X, Y, X/, Y/):: E :qﬁnv leowerp wylowern lelowerp wys/ lowern w
weB,

Using the method developed in the proof of the previous theorem we can calculate this
polynomial in the form

fivp (¢, X,Y, X', Y")
— (X_i_q_i_‘.‘_}_qn*Q+qn71X/+qnyl+qn+1 +.‘.+q2n72+q2nfly)
X (X g+ X+ Y+ ¢+ )X 4 qX + @Y 4+ PV (XX + qYY).

Remark 2. The same method may be used for ordinary permutations. For each
permutation o let upper o denote the number of its upper records from right to left and
define:

inmn(q’ X, V) = Z qinv UXlowerpaVuppera.
Then oES,
in%n(%X, V)=XV(X +4¢V)(X +q+q2V) (X +qg+¢*+--- +qn—1v>’

an identity which can be put into the form

U
. ur XV ba% <1—q_“5"7q)oo
7.2 m\iAn 7X7V —— =1~ + ’
(72) ;;6 (4 )(q;q)n X+V-1 X+V—1<uX+1ﬂ;q>
= —q 0
which specializes into
uq
. n\q, ) = U )

n e
(7.4) Z imﬂ‘ln(q, V) U _ (1 <_ qu ) q)oo

= (¢ Dn

Comparing (7.3) with (6.8) we then see that A,,(q, X) = ™A4,,(¢, X). In other words, the
generating polynomial for &,, by (maj, lowerp) is the same as the generating polynomial
by (inv,lowerp). A combinatorial proof of this result is due to Bjorner and Wachs
[BjW88], who have made use of the transformation constructed in [Fo68]. Finally, the
expression of ™A, (q, X,V) for ¢ = 1 was derived by David and Barton ([DaBa62],
chap. 10).
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