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Abstract

We give a bijective proof of a symmetric ¢-identity on 4¢3 series, which is a
symmetric generalization of the famous ¢-Pfaff-Saalschiitz identity. An elementary
proof of this identity is also given.

1 Introduction

Throughout this paper we regard ¢ as an indeterminate, and we follow the notation and
terminology in [5]. The g-shifted factorials are defined by

(@1, ag; ..., Am; q)n = (&1; q)n(a2; q)n o (am; q)m
where (a;q)o = 1 and (a; q), = [[}=3(1 — ag*) for n > 1.

In 1990, the second author [11] obtained a symmetric extension of a formula due to
Ramanujan-Bailey, of which the analytical proof led to the following g-identity:

T2, Yz;q9)m\Z: 4 )n 7”, €, ,Um
( ) ( )¢{q Yy, vq ;q’q}

(¢, 297 Q@ On > | Vs 2y2q™, @177/ 2,

(22,92 Q)n (25 O)m T x Y o
- yeqn, : 1.1
(@ 297 (@ P | v, ayzar, gy 99 (1.1)
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where m,n € N. Indeed, applying Sears’ transformation [5, p. 360, (II1.15)] with a =
r,b=y,c=vq" d=v,e=zyzq™, and f = ¢~"/z to the left-hand side of (1.1) yields
the following identity

(22,92 Q)m (25 @)n s ", x, Yy, v "
(@, 292 QG Q) | Vs 2y2q™, ¢4 2,0

T2, q)m\ L2 4)n\YZ; §)m+n ox, vy, g™
! ) : ). W ) . ¢3{q HEAR q}. (1.2)
(Y2 Qmtn (@3 D (G O v, 22, q Yz,

It follows that the left-hand side of (1.1) is symmetric in m and n, which is exactly what

(1.1) means.
In order to give a combinatorial proof of (1.1), we first rewrite (1.1) as

(22,92 Om ~~ (€9, 04" k(2 Qi A
(¢, 2y2; @)m <= (¢, v, 2Y2q"; Q1@ Dt

m

 (xz,y29)n (z,y,v¢"; k(2 @m—k y

_ 1.3
(¢, 7Yz o = (4,0, 2920 )i(@; O (13)

Letting x = ¢, y = ¢ O 2= ¢ v =¢ ") n=c—r, and m=d—r, and
using the formulas

-N, _ k —kN+(%) (@ a)n N+1. o (¢ @) N+
¢ i)k =(-1)"¢ 2 sk =-—F—-—, NE€EN,
( =1 (¢ @) N—k ( ) (¢ @)
the left-hand side of (1.3) becomes
(qb+r+1 qa+7’+1 i (a—r) (b T) .q (e—d);q>k(qa+b+1; q)C*T*kq(aerJrl)k
(¢, >+ q)a- 49" <€ 2, a6 @)e—rn

k=0

(@5 Q)o—r (45 @) e—a
)atb (@5 Q) e—r

_ (@ Dv+a( Qarala; D2 (a: 9)

(@ Do (€ Qarr (€ @)a— (aq7

q
- k(k+d+r) (¢; 9

x> q
ZO (¢ D1 Da—r—k(q:q

)a—i—b—l—c—r—kz(q; q)e—r—kz
)b—r—k(Q; Q)e—d—kz((ﬁ Q)d+r+k(Q; Q)c—r—kz7

where a, b, ¢, d, e are nonnegative integers and r is an integer such that » < min{a, b, ¢, d}
and e > max{c, d}.

Exchanging ¢ and d, we obtain a similar expression for the right-hand side of (1.3).
Hence, after simplification, we see that (1.3) is equivalent to

— G (D ara(@ @) e—a(@ Qarivreri (G Qert

(@ Da—r(G D@3 D a—r—k(@5 Dor—1(¢ Qe—d—k(@3 D dtr+8(05 O er—n

d—r P k+c+r)(

G Oo+e(@ Date( @ QD e—e(G Qatiord—r—i (T Q) e—r—k (1.4)

(65 @)e-r(G D@ Dar k(@3 Dbr k(@ Deme—b(@ Detr1(G Qv
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Finally, shifting k£ to k — r and using the g-binomial coefficient

M) [M Gau oo N <,
- = (¢ Q)N (g Om—-n
N| TN .
a 0, otherwise,

we can rewrite (1.4) in the following form:

Z (k_r)(k+d)a+b+c—k b+dllc—r||le—Ek
4 a—k b—k|lc—k||d=r

keZ
_ (her)hte) (@ T O+ d =k [at+c|le—c|le—k 15
D4 { b—k a—k|[k—r]ld—k] (15)
keZ
Note that setting d = r and letting e — +o0 in (1.5) we recover the g-Pfaff-Saalschiitz
identity:
Z ¢ la+b+c— k] _Ja+b]fa+c][b+c (1.6)
kEZ[a—k]![b—k]![c—k]![k—r]![k+r]!_ a+r|lct+r||b+r] '

where [n]! = (¢;¢)n/(1 —q)" for n > 0 and 1/[n]! = 0 for n < 0. In the 1980’s several
authors [3, 6, 12] published combinatorial proofs of the ¢-Pfaff-Saalschiitz identity. The
main object of this paper is to provide a bijective proof of (1.5) by generalizing Zeilberger’s
combinatorial proof of the ¢-Pfaff-Saalschiitz identity (1.6).

On the other hand, setting x = 0 and letting v — oo, identity (1.3) reduces to:

(2 Don N~ GO Dt i (12500 = G D6 Do
(45 4)m ;; @GO Dar’ (@ ,; G’ U0

while (1.2) reduces to

A" Y omr| (W5 Dman {q‘m, "
2%{‘11_”/% 4 } (yZ;q)m(?«';q)n2¢1 q"" " yz, a/y|

or

min{m,n}

% Qmin kg2 (—2)"
3 ((y q) q\? (=2)

¢ DG DG Dn-r

n

3 (W3 (2 D ke e (45D

(@ Orld; QD (Y25 @)m

(1.8)
k=0 k=0
The first author [7] has recently proved the y = ¢/z case of (1.7) by using combinatorics of
partition theory. Hence it is natural to ask for a combinatorial proof of (1.7) by extending
the argument of [7]. Note that (1.8) shows that the left-hand side of (1.7) is symmetric
in m and n, which establishes (1.7).

This paper is organized as follows: in Section 2 we give the bijective proof of (1.5) in
the framework of words, and in Section 3 the combinatorial proof of (1.8) using partitions
of integers. Finally, in Section 4, we give a short proof of (1.3) from scratch, in the same
vein as the first author’s approach to some other well-known g¢-identities [8].

THE ELECTRONIC JOURNAL OF COMBINATORICS 12 (2005), #N2 3



2 A Bijective Proof of Equation (1.5)

Let M(1™,...,m™") denote the set of rearrangements of the word 1™2"2...m". An
inversion in a word w = wyws - - - w, on the alphabet {1,...,m} is a pair of indices (i, j)
such that ¢ < j and w; > w;. The number of inversions of w is denoted by inv(w). For
instance, for w = 131223211 € M(1%,23,3%), we have inv(w) = 15. It is folklore [2,
Theorem 3.6] that

inv(w n++nm'
> g = I ! (2.1)

wEM(171,...,mnm) [nl]' T [nm]'

On the other hand, for any word w on the alphabet of two letters {a, b} with a < b,
we define 124,(w) to be the word obtained from w by reversing the order of letters of
w and then interchanging the letters a’s and b0’s. For instance, if a = 1 and b = 2,
then 215(11222221) = 21111122. Tt is easy to see that 124, is an involution such that
inv(w) = inv (1 (w)).

If wy; and wy are two words, we denote by wjws their concatenation.

Lemma 2.1 Let b,c,d,e € N and r € Z such that r < min{b, c,d,e,d + e — c}. For any
k € Z, define the sets

Ak — M(2b7k73k+d) % M(2k7T,4cfk> % M(Befkjéldfr),
Bk: — M(2b7k73k+c) % M(2k77"46+dfcfk) % ]\4(3d7k74:€71“)7

where M (a®, V) =0 if i <0 or j <0 by convention. Set A = U, Ay and B = UyBy,. For
each triple w = (w1, we, ws) € AU B, define the statistic inv(w) = inv(wiws) + inv(ws).
Then there is a bijection 0: A — B such that inv(w) = inv(f(w)).

Proof. Start with a triple (wy,ws,ws) € Aj. Replacing all the 4’s in wy by the leftmost
¢ — k letters in w3 one by one, we obtain a word w). Denote by wj the word obtained
from wj by deleting all the 4’s. Let v} be the word obtained from w} by replacing every
2 by 3. Note that both w; and w} are words on {2,3}. Let v; be the word corresponding
to the leftmost b + ¢ letters in wyw?, and let v{ be the word such that v1v] = wyw}.

Let w} be the word obtained from ws by deleting the leftmost ¢ — k letters. It is easy
to see that the number of 4’s in w} is exactly equal to the length of v{. Let w} = 134(w}).

Replacing all the letters 3’s in w4 by those in v] one by one, we obtain a word w5’. Let v,

"

be the word obtained from w}’ by replacing every 3 by 4, and let v}, be the word obtained
from w4’ by deleting all the 2’s. Finally, let v3 = vh34(v}). Clearly v = (vq,v9,v3) € B.
Conversely, if v = (vy,v9,v3) € By, then the above procedure with ¢ — k changed to
e+d—c—Fkand b+ ctob+d also defines a mapping 0 from B to A such that 67 is the
identity mapping. Thus, the mapping 6: w — v is a bijection from A to B.
It remains to show that inv(w) = inv(v). Let |u|; denote the number of occurrences

of ¢ in the word u. Note that, in our construction from w to v, we have the following
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obvious relations:

inv(ws) = inv(wh) = inv(wy) + inv(vy),
inv(wy') = inv(wy) + inv(v]) = inv(wy) + inv(v}),
inv(wy') + inv(vs),

)

inv(vy) + inv(vy) + |v]3 - [vi]e = inv(wy) + inv(wh) + |wy]s - [wh s,
= inv(wy) + inv(wh) + |wy3 - |wals,
|va]2 = [v1]2,
|v3la = [wg'la = [wila = |wh]s,
|v3]a = [wsls,

inv(wsz) = inv(wy) + |wss - |ws)s-
It follows that

inv(vyv2) + inv(vs)

= inv(vy) + inv(ve) + |v1]3 - [va]a + inv(vy) + inv(vy) + |vhla - [v5]a
inv(vy) + inv(vy) + inv(wy) + |vi]s - |v2|e + inv(vy) + |wsls - |wh|a
inv(w) + inv(wy) + |wils - Jwsle + inv(wy) + inv(vy) + |wh|s - |whla
(
(

inv(wywsy) + inv(ws).

inv(wy) + inv(wy) + |wis - |wala + inv(wy) + |wsls - Jw|s

This completes the proof.

Example 2.1 Let b=7,¢c=8,d=9,e=10,r=0and k =4. If

w = (wy,wy, w3) = (3323333233323333, 42244242, 334344344434344),

then, wy = 32234232, i.e., w) = 3223232 and v = 33334333. So, v; = 332333323332333

and v] = 33223232.

On the other hand, w} = 44344434344, i.e., wj = 33434333433. Hence, w?’
33424232432, i.e., vy = 44424242442 and vy = 3344343. Thus, vy = vhiz4(v})

334434344434444. Namely,
v = (v1, 02, v3) = (332333323332333, 44424242442, 334434344434444).
It is easy to see that inv(w) = inv(v) = 95.
Proof of (1.5). Let M = UM, and N = Uy Ny, where
My, = M(17+¢,207%) s M(10F, 350d) 5 M(257, 457F) 5 M (36K, 497,
Ny = M(19+4,25F) 5 M(197K 37+ 5 (b7 getd—c=k) o pp(3d=k gery,
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For each element w = (wy, we, w3, wy) of M U N define
inv(w) = inv(w;) + inv(waows) + inv(wy).

Then, in view of (2.1), we have

Z vw) (k- kta) |0 T OFCe— k| [b+dl{c—r|let+d—r—k
¢ =g o - T

weMj,
Z mvw) _ (k—rkte) [@ FOFd—k|{atc||le+d—r—c|le+td—r—Fk
eNq - b—k a—k k—r d—k ’
weN,

Hence, replacing e by e + d — r, identity (1.5) can be rephrased as follows:

Z qinv(w) _ Z qinv(w)'

weM weN

We now give a bijection n: M — N to interpret the above identity. Start with a
quadruple w = (wy, wy, w3, wy) in M. Replacing all the b — k 1’s in wq by the rightmost
b — k letters in wy, we obtain a word w). Denote by w) the word obtained from w} by
deleting all the 1’s. Let v} be the word obtained from w} by replacing every 3 by 2. Note
that wj is a word on {2,3}. Applying Lemma 2.1, we obtain (v}, vs,v4) = 6(wh, w3, wy).

Let w} be the subword of w; corresponding to the leftmost a + ¢ letters. It is easy to
see that the number of 1’s in w] is exactly equal to the length of v. Let w} = 115(w)).
Replacing all the 2’s in w] by the word v}, we obtain a word w{’. Let vy be the word
obtained from w’ by replacing every 2 by 1, and let v be the subword of w}’ by deleting
all the 3’s. Finally, let v; = 112(v])vs. Suppose vz has d — k' 3’s. Then it is easy to see
that v = (vq, v9, v3,v4) € Np.

Conversely, if v = (vy,v9,v3,v4) € Ny, then the above procedure with b — k changed
to a — k, and a + ¢ changed to b+ d also defines a mapping from N to M, also denoted
by 1. It is easy to check that n? is the identity mapping. Namely, n: w — v is a bijection
from M to N. Moreover, an argument similar to that in the proof of Lemma 2.1 shows
that inv(w) = inv(v). This completes the proof. |

3 A Combinatorial Proof of Equation (1.8)

Replacing q by ¢%, y by —yq, and z by —zq, we can rewrite (1.8) as

n min{m,n} m 2
Z(_l)k(—yq;f)k(—zq; q2)n—kzq(2m+1)k2k - [m] (2" ¢%)nng" 2" (3.1)
par (4% ¢*)r (g% ¢*)n—r —~ k], (4% ¢*)n-r

A partition X is a finite sequence of nonnegative integers (Aj, Ag,...,A,) such that

A > X >- >N, > 0. Each \; > 0 is called a part of A\. The numbers of parts, odd
parts, and even parts of A are denoted by ¢()), odd(\), and even(A), respectively. Write
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Al = > Ai, called the weight of A. The set of all partitions into even parts is denoted
by Peven- The set of all partitions into distinct odd (resp. even) parts is denoted by Dyaq
(resp. Deven). Let Py (resp. Ps) denote the set of partitions with no repeated odd (resp.
even) parts. Given two partitions A and p, we define AU to be the partition whose parts
are those of A\ and p in decreasing order, and A + p to be the partition of which the ¢-th
part is the sum of \; and y;. If ¢ is a part of A\, then A\ ¢ denotes the partition obtained
from A by deleting one part equal to ¢.

The following lemma is a combinatorial version of the g-binomial theorem, as shown
in [7]. See also Chapman [4]. For the convenience of the reader, we sketch a proof here.
Other models, as overpartitions, of the g-binomial theorem have been given by Joichi and
Stanton [9] and Alladi [1]. See also Pak’s survey [10].

Lemma 3.1 There is an involution o on Py such that for each A € Py, we have
lo(AN)| = [N, €(a(N)) = [A1/2], and odd(a(N)) = odd(N).

Proof. Given a partition A € Py, we draw the 2-modular diagram of A as follows: an even
part 2k will give a row of k 2’s, while an odd part 2k + 1 will give a row of k 2’s followed
by a 1. So each part \; corresponds to a row of length [);/2], and the number of 1’s in
the 2-modular diagram is odd()\). Since no odd part of A is repeated, the 1’s can only
occur at the bottom of columns. We identify elements of P; with their diagrams, and
then define o to be conjugation of diagrams. Clearly, the number of rows in the diagram
is £(\), while the number of columns is [A;/2]. Thus, o has the required property and
Lemma 3.1 is proved. 1

Example 3.1 Let A = (10,9,7,4,4,4,3,2,2,1). Then, A gives the left 2-modular dia-
gram below, while its conjugation o(\) gives the right 2-modular diagram below:

2 2 2

2 21

2 1
22 2 2 2 21
2 2 21

NN NN NN NN
NN NN NN
NN N
NN NN

=N NN

Namely, o(\) = (19, 13,6, 5, 3).

We derive immediately the following result.
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Lemma 3.2 We have

o o (—2¢;¢*)n
$ gzt = § ghleaa) _ 2T (3.2)

LEPL \ePy (q 4 )"
{p)<n A1<2n

We also need some other lemmas. Set
Amn = {(A, 1) € Py x Pr: l(A) +£(p) < nand Mgy > 2m + 1},

Lemma 3.3 Form >0 and n > 1, we have

n

Z(_l)k (=yq; P)i(=24; ¢ )nr g2k

—~ (4% k(a5 @) n—k

= Z (—1)) glAlFIulyeven() jodd(u)+6(A) (3.3)
(A, WEAm,n

Proof. Let v = (2m +1,...,2m + 1) be a partition with k& parts. By Lemma 3.2,

(¥ @k (om At s -~
ﬁqm TORRE = ) Z gy edd() — Z P lyyeven) 1)
4% q 2 2
Ur)<k (N)=k
( )>2m+1

where A = 7 + v. Also,

zqq o
(= Y

(q q HEPY
Z(u)<n k

Multiplying the above two identities and summing over k, we get the desired identity. 1
Let B,,, be the subset of A,,, consisting of the pairs (A, ) such that )\; is odd for

some %, or f; is odd for some j and p; > 2m + 1.

Lemma 3.4 Form >0 and n > 1, we have

Z (_1)Z(A)q\)\|+\u\yeven()\) Zodd(u)+€()\) —0. (34)
A w)EBm,n

Proof. We will construct a weight preserving and sign reversing involution ¢ on B,, ,. For
any (A, ) € Byn, as no odd part of u is repeated, let ¢ be the largest odd part in A U pu.
By the definition of B,, ,,, we see that t > 2m + 1. Now define

(AUt p\t), iftisa part of p,
(A\t, wUt), iftisnot a part of p.

(A, 1) = {
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It is straightforward to verify that ¢ is an involution on B,,, which preserves |A| + |ul,
even()) and odd(p) 4 £()\) and reverses the sign (—1). |

Proof of (3.1). Note that (A, 1) € Ay \ By if and only if A € Deyen and for any i if p;
is odd then p; < 2m — 1. Combining Lemmas 3.3 and 3.4, we see that the left-hand side
of (3.1) is equal to

S (1) g ) o )
A\ w)EAm,n\Bm,n

min{m,n}

Z S DL S A V2T Rl R (3.5)
UEDO(ld T€Dodd
é(?’]) Vepeven

m<2m—1 ) +He(v)<n—k

where k = odd(p), p=nUv, and 7; = \; — (2m + 1).
Now, setting m; = n; — (20 — 1), 1 < ¢ <k, and using the result (see [2, Theorem 3.1])

> <[]

L)<k
a1 <m—~k
we have
Il — k2 ml — |
Yo d"=d" > dT=¢ {k] - (3.6)
N€Doda 7€ Peven q
)=k o)<k
m<2m—1 m1<2m—2k
Also, replacing z by —yz¢*™™! and n by n — k in (3.2) yields
T|+|v m T (yzq2m+2;q2)n—k
Z g (—yzg?m ) = — . (3.7)
S (4% 4% )n—t
VEPeven
()0 Sk
Finally, combining (3.5), (3.6) and (3.7) completes the proof. ]
4 An Elementary Proof of Equation (1.3)
Lemma 4.1 For m,n € N, we have
(2q, Y4 O N\~ (@,9,00™ Ok (24,94 0)n i T, Y, 04" Q) & (4.1)
(¢, 29 @)m = (¢, 0, 2yq™ 5 Q)i (¢, 2yq; O)n <= (a,v, 2y )

Proof. For k >0, let B(—1,k) =0 and

Blr k) (4, yg; 9)r (x,y,vqilq)k £ or>o.
(¢, 2yq; q)r (g, v, 2yq" 1 q)k
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For r, k > 0, set
A(r,k) := B(r, k) — B(r — 1, k).

Then (4.1) may be written as

Since A(r, k) = A(k,r), the above identity is then obvious. |

Proof of (1.3). Since both sides of (1.3) are rational fractions of z, it suffices to show
that (1.3) holds for all z = ¢¢ (¢ > 1). We proceed by induction on ¢. The z = ¢ case of
(1.3) is equivalent to (4.1) and has been proved. Suppose (1.3) holds for z = ¢°. Denote
the left-hand side of (1.3) by S(m,n,z, z) for nonnegative integers m and n. Then (1.3)
means nothing else that S(m,n, z, z) is symmetric in m and n. Multiplying both sides of

1— xyz2qm+n . I(l _ yzqm) .
R (—aq’)+ —— " pp (¢" — 2q") ryzq (4.2)
by
1 (.CI?Z,yZ; q)m (:E,y,vqm;q)k(z;q)n,k Zk

I

1 — zyzq™* (q, 2y2; Om (¢, 0, 2y2q™; Q)¢ @) n—k

and summing over k£ from 0 to n, we obtain
aS(m,n,zq,z) +bS(m,n,x, zq) = S(m,n,x, z), (4.3)
where the coefficients a and b are two symmetric expressions in m and n:

Y (1 —zyz?q™)(1 — 2)(1 — z2) b= z(l—2)(1 —2z2)(1 —yz)
(1 —ay2)(1 — zzqm)(1 — 22¢")’ (1 —2y2)(1 — 22¢™)(1 — z2¢")

Since both S(m,n,xq, z) and S(m,n,x,z) are symmetric in m and n by induction hy-
pothesis, we deduce that S(m,n,x, zq) is symmetric in m and n, i.e., (1.3) holds for zq.
This completes the proof. 1

Remark. Equation (4.2) can be obtained from the n = 1 case of the g-Pfaff-Saalschiitz
identity [5, (1.7.2)]. Krattenthaler has indicated how to derive contiguous relations as (4.3)
from special cases of terminating basic hypergeometric summation or transformation for-
mulas (see “A systematic list of two- and three-term contiguous relations for basic hyperge-
ometric series,” available at http://euler.univ-lyonl.fr/home/kratt/papers.html).
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