A note on an identity of Andrews
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Abstract

In this note we use the g-exponential operator technique on an identity of Andrews.

1 Introduction

The following formula is equivalent to an identity of Andrews (see [3] or [1]):

d (q/be, acdf; q)y, n > (q/bd, acdf;q)n ,,
d; (ad, df; @)ns1 (b) C; (ac,cf; q)ni1 (be)
(q,qd/c,c/d, abed, acdf, bedf; @) oo

= ) 1
(ac,ad, cf,df,be, bd; q) oo (1)

Liu [3] showed it can be derived from the Ramanjan 19y summation formula by the ¢-
exponential operator techniques. In this short note, again using the g-exponential operator
technique on it, we obtain a generalization of this identity. We have

Theorem 1.1. Let 0 <| g |< 1. Then

—  (q/be, q/ce, acdf; q)n —  (q/bd, q/de, acdf; q)n
; (&d, df, Q>n+1(q2/b6de; Q)n % (CLC, Cf; q)n+1(q2/de€; Q>n
(q,qd/c,c/d, abed, acdf, bedf, acde, cde f, bede / q; @) oo

= d . 2
(ac,ad, cf,df,be,bd, ce, de, abc*d?*e f /q; @) o )

*This research is supported by the National Natural Science Foundation of China (Grant No.
10471016).

THE ELECTRONIC JOURNAL OF COMBINATORICS 12 (2005), #N3 1



2 The proof of the Theorem

The g-difference operator and the g-shift operator n are defined by

D,{f(a)} =~ (f(a) ~ f(aq)

and
n{f(a)} = flag),
respectively. In [2] Chen and Liu construct the operator

0= n_qu.

Based on these, they introduce a g-exponential operator:

oo

b@
< (€0

n=

For E(bf), there hold the following operator identities.

E(b0) {(at; q)ec } = (at, bt; ) oo, (3)
(as,at, bs, bt; @)oo

Eb8){(as,at;q)o} = (ab5t1q: ) (4)
Applying
wa) — (—ay-ng (") (470 @)oo
(q/a;q)n = (—a)™"q T (5)
we rewrite (1) as
= (acdfi)a (AN 1) gy
dZm (—2) q( ){(q bcabdv(DOO}
(acdf; q)n C\" (n+1 n )
B Z (ac,cf; @)nt <_3) o) {(g7"bd, be; g)oo}
(4 ,qd/c, ¢/d, acdf; q)oo -{(abcd, bedf ;) oo } - (6)

(ac,ad, cf,df; q)eo
Applying E(ef) to both sides of the equation with respect to the variable b gives

o0

d d\" (nt1
dz a;Cdf.{ anrl (__) q( 2 ) E(ee) {(qfnbc, bd7 q)oo}

C

o~ (acdfi@)n (_ e\ (o .
_Cgmﬁ) a("2) - B(e6) {(g7"bd, be ) }

_ (g.qd/c,c/d, acdf;q) |

= (ac,ad, cf, df; q)>® - E(ed) {(abed, bedf; q)oo} - (7)
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Again, applying the results (3) and (4) of Chen and Liu, we have
q~"be, bd, g "ce, de; @)oo
(g mbede/q3 q)oe

E(eb) {(q_”bc, bd,; q)oo} = (

(g7"bd, be, g~ de, ce; q) o
(q7"bede/q; @)oo

E(eb) { (¢7"bd, be; @)oo } =

and

(abed, bedf, acde, cdef; q) oo
(abc*d?ef /¢ 4)o

Substituting these three identities into (7) and then using

(07" @)oo = (—a)"q "2 ) (q/a; @) (0 9) oo, (11)

E(ef) {(abed, bedf ;@)oo } = (10)

n+1)

we have

(bd, de, be, ce; q) oo Z (q/be, q/ce, acdf; q)n 7
(bede/q; ) oo (ad, df; q)n+1(q?/bede; q)y,

 (be, e, bd, de; q) o Z (q/bd, q/de acdf;q)n
(bede/q; q) oo (ac, cf; @)n+1(q?/bede; q)n

(q,qd/c,c/d, acdf, abcd, bedf, acde, edef; q)so (12)
(ac,ad, cf,df,abc*d?*ef /q; q) oo '

= d

Hence we get

— _ (q/be,q/ce,acdf; q)n —  (q/bd, g/de, acdf; q)n
d q" —c q"
ZO (ad, df; q)n11(q°/bede; )y, ZO (ac, cf; @)n+1(q?/bede; ),
d(q, qd/c,c/d, abed, acdf, bedf , acde, cdef, bede/q; q) oo
(ac,ad, cf,df, be, bd, ce, de, abc*d?*ef /q; @) oo

The proof is completed.
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