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Abstract
This paper deals with the enumeration of k-colored Motzkin paths with a fixed
number of (left and right) peaks and valleys. Further enumeration results are ob-
tained when peaks and valleys are counted at low and high level. Many well-known
results for Dyck paths are obtained as special cases.

1 Introduction

A wide range of articles dealing with Dyck and Motzkin paths and related topics appears
frequently in the literature (e.g., [1, 7, 9, 12, 13, 14, 15, 20]). More generally, k-colored
Motzkin paths [2, 17] which have horizontal steps colored by means of k colors, are of
particular interest and have important applications (e.g., [3, 4, 8, 17] for k = 2 and [11, 17]
for k = 3).

In this paper, several enumeration results for the set M of k-colored Motzkin paths,
according to various parameters are established, with the aid of generating functions.
Most of these results are known for & = 0 (i.e., for Dyck paths), while they are new even
for k =1 (i.e., for Motzkin paths).

In section 2, some basic definitions and notations referring to the set M and various
parameters of it are given.

In section 3, using some simple bijections, several parameters of M are categorized
into classes, the elements of which are equidistributed. Then, by picking a parameter
from each class (e.g. the number of left peaks, right valleys, double rises and peaks) the
generating function of M is found according to length, number of rises and this parameter,
giving several enumeration results.

In section 4 (resp. section 5), parameters related to peaks and valleys at low (resp.
high) level are considered. Several well-known results on Dyck paths are generalized to
k-colored Motzkin paths. For example, it is shown that the parameters “number of high
peaks” and “number of valleys” are equidistributed in M. This result is also shown by
constructing a bijection on the set M.
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2 Preliminaries

A k-colored Motzkin path of length n is a lattice path of N? running from (0,0) to (n,0),
that never goes below the z-axis and whose allowed steps are the up diagonal step (1, 1),
the down diagonal step (1, —1) and the colored horizontal step (1,0) which is labeled by
means of £ colors, k € N. These steps are called rise, fall and level step respectively.

In the cases k = 0,1 we obtain the well-known Dyck and Motzkin paths, enumerated by
the Catalan numbers C», for n even (A000108) and the Motzkin numbers M, (A001006)
respectively, [18]. On the other hand the number of 2-colored (resp. 3-colored) Motzkin

paths of length n is equal to C,, 11 (resp. Z (7)Crtr)s 8, 17].

In this work we restrict ourselves to the case where k # 0, though all the results of
this paper remain true for k = 0.

It is clear that each k-colored Motzkin path is coded by a word u = wjus---u, €
{a,a, (1, B2, ..., Br}", called k-colored Motzkin word, so that every rise (resp. fall) corre-
sponds to the letter a (resp. a) and every colored level step corresponds to a certain [,
ielk]={1,2,...,k}; see Fig. 1.

3
2
1

0 1.2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

u=a i aaaaalpPy fraalp apPyaaaaaaral

Figure 1: A 2-colored Motzkin path and its corresponding word

Throughout this paper we denote by M the set of all k-colored Motzkin words (or
equivalently k-colored Motzkin paths). Its subset consisting of all the words in {a,a}* is
the set D of Dyck words. Furthermore the subset of M which contains the words u of
length [(u) = n with r(u) = r rises, where 0 < r < [%] is denoted by M,,,.. In particular
we write D, = M, for the set of Dyck words of length 2r.

It is clear that each non-empty word u = ujus - - -u,, € M can be uniquely written in
either of the forms u = /3,2, or u = awaz, where w,z € M and v € [k].

It follows that the sets

={ueM:u =a}
and
B={ueM:u =p,velkl}U{e
where € is the empty word, form a partition of M.

For a parameter ¢ defined on M we will denote by F; the generating function of M

according to the parameters [, r and ¢ i.e.,

Fy(z,y,t) = Y alyra),
ueM
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Similarly, we denote by A,, B, the generating functions of A, B respectively, according
to the parameters [,r and q.

If g(u) = 0 for all u € M, then by F(x,y), A(x,y), and B(z,y) we denote the
generating functions of the sets M, A and B, respectively, according to the parameters [
and 7.

Using the partition {A, B} of M, we obtain at once the following equation ([17],
Proposition 3.1).

2y F*(z,y) + (kr — 1)F(z,y) + 1 =0 (1)
and the coefficients of the powers F*(x,y), s € N* are given by the formula:
S n-+s
T S = kn72r' 2)
"y'] n—l—s(s—i—r,r,n—%) @)

Two parameters ¢, go of M are called equidistributed if

H{u € Mo, qu(u) = pi| = {u € My, 2 ga(u) = p}|

for every n, r, u € N.

A point of a k-colored Motzkin path is called peak (resp. wvalley) if it is preceded by
a rise (resp. fall) and followed by a fall (resp. rise). A left peak (resp. left valley) is
preceded by a rise (resp. fall) and followed by either a level step or a fall (resp. rise).
Obviously, a point of a k-colored Motzkin path is a peak (resp. valley) if and only if it is
both left and right peak (resp. valley). The right peak and the right valley are defined in
an analogous way. A peak or a valley is at height k if its y-coordinate is k.

A double rise (resp. double fall) occurs at a point preceded as well as followed by a
rise (resp. fall). A left double rise (resp. left double fall) occurs at a point preceded by a
rise (resp. fall) and followed by either a level step or a rise (resp. fall). The right double
rise and the right double fall are defined in an analogous way; see Fig. 2.

3 Enumeration according to various parameters

In this section we present several enumeration results, using the generating functions of k-
colored Motzkin paths according to length, number of rises and various other parameters.

We will study the parameters of M : Ip, rp, p, lv, rv, v, ldr, rdr, dr, ldf, rdf and df
defined by the number of left peaks, right peaks, peaks, left valleys, right valleys, valleys,
left double rises, right double rises, double rises, left double falls, right double falls and
double falls respectively.

It is easy to see by considerations of symmetry that if {qi, g2} is anyone of the pairs
{lp,rp}, {lv,rv}, {ldr,rdf}, {rdr,ldf } and {dr,df }, then the parameters ¢, ¢> are equidis-
tributed.

Furthermore, we will show that if {qi, g2} is anyone of the pairs {dr,v}, {ldr,lv} and
{rdr,rv} then the parameters ¢, g2 are equidistributed.
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0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

peaks : 7, 12, 21 valleys : 5, 19

left peaks : 3, 7, 12, 16, 21 right peaks : 4, 7,9, 12, 18, 21, 23
left valleys : 5, 8, 10, 14, 19, 22 right valleys : 1, 5, 11, 15, 19
double rises : 2, 6, 20 double falls : 13

left double rises : 2, 3, 6, 16, 20 right double rises : 1, 2, 6, 11, 15, 20
left double falls : 8, 10, 13, 14, 22 right double falls : 4, 9, 13, 18, 23

Figure 2: Various kinds of points of a Motzkin path;
(each point is coded by its z-coordinate).

To see this, we consider an involution # of M which is defined as a natural extension
of the involution of D used in [6] in order to show that the parameters dr and v are
equidistributed in D.

The definition of @ is given recursively: If u = € we set 0(¢) = €. Next, for n € N* and
assuming that 6(z) has been defined for each z € M with I(z) < n, we set

e(u):{ﬁyﬁ(z) if u=B,2 velkl, ze M

ab(z)ab(w), if u=awaz, w,z e M.

It is easy to check by induction that 6 is an involution of M such that [(6(u)) = I(u),
r(0(u)) = r(u) for each u € M and 0(A) = A, 0(B) = B.

Furthermore, we show by induction that dr(6(u)) = v(u), for each u € M.

Indeed, if u = 3,z for some v € [k] and z € M, then

dr(0(u)) = dr(0(z2)) = v(z) = v(u).
If on the other hand v = awaz for some w, z € M, then

[ dr(0(2)) + dr(O(w) + 1, if 0(z) € A;
dr(f(w)) = {dr(@(z)) Ldr(O(w)),  if6(z) € B

Jo(z) Fo(w) +1, if z € A;
a )+

r

v(z (w), ifze B

= v(u).

In the same way it can be shown that (dr(0(u)) = lv(u) and rdr(0(u)) = rv(u), for
each u € M. From the previous discussion we deduce the next result.
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Proposition 3.1 The following parameters are equidistributed in M:
1. Ip and rp.

1. dr, df andv.

1. ldr, rdr, ldf, rdf, lv and rv.

In view of the previous result, it is enough to investigate the parameters Ip, dr, rv
and p. For this we use the following result.

Lemma 3.2 The generating function F(x,y, s, t) of M according to the parameters l,r,p
and q, where q(u) is the number of occurences of aB,, v € [k], in a word u € M, satisfies
the following equation:

F=1+kaF +2*y(s+ katF + F — 1 — kxF)F.

Proof: Each non-empty word u = ujyug---u, € M can be uniquely written in one of
the forms u = S,wy, u = aaw;, u = af,wiawy or u = acwiawsaws, where v € [k] and
wi, we, w3 € M. So, we obtain that

F =1+ kaF + 2*ysF + kadytF? + o*y*F?
=1+ kaF + 2%y (s + katF + 2y FHF
=1+ kaF +2%y(s+ katF + F — 1 — kaF)F. O

For the proof of the next result we need the well-known Vandermonde convolution

formula ([10], (3.1))
> ()0 -(0) g

p=0

S o () (") = (00,

(where (—u)" = max(—p,0) and —p < 7.), for g > 0 ([10], (3.48)).

as well as the formula

Proposition 3.3 The generating function Fy, satisfies the following equation:
(kay(t — 1) + 2*y) Fi(z,y,1) + (2y(t = 1) + ko — D Fyp(z,y,8) +1=0.  (5)

Furthermore the coefficients of the powers Fy(x,y,t), s € N* are given by the formula

n s s{n—r-+s T n—r+s—1\,, o
[xytvm”:;(n—%)(v)( v-1 )k 2 ©)

for every 1 <y <.
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Proof: Clearly, since Fj,(z,y,t) = F(x,y,t,t), equation (5) follows at once from Lemma

3.2.
We now come to find the coefficients of the powers Fl;(x, y,t), for s > 1. For this, we

set ¢ = x(t — 1) and H(z) = zF,(r,y,t) where y and t are considered as parameters.
Using the equation obtained above, we have that

x((kyqb +y)H*(2) + (¢y + k)H (z) + 1): H(x).

If we set P(\) = (k¢ + 1)y \? + (¢y + k)X + 1 then H(x) = zP(H(x)) and P(0) = 1.
Using the Lagrange inversion formula [19], we obtain that

g S 1 g— S— ag
(27T = —ATT(sXTHP(N)°).
Furthermore, we have

“NTHP(V)” =

g

(a) (k¢ + VyA + (¢y + k)’

3=

(U)( ) ¢y+k)z 3 é(k¢+1)£)\§+z+s 1
=0

Al

m
2

= Z > (ma_ 5) (m ¢ 5) (dy + k)" 2yt (ke + 1) A7

m=0=(m—o)*

If we set m = 0 — s we obtain that

=23 (0 ) (77w mr o

for every o > s.
Applying the previous equality for o + s instead of o, after some simple manipulations

we deduce that

(5]

Foent) =30 3 (T50) (77 e+ ok )%

o=0 £=0

£ ptJ 1
S5 iy (pﬂ)( sto )
o—+s Y S+€7j70'_2£_j7p7€_p

. k072£fj+pyj+étvxj+p+0

0o 3] r r—ymin{r—vn—2r} -
_ Z (—1) " s r—v\
n—r+v+s\ v

‘ n—r+v+s fn=2r gy
v+p+s,r—p—v,n—2r—p,pv
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It follows that

2y O, = skn=2r Z(T—V) n—r—l—l/—i—s—l)!r_y( r+s )(n—QT)
(n—2r)! T—f-S'V ¥ V! “\r—v-—p p

0 p=

:f(n—r—irs) (T)kn%i(_lyvV(r—’y)(n—r+y+s—1)
r\ n-—2r vy —~ v r—1
_s(n—=r+s\(r\(n-—r+s—1 o2

o\ n—2r 7y vy—1

for every 1 <y <. O

Remark Notice that if ¥ = 0 then r = 0 too. In this case we have [z"y"t°]Fjs = ("7*T1) k™.

As we have already pointed out, it is enough to deal now with the parameters rv, dr
and p. Though these parameters can be studied independently using a method analogous
to that of the proof of Proposition 3.3, we will investigate them in relation to the parameter
Ip.

We can easily show that rv is expressed in terms of Ip as follows:

= een g
Using relation (7) we derive the formula

Froa,y,t) = 1= 7+ (7 + ka(1 — 7)) By, y, ) (8)
Furthermore we obtain the following result.

Proposition 3.4 The number of all u € M,,, with v right valleys is equal to
Py E = 1 (n — r) (7’) (n — r) =2
n—r r v)\v+1
where 0 < v < r.

Proof: Let ay,~ = %("*TH) (;) ("*r), where 1 <y <.

n—2r y—1
From proposition 3.3 and relation (8) it follows that

Fop(z,y,t) = 1 — 4 (67 + k(1 — ¢ 1 — kx 4 ZZZ% KTy

n=2 r=1 y=1

= + Z an,r,wlk"’%x"yrt”jL

0 [e%s) [Lﬁl] r—1
+ Z e D D TR S

n=3 r=1 y=1 n=3 r=1 =0
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We show the desired formula when 1 <y <r—1land1<r < [”T_l] (The other cases
can be easily checked).
From relation (9) we obtain that

[znyrt’y]Frv = (an,r,'erl + Ap—1,ry — @nfl,r,'erl)kniQT

S0 GO0
o)) ()

giving, after some simple manipulations, that

1 n—r\/r\/n-—r
o Y Frv — kn72r'
o= () G ) u

We now come to the parameters dr and p. We first need the following result, the proof
of which is straightforward and it is omitted.

Lemma 3.5 If q1, q2 are two parameters of M with
@ (u) 4+ g2(u) =r(u), for each u e M (10)
then F,,(z,y,t) = F, (z,yt,t™"). Hence, [x"y"t"|F,, = [x"y"t"|F,,.

Clearly, each of the pairs {lp,dr} and {ldr,p} satisfies relation (10), so that from
Propositions 3.1, 3.3 and 3.4 we obtain the following result.

Proposition 3.6 The number of all u € M,,, with v double rises and the number of all
u € M,,, with v peaks are equal respectively to

1 — 1 —
[xnyrt'y]Fdr _ n T+ r n r kn72r
r\ n-—2r y)\r—v—1

where 0 <~y <r—1 and

1 n—r\/r n—r
n TN E = kn72r
L, n—?"( r )(v)(r—7+1)

Remark Notice that if we apply the above formulae for n = 2r we obtain that the
number of all Dyck paths with semilength r and ~ double rises (resp. peaks) is equal to
the Narayana number %(;) (Vil) (resp. %(yil) (:)) (see, for example, [5]).

where 0 < v < r.
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4 Low peaks and low valleys

A peak (resp. valley) at height 1 (resp. 0) is called low peak (resp. low wvalley). We
denote by p (resp. ) the parameter of M determined by the number of low peaks (resp.
low valleys). Low left and low right peaks and valleys, as well as the parameters induced
by them are defined similarly. Since each of the pairs {Ip,rp} and {lv,7v} consists of
equidistributed parameters, it is sufficient to consider ¢ when ¢ € {ip, p,v,rv}.

For every such ¢ we consider the set N of all ¢g-free k-colored Motzkin paths i.e.,

Ny ={ue M:qu) =0}

and its generating function G4(z,y) according to length and number of rises i.e.,

Galep) = 3 2y,
UGNq

In the sequel we find for each ¢ the formula of G5, which is used to obtain the generating
function Fj.

We start with the parameter Ip.

If u € N, then u = ¢, or u = 3,2, or u = awaz where w € A, z € Nj; and v € [k].

It follows that

Gl}o(xa y) =1 + kal};(xa y) + nyA(xa y)Gl};(xa y)

and since A(z,y) = 2*yF?*(x,y), we finally obtain that

1

Gv =
(oY) 1 —kx — x*y?F?(x,y)

(11)

For the next result, we use the double sequence b, ,, of ballot numbers ([16], p.130),
defined by boo =1 and b, ,,, = (”+m) - (”+m) = M(”jnm) and the following variation

m m—1 n+1
of the Vandermonde convolution formula ([10], (3.2))

i(&+u)(ﬁ+n—y)_(&+ﬁ+n+l> (12)
v n—ruv N n
v=0

Lemma 4.1 For every n,r,s,p € N we have,

5]

n, r s n—2r s+v n+p+s—v
[.CIZ' y ]le;rle =k 2 Z( )( P )bTerl,rQV'

v n—2r
v=0

Proof: For p # 0, using relation (11), as well as (2) and (12), we have that

G e # ) = S0 (O P e )
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=22 (8 ) m) (m) Ry R (2, y)
m 14

s+v\(m+s\ 2v+p
v v+s)o+2v+p
' c+2u+p v —2X Bk mto 2wk
22U+ p+ A A 0 =2
(3

[e) | n—2r .
s+v\/n—2r+v+s—1
23 (L))

2v+p 1—2v+2r+p n v 2
. T .
1=2v+2r+p\r+pr—2v,1 4

It follows that

[5]

[x”yr]GSHFp:Z s+v 2v+p 2r=2v+p '
v 2r =2v+p r+p

v=0
"i’" n=2r s =i\ (2 =2 =14 p+i\ .
: n—2r—1 1

=0
5] st+v\/n+s+p—v 9
= br+pfl,r72u k .
v n—2r
v=0
The proof for the case p = 0 is similar and it is omitted. O

Remark Notice that for s = p = 0 and n = 2r we obtain that the number of all

(5]
u € D, with no low peaks is equal to the Fine number (A000957) f. = > by_1,—92, =
v=0

(3

() (71, (C6)).

v=0
We now proceed to determine Fj,. It is clear that every u € M can be written uniquely
in one of the forms u = w, or u = waaz, or u = waf,7az where w € ./\flb, z,7 € M and

v € [k]. Clearly, since in the second and third case Ip(u) = Ip(z) + 1, we obtain that
Fp(x,y,t) = G (2, y) + 2*ytGp (@, y) Fy (2, y, t) + ka*ytGp (x,y) F (z, y) F (2, y, t)

and hence
_ Gl}o(xa y)
1 —2?yt(1 + kaF(z,y))Gp, (7, y)

We have the following result.

Fr(z,y,1) (13)
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Proposition 4.2 The number of allu € M,, , with y low left peaks is given by the formula

n—2r [
n, r n—2r vtV Y-V
[ t'y F =k 2 Z Z ( ) ( ) (TL _9p )br'y+p1,r'y2ua

p=0 v=0 p

where 0 < v < r.

Proof: Using lemma 4.1 and relation (13) we obtain that

Fy(,y,t) =Y (L4 kaF(x,y)) G (2, y) 2™yt
>
=0
(3]

S ()N

kp+a—2>\x2w+p+ayv+/\tv

i
o

(7) G”Yle (z,y)FP(z,y)kPa® TPyt
P

©la
wly

My 11

i
o
he)

“bOagp—1.0—20

ﬂ
2

[ee] r nfr[%]
y y+v n—y—v
3225 3 ()00 )

n=0 r=0 y=0 p

N

I
=)

' brf'erpf1,r7'yf2ukn72rxny7qt’y7
giving the required result. 0

Remark Notice that for n = 2r we obtain formula (6.16) of [7] on Dyck paths with  low
peaks.

We now come to the parameter p.

Clearly if u € Nj then u = ¢, or u = f3,z, or u = awaz where w € M\ {e}, z € N;
and v € [k].

It follows that

Gp(l', y) =1+ kaﬁ(xa y) + ny(F(x7y> - 1)Gp($,y)
and using equation (1) we obtain that

F(z,y)
L+ 22y F(z,y)

Gp(z,y) = (14)

We now have the following result.

Proposition 4.3 The number of all u € M,,, with v low peaks is given by the formula

1 — —A+1 — 7+ A
[l,nyrtw]Fﬁ _ v+ kn—2r Z(_l)r—'y—)\ (7" A+ ) ( n—r-4+ )’

r+1 = v+1 rAn—2r

where 0 < v < r.
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Proof: Every u € M can be uniquely written in either of the forms u = w, or v = waaz
where w € N and z € M, with p(u) = p(z) + 1. It follows that

Fy(x,y,t) = Gy(x,y) + 2*ytGs(z, y) Fy(w, y, 1).
Thus, from relation (14) follows that

F(z,y)

Fp(l'yyvt) = 1— ny(t — 1)F(-T7y)

Furthermore, using relation (2) we obtain that

Fy(z,y,t) = Z Ftt(z,y)(t — 1) y™

Z(_l)mﬂ m+1 (m) ( oc+m+1 )k”‘”‘me”ym“tV

oc+m+1\v /) \AN+m+1,\o0—2)\

_ Z (1)1 r—XA+1 [(r—=A\/n—-r+A+1 k=2 gy
n—r+A+1 y r+1,\,n—2r
giving the required result. O
Remark Notice that for n = 2r we deduce that the number of all v € D, with v low

=
peaks is equal to 2 ST (—1)77A (T_’\H) (T’L)‘), thus obtaining a formula equivalent to
A=0

r+1 v+1 r

(6.16) of [7].

Also notice that if, in addition, v = 0, then we obtain the Fine numbers, as in relation
(C.5) of [7].

Next we deal with the parameter 0.

It is clear that every u € N can be uniquely written in the form u = u/u”, where
v € {e} U{awa:w e M} and v’ € {e} U{fB,z: 2z € N; and v € [k]}.

It follows that

Gy(w,y) = (1 + 2’y F(z,y))(1+ kaGi(2,y)),
and hence
1+ 2*yF(z,y)
1 — kx — kadyF(z,y)
Now, since each u € M can be written uniquely in one of the forms v = 7, or

u = awaz, or u = T,awaz where 7 € N, w € M, z € A and v € [k], we can easily
deduce from relation (15) that

Gy(x,y) =

(15)

F@(l‘, Y, t) = G{,(l‘, y) + ‘rQth(xv y)Aﬁ(l‘7 Y, t) + kZESth@(ZE, y)F(ZE, y)Aﬁ(l‘7 Y, t)
= Gy(x,y) + 2°ytF(z,y) (1 + kaGy(x, y)) (Fs(x,y, ) — 1 — kaFy(z, y, )
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which gives

Gy(r,y) — 2*ytF(z,y)(1 + kaGy(x,y))

FT) ) 7t -
(@98 = T gt F (e ) (1 + kGl ) (1 — k)
_ 1 + 2’y F(z,y) — 2*ytF(z,y)
1 —kx — 22yt F(z,y) + kadytF (z,y) — kadyF(z,y)’
Thus,
t
Fy(z,y.t) = o) (16)

where g(x,y,t) =1+ 2?y(1 — t)F(x,y).

Using relation (16), as well as (2), (4), a version of (12) ([10], (3.3)) and combinatorial
calculus similar to that of the proofs of propositions 4.2 and 4.3 we obtain the following
result.

Proposition 4.4 The number of all w € M,, , with v low valleys is given by the formula

min{n—2r,r—y—1
n, riy _7"‘1 n—2r { Y /7+1+p 2T—7_2_p n—=o—p
ey ) Fy = Lk 3
r r—1 2r — vy

p=0 P
where 0 < v <r—1.

Remark Notice that for n = 2r we deduce that the number of all u € D, with v low
valleys is equal to 2T'Y_7J;1_1 (2“:71), ([7], (6.34)).
Finally, for the parameter 7v, it is clear that every u € N, can be uniquely written
in the form u = v'v”, where v’ € {¢} U {awa : w € M} and v € {B, Ba,..., O}
It follows that
1+ 2%y F(z,y)
1—kx
Since each u € M is written uniquely in either of the forms v = 7 or u = wz, where
T € Npw, w € Njw \ {€} and z € A it follows that

Grﬁ)(xa y) =

(17)

Fr‘v(xa Y, t) = Gr‘v(xa y) + t(Gr'v(xa y) - 1)141"'0(177 Y, t) (18)
Furthermore, we can easily check that
Br‘v(xa Y, t) =1+ kar‘v (.T, Y, t) + kxtAr‘v (.T, Y, t)

so that
(1 — kx)(F(x,y,t) — An(z,y,t)) = 1 + katAp (2, y,t)

and
(1 — kx)Fy(z,y,t) — 1

1 —kx + kat

App(z,y,t) = (19)
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By relations (17), (18) and (19), it follows easily that

1+ 2%y(1 —t)F(z,y)
Froy(,y,t) = 1 — (kx + 22ytF(z,y)) (20)

Furthermore, using relations (20) and (12) and proceeding in a way similar to that of
the proofs of Propositions 4.2 and 4.3 we obtain the following result.

Proposition 4.5 The number of all u € M, , with v low right valleys is equal to

2r — -1 1 2r —vy—1 -1
[.Tnyrt'y]Ffv = i " v K + L =" n kn72r
2r — v r 2r 2r—y—1 r 2r —1

where 0 < v <r—1.

Remark We note that for n = 2r we deduce that the number of all © € D, with v low

(right) valleys is equal to % (QT_: ) [7).

5 High peaks and high valleys

A peak (resp. valley) that is not low is called high peak (resp. high valley). The parameters
p =p—p and v = v—1v determine the number of high peaks and high valleys, respectively.
High left and high right peaks and valleys, as well as the corresponding parameters are
defined similarly. As in the case of low peaks and low valleys, it is sufficient to restrict
ourselves to the parameters {l}), P, 0,7v}. For any such parameter ¢ we have:

By(z,y,t) =1+ kxFy(x,y,t)
and
As(x,y,t) = nyFq(x, y, t) Fy(x,y, ).
It follows that

Fy(x,y,t) =1+ kaFy(x,y,t) + nyFq(x, Y, t) Fy(x,y,t)

and hence 1

1= (kx + 2?2y Fy(z,y,t))

Using a similar technique to that of the proof of relation (6), we can find formulae for
the powers Fy, s € N*, where ¢ € {rv, v, p}:

s n—r T n—r+s—1
Ny T S = k,n—?r 29
YL n—T< r )(7)( v+s ) 22)

where 0 < v <.

Fy(w,y,1) (21)
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— — —1
[y " FS = S _T V(" _T +i ke (23)
r\ n-—2r ol r—y—1

where 0 < v <r —1.

== ()OO e e

where 0 < v < r.
After expanding Fj(x,y,t) into a geometric series and using the previous relations we

will obtain the corresponding enumeration results for p, l}), v and rv.
More precisely, for the parameter p we have the following result.

Proposition 5.1 The number of all u € M,,, with v high peaks is equal to

1/n—r+1\/r n—r
nrt'yFA:_ k,n—?r 2
L T(n—%‘)(v)(r—v—l) (25)

where 0 < v <r—1.

Proof: Using relations (21) and (24) we obtain that

o(2,y,t §k+xyp’ 9, 1)) 2™
iio( )F”xy, DR gy
:ikmmeriii[%}i(ﬁ)gi/\(ag)\)(;\).

m=0 m=1 v=1 0=0 A=0 v=0
o—A+v—1 km—u+(7—2>\l_m+u+0yu+)\t7
A—=v+v
0 0 [%] r—1 n—2r r—y U n—2r+l/—p
SOILELED 3D 3) ) ) Deve-t CRREE
n=0 n=0 r=0 y=0 p=0 v=1

0
p+T—V (T_V) (p+r—1)kn2rxnyrt7
P Y r=7
)

Thus, for 0 <y <r — 1 and using relation (12) we have that

((n=2r—p+ (") (p+y -1

[IK"?JW]FﬁZZ i
—0 P!
TZ% n—2r+v—p\[(p+tr—v—-1 fon—2r
ot v—1 r—v-—r
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n—2r
1 -1
:_(T>Z(n—2r—p+1)<p+r )
"\7/ 5 P
.ril n—2r—p+1+v\/(p+r—2—-v o2
v r—y—1—-v

v=0
n—2r
1 1 — 2r — —1 —
:_(T’)Z( +n—2r p)(p—l—r )( n—r )k"%
r\y p n—2r—p p r—vy—1
:1 r\(n—r+1 e -
T\ n—2r r—vy—1

In the following result we consider the remaining three cases. Though the produced
formulae are more complicated, their proofs are similar to the proof of relation (25) and
are omitted.

Proposition 5.2 The number of all u € M,,, with v high left peaks, high valleys and
high right valleys is given respectively by the formulae

n—2r
n,r Lonor n—r—p\(p+tr\({p+r—1
[xytV]Fl}):;k Z(n_%_p—i_l)(r—y—l)( )( ) (26)

p=0 v

where 0 < v <r—1,

n—2rr—y—1
n, T . n v (n—=2r—p+v LAY
"y O1E, {@0(%)@; 3 T_V( ’ )

()G e e

where 0 < v < r—2,

[z"y "t F, 0. " + %T mm{%r—l} - A T
X rv — .
Y 0\ 2 p = r—v v ol

(e

where 0 < <r —1. (Here § is the Kronecker symbol).

Notice that for n = 2r, we obtain from (26), or (27) (resp. (28), or (29)) the corre-
sponding result for high peaks (resp. high valleys) in Dyck paths [7].

We note that from Propositions 3.1 (ii), 3.6 and 5.1 we obtain the following result,
which is well-known in the case of Dyck paths [6].
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Proposition 5.3 The parameters p and v of M are equidistributed.

We close by presenting a combinatorial proof of the above result. For this we need the
following lemma which extends a result for Dyck paths [12] to k-colored Motzkin paths.

Lemma 5.4 For each v € N there exists an involution v; of M such that
Pita(u) = vi(¢i(u))
where p;(u), v;(u) denote respectively the number of peaks and valleys of u at height i.

Proof: For each path u € M we define the path ;(u), by turning each peak (j,7 + 2) of
u into a valley (7,4) and each valley (j,4) of u into a peak (j,7+ 2). The remaining points
of u are fixed; see Fig. 3.

R N W w b

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

= N W b 01 O

0 1. 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Figure 3: The paths u and 5 (u)

Proof of Proposition 5.3: It is sufficient to find a bijection
Y My, — My,
such that
p(u) = v((u)), for each u € M,, .
We assume that r > 1; (in the trivial case r = 0, v is the identity mapping).
We define
Y(u) = (Yroh-10--01Pgoth_q)(u),
where the number [ (which depends on u) is given by the formula
l=h—-24+m
where h is the height of v and m is the maximum number of consecutive valleys of
(Yp_g0tp_go---01yorh_1)(u) at height h — 1 and ¢»_; denotes the identity mapping.
Since each 1; is an involution, we can easily check that ¢ is a bijection with

Y (u) = (Y1 0thgotpr oo thy)(u)
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where

I h — 1, if u contains at least one valley at height h — 1;
| h- 2, otherwise.

Finally, since by Lemma 5.4 ¢ (u), 1;(u) contain the same number of valleys at height

i and ¢ (u) does not contain valleys at any height greater than h — 2, for h > 2 we have

) = 3 praalu) = Y (wau)) = v (),

>
[\

i=0
whereas for h = 1 we have p(u) = 0 = v(¢(u)). O

In Fig. 4 the main steps of the generation of 1)(u) are exhibited for a particular u.

6

5

4

3

2

1

0 1 2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28

u € Mogis (with h =6,p(u) = 2)

6

5

4

3

2

1

0 1 2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28

. (Ya01P3 0Py 01hy 0thgoth_y)(u) (with m = 3)

8

7

6

5

4

3

2

1

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28

(u) = (Yrogovsohyozorpyothotpotpy)(u) (with h=9,'="7v((u)) =2)
Figure 4: The generation of v (u)
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