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Abstract

Let G be an edge-colored graph. A heterochromatic path of G is such a path
in which no two edges have the same color. d°(v) denotes the color degree of a
vertex v of G. In a previous paper, we showed that if d°(v) > k for every vertex
v of GG, then G has a heterochromatic path of length at least [%] It is easy
to see that if kK = 1,2, G has a heterochromatic path of length at least k. Saito
conjectured that under the color degree condition G has a heterochromatic path of
length at least [h;l} Even if this is true, no one knows if it is a best possible
lower bound. Although we cannot prove Saito’s conjecture, we can show in this
paper that if 3 < k <7, G has a heterochromatic path of length at least £k — 1, and
if £ > 8, G has a heterochromatic path of length at least (%} + 1. Actually, we
can show that for 1 < k < 5 any graph G under the color degree condition has a
heterochromatic path of length at least k, with only one exceptional graph Ky for
k = 3, one exceptional graph for £ = 4 and three exceptional graphs for k = 5, for
which G has a heterochromatic path of length at least k—1. Our experience suggests
us to conjecture that under the color degree condition GG has a heterochromatic path
of length at least k — 1.

1. Introduction

We use Bondy and Murty [3] for terminology and notations not defined here and consider
simple graphs only.
Let G = (V, E) be a graph. By an edge-coloring of G we will mean a function C' : E —

N, the set of nonnegative integers. If G is assigned such a coloring, then we say that G is
an edge-colored graph. Denote the colored graph by (G, (), and call C(e) the color of the
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edgee € F and C(uv) = 0 ifuv ¢ E(G) for any u,v € V(G). All edges with the same color
form a color class of the graph. For a subgraph H of G, welet C(H) ={C(e) |e € E(H)}
and ¢(H) = |C(H)|. For a vertex v of G, the color neighborhood CN(v) of v is defined
as the set {C(e) | e is incident with v} and the color degree is d°(v) = |CN(v)|. A path
is called heterochromatic if any two edges of it have different colors. If u and v are two
vertices on a path P, uPv denotes the segment of P from u to v.

There are many existing literature dealing with the existence of paths and cycles with
special properties in edge-colored graphs. In [5], the authors showed that for a 2-edge-
colored graph G and three specified vertices z,y and z, to decide whether there exists a
color-alternating path from x to y passing through z is NP-complete. The heterochromatic
Hamiltonian cycle or path problem was studied by Hahn and Thomassen [9], Rodl and
Winkler (see [8]), Frieze and Reed [8], and Albert, Frieze, Reed [1]. For more references,
see [2, 6, 7, 10, 11]. Many results in these papers are proved by using probabilistic
methods.

In [4], the authors showed that if G is an edge-colored graph with d(v) > k for every v
of G, then G has a heterochromatic path with length at least [2£1]. It is easy to see that if
k = 1,2, G has a heterochromatic path of length at least k. Saito conjectured that under
the color degree condition G has a heterochromatic path of length at least [22-]. Even
if this is true, no one knows if it is a best possible lower bound in general. Although we
cannot prove Saito’s conjecture, we can show in this paper that if 3 < k < 7, then G has a
heterochromatic path of length at least k — 1, and if £ > 8, then G has a heterochromatic
path of length at least [27 + 1. Actually, we can show that for 1 < k < 5 any graph
G under the color degree condition has a heterochromatic path of length at least k, with
only one exceptional graph K, for k = 3, one exceptional graphs for £ = 4 and three
exceptional graphs for k£ = 5, for which G has a heterochromatic path of length at least
k — 1. Our experience suggests us to conjecture that under the color degree condition GG
has a heterochromatic path of length at least k& — 1.

2. Long heterochromatic paths for £ <7

We consider the case when 1 < k < 7, first.

For the case when k = 1 or 2, it is obvious that there is a heterochromatic path of
length k£ in G. In fact, for £ = 1 any edge of G is a required heterochromatic path of
length k; for k = 2, at each vertex there exist two adjacent edges with different colors,
and they form a required heterochromatic path of length k. Next, we consider the case
when 3 < k < 7 and get the following result.

Theorem 2.1 Let G be an edge-colored graph and 3 < k < 7 an integer. Suppose that
d“(v) > k for every vertex v of G. Then G has a heterochromatic path of length at least
E—1.

Proof. (1) k = 3. Since k = 3 > 2, there is a heterochromatic path of length 2 in G.
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(2) k = 4. Since k = 4 > 3, there is a heterochromatic path of length 2 in G. Let
P = wjusus be such a path that w;us has color 7; and usus has color i with i # 5.
Since d(ug) > k = 4, there are two vertices v, w € G such that uzv, usw € E(G)
have two different colors i3, iy ¢ {i1,i2}. Let uy be a vertex in {v,w} \ {u1}. Then
{us} N{ur, us,u3} = 0 and P’ = uyusuguy is a heterochromatic path of length 3.

(3) k = 5. Since k = 5 > 4, there is a heterochromatic path of length 3 in
G. Let P = wujugusuy be such a path that w,u,,; has color i, for x = 1,2,3. If
there exists a v & {uy,us, ug, us} such that C(ugv) ¢ {iy,i2,43}, then P’ = ujususugv
is a heterochromatic path of length 4. Otherwise, since d°(uy) > 5, we have that
|C'({urug, uguyg}) — {i1, 42,43} = 2 and there exists a v; € V(G) such that C(uqvy) = 4.
Since d(vy) > 5, we have that |CN(vy) — {iy,i2,i3}| > 2. If there exists a vy € V(G)
such that C(vjvg) € {i1,142,13}, then P’ = ugugusv1vs is a heterochromatic path of length
4; if C(uyvy) ¢ {i1,42,43}, then P' = vjujusuguy is a heterochromatic path of length 4.
So, the only remaining case is when |C'({ugvy, ugv1}) — {i1,72,i3}| = 2, and in this case
we have that P’ = ujusviuguy is a heterochromatic path of length 4.

(4) k = 6. Since k = 6 > 5, there is a heterochromatic path of length 4 in G. Let
P = ujususugus be such a path that u,u,; has color i, for x = 1,2, 3,4. If there exists a
v ¢ {uy, ug, ug, ug, us} such that C(usv) & {i,...,i4}, then uyusuzususv is a heterochro-
matic path of length 5. Next we consider the case when there is no such a vertex v,
in other words, |C'({ujus, usus, usus}) — {i1,42,13,44}| > 2. Since d°(us) > 6, there is a
vertex vy such that C(usvy) =iy or is.

(4.1) C(usvy) = iy. Since d°(us) > 6 and |C({ujus, ugus, ugus}) — {i1,i2, 3,94} > 2,
there exists a ug € V(G) such that C(usug) = is or iz. If there is a vertex v ¢
{ug, ug, ug, us} such that C(viv) ¢ {iy,...,i4}, then usugususviv is a heterochromatic
path of length 5. And, since d°(vy) > k = 6, we have that |C({ugvy, ugvy, ugv1}) —
{il, ey Z4}| Z 2. If there exists an 2 S 1 S 3 such that |O({Uﬂ)1, Ui+1U1}) - {il, 2'272.372.4}|
= 2, then P’ = wu;Pu;viu; 1 Pus is a heterochromatic path of length 5. Otherwise,
|C' ({ugvy, ugvy }) — {i1,42,43,44}| = 2 and wjusviugusug is a heterochromatic path of
length 5.

(4.2) C(usvy) = iy. Since d°(us) > 6, there exists a ug € V(G) such that C(usug) = is.
Then we have the following three cases: (i) There is no vertex v ¢ {uy,...,us} such
that C'(vyv) ¢ {i1,...,44}. Since d°(v1) > 6, we have that |C({uyv1, ugvy, ugvy, ugvy}) —
{i1,49,13,14}| > 2. H C(ugvq) & {i1, iz, 13,14}, then vjujususugus is a heterochromatic path
of length 5. If there exists an i = 2 or 3 such that |C({u;vy, ujp1v1}) — {i1, 02, 13,14} = 2,
then uy Pu;vyu; 1 Pus is a heterochromatic path of length 5. Otherwise, |C({uqvy, uqvr })—
{i1,42,13,14}| = 2, and then wjusviuqusug is a heterochromatic path of length 5. (ii)
There is a vy € {uy,...,us} such that C(vjvg) — {i1,...,i4} # 0 and there is no ver-
tex v & {uy,...,us} such that |C({vive,vov}) — {i1,..., 04} = 2. Let i5 = C(vv2).
Since d(vg) > 6, we have that C'({ujvg, ugve, uzve, ugve}) — {i1, ..., i5} # 0. If C(uvy) —

{i1,...,is} # 0 for i = 1 or 2, then usujqusvivau; is a heterochromatic path of length
5. If C(uqve) — {i1,...,i5} # 0, then ujusususvevy is a heterochromatic path of length
5. Otherwise, C(usvy) — {i1,...,i5} # 0. Since ujusuzusus is a heterochromatic path

of length 4, we have that |C'({ujus, ujug, uyus}) — {i1, 2,143,494 }| > 2 which implies that
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C({ugus, ugug}) — {iy,d2,43, 04} # 0. If Cluquz) — {i1,1a,13,94} # 0, then uguquzususv
is a heterochromatic path of length 5. If C'(ujuy) ¢ {i1,1i2,13,14}, then ususu;ususve or
UgUU4UusV1 V2 1S a heterochromatic path of length 5. (iii) There exist vy, v3 & {uy, ..., us}
such that |C({vive, vaus}) — {i1,...,i4}| = 2. Then usuqusvy vovs is a heterochromatic
path of length 5.

(5) k = 7. Since k = 7 > 6, there is a heterochromatic path of length 5 in G. Let
P = wjususugusug be such a path that w,u,.; has color ¢, for x = 1,...,5. If there is
a vertex v ¢ V(P) such that C(ugv) ¢ C(P), then uj Pugv is a heterochromatic path of
length 6. Next we consider the case when there is no such v. Since d(ug) > 7, we have
that |C({uyue, ugue, usug, ugug}) — {i1,...,i5}| > 2. Let ky = min{k|there is a vertex
v ¢ V(P) such that C(ugv) = ix}, and vy be a vertex ¢ V(P) such that C(ugv) = ig,.
Then kg =1 or 2 or 3.

(5.1) ko = 1. If there exists a vy ¢ V(P) such that C'(vjve) ¢ C(P), then ugPugvivy
is a heterochromatic path of length 6. Or, |C({ujvy,...,usv1}) — C(P)| > 2. If there
is a vertex u ¢ V(P) such that C(uuy) ¢ C(P), then uu; Pug is a heterochromatic path
of length 6. Next we consider the case when |C({uqvy, usvy, ugvy,usv1}) — C(P)| > 2
and |C({wius, ..., ujug}) — C(P)| > 2. If C(ugvy) ¢ C(P), then there is an 3 < i < 6
such that C(uju;) ¢ C(P) U Clugvy), and so u;_ P~ usviug P~ uzuy is a heterochro-
matic path of length 6. If there exists an ¢ = 3 or 4 such that |C({w;vi,uiy1v1}) —
C(P)| = 2, then uy Puviu;41 Pug is a heterochromatic path of length 6. In the rest we
shall only consider the case when |C'({usvy,usvi}) — C(P)| = 2, and let ig = C(ugvy)
and i; = C(usvy). If there exists a v ¢ V(P) such that C(ugv) ¢ {i1,ia,i5}, ie.,
C(ugv) € {i3,14}, then ujususviusugv is a heterochromatic path of length 6. Otherwise,
|C' ({u1ug, ugug, usug, ugue}) — {i1, 42,45 }| = 4. On the other hand, if C(ujug) — {i1, i2, 15}
# (), then vjususuugUsUy O ViUsUgU UsU3Uy 1S a heterochromatic path of length 6, a
contradiction.

(5.2) ko = 2. So, |C({ujug, usug, usug, usug}) — {ia, i3, 44,5} > 3. We have the fol-
lowing three cases:

(i) There is no vertex v ¢ V(P) such that C(v;v) ¢ C(P). Since d°(v1) > 7, we have
that |C({uiv, ugvy, usvy, ugvy, usve }) — C(P)] > 2. If there exists a u ¢ V(P) such that
C(uuy) ¢ C(P), then uuy Pug is a heterochromatic path of length 6. Next we consider the
case when |C'({ugvy, ugvy, ugvy, usvy }) — C(P)| > 2 and |C({wus, . . ., uiug}) —C(P)| > 2.
If C(ugvy) ¢ C(P), then there is an 3 < i < 6 such that C(uju;) ¢ C(P)UC(uqvy), and so
ug Pusuyusviug P~ 1u; 1 is a heterochromatic path of length 6. If there exists an i = 3 or 4
such that |C({uv1, uir1v1}) —C(P)| = 2, then uy Puviu;41 Pug is a heterochromatic path
of length 6. In the rest we shall only consider the case when |C'({ugvy, usv1}) —C(P)| = 2.
Since |C({uyug, ugug, usug, ugug}) — {ia, i3, 4,45} > 3, there exists a v ¢ V(P) such that
C(ugv) € {is,i4}, and so ujusuzviusugv is a heterochromatic path of length 6.

(ii) There exists a vy ¢ V(P) such that C(vyvy) ¢ C(P), and there is no v ¢ V(P) U
{v1} such that C(vqv) ¢ C(P)U C(vive). Let ig = C(v1v2). Then C({ujve, ..., usv9}) —
{i1,... i} # 0. If there exists a u & {u1, ..., ug} such that C(uuy) ¢ C(P), then uu; Pug
is a heterochromatic path of length 6. If C(uqvy) € {i1, ..., %}, then vivous Pug is a het-
erochromatic path of length 6. If C(usve) & {i1,...,i}, then uy Pusvyv; is a heterochro-
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matic path of length 6. So we shall only consider the case when |C({ujus,...,ujug}) —
C(P)| > 2 and C(ugve) ¢ {i1,...,i6} or C(ugvq) & {i1,...,106}-

(ii.1) C(usve) ¢ {i1,...,%6}, and let iz = C(usve). Since P is a heterochromatic
path of length 5, we have that C'({ujus,...,uiug}t) — {i1,..., 45,07} # 0. If C(uqus) ¢
{il, .. .,i5,i7}, let P = U2U1U3PU6U1; if O(U1U4) ¢ {il, .. .,i5,i7}, let P = VU3UUTU4
usug; if Cluyus) & {i, ..., 15,106, 07}, let P = vjvuguguiusug; if Clujug) ¢ {iy, ..., s,
ir}, let P’ = wvougugujugusuy. Then, P’ is a heterochromatic path of length 6 in all
these cases. It remains to show that when C(ujus) = ig, there is a heterochromatic
path of length 6. Since d°(ug) > 7 and |C({ujus,...,usug}) — {ia, 13,104,195} > 3,
we have that C(ugva) € {is,i4} or there exists a v ¢ {us,...,us v1,v2} such that
C(ugv) € {iz,ia}. If C(ugvy) = i3, and so ujusugvaugusuy is a heterochromatic path
of length 6; if C'(ugve) = iy, then ugugusuqusugvs is a heterochromatic path of length 6. If
there is a vertex v ¢ {uy, ..., ug, vy, v2} such that C(ugv) € {is,is}, then vougusuiusugv
is a heterochromatic path of length 6.

(ii.2) C(ugve) ¢ {i1,..., %6}, and let iz = C(uqve). Since P is a heterochromatic
path of length 5, we have that C'({ujus,...,u1ug}t) — {i1,..., 45,07} # 0. If C(uqus) ¢
{i1, ... 15,07}, let P' = uguqusugusugvy; if C(uyug) & {i1, ..., 15,146,107}, let P’ = ugujuqus
ugv1ve; if Cuqus) & {i1, ..., i5,i7}, let P' = vouqususuiusug; if C(ujug) € {iy, ..., 15,07},
let P’ = vyuguzusuiugus. Then, P’ is a heterochromatic path of length 6 in all these
cases. It remains to show that when C(ujus) = ig, there is a heterochromatic path
of length 6. Since wujusususvov; is a heterochromatic path of length 5, we have that
C({uyus, ugvy, uve}) — {in, ia, i3, 44, 46,07} # 0. If C(ugus) ¢ {iy, 42,13, 14,16, 97}, and so
UgU UzU4VaV 1 Ug 1S a heterochromatic path of length 6; if C(ujvy) ¢ {i1, 2,13, 14, i6, i7},
then vovyujusugusus is a heterochromatic path of length 6; if C(ujvy) & {iy, iz, 13, 14, 76,
i7}, then vivu ugusugus is a heterochromatic path of length 6.

(iii) There are vertices vq, v3 & {uy, ..., ug, v1} such that |C({vive, vaus}) — C(P)| = 2,
and usu,usugv V203 is a heterochromatic path of length 6.

(5.3) ko = 3. So, |C({uyus, ..., usue}) — {is, 14,15} = 4. We have the following three
cases:

(i) There is no vertex v ¢ V(P) such that C(viv) ¢ C(P), and so |C({uyvy,...,
usv1}) — C(P)| > 2. Since |C({uyu, ..., uqug}) —{is, i4,i5}| = 4, there is a u; ¢ V(P)
such that C'(ugu7) = i4. If there exists a u ¢ V(P) such that C'(uuy) ¢ C(P), then uu; Pug
is a heterochromatic path of length 6. If C'(ugvy) ¢ C(P), then ujugusviugusuy is a hete-
rochromatic path of length 6. If there exists an 2 < i < 4 such that |C({u;vy, uj101}) —
C(P)| = 2, then uy Puviu; 41 Pug is a heterochromatic path of length 6. So we shall only
show that there is a heterochromatic path of length 6 when |C'({ujus, . .., uwug})—C(P)| >
2 and C(uquy) ¢ C(P). Let ig = C(ugvy). Then C({uyus,...,uiug}) — {i1, ..., 5,96} #
0. If C(ugus) ¢ {i1,...,i6}, let P = vjuguiugugusug; if C(ujuy) ¢ {ir,...,i6}, let
P’ = ugusuqugusuguy; if Clujus) & {i1, ... 06}, let P’ = ugususuqusugur; if Clujug) ¢
{i1,...,ig}, let P' = vjugujugususus. Then, P’ is a heterochromatic path of length 6 in
all these cases.

(ii) There is a vertex ve such that C(viv2) ¢ C(P), and there is no vertex v ¢
{uy, ..., ug,v1,vo} such that C(vive) & {i1,...,i5} U C(vivg). Let ig = C(vive). Then
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C{ugvg, ..., usve}) — {i1, ... ig} # 0. If C(ugvy) & {i1,..., i}, then vous Pug is a hete-
rochromatic path of length 6. If C'(uqvq) ¢ {i1,...,46}, then vjveus Pug is a heterochro-
matic path of length 6. If C'(ugve) & {i1, ..., 46}, then uyususvoviugus is a heterochromatic
path of length 6. If C'(usve) & {i1,..., 46}, then us Pusvov; is a heterochromatic path of
length 6. Next we shall consider the case when C(uyvq) ¢ {i1,...,i6}. Let iz = C(uqvs).
Since |C'({uug, ugug, usug, ugte}) — {is, i4,5}| = 4, there is a vertex u ¢ V(P) such that
Cugu) = ig. If u = vq, ie., Clugvy) = iy, then ujusuzusvougus is a heterochromatic
path of length 6. It remains to show that there is a heterochromatic path of length 6
if there is a vertex u ¢ {u,...,uq, v1,v2} such that C(ugu) = i4. In this case, since
|C({urus, ..., wmue}) — C(P)| > 2, we have that C({ujuy, uius, urug}) — C(P) # 0. 1If
Cuyuy) ¢ C(P), let P' = ugusuyugusugvr; if C(ujus) ¢ C(P), let P’ = uguzusugusugu; if
C(uyug) ¢ {i1,..., 15,17}, let P = vouguguguqugus. Then, P’ is a heterochromatic path
of length 6. Last, we consider the case when C(ujug) = i7. Since uguguqugvv is a hete-
rochromatic path of length 5, we have |C/({uqvy, ugva, uzve, ugva}) — {i, is, i3, ig, ir | > 2,
and so C({Ulvg, Uzva, U(ﬂ]g}) - {il, ig, ig, i@, Z7} 7& @ If O(Uﬂ)g) - {il, ig, ig, i4, i@, 27} 7é @, let
Pl == U1U2U1PU5; if C(Ulvg) == i4, let Pl = U3U2U1VV1 UgUS5; if O(Ugvg) - {il, ig, ig, i4, i6, 27}
# 0, let P' = wjuguzvaviugu; if C(uzvg) = i4, let P’ = ujuguzvaviugus; if C(ugvg) —
{i1,19,13,16,97} # 0, let P’ = ugugusujugvav;. Then, P’ is a heterochromatic path of
length 6 in all these cases.

(iii) There are vertices vq, v3 & {uy, ..., ug, v1} such that |C({vive, vaus}) — C(P)| = 2.
Let ig = C(viv9) and iy = C(vqus). If there exists a v ¢ {ua, us,v1} such that C(vsv) ¢
{is,...,i7}, i.e., there exists a v & {uy,us,ug, v1,v2} such that C(vzv) ¢ {is, ..., ir},
then ujusugvivovsv is a heterochromatic path of length 6. Next we shall only consider
the case when |C({ugvs, usvs, vivs}) — {is,...,i7}| > 2. If C(usvs) ¢ {is,...,ir}, then
Uz usV3V2V 1S a heterochromatic path of length 6. If C'(usvs) = io, then usususvzvavy
is a heterochromatic path of length 5 and C'(viug) = C(usuy), and so there is a heterochro-
matic path of length 6 from the cases discussed above. If C(uqvs) ¢ {i1,...,i7}, then
V1U9V3U4UzUaU, 1S a heterochromatic path of length 6. If C'(uqvs) = iy, then uguzusvsvavy
is a heterochromatic path of length 5 and C(vjug) = C(usuy) = i3, and so there is a
heterochromatic path of length 6 because of (5.1) and (5.2). Now it remains to show that
there is a heterochromatic path of length 6 when C(uyvs) = iy and C'(viv3) & {ia, ..., i7}.

Since |C'({uyug, ugug, usug, usug}) — {is,...,i5}| = 4, there is an 1 < x < 3 such that
C(uzug) & {ia, ... i} I Clugug) & {ia,...,i7}, then vjvevgususugu, is a heterochro-
matic path of length 6; if C'(u,ug) = iy, then vV v3u4usUGuU, is a heterochromatic path
of length 6. The proof is now complete. |

Actually, we can show that for 1 < k£ < 5 any graph GG under the color degree condition
has a heterochromatic path of length at least k, with only one exceptional graph K, for
k = 3, one exceptional graph for £ = 4 and three exceptional graphs for k = 5, for which
GG has a heterochromatic path of length at least k£ — 1.
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3. Long heterochromatic paths for £ > 8

From the above section we know that when 1 < k£ < 4, under the color degree condition
G always has a heterochromatic path of length (%L and when 5 < k < 7, G always has
a heterochromatic path of length (3_;1 + 1. In this section we give our main result and do
some preparations for its proof. The detailed proof is left in the next section.

Theorem 3.1 Let G be an edge-colored graph and k > 8 an integer. Suppose that d°(v) >
k for every vertex v of G. Then G has a heterochromatic path of length at least (%W +1.

Before proving the result, we will do some preparations, first.

Let G be an edge-colored graph and k > 8 an integer. Suppose that d°(v) > k for
every vertex v of G. Let P = ujusus. .. u_1uu;11v10y . .. vg be a path in G such that

(a) uy Pugyq is a longest heterochromatic path in G;

(b) C(up41v1) = C(ugyur,+1) and 1 < ko < [ is as small as possible, subject to (a);

(c) v1 Pvy is a heterochromatic path in G with C(u; Puj+1) NC(v1 Pus) = @ and vy P,
is as long as possible, subject to (a) and (b).

Let i; = C(ujujqq) for 1 < j < [ and i4; = C(vjuj4q) for 1 < j < s —1, then
C(wp1v1) = i, There exist t; > 0 and 1 < 71 < 23 < ... < zy, < [ such that
C({Uay Vs, Uzy Vs, - -+, Ug, Vs }) = t1 aNd C({Ugy Vs, Uy Vs, - - - Ug, Vs }) = C({unvs, ..., wvs})
—{01, - igsm1). Let g1 = Cug,vs) for all 1 < j < #;. There also exist 0 <
to<s—2and 1 <y <yo < ... <y <s—2such that C({vivs, vovs, ..., Vs 20s}) —
{ivyig, s ligsrti—1) = C({vy, Vs, Uy Vs -, Uy, 0, }) and {0y, 05, Uy Vs, -, Uy, 0, }) = o
Let di4 g4t 45-1 = C(vy,v5) for all 1 < j < ty.

Then it is easy to get the following Lemmas. In these lemmas we assume that [ = [2£].
Lemma 3.2 s < ky <21 — k.

Proof. Since d°(u;41) > k and uj Puy4q is a longest heterochromatic path in G, there are at
least k — [ different edges in {ujuiy1, ugtyy, . .. wi—1u;41} that have different colors which
are not in {4y, s, ...,%}. Then we have that ky € {1,2,...,(I—-1)— (k=0 +1=2l—k}.
On the other hand, if s > k¢, then P’ = wuy, .1 Pvg, 41 is a heterochromatic path of length
[ 4+ 1, a contradiction to the choice of P. So, s < ky < 2] — k. |

Lemma 3.3 There are at least k — | + ko — 1 different colors not in {iy,,...,i} that
belong to C({urusy, ..., w—1up1}), and C({ugvs, ..., usvs} U {Uro—s41Vs, - -+, UpoVs} U
{ul—s—i—?Usa teey Uﬂ)s}) g {Z.h s 7il+s—1}'

Proof. By the choice of P, we have CN(u4+1) — C({witig1, -« w—1wis1}) S {iggy- -0}
Since d(ui41) > k, there are at least k — (I — kg + 1) = k — [ + ko — 1 different colors not
in {ig,,...,%4} that belong to C({urui1, ..., w_1u41}).

If there exists an x € {1,2,...,s}U{ko—s+1,... ko U{l—s+2,l—s+3,...,l}

THE ELECTRONIC JOURNAL OF COMBINATORICS 12 (2005), #R33 7



such that u,v,s has a color not in {i,...,445_1}, then

V1 Pty Py gy oi1 ifxe{l,2,...,s}
P ={ wPuv, Pty ifxe{ky—s+1,... k};
Up—(—si1)PuvsP~ oy ifxe{l—s+2,1—s+3,...,1}

is a heterochromatic path of length [ 4+ 1, a contradiction to the choice of P. So,
C({ulvsv sy UsUsy Ukg—s41Usy - -+ Uk Us, WiUs,y - - - ul—s—l—?”s}) - {Z.ly cee 7il+s—1}- 1

Lemma 3.4 s<x; <z1+1<ae<zot+l<...<zy <l—s+1,t1+ts > k—(l+s—1)
and max{k — 1l —2s+ 3,0} <t; < fHTSHL 0<ty<s—2.

Proof. 1t is obvious that t; +t2 > k— (Il +s—1) and 0 < t5 < s — 2, and so t; >
k—({+s—1)—(s—2)=k—1—2s+ 3. From Lemma 3.3, we have that s < 1 < x5 <
oo <z <1 —s+ 1. If there exists a j with 1 < 7 <t; — 1 such that u,, 1 = ug,,,, let
P = uy Pug vty Pujyq, then P’ a heterochromatic path of length [+ 1, a contradiction
to the choice of P. So, s <k <z <mi+1<m<z+1<...<xy <l—54+1,
ti+te>k—(I4+s—1)and max{k — [ —2s+ 3,0} < t; < fHTs“L 0<ty;<s—2. 1

Lemma 3.5 Let t; = 0. Then k = 2,4 (mod 5), ko = s = 2l — k and t = s — 2
if k = 4 (mod 5); to > s—3 if k = 2 (mod 5). There are exactly | — 1 differ-
ent colors not in {ix,, ikg+1,---,u} that belong to C(uiuiyy, ..., u—1u41), and CN(vs) —
{Us 4105, -« o, U105, V1Vs,y « o, Vs—2Us t C {iggy - vy Gis—1}-

Proof. Since 0 =t; > k—1—2s+3, we have k — 1 +3 <25 <2(2l — k) =4l — 2k. On
the other hand, from (4] — 2k) — (k — [+ 3) = 5] — 3k — 3, we have that 5] — 3k — 3 < 0 if
k=0,1,3 (mod5),5l—3k—3=0if k =4 (mod 5) and 5] —3k —3 = 1 if k = 2 (mod 5),
which implies that &k = 2,4 (mod 5) and kg = s = 2l — k. Since to > k—1— s+ 1, we
have that to = s — 2 if k =4 (mod 5) and to > s — 3 if k =2 (mod 5). From Lemma 3.3,
there are at least k — [+ kg — 1=k —-1l+s—1=k—1+2l—k—1=1[1—1 different

colors not in {ig,, ige+1,---, %4} that belong to C(uiuiiq, ..., w_1ui41). If there exists a
v & {usi1, Usy2y -y U1, V1, - - ., Vs b such that vgv has a color not in {ig,, ..., 44s-1}, then
P’ = ug 1 Pusv is a heterochromatic path of length [ + 1, a contradiction to the choice of
P. |

Lemma 3.6 If there exists an 1 < x < xy — 1 such that uyui4q has a color in {ijq,. ..,
iHS{lefl] }U{il+{s+m%7t2—|72, Z'l+’—5+z%7t2—|71, ..y iis_1}, then there is a heterochromatic path
P of length 1+ 1 in G.

Proof. First, note that (I + [$t8=2] —2) — (14 s — [£21]) = [#H=] _ 2 — g4 [2717 >
[22) (2] s —2=3 + 1 —s—2>0.

If there exists an 1 < x < 21 — 1 such that u,u; 1 has a color in {ijyq, ... ’Z’l+s4“T’1]}’
then let

r1—1

P { US_[xlT—lHvasuxlPul+1u$P_1ux_(Lx1_—1J+l)+1 if [~ +1<o<2 —1;

2
US_[xlT—lHvasuxlPul+1uxPux+(Lx1_—1 ifl1<z< L’“T*lj

—L41)-1
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Since |Z-t 4 (| B2 +1) -1 =22
[+ 1.
If there exists an 1 <z < x; — 1 such that u,u;4, has a color 44, € {/l'l+|—s+x1—t2-|_2,
2

2_1j < x;—1, P'is a heterochromatic path of length

oty tag gy ,i1+s—1}, then since

to—[(s —2) = ([#F972] = 2)] =ty — s+ [FH=R] >ty — s+ ==L
to—s+x1 > k—l—s+1—t1—s+s+1

2 - 2
k=l—s4+2 1 l72s+1‘|

2 2 2
k—l—s+2 _ [—2542
2
2k—314-2
4

v IV

4
>0

and Yt [(s—2)— (21272 < [£t21=2] — 2 there are some y' € {1,2,...,[=2=17} U

{[%1 -2, (%1 —3,..., [Sﬂé’tﬂ - Ls’tj’lj — 1} such that o' € {y1,y2, -, Y, }-
Let

vy/HW{tQ]7[57,&2271]72}?*1%,@5 ify € {1,2,...,[=%]}

Pr=q v, prnztag oy Poye, iy € {5 -2,
|'S+1217t2"| o LsftsflJ o 1}

Note that if y’ € {1,2,...,[=2=17}, we have that '+ [£t2=t] —[e=l=l] 9 < [e=b=l]y

-
petsiot] - [e=g=l) 2 = [stet]—p, andify € {[S575] -2, .., [ssiot] -Gt |

1}, we have that gy — [SHEL=l2] 4 [ iy 1142 > (8+:v21 2] | =t ty R

[==2=1]1 42 > 1. Then, P, is a heterochromatic path of length [5”1 L] — [e=f=l] -1
Wlth colors not in {iy, 42, ..., 4, l4y, 945 . Let

2
—tp—1
(5= <r<m -1
ifl1<ax<x—

"s+ac21—t2“ 4 (s—t;—l" —1.

-1 : _ [stz1—t2
Pyug, Pujqu, P Uy (o [ o127 4 (21270 1 if o1 — [ 1+

P =
Piu,, Pujqu, Pu

:E-"-(:El—’—S+x%_t2-|+|—s_t22_l-|)—1

Since 2(wq — [SHE=R] 4 [2=2=1] _ 1) = 2y — 2[sHE=R] 4 ofs=e=1] 9 < 97y — (s +

x1 —t) + (s —ta) —2 = a1 — 2, P’ is a heterochromatic path of length [ + 1. |

Lemma 3.7 Lett; =0, k> 8, s+ 1<z <l—5s+2 and C(ugzvs) = iy. If there exists
an 2 < x’' < x —1 such that uguiq has a color in {ijyq,. .., Gbs—2]5 UhTE]—15 - - -5 rs_1}
then there is a heterochromatic path P’ of length | + 1 in G.

Proof. Since t; = 0, we have that k = 2,4 (mod 5) and s = 2] — k, and that t; = s — 2 if
k=4 (mod b5); ty > s—3if k=2 (mod 5) from Lemma 3.5.

If there exists an 2 < 2/ < x — 1 such that u,u;, 1 has a color in {i;;q,..., il+5_[%1},
then let

p— vs,(%Hlpvsuwpulﬂu’xp*lux/,L%JH if L J +1< x <z-—1;
vs,(%]HPUSU;EPUZHU;PUQCUFL%J,l if 2 S x S L J
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Note that if 2 < 2/ < [$], then 2’ + [§] =1 < 2|3] =1 < 2 -1, and so P’ is a
heterochromatic path of length [ + 1.

If there exists an 2 < 2’ <z — 1 such that uu41 has a color in {ij 211, ..., 451},
since to = s —2if k = 4 (mod 5) and t > s — 3 if k = 2 (mod 5), and k > 8, we
have t, > 1. On the other hand, if ¥ = 2 (mod 5), then 2 < [#H] -1 < [2] -1 <
V_STHW 1= (k__?gw 1= (25+(k—l—§(2l—k)+2)'| —1=15-2, and so C({Ulvsav[g]qu}) ¢
{il, ig, cey il+5_1}. Let

P — 01 Pupz)_qv; %f vrz)-1v, has a color .not in {iy,499, ..., 045 1);
v[@_ﬂD_lvlvs if v1vs has a color not in {iy,4,..., 4151}
P PluxPulHux/P_lux/_L%Hl %f 2] +1<a'<z—1;
Prug Pugy 1ty Pugr gz if 2<a2' < (5]

Note that if 2 < 2’ < |[3], then 2/ + [§] —1 < 2[5] =1 <2 —1, and so P’ is a
heterochromatic path of length [ + 1. |

Lemma 3.8 Let t; = 0, |C(v10s,...,05 20s) — {io, ... 0151} = s —2, k > 8 and

C(ugvs) = to. If there exists an 3 < o' < x — 1 such that uyuy has a color in
l{z’lﬂ, - ,il+s_[%r11,il+[%ﬂ1_1, ..y l1+s—1}, then there is a heterochromatic path of length
+ 1.

Proof. If there exists an 3 < 2/ < x — 1 such that wuyu;y; has a color in {4 q,...,
iigs—rzg11}, then let

— : 1
b | O Dot Pt Pl oy 3 |55
Us_l'xT-‘rl'|+1PUSUIPUI+1’LL$/PU$/+L$T+IJ_2 if 3 S Xz

Note that if 3 < 2/ < [Z1], then o/ + [#H] —2 <2[2H ] -2 <z -1, and so P’ is a
heterochromatic path of length [ + 1.

If there exists an 2’ with 3 < 2’ < 2 —1 such that u,u;4, has a color in {7;1+VT+1]71, e
i14s—1}, then let

2

P U[ITH]71Pilvlvsua}PulHuﬁP*lum_Lz+1J+2 if (22 +1
U[ITH]71Pilvlvsuxpu1+1u$/Pux/+LITHJ72 if3<a’ <

and so P’ is a heterochromatic path of length [ + 1. |

Lemma 3.9 Letty > 1, k> 8 and k =1,2,4 (mod 5). Then there is no x; (1 < j <t;)

such that C({Ulul+1, U2Up 41y - - - 7/U/xj71ul+1}) - {il, ig, c. ,il, il+17 c. ,’L'lJrS,l, Z-lJrerjfl} 7é @
Proof. Suppose there is some x; (1 < j < 1) such that C({uit41, Uotis1, . - -, Up,—1U41})
—{i1, 09y ooy ily g1y - e G, Gisrj—1) # 0. Let xj, be the one of such z; with the
smallest subscript, and u,u;1(1 < 2’ < z;, — 1) has a color not in {i1,da, ..., %, %41, - -,
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Ugs—1, Utstjo—1)- We distinguish the following three cases.
Case 1 jo=1. Let

P = Ulpvsu;mPul—l—luac’Pilu:v’—(:vl—s)—l—l if T — 8 < x’ <@ — ]-;
V1 POy, Pt Py g (p)—s)—1 fl<a <z —s-—1.

Since t; > k — 1 — 2s + 3 by Lemma 3.4, we have that (z;7 —s — 1) + (x; — s — 1)
r1+ (@ —2s—=2) <+ (l—s+1—-2(t1 —1)—2s—=2) =21+ (Il —2t; —3s+ 1)
1+ (1 —2k+204+4s—6—-3s+1)=a1+ 3l —2k+s—5) < a1+ (3l —2k+2l—k —5)
x1+ (50 — 3k — 5) = z1 + (5[%] — 3k — 5) < 21 — 1. So, P’ is a heterochromatic path o
length [ + 1, a contradiction to the choice of P.

Case 2 jy = 2. Sot; > 2. Sincet; > k—1—2s+3 > k—1—41l+ 2k +
3 =3k—50+3 = 3k—5[2] + 3, we have that k — | — 2s + 3 < 2 if and only if
s =2l —k when k = 1,2,4 (mod 5), or s = 2l — k — 1 when k = 2 (mod 5). Then
ty > max{k —1—2s+3,2} =2if s =20 — k when k = 1,2,4 (mod 5),or s =2l — k — 1
when k£ = 2 (mod 5). Otherwise, t; > k —1—2s+ 3.

We first consider the case when w1 has a color [ +s. Then 1 < 2’ < x5 — 1. Let

A

=

P = UlpvsuaczPul—l—luac’Pilu:v’—(:vg—s)—l—l if Ty — 8 < x’ <o — ]-;
V1 PUsUz P iU Py g (py—s)—1 fl<a <axyg—s—1.
Note that (zo—s—1)4+zo—s—1 = za+(23—25—2) < xo+({—s5+1-2(t; —2)—25—2) =
xo+ (1 —3s—2t; +3) <z9+1—3s—2max{k — [ — 25+ 3,2} + 3.
If k=1,4 (mod 5), then

xg+1—3s—2max{k—1—2s+3,2} +3
To+1—3s—2k+20l+4s—3 if s <2l —k—1;

To+1—3s—1 if s =20 —k.
o [ A3l -2k +20-k-1-3 ifs<2A-k-1
= | w2 +1—6l+3k—1 if s =2l — k.
Ty +5[8] -3k —4 ifs<2l—k—1;
{x2+3k—5(%1—1 if s =20 — k.
< a9 —1.

If k=2 (mod 5), then

o +1—3s—2max{k — 1 —2s+ 3,2} +3
B {x2+l—35—2k+2l—|—43—3 if s <20—Fk—2;

To+1—3s—1 ifs=20—k, 21—k —1.
To+3l—2k+20—k—2-3 ifs<2]—Fk—2;
- To+1l—6l+3k+3—-1 if s=20—Fk20—k—1.

To+ 58] -3k -5 ifs<2—k—2
To+3k =5[] +2 ifs=20—k,2l—k— 1.
S 1'2—]_.

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
Next we consider the case when w, u;41 has a color not in {iy,ds, ... 4, 411, .,
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Gts—1, Uts, lirst1}. Then z1 < 2/ < xy — 1. Let P’ = 01 Pvstg, Puipitey P gy oy )41
Note that @’ — (xzg —s)+ 1> 21 —a3+s+1>s+1—-(1l—s+1—-2(t; —2))+s+1
=35s+2t; —1—3>3s+2max{k—1—2s+3,2} — [ — 3.

If k=1,4 (mod 5), then

3s+2max{k—1—2s+3,2} —1—3
B {33+2k—2[—4s—|—6—l—3 if s <20 —k—1;

3s+4—1-3 if s =2l — k.
S 2k =31 =20+ k+143 ifs<20—-Fk—1;
= 1 6l—-3k—1+1 if s =2l — k.
[ Bk—5[E)+4 ifs<2A—k—1;
B {5(3—5’“}—3k+1 if s =20 — k.
> 1.

If k=2 (mod 5), then

3s+2max{k —1—2s+3,2} —1—3
B { 3s+2k—20—4s+6—1—-3 ifs<2—k—2;

3s+4—1—3 if s =20 — k2 —k—1.
2% —3—2+k+2+3 ifs<2—k—2
= 1 6l—-3k—3-1+1 if s =20 — k20— k— 1.

[ Bk—5[E+5 ifs<2A-k—2;
ol 52 -3k—2 ifs=21—k2l—k—1.
> 1.

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
Case 3 3 < jy <t;.Sot; > 3. Since t; > k—l—25—|—323k—5[3—ﬂ + 3, we have
that k —1—2s+3 < 3 if and only if s = 2] — k when k = 1,2,4 (mod 5), or s =2l —k —1
when k£ = 2,4 (mod 5). Then t; > max{k —1 —2s+ 3,3} = 3 if s = 2] — k when
k=1,2,4(modb)or s =2l—k—1when k = 2,4 (mod 5); otherwise, t; > k—1—2s+3.
Case 3.1 C(up 1) = G4s4jo—2- Then z;_o <2’ < z; — 1. Note that z;, — zj,_2 <
(l—s+1=2(t1—j0)) —(x1+2(jo—3)) =l—s—a21 -2t +7<1—s—(s+1) —2max{k —
l—2s43,3}+7=1—2s—2max{k — [ —2s+ 3,3} + 6.
If k=1 (mod 5), then

Ljo — Ljo—2
< I—2s—2max{k—1—2s+3,3} +6
[l —25s—2k+2l4+4s—6+6 ifs<20—Fk—1;

[—25s—6+6 if s =20 —k.
< s+ @Bl—=2k+2l—k—1) ifs<2l—Fk—1;
- s+ (I — 6l + 3k) if s =21 —k.

s+ 0B[E]-3k—-1) ifs<2—k—1;
B {s+(3k—5[%1) if s =20 — k.
s+1 ifs<2l—k-—1;

{5—2 if s=20—-k%.
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If £ =2,4 (mod 5), then

Ljo — Tjo—2
< [ —2s—2max{k—1—25+3,3}+6
B [l —2s5s—=2k+2l+4s—6+6 ifs<2]—k—2;
- [—2s—6+6 ifs=20—Fk2—k—1.
< s+@Bl—=2k+20—k—-2) ifs<2l—Fk—2;
- s+ (Il —6l+3k+3) if s=20—k2—Fk—1.

s+ (5[%E] -3k —2) ifs<2—k—2

- {s+(3k—5(%1+3) if s =20 —k,2l —k— 1.
s+2 ifs<2l—k—2and k=2 (mod5);

< s+1 ifs<2l—k—2and k=4 (mod5);

S ifts=2l—Fk2l—k—1.

If zj, —2' <s,let P'= 01 Pogtiy, Pul+1ux/P*1ux/_(xjo_s)+1, then P’ is a heterochromatic
path of length [+ 1, a contradiction to the choice of P. So, z, — z;—2 > =, —2' > s+ 1.
Then we have the following cases:

Case 3.1.1 k = 1 (mod 5). Then z;;_o» = s+ 14+ 2(jo —3) = s+ 2j, — 5,
Tjo=1—s5+1=2(t1 —jo) =l—s=2t1 +2jo+ 1,2’ =2j, o =2, —s—1,s=2l—-k—1
andty =k—1—2s+3=k—1—4l+2k+2+3=3k—5l4+5=3k—5[2]+5=3. So,
to>k—(l+s—1)—ti=s+(k—1—2s+1)—3=s—2, and then ¢, = s — 2. Hence,
jo=th =3, x1=s+1,z3=1—s+1,and4d < ax3—x;=1—-2s=1—-41+2k+2 =
2k—3l4+2=s+(2k—3l—2l+k+3) = s+ (3k—5l+3) = s+1 and so s > 3. On the other
hand, we have that s < ky < 2l — k = s + 1 = x; which implies that kg — s+ 1 < 2 < s.
Then, ky < x = s+ 1 from Lemma 3.3, and we get that ky = s.

If there exists an z with 1 <z < s such that u,u;, 1 has a color not in {ig,, ix,11,- - -,
Uy Bty -« s Grs—1, Girs ), let PP =01 Pugugy Puppiu,, then P is a heterochromatic path of
length [ 4 1, a contradiction to the choice of P.

Otherwise, there are at least s—((I—1)—(k—Il+ko—1)) = s—2l+k+ko = s—s—1+s =
s — 1 colors in {441,949, ..,0+s 1} that belong to C({ujui1, ustyyr, ..., ustys1}). So,
there is an « with 1 < o < s such that w,u;y; has a color ¢;;5_;. Since s > 3 and
ty = s —2 > 1, we have that vjv, € E(G) and vyv, has color i;y43. So, P’ =
Vs_1 P 00t 1 Pugqu, is a heterochromatic path of length [ + 1, a contradiction to
the choice of P.

Case 3.1.2 k =2 (mod 5). So, we have s =2l —k —3 or s =2l — k — 2.

Case 3.1.2.1 If s=2l—k—3,thent; =k—1—-2s+3=k—1—4l+2k+6+3=
3k—=5l+6+3=5,andsos—2>t,>k—(l+s—1)—t;=s+(k—1—2s+1)—5=
s+ (k—1—41+2k+7—-5) = s+(3k—5l+2) = s—2. Then zj,_o = s+1+2(jo—3) = s+2jo—5,
Tjo =1—s+1-2(t1—jo) =l—s—2t1+2jo+1=1—5+2jpy—9and 2’ =z, = x; —s—1.
Hence, 4 < xj, —xj,—2 = s+ 1, which implies s > 3. Since s < kg <2l—k =5+3 =2, +2
and kg —s+1 <4< s+ 1, we have kg < x1 = s+ 1 by Lemma 3.3, then ky = s.

If there exists an x with 1 < x < 27 — 1 such that w,u;1; has a color not in
{lkos Thot1y -« s 8y Uty « -+ Uis—1, bits ), let P = v Pugugy Pujpqu,, then P’ is a hete-
rochromatic path of length [ 4 1, a contradiction to the choice of P.

THE ELECTRONIC JOURNAL OF COMBINATORICS 12 (2005), #R33 13



Otherwise, there are at least s—((I—1)—(k—Il+ko—1)) = s—2l+k+ko = s—s—3+s =
s — 3 colors in {i;41,%42, ..., 44s—1} that belong to C({uiups1, ugttys1, .. ., usttyr1}).

If s > 4, then there exists an = with 1 < z < s such that wu,u;,; has a color in
{il+1, lys—2, il+s—1}~ Let

P = { V9 PU, if uzuyy 1 has color 4y q;
vs_o P vjv,  if uzuyq has color 44 g Or 444_1.
P { Piug 1 Puppugu,yy ifl<az<s—1;
Piugi Pupsususq  if v = s.

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

If s = 3, then there are at least xo — 1 —1— (I = 1) —(k =1+ ko — 1)) = 29 — 2l +
k+ky—2>s+3—-—s—3+s—2=s—2colors in {i41,...,%4+s-1} that belong to
C({uruggry - - -y Ugy—1U42}). So, there exists an edge u,u; 1 (1 < & < x9 — 1) such that
UzUy41 has a color 444 o or ;1 5_1. Let

V10sUsy 1 Py ugty g if 2 <z < s
P = { vivgue 1 Pugququs if v =1;
V10U, P, P 0y (g—gy i s+ 1 <2<y —1

fs+l1<ax<zy—1,thenx— (r3—8)>2s—122+1>2s—(l—s+1—-2(t; —2))+1 =
35 —1+6=60-3k—9—1+6=>5—-3k—3=5[%]-3k—-3=1 So, Pisa
heterochromatic path of length [ + 1, a contradiction to the choice of P.

Case 3.1.2.2 If s=2l—k—2,thent; =k—1—-2s+3=k—1—-4l+2k+44+3=
3k—5l+7=3,5-2 >ty > k—(l+s—1)—t; = s+(k—1—2s+1)—3 = s+(k—1—4+2k+2) =
s+ (3k—5l4+2)=s—2,and so ty = s—2. Then, jo=t; =3 and s+ 1 < x3—x; < s5+2
which implies s > 2. So, we have that z1 = s+ 1 and 23 = 21 + s+ 2 = 2s+ 3 or
r3=x1+s+1=2s+2;orxy=s+2andaxs=x2;+s+1=2s+3.

We first consider the case when ;1 = s+ 1. Since s < kg <2l —k=s+2=2; +1
and kg —s+1 < 3 < s+ 1, we have that ky < ;1 = s + 1 by Lemma 3.3, and so
ko = s. If there exists an x with 1 < z < s such that w,u;;; has a color not in
{ikoy Thot1y -+ >0y Uiaty - - lirs—1}, let P' = v1 Pvgugy Pujqu,, then P’ is a heterochro-
matic path of length [ + 1, a contradiction to the choice of P. So, there are at least
s—((l=1)—(k—=I1l4+ko—1) =s—-24+k+kyo=5s—5s—2+ky=s—2 colors in
{i141, .-, i14s—1} that belong to C'({uit11, ..., ustty11}).

If s > 3, then there is an edge u,u;11 (1 < x < s) such that w,u;,; has a color in
{il+s—2ail+s—1}- Let

P Vs—o P ojug o Puppugu, g if 2 < <s;
Vo P 01U 11 Py ququy if x = 1.

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

If s = 2, then we have 4 < 23 — 11 < s+ 2 = 4 which implies that z1 = 23 —4, 2’ = 1,
or x1+ 1. There are at least 9 —1—((—1)—(k—l+ko—1))—1 =29 —2l+k+ko—2 =
To—5—2+4+ky—2>s+3—-5—2+s—2=s—1colorsin {ij41,...,44s—1} that belong to
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C({uruggry - - -y Ugy—1ug41}). So, there is some 1 < z < x9 — 1 such that u,u;1 has color
fip1. f 2’ =21 =5+ 1, then z # s+ 1. Let

VsUs 1 Pug gty if v = 2;
P =< vgug 1 Pupuiug if v =1;
Vslgy Py P My (gy—g) if s +2 <2 <mzy—1.

Note that if s+2 <z < zy—1, then z—(29—5) = v+5—29 > 25+2—19 = 25+2—11—2 =
2s —x;1 =8—1=1, and so P’ is a heterochromatic path of length [ + 1, a contradiction
to the choice of P. If &’ =21 + 1 = s+ 2, let P' = uy Puy, vsupy Pty +1Pug,—1, then
P’ is a heterochromatic path of length [ + 1.

Now we consider the case when 2/ = 21 = s+ 2 and 23 = 2s + 3. Since s +1 =
r3 —x1 >4, we have s > 3. Then s < ks <2l —k=s+2=xyand kg —s+1 <3 <s,
andso s <ky<z;—1=s+1.

If there exists an 2 < z < s such that u,u;+1 has a color not in {ig,, igg+1, - - -, i,
il+17 c. ,’L'lJrS,l}, let

P vy Pusugi o Puj1uzu, 1 if uzu;q has a color different from i, _q;
v PusugioPuj 1wy ry i ugzuq has color 4,4,

then P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
Otherwise, there are at least (s — 1) — (I — 1) —(k—1l+ko—1)) =s—2l+k+
ko—1=s—s—2+ky—1=ky—32>s—3colors in {ijy1,...,%5+s 1} that belong to
C({uguggry - - ustiysr}).
If s > 4, then there is an 2 < x < s such that u,u;., has color 4,1, 445 o O 4545 1.
Let

po_ v Py, if u,uyy1 has color 44 1;
! vs_o P vjv,  if uzuyq has color 44 g Or 444_1.
pr— | DitsppPurnugu,qup—p i3 < w0 <5

P1US+2PU1+1UQU3U4 if x =2.
Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
If s =3 and ko = s+1 = 4, then there are at least ky—3 = 1 color of {i; 41,4140 = 1451}
that belong to C({uguy1, usuir1}). Let

VoU3Us Py Ustuztiy if ugu;,1 has color 7;,1;
P = wvyvgus Pugyususu if uzu;1 has color 7;41;
VUV Us Pugqugu, 1 if ugugyy (z = 2,3) has color 4.

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

Ifs=3and kg =s=3,thenxy =s+2=5and 23 =2s+3 =9, and so x5 = 7,
and then 2/ = 2y = 5. There are at least kg — 3+ a9 — 21 — 1 =29 — 21 — 1 = 1 colors in
{i141, 4102 = i13s—1} that belong to C'({uguyr1, usur1, ugty11}). Let

VoU3Us Py usugtiy if ugu;4q has color 7;,1;
VoU3Us Puy i ugusuy if uzu;41 has color 7;41;
P = vovsur Pupug P tuy if ugu;11 has color 7;41;

VU1 VsUs Puy g, if uguyq (z = 2,3) has color i;49;
Vo U3ty Py ug P us  if uguy1 has color ;4.
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Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

Case 3.1.3 k = 4 (mod 5) and s = 2l — k —2. Then, t; = k —1—2s+3 =
k—1—4+2k+44+43=3k—-5l4+7=4,s-2>t, >k—(1l+s—1)—t =
s+(k—1—-2s+1)—4=s5+(k—1—-4+2k+1) = s+ (3k—5l+1) = s — 2 which implies
ty = 8—2, Tjo—2 = S+1+2(]0—3) = S+2jo—5, Ljg = Z—S+1—2(t1—j0) = Z—S+2j0—7
and zj,_o =zj,—s—1. S0, 6<ay—x1=1l—s+1—-s5s—-1=1—-25s=s5+(l—3s) =
s+ (Il —6l+3k+6) = s+ (3k — 5l + 6) = s + 3 which implies that s > 3. On the other
hand, s < ky <2l —k=s+2=x1+1and kg —s+1 <3 < s, and then ky < z1, and so
k?() = S.

If there is an 1 < = < s such that w,u;,; has a color not in {ig,, ikgs1,-- -0, b1,
ey lies 1, bas ), let PP = vy Pogugy 1 Pujiqu,, then P’ is a heterochromatic path of length
[+ 1, a contradiction to the choice of P. Otherwise, there are at least s — ((I — 1) — (k —
l+ko—1)=s—2l+k+ky=s—s—2+s=s—2colors in {i;11,012,...,%+s_1} that
belong to C({ujui1, ustiyry, ..., usu;11}). In other words, there is some 1 < z < s such
that u,u; 1 has color 4,59 or 4,5 1. Let

P Vs—o P 0y vsug i Puugug—y if 2 <o <s;
Vs_o P 010U Pupugug if 2 = 1.

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
Case 3.2 C’(ux/ulﬂ) ¢ {il, ig, Ceey il, il+1, ey il+5_1, il+s+jo—27 Z.l-i—s-i—jo—l}‘ Then Tjo—1
<z <uz;,—1. Let P'= v1 Pogug,, Pul+1u$/P*1ux/,(%,s)+1. Note that

o' = (zj, —5) + 12 xjo1 — zj + 5 +1

> (s+14+20o—2)—(l—s5+1—2(t —jo)) +s+1

= 3s—101+2t, -3

> 3s—I1+2max{k—1—2s+3,3} -3
( 2k —3l—s+3 ifs<2l—k—2and k=24 (mod 5);

B 2k —3l—s+3 ifs<2l—k—1and k=1 (mod 5);

N 3s—1+3 ifs=2l—kors=2l—k—1and k=2,4 (mod 5);
[ 3s—1+3 if s=2l—k and k=1 (mod 5).
( 3k —5l+5 ifs<2l—k—2and k=24 (mod 5);

S 3k—5l+4 ifs<2l—k—1and k=1 (mod 5);

- 50 — 3k ifs=2l—kors=2l—k—1and k=2,4 (mod 5);
| 5l —3k+3 ifs=2l—kand k=1 (mod 5).

> 1

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

Lemma 3.10 Let k > 8 and k = 1,2,4 (mod 5), t; > 2, C({uruy1, - -, Uz, —1U111})

C{i1,d9, .« 14s—1,Ugstt,—1}- Then there is no x1 < o’ <z, — 1 such that C(uyu;1q) €
{Zl-i-la teey Zl+s—act1+:v1+2t1 —4} U {Zl+[57t2271—|+xt171172t1+2’ s Zl-l—s—l}'
PT‘OOf. Since C({ululJrla UUp1; - - - 7u$t1*1ul+1}> C {ila i27 s 7Z-l+sfla Z-lJrerh*l}a we have

that k—({+s) < l—1—zy, +1 which implies that x;, < 2l—k+s, and x1+2(t; —1) < x4,
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which implies that 2¢; <y, —21 +2<2l—k+s—s—-1+2=2[—-k+1.

If there exists an =y < 2’ < xy, — 1 such that u,u;; has a color in {4 q,...,
il+s,xt1+xl+2t1,4}, then there exists a 2 < jo < ¢ such that ;1 < 2’ < x, — 1.
Let P/ = vs_xtlﬂﬁgtl_ngsu% PU1+1U;U/P71UJ:'—(%—xt1+x1+2t1—4)+1- Since k—1—2s+3 >
k—1—4l+2k+3=3k—>5l+3 =3k —5[3] + 3, we have that k — | — 25+ 3 < 2 if and
only if s =2/ — k when k =1,2,4 (mod 5), or s =2l — k — 1 when k = 2 (mod 5). So,

S—It1+l'1+2t1—3
> s—2l+k—s+s+1+2max{k—1—2s+3,2} —3
= s—2l+k+2max{k —1—2s+ 3,2} —2
(3k—4l—3s+4 ifs<2l—k—1and k=1,4 (mod 5);
3k —4l—3s+4 if s<2l—k—2and k=2 (mod 5);
k—2l+s+2 ifs=2l—kand k=14 (mod5);
| k—2l+s+2 ifs=20—kors=2l—k—1and k=2 (mod5).
6k —100+7 ifs<2l—k—1and k=1,4 (mod b5);
6k — 100 +10 if s <2l —k—2 and k =2 (mod 5);
2 if s=2l—k and k=1,4 (mod 5);
1 ifs=2l—kors=2l—k—1and k=2 (mod 5),

>

\

> 1

and o' — (xj, —x, + 21+ 26 —4) + 1> zj01 —xjy + 24, — 01 — 261+ 5= (zj-1 —21) +
(4, — j) — 281 +5 > 2(jo — 2) +2(t1 — Jo) — 2t1 + 5 = 1. Then, P’ is a heterochromatic
path of length [ + 1, a contradiction to the choice of P.

Next we consider the following two cases:

Case 1 s—wy, +a1+2t —4 < [&=2=] 43 — a2 — 24 + 1.

If there exists an z; < 2’ < x4, — 1 such that u,u; 1 has a color in
{il+[%ﬂ1+wtl—x1—2t1+2’ <o oyi+s—1}, then there exists a 2 < jy < ¢ such that z;_; <
x' < x;, — 1. Since

= [(s = 2) = (142 + a1, — 1 — 26, +2)
t2—3+2+8—l't1+l'1+2t1—3

t2—$t1+$1+2t1—1

k—2l+8+t1

k—2l+ s+ max{k —1—2s+ 3,2}

( 2k —3l—s+3 ifs<2l—k—1and k= 1,4 (mod 5);

2k —3l—s+3 ifs<2l—k—2and k =2 (mod 5);
k—2l4+s+2 ifs=2l—kand k=1,4 (mod 5);

(| kF—2l+s+2 ifs=2l—kors=2—k—1and k=2 (mod5).
(3k—5l+4 ifs<2l—k—1and k=1,4 (mod 5);

3k —5l+5 ifs<2l—k—2and k=2 (mod 5);

2 if s=20l—kand k =1,4 (mod 5);

1 ifs=2l—kors=2l—k—1and k=2 (mod 5).

AV | AVARN | IR AV

>

\

> 1
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and Yty—[(s=2)— (=2 s, —21—201 42)] < (S_tj_lw +xy, —x — 1 — 2t; + 2, there exists a
yoe{l,2,.. . [=2  u{[=S ]+ oy, 21— 26+ 2,3y, — @y — 2ty + [FRE] -
| ==L | + 3} such that ¥’ € {y1,v2,.. .,y }. If ¢/ € {1,2,...,[=%=]}, then let P’ =
Uyur(xtl—xl—2t1+2)P710y'UsUa;jo Pul-ﬁ-luac/Pilu:t/f(:tjo*xt1+11+2t1*4)+1' Since y' + (z, — 71 —
2t1 +2) S |—87t2—271—| —f-ZEtl — T —2t1 +2, and l‘l — (‘rjo — Ty + x4 +2t1 —4) +1 Z Tjo—1 — Ljg +
Ty, — 21 =2t +5 = (251 —11) + (T, —5,) — 281 +8 > 2(jo —2) +2(t1 — Jo) —2t1 +5 = 1,
P’ is a heterochromatic path of length [+ 1, a contradiction to the choice of P. Otherwise,
if y € {[=2=] + 2, —a1 — 201+ 2,..., 3, — a1 — 20y + [=2=] — [==2=1] 4 3}, then
let P' = Uy'—(a;tl—x1—2t1+2)PUy/UsUa;]-0PU1+1Ux/P71Ux'—(ij—xt1+x1+2t1—4)+1- Since y' — (ftl -
Ty — 2 +2) > @y, —aq — 2+ [ - = 43—yt + 262> 1, Plisa
heterochromatic path of length [ + 1, a contradiction to the choice of P.
Case 2 s — xy, + 1 + 2t —4 > [=2=] + 3, — a1 — 2t + 2.

If there exists an x; < 2’ < x4, — 1 such that u, w1 has a color in {l + s — xy, + 21 +
2ty —3,l+s—xy +a1+ 2t —2,...,14+ s — 1}, then there exists a 2 < jy < 1 such that
zjo—1 < x' < x;, — 1. Since

ty— [(s —2) — (s — 24, + 71 + 2t — 3)]
tg—l‘t1+l'1+2t1—1

> (k=l—s+1—-t)—(l—s+1)+(s+1)+2t; —1
= k—2l+8+t1

> k—2l+s+max{k—[—2s+3,2}

> 1

and Yy, —[(s—2)— (s—ar +a1+20-3)] < S — Ty, + 21 + 24 — 3, there exists a y' € {1,2,...,
(== U{s —ay, + @1+ 26 —3,...,5 — 2y, + 21 + 2 — [*=%=L] — 2} such that y €
{yi,y2, -yt Ty € {1,2,..., (‘9’2—2’1}}, then let P’ = vyur(xtl,xl,gtﬁg)P’lvy/vsu%

Pul-{-luac’Pilu:v’—(acjo—act1+:v1+2t1—4)+1' Since y/ + (Itl —rp — 2t + 2) < I—SitQ—Qil—l + Ty —
=2t +2 < s—xy +x1+2t —4 = (s—x4y +21 +2t; —3) — 1, P is a het-
erochromatic path of length [ + 1, a contradiction to the choice of P. Otherwise, if
Yy € {s—my + a1+ 26 —3,...,8 — x4y + 31 + 2t — 27| — 2}, then let P/ =
Uy —(24y 21 —2t1 +2) P Uy Vsl pulJrlu:t/P_luac’—(acjo—:vtl-l-aq—l—?tl—4)+1' Since y' — (wy, — 1 —2t; +
2) > s—wy +20 —2— [ — (zy, —a — 2t +2) > [ 4wy, — 2 — 26 +4—

[ ==t | — (g, — a4y — 28 +2) = [£=2=1] — ==L | 42 > 2, P’ is a heterochromatic path

of length [ + 1, a contradiction to the choice of P. |

Lemma 3.11 Let k > 8, k = 1,2,4 (mod 5) and t; = 0. Then iy ¢ C({ujvs, ugvs, .. .,
wvs}).

Proof. Since t; = 0, we have that kg = s = 2l — k, k = 2,4 (mod 5), ts = s — 2
if k =4 (mod 5) and ty > s — 3 if k = 2 (mod 5), and |C({uiusr, ... w_1u1}) —
{ikgsikg+1,s-- >0} =1 —1 by Lemma 3.5.

If 17 € C{uvs, ugvs, ..., wus}), then by Lemma 3.5 we have iy € C({usiivs,. ..,
wvs}). On the other hand, if there exists an x € {{—s+3,l—s+4,...,1} such that u,u;
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has color i1, then let P’ = vlpvsuxpflux,(lﬂ,s)“. Note that when [ —s+3 < x <[, we
have that t—({4+2—s)4+1 > [—s+3—1—2+s+1 = 2, and so P’ is a heterochromatic path
of length [+ 1, a contradiction to the choice of P. So, there exists an s+1 <z <[ —s5+2
such that w,u; 1 has color 4.

If there exists an 2 < 2/ < x — 1 such that w1 has a color not in {iq,49,..., 0151},
then let

P 01 Posug Pupquy Py (peg1 fx—s+1 <2’ <ax—1;
V1 PUgtg Pup Uy Py (o—g)—1 if2<a2' <zx-—s.

Note that if 2 < 2’ <z —s,then 2/ + (z —s) -1 <+ (zr—2s—1) <ax+ (I —s+
2—-2s—1)=ao+(1—-3s+1)=a+(1—-6l+3k+1)=a0+Bk—-5l+1) <z —2 and
so P’ is a heterochromatic path of length [ 4+ 1, a contradiction to the choice of P. So,
C({uguysry - -y ug_1ugr }) C {in, g2, ooy Ggs—1}-

We distinguish the following two cases:

Case 1l xr=s+1.

If there exists an 1 < 2’ < 2 —1 such that u,u;11 has a color in {iy, ..., ik 1}, then let
P' = vy Pvsugy1Puy1u,, which is a heterochromatic path of length [ + 1, a contradiction
to the choice of P. So, there are xt —2—1 =12 —3 = s —2 colors in {i;41,..., 4451} that
belong to C'({uguys1,...,us_1u;11}). Then, there exists an 2 < 2/ < s such that w,u;.
has color 4,41 or 4451. Since k > 8, s = 2l — k and t5 > s — 3 if s = 2 (mod 5) and
ty =s—2if s =4 (mod 5), we have that {1,2} N {y1,y2, ...,y } # 0. Let

V9 Pug if uzruy1 has color 7741
P =< v, 9P v, if1€{y,...,y} and uypu;,; has color iy, 1;
vs_1 P vgug i 2 € {y1,..., Y1} and uzugyq has color 4,4, 1.
P Prug 1 Pujqugpug—q if 3 <2’ <s;
Prug Puppiugus if 2 = 2;

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

Case 2 x > s+ 2.

There are at least (z —2) — (kg — 1) = & — ko — 1 different colors in {¢41,..., %451}
that belong to C'({uouig1, ..., Us—1u41}). Since {I +s—[§] +1,..., 1+ [5] =2} =
2[5] —s—2<x+1—-5—-2=ux—ky— 1, if there exists an 2 < 2’ < x — 1 such that
U1 has a color in {ij4q, ... s U275 U215 - - - ,i1+s—1}, then by Lemma 3.7 there is
a heterochromatic path of length [ + 1, a contradiction to the choice of P. So, [£] = ;”TH,
and since [ +s — [E] 4+ 1 =1+ 1+ 220 > |4 14 228 — )4 4 3808 > ) )
I+ 5] —2§l+HT+1—1:l+s—H’TS’1:l+s—3k;§l’l <[+ s—1, there exists an
' €{2,...,5], 5] +2,..., 2 — 1} such that u,u;, has color i 2141 O ij4[z7-5. On
the other hand, it is not hard to check that {1,[5] =2} N {y1,... ,ys} # D since t; > s—3
if k=2 (mod 5) and tos = s — 2 if k =4 (mod 5). Let

vs_(%Hngs if u w41 has color Uts—[2]+15
P = 11%1_213_11)1@3 if 1 € {y1,..., 9} and uyu;1q has color 7;l+"%'|_2;
v1 Porz)_vs if [51—2¢€{y1,. ., ¥} and uyuyyy has color G14[2]—2-
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P PluxPulHux/P_lux/_L%J if [2]+2<a' <x—1;
- Prug Pupyytg Py 2 | if 2<a' < 3]

Note that if 2 <2’ < [§], then 2/ + 5] < 2|5] =2 — 1, and so P’ is a heterochromatic
path of length [ + 1, a contradiction to the choice of P.
So, we get that i1 ¢ C({uyvs, ugvs, ..., uws}). |

Now we turn to proving our main theorem.

4. Proof of Theorem 3.1

Proof. We will use induction on k& to prove the theorem.

For £k = 8, by Theorem 2.1 there is a heterochromatic path of length 6 = [3—5]“1 +1
in G.

Suppose now k > 9, and the theorem is true for all graphs G such that d°(v) > £’ for
every vertex v in G with 8 < k' < k — 1. In the following, all the notations are the same
as in Section 3. Since d°(v) > k > k — 1 for every vertex v of G, G has a heterochromatic

3(k=1)

path of length [=°~] 4 1. It remains to show that [ > [3] 4 1, which implies that

P = ulpu[%HQ is a heterochromatic path of length (3—5’ﬂ + 1. We will proceed by con-
tradictions. Suppose that [ < (3—:1 On the other hand, by induction hypothesis we have
that [ > [0 41> [, Then | = [%] and k = 1,2,4 (mod 5). We will distinguish
three cases: t1 > 2,t; =1 and t; = 0.

Case 1 t; > 2.

By Lemma 3.9, thereisno x; (1 < j < 1) such that C({uius1, ustypy - . ., Ug;—1Ui41})—
{ivsda, -y digt, s, digsrjo1) 7 0. S0, C({uruig, - gy 1ty }) € {in, 42,
1451, 014s+t,—1 ) Then, by Lemma 3.10 there is no x; < 2’ <y, —1 such that C(uguy1) €
Lty -+ s it s—ar a1 426 -4 U {il+f%2_l1+:vtl—:v1—2t1+2’ .. irs—1 ). Now we will distinguish
the following two cases:

Case 1.1 s — zy, + a1 + 2t; — 4 < [&2=] + 2, — 2y — 2t + 1. Since [{s — x4, +
T+ 2t — 3, [ by, —ay = 26 + 1Y = [ — s 4 2y, — 1 — 261) +
5, there are at least (I — 1) — [(ko — 1) + ([&=2=] — s + 2(z, — 21 — 2t;) +5) +

2
(l=1)—(k—1l+ko —1))] = k—1— =21 +5— 2z, — 21 — 2t;) — 5 different
colors not in {71,142, ..., i1, G4 (s—ay, +a14261-3), - -+ » iH((ktgiletl7117%“)} that belong to
C({uruggr, wotig1, - -, U—1u41}). So, there are at least

k—1—[=%"]+s -2, —21—2t) —5—(I—1—=z +1) -1
k—20+s— [=2=] —zy, + 23 + 4t — 6
k=20 45 — [SEE T (s 1) 425 42448 — 6

(3k — Tl + 65+ Tt, — 9)/2
(3k — Tl 4 6s + Tmax{k — [ — 25+ 3,2} — 9)/2

IV IV IV
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(

10k — 141 — 85 +12)/2 if s <2l —k—1 and k = 1,4 (mod 5);

10k — 14l — 85+ 12)/2 if s <2l —k —2 and k = 2 (mod 5);

3k — Tl 4 65+5)/2 if s=2l—kand k= 1,4 (mod 5);

3k —T7l465+5)/2 if s=2l—k,2l—k—1and k=2 (mod 5).
18k — 300 +20)/2 if s<2l—k—1and k = 1,4 (mod 5);

(
(
(
|
(18k — 300 + 28)/2 if s <2l —k—2and k =2 (mod 5);
(
(

a 5l — 3k +5)/2 if s=20l—kand k=1,4 (mod 5);
[ (Bl =3k —1)/2 if s=20—k,2l —k—1and k=2 (mod 5).
> 1
colors in {iy 1, 149, - - Gy s—a, +ar+20 45 ilﬂ%ﬂ]ﬂtﬁxr%lw’ ..., 11151} that belong to
C'({urugsr, ugtysy, - - - ,uxt1_1u1+1}), i.e., they belong to C'({uyur1, Ugtys1, - -, Ugy 111 })-
Note that

|{1727"'78_ |’x1271‘|}u{|'%‘| _27 I—%—I _17"'78_1}|

= s—[B7 ] +s— [#HR] 42 =25 — [B] - [=5=2] 4 2,

(({1,2,...,8 — @y + 31 + 260 — 4} U{[E=22] + 2, — 21 — 2 + 2,
o, s—1}

= s—xy +ar+2 —4d+s— [Z2] —my a2t — 2

= 25— 2wy, + 2wy + 4t — [T -6,

(25 — 2wy, + 2my + 4ty — [£2=2] — 6) — (25 — [B22] — [=Hu=E2] 4 2)
= (k—2l+s— [=2=1] —xy, + 221 + 4t — 6)

F([B] 4 [e=t] — g —k+ 2l — s — 2)

and

(2=l (o=t — gy — k420 — 5 — 2
cc1+s+:v1—(k—2l—s+1—t1)+1 - k1ol —s—9
Ty —xyy — k20— 24 BU=E = gy 4 O(ty — 1) — g, — 2050
_64+3k=5l ~ _q

-

IA I IA

So, 25 — 2my, + 2xy + 4ty — [F2=] — 6) — (25 — [B] — [2=R] +2) < bk — 2] +
S — |—87t2—271—| — Ty + 2I1 + 4t1 - 6, C’({ululH, ce ,le_lul_i_l}) N {il+1, ce ’ilJrsf(IlT*l]’
/l'l+|—M+t2-|_2, ooy iiys—1} # 0. By Lemma 3.6, there is a heterochromatic path of length
[+ 1, a contradiction to the choice of P.

Case 1.2 s —xy, + 21+ 2t —4 > (lg_l} + zy, — x1 — 2t; + 2. Then there are at
least (I —1) —[(ko— 1)+ (I —=1) — (k=14 ko — 1)] = k — [ colors not in {iy,42,...,%}
that belong to C({ujuis1, ..., u_1u41}). So, there are at least

k—l—(l—-1—mzy +1)—1
k—2l+z, —1

E—=20+s+1+2t; =3
k—2l+s+2max{k—1—2s+3,2} —2

VIVl
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( 3k —4l—3s+4 ifs<2l—k—1and k= 1,4 (mod 5);
3k —4l —3s+4 if s<2l—k—2and k=2 (mod 5);
k—2l+s+2 ifs=2l—Fkandk=1,4(mod5);
(| kF—2l+s+2 ifs=20—Fk2l—k—1and k=2 (mod}5).
(( 6k —100+7 ifs<2l—k—1and k=1,4 (mod 5);

S 6k — 100+ 10 if s <2l —k —2and k =2 (mod 5);

2 if s=20l—kand k=1,4 (mod 5);
(1 if s=20—Fk,2l —k—1and k=2 (mod 5).
> 1
colors in {i;y1,%42, ..., %451} that belong to C({uiuir, ugtiiys, ..., Uz, 1wi11}), ie.,
they belong to C({ujuy1, ugtiys1, .-\ Ugy1U1})-
Since
(s — 1) = (25 — [B2] — [=H9=2] + 2)
= [BF] + 5] -5 -3
= (k—2l+m, — 1)+ ([B] + [=F=L] — s — k + 2l — 2y, — 2)
< k=204 x, —1,
we have that C'({ujuy1, Uotys1, -« Uy 181 }) N {121, - - - 7il+8_|—mlT—1—|,7/-l+’—s+x%—t2-|_1, o

i1rs—1} # 0. By Lemma 3.6, there is a heterochromatic path of length [+ 1, a contradiction
to the choice of P.

Case 2 t; = 1. Then, by Lemma 3.4 we have 1 = t; > k — 1 — 2s + 3, and so
2s > k—1+2. On the other hand, s < 2] — k. Since 2(2l — k) — (k —1+2) = 5l — 3k — 2,
we have that s = kg =2l — k if k = 1,4 (mod 5) or 2l —k —1 < s < kg < 2] — k if
k=2 (mod 5).

By Lemma 3.9, we have that C({ujuj11,. .., up—1ws1}) € {i1,02, ..., G1s—1,G4s}-
On the other hand, if there exists an z; — s < x < s such that w,u;,; has a color
in {i1,d2, ..., kg-1}, let Pl = uyP " uy_(p g1 and P = uyPuyi(;—s)—1, then there
is a P, € {P],P/'} such that C(uzui1) N C(P) = 0, and so P’ = vy Pvsuy, Puj 1 P
is a heterochromatic path of length [ 4+ 1, a contradiction to the choice of P. So,
C({tgy —stis1s - - -y ustgr1y) N iy, g2, ... igo—11 = 0. We consider the following two cases:

Case 2.1 s —(x; —s)+1 > (2 — 1) — (kg — 1)+ 1 > 0, ie, 2x; < 2s + k.
Then, there are at least [s — (z;1 —s)+ 1] = [l —1) —(k =14+ k —1)] =1 > 0 (
[s—(x1—s)+1]—[(l—1)—(k—l+ko—1)]—-1=2s—z1+1—1+1+k—I+k—1—-1=
k—2l+2s+ko—a1 > k—2l+22 —x; > k=2l +s+1>k—2]+ 12 41 = %5 >
andso [s— (21 —s)+1]—[(l—1)—(k—Il+ko—1)]—1=01if and only if 2(s+1) = 22, =
2s + kg > 3s, i.e., s < 2. On the other hand, £ > 8 implies that s > 3, and so we have
[s—(z1—s)+1]—[(l—1)—(k—Il+ko—1)]—1 > 0.) different colors in {i;41,...,%+s1} that
belong to C({ug,—stis1, - - ., uswir1}) C© C({urwis, - .., ug—1wg1}). Since |{s — [247] +
1,..., I—%—I _3}| < (s+:v1—(k—2l—s+1—t1)'| + I':tl;l‘l —5—3= (Qka;rler‘l + (m;l‘l —s—3—
s+ [ ¢ (822 — s -3 < [EE oy —3=(k— 20+ 25+ ko — 1) + ([5E] + 221 —
2s+20—k—ko—3) < (k—2l+2s+ko—x1)+ ([5E] +ko—k+20—ko—3) < (k—20+2s+
ko — 1) + (B3 — 3) < k— 20+ 254 ko — x1, we have that C({uit1, . . ., Ugy—1Us1}) N
{irs1, 0132, - ,il+87’—lefl—|,il+’—s+z%7t2—|72, Z'l+’—5+z%7t2—|71, . yiiys—1} # 0. Then, by Lemma
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3.6 there is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

Case 2.2 0 < s— (21 —5)+1 < (21 —1) — (ko — 1), ie, 22y > 25+ ko + 1.
Then there are at least [(z1 — 1) — (ko — V)] = [0 = 1) = (k=1 4+ ko — 1)] = 1 =
o —2+k—1>s+5 2l 4+ k—1>31 9l 4 >33 9] 4 | = Th=lllid
(=0if k = 12,1 = 8,s = kg = 3,7y = 5 and > 1 otherwise) different colors in
{i141, 9152, - - -, i1+s—1} that belong to C({ujups1, ugtyi, - ., Uz —1u11}). We first consider
the case when k = 12,1 =8, s = ko = 3 and z; = 5. There are at least 1 —2—[(I — 1) —
(k—l+ko—1)]—-1=5-2—(7—(12—8+3—1))—1 = 1 colors in {iy, ia, ig, 110} that belong
to C'(ugug, ugtg, ustg), i.e., there is an 2 < x < 4 such that C(uzug) € {iy, iz, 49, 410}. If
C(uzug) € {i1, iz}, then v1vv3us Pugtizt, 1 Or 010903Us Pugtizug, 1 is a heterochromatic
path of length 9; if C(ugzug) = i19, then vevivsus Pugu,u, 1 is a heterochromatic path of
length 9; if C(u,ug) = g, then vous Pugtizty, 1y —o OF Vot Plgliy iy 41U, o is & heterochro-
matic path of length 9, a contradiction to the choice of P.

Next we shall only consider the case when z; — 2l + %k — 1 > 1. If there exists an
1 <z <y — 1 such that u,u;q has a color in {i; 1,449, . .. ,il+37’—lefl—|,7:l+’—s+x%—t2—|72,
ileﬂ%ﬂsg]fl, ..y l1+s—1}, then by Lemma 3.6 there is a heterochromatic path of length {4

1in G, a contradiction to the choice of P. Otherwise, since |[{s—[#—]+1, ..., [#H=2] —

3}| < l'erxlf(k*Ql*S“rl*tl)“l + (m;l} —s—3 = |’2sfk;rl+:t1‘| + (m;l} —5—3 =35+ (l—k-%} +
(23] —s—3 < [EE+a1 -3 = (z —2l+k— 1)+ ([BE]+20—k—2) = (21 —2+k—1)+
(f%} —2) < x1—2l+k—1, we have that {i1, s, ..., ik, _1, U210 1 zlﬂsﬂ%ﬂsg]fg}
C C{urwsr, -y Ugy 141 }), and k = 2,4 (mod 5) as well as to = k — 1 — s if k =
4 (mod 5),to=k—1l—sork—1—s+1if k=2 (mod 5). We distinguish two subcases:

Case 2.2.1 If k = 2 (mod 5), then 41 — 2k — (k — 1+ 2) = 5l — 3k — 2 = 2, and so
s=2l—k—1or 2] —k.

If s=2—k—1,then s—2 >t >k—-1l—-—s+1—-1=s+(k—101-2s) =
s+(k—1—4l4+2k+2) =52, 01 -2l+k—1=21—s—2and [{[5]+3,..., 21— [5] -2} =
=[5l =53] —4=21—-5—4

Since k > 8 and s > 3, we have that to = s —2 > 0. If s = 0 (mod 2), then there

exists some x € {1,2,...,5 +1} U{z; — 5 —1,...,2; — 1} such that u,u;1, has a color
in {Zl+8_|—a:1271-|+1’ o ,Zl+’—s+z%7t2]73}. Let

vs Plog,  if ugugy has a color in {ijy s, ... ,il+’—5+117t2—|73};

vs Pug if ugurgy has a color in {iy, o1y ooy dip g}

po_ uxP_lux_(xl_g_g) ifr;—5—-1<x<mx —1;
27 | wePlpy—z—2y  ifl1<z<S+1

Then, P' = Pju,, Puj41 P, is a heterochromatic path of length [ + 1, a contradiction to
the choice of P.

If s = 1 (mod 2), then there exists some x € {1,2,..., 5| +2}U{zx; —[5]—1,..., 21—
2,1 — 1} such that u,u;4; has a color in {il+s—(“1T_l1+1’ e B E]-2,
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Z'H[%], o 7il+[s+m%7t2—|73}. Let
U@P*lvlvs if uuyy has a color in {ijyrsy, ..., Z.l+|—s+x%—t2—|_3};
vrs1-1Pvs  if w,upyy has a color in {ilJrS{xlT—lHl, . ,il+(§1_2}.
P o_ uxP_lux_(xl_[§1_2) if 1 — (%—‘ —1<ze<x -1,

2 uxPu$+(x1_[§1_2) ifl<z< L%J + 2.

Then, P' = Pju,, Puj41 P, is a heterochromatic path of length [ + 1, a contradiction to
the choice of P.

Ifs=2l—k, thenxy —2l+k—1=x1—s—1landty, >k—1l—s=s5—42>0.

We first consider the case when to = 0. Then k =12,1 =8, kg =s=4,and 5 = s+1 <
x1 <l—s+1 =5 which implies x; = 5. If there exists a v ¢ {us, ug, u7} such that ugv has
a color not in {iy, ..., 412}, then v ¢ {us,...,ug,v1,...,v4} and P' = vy PvjusPugv is a
heterochromatic path of length (41, a contradiction. So, ig € C'({uug, ustg, uztg, Ustig}).
Let

P { Vo Pugus Pugtius if ujug has color ig;
ve Pugus Puguu, 1 if uzug (2 < x < 4) has color ig.

Then, P’ is a heterochromatic path of length [ + 1, a contradiction.

Next we consider the case when ¢, > 0. Since if s > 5, we have that 2 < [5] <

2l < s—2,and so {1,2,[51} N {y1,p2, .- Y} # 0. If s = 0 (mod 2). Then ther

exists some x € {1,2,...,5 +1} U{z; — 5 —1,...,2; — 1} such that u,u;1, has a color
in {Zl+sf[”12’1]+1’ s s 1 sy zlﬂsﬂéﬂsg]d}. Let
( _ . .
vs P Log if 1 € {y1,..., 9} and u,u;41 has a color in
Z’ s e Z s+ — s
X { I+5+1 ) l+[%172}’
v;HP vovs if 2 € {y1, ...,y } and uzuq has a color in
P = {ZlJr%Jrla s >Zl+[s+x%—t2]_2};
s .
vlpv%vs if 5 € {y1,. ..,y } and uzu;4; has a color in
Z’ s e Z s+xq]— s
{ I+5+1 ’ l+[¥172}’
vs P if u,u;41 has a color in {Zl+87’—11271—|+1, o zl+§_1}.

\
P uxP_lux,(xl,%,g) if o — % —1<ze<x -1,
27 | wePupye—z—2  ifl1<z<s+1

Then, P" = Pyu,, Pu; 1P is a heterochromatic path of length [ + 1, a contradiction to
the choice of P.

If s =1 (mod 2), then there exists some z € {1,2,..., 582} U {2 — 22, .. 2y — 1}
such that u,u;,; has a color in {iHsi(IITlel, o @'Hs%s,ipr%s, e il+’—5+z%7t2—|72}. Let
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ver1 P loyv, if 1€ {y1,..., 9} and uzuzy1 has a color in
2
{le;ﬁ; cee a@leFg}%
vers P logu, if 2 € {y1,..., 95} and uzuzyy has a color in
2
— /l s . 7/ s — s
Py { I+ ) ZHMFQ]H
V1 PUst1vy if % € {y1,...,y,} and uzu; 1 has a color in
2
{le;ﬁ; cee a@leFg}%
\ U%va if u u;41 has a color in {/Ll+8_|—x12—1-|+1, . ,@l+s%3}.
P pr_lux_(xl_ﬂ) if 1 — % <z<uz —1;
— 2
), =
umpuac—l—(ml—%) I<z< %

Then, P' = Pju,, Puj41P; is a heterochromatic path of length [ + 1, a contradiction to
the choice of P.

Case 2.2.2 If k = 4 (mod 5), then (4] — 2k) — (k — 1+ 2) = 5]l — 3k — 2 = 1 which
implies kg = s =2l—k, 21 —2l+k—1=x1—s—1l,and to =k—1l—s=s+(k—1—2s) =
s+ (3k—5l)=5s—-3>0.

We first consider the case when t, = s — 3 = 0, which implies that £k = 9, [ = 6,
ko=s=3and4=s+1<ux; <l—s+1=4. If there exists a v ¢ {uy, us} such that uyv
has some color not in {is, ..., 49}, then v & {uy, us, ug, v1, v2, v3} and P’ = v1vaV3U U5 UGULV
is a heterochromatic path of length [ + 1, a contradiction. So, i7 € {ujur, uguy, usuz}. Let

P VU3 U UsUgUrUL Us if uyu; has color 7;
VoUgUgUsUgUrUyUy 1 if Uty (2 < o < 3) has color 7.

Then, P’ is a heterochromatic path of length [ + 1, a contradiction.
Next we consider the case when t5 > 0. Since s > 4, we have that 1 < [2] < s —2
which implies that {1,[3]} € {y1,...,ys}. Since |[{[5] +2,...,21 = [§] = 1}| = 21 —

[51—=15] —2 = 1 —s5—2, there exists some x € {1,2,..., 5| +1}U{z1 —[5],..., 21— 1}

such that u,u;1; has a color in {iz+s—(“1T”1+1’ cee ilﬂw]ﬁ}. Let
( U[%]Pflvlvs if 1 € {y1,...,ys,} and uzu; 1 has a color in
{il+[§], ey Z'l+[sﬂc+t21_2};
P v1 Pursyvg 1f. (5] € {yl,.. -y Yt, } and uzug4q has a color in
{Zl_,_[%], ey Zl+[sﬂc+t21_2}.
vrs1Pus if u,u; 1 has a color in
\ {Z'l_i_s_[xlT—lH_l,...,il+(§1_1}.

P, — pr_lux—(xl—L§J—2) v — (5] <o <z -1
uxPuH(xl_L%J_Q) 1<z < L%J + 1.

Then, since (z1 — [5]) — (1 — 3] —2) > Land ([ 4+ 1)+ (z1 — [5] —2) = 21 — 1,
P" = Pyuy, Puj41P; is a heterochromatic path of length at least [ 4+ 1, a contradiction to
the choice of P.
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Case 3 ¢; = 0.
Since t; = 0, we know by Lemma 3.5 that k = 2,4 (mod 5), kg = s = 2l — k and
to =s—2if k =4 (mod 5); t > s — 3 if k = 2 (mod 5), and there are exactly | — 1

different colors not in {ig,,iges1,--.,%} that belong to C(uju; i1, ustiyy, ..., u_1U1).
On the other hand, by Lemma 3.11 we have that iy ¢ C(uqvs, ugvs, ..., uvs), and by
Lemma 3.5 CN(vs) — C({uss1vs, . .., Us1Us, V1Vs, . ., Vs—2Us }) C {igg,- -, lirs—1}. Since

d°(vs) > k and if k =4 (mod 5), ty = s — 2; if k = 2 (mod 5), ty > s — 3, which implies
that k = 2 (mod 5), to = s — 2 or i1 € {V10s, ..., Vs 20} and iy € {Usi1Vs, ..., W0Vs},
i3 € {usi1vs, ..., uugt if s > 4.

Since k > 8, we consider the case when s > 4. If there exists an z € {{ —s+4,...,l}
such that u,u; 1 has color is, then let P’ = levSufolux,(Hg,s)H. Since [—s+4 < x < [,
we have v —(I+2—s)+1 > (I—s+4)—(l—s+2)+1 = 3, and so P’ is a heterochromatic
path of length [+ 1, a contradiction to the choice of P. So, is € C({us410s, ..., U_s130s}).

If there exists an 3 < 2/ < x— 1 such that w1 has a color not in {is,43,..., 015 1},
then let

p_ UlvauxPul+1u$/Pilux/,(x,s)ﬂ ifr—s+2<2'<zx-1,;
T viPusug Puppiug Pugr i ps—1 i3 <2’ <ax—s+1

Note that if 3 <2’ <z —s+1,then 2’ +(zr—s)—1 <zx+(x—2s) <zx+(l—s+3—2s) =
x4+ (I —6l+3k+3) =x—1, and so P’ is a heterochromatic path of length [ + 1, a
contradiction to the choice of P. So, C({usuji1, ..., uz_1ui1}) C {io, i3, ..., 01151}

We first consider the case when © = s + 1. If there exists an 1 < 2/ < x — 1 such that
Uz y1 has a color in {is, ..., ix,—1}, then P’ = vy Pvgu, Puj1u, is a heterochromatic path
of length (41, a contradiction to the choice of P. So, there are t—1—1 = x—2 = s—1 colors
in {i41,...,%4s—1} that belong to C({uiuss1,...,uz—1u+1}). Then there must exist an
1 <2’ <z —1 such that ug ., has color 41,1, and so P’ = v,_1 P7 o104t Pyt
is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

Next we consider the case when x > s+2. There are at least (z—3)—(ko—2) = x—ko—
1l =x—s—12>0colors in {ij41,...,%4+s—1} that belong to C({uguii1, ..., Uz_1U+1})-
If there exists an 3 < 2’ < x — 1 such that wu,u;; has a color in {ijq,... ,il+s_"xT-l—1'|,
”L.l+[mTJrl]71, ..., l11s-1}, then by Lemma 3.8 there is a heterochromatic path of length [ +
1, a contradiction to the choice of P. So, C({usuji1,...,up—1t51}) € {io, ..., 0k—1,
TR TSSTIRIRR ,ileTHFQ}. Then, we consider the color i3. If there exists a z € {1,..., s,
l—s+5,...,1— 1} such that u,v, has color i3, then let

pl _ U5+1PUSUZ if 1 S z S S;
- levsuszluz_(lH_s)H ifl—s+5<z<[-1.

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P. Since
ko = s > 4, we have i3 € C'({uyvs, ..., wvs}), and so there exists a s + 1 < 2 <l —s+4
such that u,vs has color i3. Then we consider the following subcases:

Case 3.1 iy, i3 € C({ugtys1, - -, Up_1Us1}).

First we consider the case when there exists an 4 < 2’/ < x — 1 such that wu,u;;1 has
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color 13.

If 1 =1—s+3and 2’ = s+ 1, since there are at least (z —3) — (kg —2) =2z —s—1=
[—25+42 = s+(I—35+2) = s+(I—614+3k+2) = s—2 colorsin {i;41, ..., 44s—1} that belong
to C'({ugugy1, - - -, up_1ur41}), then there exists an 2”7 € {3,...,s—1,s+2,...,2—1} such
that u,ru; 1 has a color in {i;, 1,415 2,415 1} Let

P = v Py if ugnuyq has color 444
vs_oP7tvjvg i ugruyy g has color 44 o OF dp4e_1.

P Prug Pupgitgr P gy if s +2<2” <a—1,
Prug Py tgn Pigny (o) if3<a”" <s—1.

Note that if s +2 <a” <z —1,thena” —(x —s) >2s—aox+2=2s—1+s—3+2 =

320—k)—1—-1=5l-3k—1=3;if3<2”" <s—1,thena” +(x—s) <z —1. So, P'is

a heterochromatic path of length [ 4 1, a contradiction to the choice of P.
Otherwise, t <l —s+2orx=1—s+3, 2" #s+ 1. Let

P 01 Pusuy Puppquy Py fox —s+3 <2’ <z —1;
| v Pustg Pty Py (-1 if4<a' <z—s+2.

Note that if x <l —s+ 2, then oz —s+2<[—s5s+2—-—s4+2=1—2s+4 = s+
(l—3s+4) =s+Bk—5l+4) =s,and if x =1 —s+3 and 2/ # s+ 1, then
r—s5+2=1—-5+3—-5—-2=[01—-2s+5=s5+1. So,if4<a2' <z —s+2 thenz' <s
and hence 2’ 4+ (x —s) — 1 < x — 1, and so P’ is a heterochromatic path of length [ + 1, a
contradiction to the choice of P.

Now we consider the case when usu;, 1 has color i3. Then there exists an4 < 2’ < x—1
such that u,u;11 has color 75. Let

P vlvauzPulHux/Pilux/_(z_s)ﬂ ifz—s+3<a2'<x-—1;
| v Pust, Puggat Py (o)1 if 4 <2’ <min{z — s+ 2,s}.

Then, P’ is a heterochromatic path of length [+ 1, a contradiction to the choice of P. So,
s+1 <2 <z-— s+ 2, which implies z > 2s — 1. On the other hand, 2 <[ —5s+4 =
2s+ (I —3s+4) = 2s,2s — 1 < z < 2s. So we distinguish two cases: z = 2s — 1, then
s+1<a'<z—s+2=s+1l;and z=2s,then s+1<a2' <z—-—s5+2=5+2.

Case 3.1.1 z =2s—1, 2’ = s+ 1. If there exists an 4 < z” < z — 1 such that uzru;q
has a color not in {43, ..., %k —1, %41, --, 1451}, then 2’ # s+ 1. Let

P V1 Pogu, Pupiqtg P g (g1 if s +2<a” <z—1;
vlvauzpulJrlux”Pu:t”Jr(zfs)fl if 4 < z" <s.

Note that if s +2 < a” < z—1,thena2”" —(z —s)+1>s+2—(2—s)+1=4, and so
P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P. So, there
are at least (z —4) — (kg —3) =2 —s—1=s—2 colors in {i;11,...,%4+s—1} that belong
to C'({ugtys1, ..., us—1u41}), and there are at least 2 colors in {ij41, 4 45—9, 4451} that
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belong to C'({ugtys1, . - -, Uslys1, UsroUpst, - - -, Us_1Ui1}). 1f there exists an 4 < 2" < z—1
such that wu,»u; 1 has color 4,4, 1, then " # s+ 1. Let

P US—IPi1U1USUZPUZ+1/U/;E//PilUI”*(Z*S)Jrl ifs+2<a2"<z-1;
Vs_1 P ojugu, Pupqugn Pugny i—g—1 - 14 <a” <s.

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
So, i1ys—1 & C{ugisr, - gty }) and i1, 9452 € {Uatiyyr, ..o, us—quy4q }. If there
exists an 4 < 2"’ < z—1, 2" # 5,5+ 1,5 + 2 such that uz u; ;1 has color 4,41 or iy, o,

then let
P { vy Py if ugnu;q has color 7;44;
=

| vs—oP7lvjv,  if ugruy, has color i _o.
p = PluzpulﬂuxnP_lux//_(z_s) if s +3 < x” <z- 1,
| Prus Pty Pugrg (o) if4<a2”"<s—1.

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
So, C({usuii1, usiotii1}) = {ii41, 6052}, Since z > s + 2, we consider the case when
r > s+ 3, first. Let

-1 : ; .
P Vo PUst, Pyt 9P~ Uos_yyo if usiouy11 has color 7;41;
= -1 ~1 : ~
Vs—o P 0105 Pupy g 9o P~ Uos_pyo  if usiouy1 has color 444 .

Since 2s —x+2>2s—(l—s+3)+2=6l—3k—1—1=3, P'is a heterochromatic path
of length [ + 1, a contradiction to the choice of P. Then x = s + 2. Let

pr o | e PUsts o P tstls 15— if usupy1 has color ip4y;
Vo P 010U 0 PUjy st 1Us_o  if uguyyq has color iy _o.

If s > 5, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of
P. So, s = 4. Since there are exactly | — 1 different colors not in {ix,, ixg+1,---,%}
that belong to C'({ujui1, ..., w_1uis1}), v1PvsusioPujuqusg is a heterochromatic path
of length [ + 1 if C'(uyuis1) € {i1, ..., l1s—1}; v1PUsusioPujusuy is a heterochromatic
path of length [ + 1 if C'(uguis1) & {1, ..., 414s—1}. Then wjuyq or uguyyy has color 444 g
and {1,2} N {y1, ...,y } # 0. If wyu;q has color i, 1, then let

p— us—lPilulul—l—lUIUQUsuzPilus—l—l if2e€{y,...,u};
Vs—1 P 01050 Pujqugus if1e{y,...,u}

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P. So,
Uty 1 has color 415 1. Let

V3V Ustts o Puppruguy i 1€ {yr, ...,y )
P = { ujugupus Pu,v,vov3 if 2 € {y1,...,y,} and ugu;4q has color i, 1;
U U U1 Us PU, V50901 if 2 € {y1,...,y,} and ugu;yq has color 4,4 o;

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
Case 3.1.2 2 = 25,2/ = s+1ors+2. If thereexistsan 4 < 2" < z—1,2" # s+1,5+2
such that u,»u; 1 has a color not in {is, ..., s 1}, then let

o V1 Pogu, Pupiqtg P g (g1 if s+ 3 <a” <z—1;
vlvauzpulJrlux”Pu:t”Jr(zfs)fl if 4 < z" <s.
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Note that if s +3 < 2" < z—1,then2”" — (2 —s)+1>s+3—(2—s)+1 =4, and
so P’ is a heterochromatic path of length [ 4+ 1, a contradiction to the choice of P. So,
there are at least (z —4—1) — (kg —3) = 2—s—2 = s—2 colors in {ij41,...,445_1} that
belong to C({uquy1, ..., Ustiyy1, Usy3Uii1, - -, U,—1u11}), and there are at least 2 colors
in {1,945 2,94s-1} that belong to C({uguyy1, .., Uslysr, UsigUpsty -y UsqUpg1}). If
there exists an 4 < 2" < z—1, 2” # s+ 1, s+ 2 such that u,u;1 has color i;,_1, then

let
P/ _ { UsflP_lvlvsuzpulJrlux”P_luac”—(z—s)-i-l if s +3 < " <z- 1;

Vs—1 P 01050, Pug g tgr Pugr i (—g)—1 if 4 <a2” <s.

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

SO, i14s-1 §E C({U4Ul+1, sy UsUpg 1, Us 43U, - - - 7“7;—1”1—}—1})7 U1, liys—2 € {U4Ul+17 ceey
Uslps1, Us 3Upg1y - -, UsqUp1}. 1f there existsan 4 < 2"’ < z—1,2" #s,s+1,54+2,5+3
such that w,»u;.1 has color 7,11 or i;, s o, then let
vy Puy if ugnu;q has color 7;44;
Pl — -1 . .
vs_o P vivg  if ugruyyy has color 4pys o.

P Pru, Pupiqugn P ugn g if s +4 <2’ <z—1;
| Prue Pty Pugig o) if4<a2’"<s—1.

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
So, C({usuj11, usrswir1}) = {41, Gi4s—2}. Since z > s + 2, we consider the case when
r > s+ 4, first. Let

—1 : y .
p = Vo Pugu, Py Usy 3P~ Uog_py3 if wsy3ui41 has color 4p4q;
= -1 —1 ; .
Vs—o P 010U PUuppiUg 3P s py3  if weqsuyq has color 4p4,_s.

Since 2s —x+3>2s— (I —s+3)+3=60l—3k—1=4, P'is a heterochromatic path of
length [+ 1, a contradiction to the choice of P. Then we consider the case when x = s+ 2.
Let

pr o ] e PUsts o P tstts—1tts—s if usupy1 has color ip4y;
Vo P 010U 0 PUjy st 1Us_o  if uguyyq has color d4,_1.

If s > 5, then P’ is a heterochromatic path of length [ + 1, a contradiction to the choice
of P, and so s = 4. Since C({usui1, ..., uz—1u+1}) C {io, ..., %4s-1}, usu+1 has color
i3, and if uju; 1 has a color not in {iy,ds,..., 415 1}, then P = v; Pvsug o Pujjuiusg is a
heterochromatic path of length [ + 1; if usu;,; has a color not in {iy,ds,...,4.s 1}, then
P' = v1Pvsug o Pujusuy is a heterochromatic path of length [ + 1, a contradiction to
the choice of P. So, ugiou;i1 has a color not in {iy,ds,..., 415 1}, Usy1u+1 has color s,
Ugly41 Or ugty 41 has color i1 and {1,2} N {y1, ...,y } # 0. If ujuyyq has color 4,4 1,
then let
P { Us—1 P g 0100050, P g yo i 2 € {yn, 42,0, Y s
Vs 1 P 010U 0 Py gt if1ef{y,. . ,us}

So, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P. So,
Uo7 has color 45 1. Let

P/ _ U1U2Ul+1U5PUZUSU2 if2 e {yh s 7yt2};
o P! P if1e { }
Vs—1 V1VsUg42L Up41U2UT 1 Yty 3 Ytag-
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Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.
Last, we consider the case when =z = s+ 3. Since C({ugu1,.. ., Ug_1u41}) C
{ig, ... i14s—1}, we have that C({usy1uis1, usrouiy1}) = {ia, li1s—1}. Let

-1 . . .

pr ] v DT 00U P s ottt i ug oty has color gy
- -1 . .

Vs_1 P 01vsusi s Pupusiqusug—1  if ugiquiq has color 244 1.

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

Case 3.2 {ig, 23} /@ C({U3Ul+1, ey Ux_lul+1}). Since |({’L4, c. ,iko_l, Z'l—i—s—]—xT'H]-‘rl’
e o+ 1 = 2[#1] =5 <z +2 -5 = z — 3, we have that [Z2] = 22
and {7;1+37(%+1]+1, . ,ilﬂ%ﬂ]d} C C({usujs1, ..., uz—1u41}). Then, there exists an 2’ €
{3,...,5,5 +2,...,0 — 1} such that u,u;, has color Iips—[zs]41 OF G pzpay_y. Let

P — { Us_l—xT-&-l-|+2;P1US %f UgUj4+1 has color Z:l+s—(’”;rl1+1;
Ul'xT-‘rl'|_2P vvs  if upu;q has color U ey g

P = Plu:tpulJrlux’P_lUx/—%Jrl %f % +2<a <xz-1;
Plua:PUl+1Ux/PUxf+§_1 if3<a2 < 5

Then, P’ is a heterochromatic path of length [ + 1, a contradiction to the choice of P.

The proof is now complete. 1

5. Concluding remarks

Finally, we consider whether our lower bound is best possible. It is obvious that when
k = 1,2, the bound is best possible. Next we consider the case when k > 3.

Remark 5.1 For any integer k > 3, there is an edge-colored graph Gy, with d°(v) > k for
all the vertices v in G such that any longest heterochromatic path of G is of length k — 1.

In fact, let Gy be an edge-colored graph whose vertices are the ordered (k — 1)-tuples of
0’s and 1’s; two vertices are joined by an edge if and only if they differ in exactly one
coordinate or they differ in all coordinates. An edge is in color j (1 < j <k —1) if and
only if its two ends differ in exactly the jth coordinate, or in color k if and only if its two
ends differ in all the coordinates. Then it is not difficult to check that Gy is a graph we
want.

Another class of graphs is given as follows. Since K} is (k — 1)-edge-colorable when k
is even, we can get a proper k-edge coloring for K, when k is odd. Denote it by G.
Then, it is obvious that the longest heterochromatic path in G} is of length k — 1 when
k is odd.

Remark 5.2 Actually, we can show that for 1 < k < 5 any graph G under the color
degree condition has a heterochromatic path of length at least k, with only one exceptional
graph K4 for k = 3, one exceptional graph G4 for k = 4 and three exceptional graphs for
k =5, for which G has a heterochromatic path of length at least k — 1.
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To show this, let us construct an edge-colored graph H, first. Let H have the vertex
set {uq, ug, us, uy, us, ug, uz,ug}. The edges of H and their colors are given as follows:
C({urug, usur, ugug, usug}) = 1, C({urug, ugus, usus, ugur}) = 2, C({uius, ugue, usuy,
urug}t) = 3, C'({uiug, ugus, ugus, ugur}) = 4, and C({ujur, ugug, usus, ugug}) = 5. Then,
d(v) = 5 for every vertex v € V(H) and the longest heterochromatic path in H is of
length 4.

Then, by exhausting all the possible adjacency and colorings of edges for 1 < k <5,
we can get that any graph G under the color degree condition has a heterochromatic path
of length at least k, with only one exceptional graph K, for k = 3, one exceptional graph
G4 for k = 4 and three exceptional graphs G5, G and H for k = 5, for which G has a
heterochromatic path of length at least k — 1, where G, and G, are given in the proof of
Remark 5.1. When k becomes larger, there might be more such exceptional graphs. The
tedious details have to be omitted.

Now we know that our lower bound is best possible when 1 < k£ < 7. But we still do
not know whether it is best possible when k& > 8. We have tried all the possible cases
when k£ = 8 in order to find a graph to show that our bound is best possible, but failed.
To end this paper, we propose the following conjecture:

Conjecture 5.3 Let G be an edge-colored graph and k > 3 an integer. Suppose that
d“(v) > k for every vertex v of G. Then G has a heterochromatic path of length at least
E—1.

From the examples above we know that if this conjecture is true, then it would be best
possible. T. Jiang once told us that they showed that the conjecture is true for complete
graphs.
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