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Abstract

Let A be a finite multiset of integers. A second multiset of integers 7" is said to be
an A-tiling of level d if every integer can be expressed in exactly d ways as the sum
of an element of A and of an element of T'. The set T is indecomposable if it cannot
be written as the disjoint union of two proper subsets that are also A-tilings. In
this paper we show how to construct indecomposable tilings that have exponentially
long periods. More precisely, we give a sequence of multisets (Aj)3; such that each
A admits an indecomposable tiling T} of period greater than e Vi log(ni) ywhere
ng = diam(Ay) = max{j € Ay} —min{j € Ax} tends to infinity and where ¢ > 0 is
some constant independent of k.

Introduction

Let A be a finite multiset of integers (which we shall call a tile) and let d be a nonnegative
integer. Another multiset T of integers is said to be an A-tiling of level d if every integer
can be written in exactly d ways as the sum of an element of 7" and an element of A.
For example if A = {0,2} then 7' = {4k,4k + 1 : k € Z} is an A-tiling of level d = 1.
One can understand the set T as specifying a set of positions for translates of the set
A such that each integer is included exactly d times in the union of all the translates.
We illustrate this for the above example in Fig. 1, where we shade the original copy of
A = {0,2} and show which points belong to the same translate of {0,2} by connecting
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Figure 1: A {0, 2}-tiling of level 1 (T = {4k, 4k +1: k € Z}).
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Figure 2: A {0, 2}-tiling of level 2 (T = Z).

them with a dashed line. Tilings of level greater than 1 can be similarly illustrated by
using more than one row of dots, as in Fig. 2. In such a figure the vertical dimension serves
only to alleviate clutter, and the reader should not be fooled into thinking there is any
formal “under-over” relationship between elements of different translates that occupy the
same position. Tilings of level greater than 1 are traditionally called “multiple tilings”,
but we shall not emphasize this distinction here.

A simple pigeonhole argument (see e.g. [7]) shows that all A-tilings of level d are
periodic with period less than (d + 1)%@™(4) where diam(A) = max{j € A} —min{j € A}.
In fact, Ruzsa [6] and Kolountzakis [3] have shown there is an upper bound on the longest
period of an A-tiling that is independent of the level d. Ruzsa gives the explicit upper
bound

H(A) < ecR\/diam(A)ln(diam(A))

where H(A) stands for the longest minimal period of an A-tiling, cg > 0 is a constant
and where diam(A) is sufficiently large. If we define a function

D(n) = max{H(A) : diam(A) < n}
then Ruzsa’s upper bound can be more succinctly restated as saying that
D(n) < env/nin(m) (1)

for all n sufficiently large. Ruzsa’s upper bound is tight in the sense that the exists some
constant cg > 0 such that

D(n) > ecsV/nin@®) (2)

for all n sufficiently large. The lower bound (2) is derived in a previous paper of ours [9].

The tilings which are used in [9] to derive the lower bound (2) have the major aesthet-
ical drawback of being so-called “decomposable tilings”. An A-tiling is “decomposable” if
it can be written as the disjoint union of two A-tilings of lower level (thus the {0, 2}-tiling
of Fig. 2 is decomposable, unlike the {0, 2}-tiling of Fig. 1 which is de facto indecompos-
able because it has level 1). The construction in [9] essentially functions by finding tiles
A that admit many different tilings of small period length and then taking the disjoint
union of these tilings to form a large decomposable A-tiling whose period is the lem of
all the smaller periods. The purpose of this paper is to show that indecomposable tilings
can also have long periods. More precisely, if we let H'(A) stand for the longest minimal
period of an indecomposable A-tiling and if we let D'(n) = max{H'(A) : diam(A) < n},
then we show that

D’(n) > €CT3 nln(n) (3)
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for all n sufficiently large, and where ¢ > 0 is another constant independent of n. This
is the paper’s main result.

We shall arrive at the lower bound (3) by a constructive approach, i.e. by exhibiting
specific tilings with long periods. The tiles which we use for this construction are closely
related to those used in [9] to establish the lower bound (2). In particular, these tiles
have the property of admitting many different tilings of small period such that the lem
of the different periods is exponentially large compared to the diameter of the tile. The
principal difference between the approach of this paper and the approach in [9] is that,
rather than superimposing all the tilings with small period lengths such as to obtain a
tiling with long period (which does not yield an indecomposable tiling), we shall instead
take a linear combination of the tilings with small period in such a way as to scramble
the periods while ending up with an indecomposable tiling.

Naturally, any level 1 tiling is indecomposable so any lower bound on the longest period
of a level 1 tiling is automatically a lower bound for D’(n). Kolountzakis [3] and Biré [1]
hold respectively the best lower and upper bounds on the periods of level 1 tilings. Letting
Di(n) be the analog of the function D(n) for level 1 tilings (i.e. Di(n) = max{H;(A) :
diam(A) < n} where H;(A) is the longest minimal period of a level 1 A-tiling), then
Kolountzakis shows there is some constant cx > 0 such that

Di(n) > cgn?

for all n sufficiently large, whereas Bird shows that

for all € > 0 and all n sufficiently large. In particular the reader will notice that the
current lower and upper bounds for D;(n) suffer from a huge gap. It seems that most
researchers suspect there exists a polynomial upper bound for D;(n). Our contribution in
this paper is to show that indecomposability is not the key factor which prevents tilings
from having long periods.

Background and Ideas

It will be convenient to encode multisets of integers as power series. Let Ali] denote the
multiplicity of integer ¢ in the multiset of integers A. We define

Alx) = > Alk]a*.

It is easy to verify that if A is a finite multiset then another multiset 7" is an A-tiling if
and only if

T(x)A(x) =d Z zt, (4)

t=—o00
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Figure 3: The tile P55 (at top, where the number of times an integer appears in the tile
is equal to the number of dots in the column above the integer) shown with a P; 5-tiling
of level 3 (middle) and a P 5-tiling of level 5 (bottom). The level 3 tiling corresponds to
taking T" = 5Z whereas the level 5 tiling corresponds to taking 7" = 37Z.

For example, Fig. 1 simply bears testimony to the fact that

(et it 42 (L4t = ) Al

t=—o0

We will start with the same class of tiles that are used in [9]. Let P,, . ., be a tile
parameterized by k natural numbers nq, ..., n; and defined by

k
Pm ..... nk(x) = H(1+x++xn]—1)

j=1

Fig. 3 shows for example the tile P55, together with a Pjs-tiling of level 3 and a P 5-
tiling of level 5. In general, the set T; = n;,Z is a P,, ., -tiling of level N/n; where
N = ning - - - ny, since

-----

00 k
E(:L‘)Pnh,nk(l‘) - Z " H(]_ +z+---+ x”]’_l)
m=—o0 7=1
k 00
= JJa+z+-+am7) Y ot
2 =
- W/ Y o
t=—00

in accordance with (4).
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If we take the disjoint unions of the P,, ., -tilings 77,...,T; we obtain a P, ., -
tiling of period M = lem(ny,...,ny). If the n;’s have few prime factors in common then
M can become very large compared to diam(F,, ., ). This simple observation leads to
the lower bound (2) given in [9]. Taking disjoint unions, however, is a non-starter if we
want indecomposable tilings. What we will do here instead is to construct a P, . ,,-
tiling of minimal period M as a linear combination of (translates of) the k power series
Ti(z),...,Tk(x). Finding such a linear combination may not be possible, as we will see,
if the n;’s have too few prime factors in common, which accounts for the discrepancy
between the lower bounds (2) and (3).

We first need to establish some general facts about P, . -tilings. Let 7" be any
Py, ...n.-tiling. An elementary pigeonhole argument (cf. [7], for example) shows that all
tilings in the sense discussed here are periodic, so that T" must be periodic mod L for
some L > 0. We can assume L is chosen large enough that M = lem(ny,...,nk) divides
L (since we are not assuming that L is the minimal period of T', but simply that L is
a period of T'). Let T" be the restriction of 7' to the ground set {0,1,...,L — 1} (i.e.
T'i] =Tl[i) if i € {0,...,L — 1} and T'[i]] = 0 otherwise). We then have

T'(2)Ppy.. (7)) =d(14+ 2+ -+ 25 mod (1 —2%)
where d is the level of T, so
(1 —2)T" () Py, () =0 mod (1 — 2). (5)

It follows from (5) that every L-th root of unity except for ‘1’ is either a root of 7"(x) or
aroot of P,, . (x). But every root of P,, ., (x)is an M-th root of unity, so every L-th
root of unity is a root of 7"(z)(1 — 2M), i.e.

T'(z)(1—2)=0 mod (1 —a%). (6)

Since M|L equation (6) states precisely that 7" is periodic mod M. In other words, we
have just proved that every P, ., (z)-tiling is periodic mod M = lem(ny,...,ng). The
above argument is due to Kolountzakis [3]. A variant also appears in Ruzsa [6].

Knowing that B, ., (z)-tilings are periodic mod M = lem(ny,...,n;) allows us
to study them in an essentially finite setting. Namely, P,, ., (z)-tilings are in 1-to-1
correspondence with polynomials 7'(z) € Z[z]/(1 — ™) with nonnegative coefficients
such that

T(2)Ppy.. oy (v) =d(1+ 2+ -+ 21 mod (1 —2™)
or which is to say to such that
(1 —2)T' () Ppy....my. () =0 mod (1 — 2M).

We know in particular that every M-th root of unity except ‘1" which is not a root of
P,, .. .n(z) must be a root of T"(z). Let @ be a primitive M-th root of unity. Then §*/n:
G2M/mi - gi=M/ni gre all the roots of 1 4+ x + - -+ + 2™, so all roots in the set

k
C - {0, 02, ceey QMfl}\ U{QM/TLL’ o e(nzfl)M/nZ}
=1
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must be roots of T"(z). Conversely, if a polynomial S(x) € Z[z]/(1 — 2™) has all
the roots C then S(z)P,, ., (x) has all M-th roots of unity except (maybe) for ‘1’ so
S(2)Poy. () =d1+z+ -+ 271 mod (1 — ™) for some d. We therefore have:

Proposition 1. A polynomial S(x) € Z[x]/(1 — ™) with nonnegative coefficients corre-
sponds to a P, . . -tiling if and only if every element of C is a root of S(z).

Now consider the polynomials

T!(z) =1+ a™ +a* 4. 4 M
defined for 1 < ¢ < k. Note the roots of T(z) are all M-th roots of unity except for those
roots in the set {1,0M/m . . 9n=DM/ni} oo the roots of R(x) = ged(T}(x),. .., Ti(z))
are precisely the roots in C. By Proposition 1, therefore, P,, ., (z)-tilings are in 1-
to-1 correspondence with those polynomials in Q[z]/(1 — 2™) with nonnegative integer
coefficients that are in the ideal of Q[x]/(1 — ™) generated by R(z), which is also equal
to the ideal generated by the polynomials 77 (z), ..., T} (z).

The ideal generated by TY(z),...,T}(x) in Q[z]/(1 — z™) is therefore very much of
interest to us. We now take a more geometric look at this ideal. For concreteness,
suppose first that ny = py,...,np = pi are distinct primes (note that in this case the
ratio M/ diam(P,, . n.) ~ ny---ng/(n + - -+ ny) becomes quite large as k — 00). The
numbers between 0 and M —1 are uniquely given by their value mod p; for 1 <@ < k by the
Chinese Remainder Theorem so it makes sense to think of polynomials in Q[x]/(1 — z™)
as arrays of size p; X ... X pr, whereby the coefficient of " becomes the entry in the array
with coordinate (n mod py,...,n mod pi). Then the polynomial T/ (x) corresponds to the
array whose (i, ..., ji)-th entry is 1 if j; = 0 and is 0 otherwise since the exponents with
nonzero coefficients in T/(x) = 1+ 2P 4 ... + 2M~Pi are precisely the numbers between 0
and M — 1 equal to 0 mod p;.

Say that a slab is an array whose entries are all 0 except for those entries with a given
value of the i-th coordinate (for any i), which entries are set to 1. We have just remarked
that the array corresponding to the polynomial T/(x) is a slab. It is equally easy to see
that the polynomials z/T}(x) for 1 < j < p; also correspond to slabs—indeed these are
just the (p; — 1) “translates” of the slab corresponding to 77}(x) along the i-th coordinate
direction of the array. Thus a polynomial in the ideal generated by T7(z),...,T}(z) in
Q[x]/(1—z™) simply corresponds to an array of size p; X ... X p; that can be written as a
linear combination of slabs. We shall call such an array a “Cl array” where “C1” stands
for “codimension 1”7 (which somehow reflects our intuition that slabs are codimension 1
objects).

To reformulate the above observations, P,, ,, -tilings are in 1-to-1 correpondence with
nonnegative, integer-valued C1 arrays of dimension p; X ... X pr. We will say that a C1
array is minimal if it is nonzero, nonnegative and integer-valued and if it cannot be written
as the sum of two other nonzero, nonnegative, integer-valued C1 arrays. It is clear from
the relevant definitions that a nonempty P, ., -tiling is indecomposable if and only its
associated C1 array is minimal. (Connoisseurs may also note that the set of minimal C1
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arrays forms the so-called “Hilbert basis” of the cone obtained by intersecting the space
of all C1 arrays with the nonnegative orthant in RP"Pk )

A P, . ,.-tiling has a minimal period of M if and only if it is not periodic mod M/p;
for every 1 < i < k. In terms of the associated array this means that for every 1 <1 < k
there are two coordinates (ji,...,Jx) and (hq, ..., hy) differing only in the i-th position
such that the (j1,...,jr)-th entry of the associated array is not equal to the (hy,..., hg)-
th entry. We will say for shortness that an array is “non-periodic” if it possesses this
property. Thus a P, ., -tiling has a minimal period of M if and only if its associated
array is non-periodic. Our quest for tilings with long periods therefore leads us to ask
whether there exist minimal non-periodic C1 arrays. Unfortunately, the following theorem
puts an end to such hopes:

Theorem 1. The only minimal C1 arrays are slabs.

Proof. Let C' be a minimal C1 array of size ny X ... X ng. We assume by contradiction
that C' is not equal to a slab. We write C;, ;. for the (iy,...,%;)-th entry of C' where
ij € Zn;, ={0,1,...,n; — 1} for 1 < j < k (note that we are indexing coordinates of the
array starting from 0 instead of from 1).

Remark that if A is any slab of size ny X...xny then for any (ji, ..., jr) € Zy, X.. . XLy,
we have

Ao0 = Aj1 0,0 = Avargie T Ajiye = 0 (7)
Since C' is a linear combination of slabs we then likewise have
Co,..0o = Cj10,..0 = Cojo,..ir. + Cy i = 0 (8)

for any (ji,...,Jk) € Zn, X ... X Ly,

Since C' does not dominate any slab C' must have some zero entry. Because permuting
the coordinates of an array maps slabs to slabs (and thus maps minimal C1 arrays to
minimal C1 arrays) we can assume that Cy o = 0. Take j; € Z,,. Again because C' does
not dominate any slab, there must be (jo, ..., jr) € Zp, X ... X Zy, such that C;, _;, =0.
Applying Eq. 8 we get that

Jk

—Ci0,..0 = Cojo,.j =0

but C' is nonnegative, so we get (in particular) that C;, oo = 0. Since j; was arbitrary,
we thus have Cjo o = 0 for all j € Z,,. Treating other indices symmetrically we get
that all entries in any line containing a zero are zero, which implies that C' = 0, a
contradiction. O

In a sense, Theorem 1 reflects our intuition that slabs are too clumsy a set of gener-
ators to construct interesting arrays. An immediate corollary of Theorem 1 is that the
only indecomposable P, ., -tilings are translates of piZ,...,prZ. One can apply the
same argument to show that the only indecomposable P, ., -tilings are the translates
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Figure 4: A 2 x 2 x 2 cyclotomic array shown decomposed as a linear combination of lines
of 1’s; shaded cubes denote 1’s, other entries are 0.

of nZ,...,nZ when the n;’s are pairwise coprime (this is a special case of one of the
main results of [9]).

We now take a look at the structure of the ideal generated by 77(X),... ,T}(x) when
the n;’s have many prime factors in common. For concreteness, say that ny = M/py, ...,
ng = M /py, where p; < ... < py are distinct primes and where M = p; - - - p;. In this case
the ratio M/ diam(P,, . ,,) is very poor but we consider these tiles nonetheless for the
sake of example.

We again think of polynomials in Q[z]/(1 — z*) as arrays of size p; X ... X pj under
the map given by the Chinese Remainder Theorem. This time we have

Tll(x) -1+ 2 M/pi + M/ ooy 2 (Pi=1)M/p;
so the exponents of T} (x) with nonzero coefficients are precisely those numbers between
0 and M — 1 which are 0 mod p; for all j # 4. This means that 7} (x) corresponds to the
p1 X ... X pg array whose (Iy,...,l;)-th entry is 1 if [; = 0 for all j # ¢ and 0 otherwise.
This type of array looks like a single line of 1’s running parallel to the i-th coordinate
axis, and running the full length of the array.

Call a fiber any array consisting of a single line of 1’s running parallel to one of the co-
ordinate axes and running the full length of the array. By the above remarks, a polynomial
of the form 2/T!(x) mod 1 — 2™ maps to a fiber running parallel to the i-th coordinate
axis. Thus elements of the ideal generated by T} (z),...,T}(x) in Q[z]/(1 — 2*) map to
arrays that are linear combinations of fibers and vice-versa. We might call such arrays “D1
arrays” by analogy with our previous terminology (“D1” for “dimension 1” as opposed to
“codimension 17) but these kinds of arrays have already been tagged “cyclotomic” else-
where in the literature ([8], [2]), and we will adhere to the latter terminology. As above,
we say that a nonnegative, integer-valued cyclotomic array is “minimal” if it cannot be
written as the sum of two other nonzero, nonnegative, integer-valued cyclotomic arrays.
Note that an array may be minimal as a C1 array but not minimal as a cyclotomic array
(it will be clear in each context which we mean). Indecomposable Pus/p, ... a1/p,-tilings are
thus in 1-to-1 correspondence with minimal cyclotomic arrays of dimension p; X ... X pg.

As for P, . ,.-tilings a Py, v/p,-tiling has minimal period M if and only its as-
sociated array is non-periodic. Since we are looking for tilings with long periods we are
thus again led to ask whether there exist minimal non-periodic cyclotomic arrays. This
time (and by opposition with C1 arrays) the answer is yes, provided the dimension k of
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Figure 5: A 2 x 2 x 2 array that is orthogonal to all fibers, and thus to all 2 x 2 x 2
cyclotomic arrays. Fach entry of the array is £1; a ‘+’ sign denotes an entry of 1 and a
‘-7 signs denotes an entry of —1.

the array is greater than or equal to 3 and also provided the sidelengths of the array are
all greater than or equal to 2 (which latter condition is a trivial requirement for an array
to be non-periodic). A construction for a minimal non-periodic 2 x 2 x 2 cyclotomic array
is shown in Fig. 4, where the array is shown on the left and its decomposition as a linear
combination of fibers is shown on the right. The Fig. 4 cyclotomic array is obviously
non-periodic since for each coordinate direction there is a line in the array containing
different values. It is maybe not quite so obvious to see the same array is minimal. We
give a formal proof that the Fig. 4 is minimal in the next proposition.

Proposition 2. The Fig. 4 cyclotomic array is minimal.

Proof. Let C denote the 2 x 2 x 2 array of Fig. 4. We will write the coordinates of entries
in C' as binary strings of length 3 instead of as triplets (4, j, k), putting Cj;;, = C; ;5. If the
lower front corner of the Fig. 4 array has coordinate 000 and the axes are ordered as on
the I'lght of Flg 4 we then have 0101 = 0010 =1 and O()()() = 0001 - 0011 - 0111 = 0110 =
Ci00 = 0. Let A be an integer-valued 2 x 2 x 2 cyclotomic array such that 0 < A < C.
We need to show that A =0 or A = C. Consider the 2 x 2 x 2 array of Fig. 5 with entries
of £1. The Fig. 5 array is orthogonal in R® to any 2 x 2 x 2 fiber so it is also orthogonal
to A, which is by assumption a linear combination of fibers. We therefore have

Aooo — Aoor — Aoro — Aroo + Aorr + Aror + Ao — A1 =0 9)

but AOOO = AOOl = AOll = Alll = AllO = AlOO =0 so we get AOlO = AlOl' Therefore A is
a scalar multiple of C' and thus, since A is integer-valued, A = 0 or A = C, as desired. [

It might seem to the reader that constructing a 2 x 2 x 2 non-periodic minimal cy-
clotomic array is a waste of breath when our bijection is only between indecomposable
Phpjp,... myp,-tilings and minimal cyclotomic arrays of size p; x ... X p; for distinct primes
p1,- .-, pr. However, larger cyclotomic arrays of unequal sidelengths can easily be obtained
from smaller cyclotomic arrays of same sidelength by using a process called inflation. We
say that an array C” of size n) x...xn} is an inflate of an array C' of size ny x...ny if there
exists surjections Ky : Zp; — Zny, ... Kk ¢ Ly — Ly, such that Cf = Cy (), ei(in)
for all (i1,...,ix) € Zp, X ... X Ly . The basic idea behind the process of inflation is
shown in Fig. 6.
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Figure 7: A non-minimal inflate of a minimal cyclotomic array.

It is quite easy to check that the inflate of a cyclotomic array is again a cyclotomic
array (and likewise for C1 arrays) and that inflates of non-periodic arrays are non-periodic.
On the other hand inflation does not always preserve minimality, as shown by Fig. 7. Say
that an ny x ... X ny array C' is “full-dimensional” if there does not exist 1 < j < k and
q € Zn, such that Cy, _; # 0 == i; = ¢. We have the following proposition from [8]
concerning the minimality of inflates of cyclotomic arrays:

Proposition 3. ([8] Cor. 1) If C' is a minimal cyclotomic array of size ny X ... X ng and
ny > mny, ..., ny > ny then there exists an inflate C" of C' of size n| x ... x nj, that is also
mainimal. Moreover, if C' s full-dimensional then any inflate of C is minimal.

By Proposition 3, any inflate of the Fig. 4 array is minimal. Consider in particular the
2 x 3 x 5 inflate shown in Fig. 8. If the lower corner closest to the viewer has coordinate
(0,0,0) then this array corresponds to the polynomial 2% + 2% + 22 + 28 + 224 4+ 22° in
Q[z]/(1 — 2*) under the map given by the Chinese Remainder Theorem (whereby the
coefficient of 2™ becomes the value of the entry (n mod 2,7 mod 3,n mod 5)). Thus the

Figure 8: A 2 x 3 x 5 inflate of the 2 x 2 x 2 array of Fig. 4.
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Figure 9: The Pi5106-tiling corresponding to the cyclotomic array of Fig. 8. Each shaded
region corresponds to one translate of Pis5 106.

subset T" of Z with power series

T(ac) _ Z 1‘3%(1‘5+$6+I12+$18+$24+$25)

k=—o00

is an indecomposable Pjs10¢-tiling of minimal period 30 (where 15 = M/p; = 30/2,
10 = M/py = 30/3, etc). Notice the period of T is longer than the period of any of the
“obvious” Pi5106-tilings 15Z, 10Z and 67Z. Since there are 6 copies of Pj5 106 per interval
of length 30 the level of T"is 6- (15-10-6)/30 = 180. If we illustrate the P51 6-tiling 7" in
the style of Fig. 3 we get something like Fiig. 9, where sets of points are approximated by
shaded regions because of the large scale involved. (Recall that the layering of the tiles
in such a figure is arbitrary.)
Thus far, our discussion has mainly served to illustrate the following points:

o If ny,...,n, are pairwise coprime, then there do not exist indecomposable P, ., -
tilings of minimal period M = lem(ny,...,n;) (assuming that M # n; for some i,
which means assuming that £ > 2 and that n; > 1 for all j)

e In certain cases when the n;’s have many factors in common, it is possible to con-
struct indecomposable P, . ,,-tilings of minimal period M = lem(ny, ..., ng)

e The ratio M/ diam(P,, . ,,) is best maximized when the n;’s have few prime factors
in common

Given the above comments, the next most logical tile to look at is Py, 1, pops..... pi_ 16, pept
where py, ..., p; are distinct primes. This is indeed what works, as P, p, . p.p, admits an
indecomposable tiling of minimal period M = lem(pip2, paps, ..., PEP1) = D1--* Pk-
Choosing py, ..., pr to be the first £ primes and letting k£ tend to infinity and examining
the growth of M compared to the growth of diam (P, .. pp) = PiD2 + - .. + pip1 yields
the lower bound (3). We do this asymptotical computation at the end of the section.

As the asymptotical computation is easy our main job is really to explain how to
construct the indecomposable P, ,, ., -tiling of period M. We do this for £ = 4 in
this section and give a general construction and proof in the next section (note that
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....... = - +
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Figure 10: A minimal non-periodic CC2 array of size 2 X 2 x 2 x 2.

Poips,pipr = Prispr,...v/p, When k = 3 so we already know how to construct an indecom-
posable P, ,, . ., -tiling of minimal period M in this case).

Since all P, p, . p.p-tilings are periodic mod M = p; ---p, we can again understand
Py ... pupy-tilings as arrays of size p; X ... X p; (under the same bijective map as usual).
Now that ny = pips, no = paps, ..., Ng = pPP1, the exponents of T!(x) with nonzero
coefficients are the integers between 0 and M — 1 that are divisible by p;p;+1 (where we
put pr+1 = p1; indices referring to numbers in the set {1,2, ..., k} will be taken in ‘wrap-
around fashion’ from now on). Thus a polynomial of the type "7} (z) becomes an array
whose (j1,...,Jx)-th entry is 1 if j; = n mod p;, jix1 = n mod p;4q and is 0 otherwise.
We will call an array of this type an adjacent index co-slab. Put otherwise, an adjacent
index co-slab is a 0-1 array whose support is the set of all entries with given i-th and
(i + 1)-th coordinates. An array that can be written as a linear combination of adjacent
index co-slabs will be called a ‘CC2 array’ (for “Cyclic Codimension 27).

Py opo....popi-tilings are therefore in 1-to-1 correspondence with nonnegative, integer-
valued CC2 arrays of size p; X ... X pr. What we want is to be able to construct minimal
non-periodic CC2 arrays for arbitrarily large k. For k = 2 an array with a single entry of 1
is an adjacent index co-slab, so gives us a minimal non-periodic CC2 array, whereas when
k = 3 CC2 arrays are the same as cyclotomic arrays, which we have already discussed.
The first case of interest to us is therefore £ = 4. We can simplify our task by using the
following analog of Theorem 3 for CC2 arrays:

Proposition 4. If C is a minimal CC2 array of size ny X ... X ni and ny > nq, ...,
ny, > ny then there exists an inflate C' of C' of size n} x ... x nj that is also minimal.
Moreover, if C s full-dimensional then any inflate of C' is minimal.

We omit the proof of Proposition 4 since it is exactly the same as its counterpart for
cyclotomic arrays, which is given in [8].

Proposition 4 implies it is sufficient to construct a 4-dimensional minimal non-periodic
CC2 array of any size, say, 2 X 2 X 2 x 2, in order to establish the existence of a minimal
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.......................................

0101|1101 or1t|1111]|
0001 {1001 oo1t|1011| |
0100 [ 1100 0110|1110
0000 | 1000 0010|1010

.......................................

Figure 11: The coordinatization for the 2 x 2 x 2 x 2 array of Fig. 10 (and for subsequent
2 X 2 X 2 X 2 arrays).

.......................

.................

.......................

Figure 12: An array orthogonal to all 2 x 2 x 2 x 2 CC2 arrays. Pluses denote entries of
1, minuses entries of -1.

non-periodic CC2 array whose sides are distinct primes pq, p2, p3, ps. Fig. 10 shows a
promising candidate for such a 2 x 2 x 2 x 2 CC2 array (the coordinatization of this array
is shown in Fig. 11). While the array of Fig. 10 is obviously non-periodic, it is somewhat
touchier to tell whether it is minimal. We devote a proposition to this. The proof we
give is slightly more complicated than necessary as we are setting up a blueprint for the
k-dimensional case.

Proposition 5. The CC2 array of Fig. 10 is minimal.
Proof. Let C' denote the CC2 array of Fig. 10. As in the proof of Proposition 2 we write

Figure 13: The ground set Q = Zy X Zy x {0} x {0} UZy x Zy x {1} x {1} C (Zy)*.
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..............................................

..............................................

..............................................

Figure 15: Two more.

the coordinates of entries in C' as binary strings of length 4, putting Cjjz, for C; j . Let
A be an integer-valued CC2 array such that 0 < A < C. We need to show that A =0 or
A = C. Since A is integer-valued it is sufficient to show that A is a scalar multiple of C'.

Consider the 2 x 2 x 2 x 2 array of Fig. 12 with entries of 0 and +1. It is easy to
check this array is orthogonal to every adjacent index co-slab (the 4 basic types of which
appear in Fig. 10), so must be orthogonal to A, which is a linear combination of such
co-slabs. Let us restrict our attention for a moment to the portion of A with ground set
Q =7y X Ty x {0} x {0} UZy X Zy x {1} x {1} C (Zy)* (shown in Fig. 13). If we consider
Lo X Zo x {0} x {0} and Zy x Zoy x {1} x {1} as the two 2 x 2 layers of a 2 x 2 x 2
array then C' restricted to @) looks exactly like the Fig. 4 array whereas the Fig. 12 array
restricted to @) looks exactly like the Fig. 5 array. It follows from the same argument as
in the proof of Proposition 2 that Agigg = Aio11. Thus there exists a A € R such that
Aijin = NCijp, for all (i, j, k, h) € Q. All that we have left to show is that A;;o1 = ACjjo1
and that Aile = /\Oijlo for all (Z,]) € Lo X Uo.

Say for now that we know of some pair (ig, jo) € Zs X Zg such that A; ;01 = ACigj001-
Let iy = 1 —dg, jj = 1 — jo. Note the two 2 x 2 x 2 x 2 arrays of Fig. 14 are orthogonal
(like the array of Fig. 12) to all adjacent co-slabs, so are orthogonal to A and C'. It follows
that

Aigjo0o — Aigjroo — Aigjoor + Aigjzor =0
and also
ACiyjo00 — ACigjr00 — ACigje01 + ACigj501 = 0

but Ajgjo00 = ACigje005 Aigjzo0 = ACigjp00 and Ajgjgor = ACigj001 80 We get A jro1r = ACij01-
A similar argument which uses the fact that the arrays of Fig. 15 are orthogonal to
all adjacent index co-slabs shows that Ay ;01 = ACyj01. We therefore have that both
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Ai0j601 = )\Cioj(’)Ol and Ai()joOl = )\Ci6j001 if Ai0j001 = )\Ci0j001 from which it follows (by
repeated applications of the same argument) that A;jo1 = ACjo1 for all (¢,7) € Zy X Zy if
Aijoro = ACigjo10 for some (ig, jo) € Zg X Zy. But we know of such a pair (i, jo), namely
the pair (0, O), since A0001 = 00001 = (0. Therefore AijOl = /\OijOI for all (Z,j) € ZQ X ZQ.
A symmetric argument shows that A,;;0 = ACj1o for all (4, j) € Zy X Zo, which completes
the proof. O

It follows from Propositions 4 and 5 that there exist indecomposable P, pops.psps.papi-
tilings of minimal period pypop3ps for any distinct primes py, po, p3, p4- In the next section
we generalize the construction of Fig. 10 and the proof of Proposition 5 to show there
exist non-periodic minimal k-dimensional CC2 arrays of size 2 x ... x 2 for any k > 2,
from which it likewise follows that there are indecomposable P, ,, . p,.p -tilings of minimal
period py - - - py, for any distinct primes pq, . . ., pr. Meanwhile we show that the lower bound
(3) holds if we assume the existence of such tilings:

Proposition 6. If there exist indecomposable P, p, . .p, -tilings of minimal period p; - - - py,
for any distinct primes p1,...,pr and any k > 2 then there is some constant ¢ > 0
such that for all n sufficiently large there is a tile of diameter n or less admitting an

indecomposable tiling of minimal period e° Vim0 more.

Proof. Recall that D'(n) is defined as the longest minimal period of an indecomposable

tiling of a tile of diameter n or less (so the proposition states that D'(n) > e° V()
for all n sufficiently large). Let 7(r) denote the number of primes at most r and let
D1, .-, Pr(r) be the first 7(r) primes. Let o, = (p1 + ... + Pr(r))Px(r)- Note that o, >
diam (P, py pops,...pnypr) = DP1D2 + + -+ + Prypr — w(r). By the prime number theorem

7(r) m0y SO

<
Ir= In(r)

for all r sufficiently large. If r < {/o, In({/o(r)) then we get

r3 < _ 0 In(/o(r))

" In(r) T In(y/o,. In(/a(r)))

r>\/o,In(/o(r) = % v o, In(o,)

for all r sufficiently large. Since o, > diam(Pplm,,,,7pﬂ(r)pl) and P, . po
assumption) an indecomposable tiling of period p; - - - pr(), we have

a contradiction, so

wypr admits (by

D,(O-T) Z P1-- 'pﬂ(r)
> e
> 663%6 $/or In(or)
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for all e < 1, for all r sufficiently large. Thus, since for any n € N there is some r € N
such that n < g, < 4n, there is a constant ¢ > 0 such that

D/(n) > € 3/nln(n)

for all n sufficiently large, as desired. O

The main proof

We have so far reduced the proof of lower bound (3) to showing there exist minimal non-
periodic k-dimensional CC2 arrays of size 2 x ... x 2 for all k, say, greater than or equal
to 3. We will index the entries of our 2 x ... x 2 arrays as binary strings, like in the proofs
of Proposition 2 and 5. We let

62 =5, 6

1112 1171 Yi2j2

where 0;; is the Kronecker delta. We start with a simple lemma.

Lemma 1. Let C be a 2 x ... x 2 CC2 array of dimension k > 3 and let 7(C) be a
2 X ...X 2 array of dimension k — 1 given by

(T(C))il...ik_l =Ciy iy vin s
Then 7(C) is also a CC2 array.

Proof. 1t suffices to show that 7(C') is a CC2 array when C'is an adjacent index co-slab.
Say therefore that C;, ,;, = 074 where 21,20 € {0,1} and 1 <[ < k (with i1 = 41). If

lel-‘r

1 <1< k—2then (7(C))i, ..y, Is also equal to 6;37 , so 7(C) is an adjacent index co-slab
and therefore a CC2 array. If [ = k — 1 then (7(C))i, 4, = 5;}: ) 5?? . (511:12%

if 21 = 29 and is equal to 0 otherwise, so in either case 7(C) is a CC2 array. Lastly, 1f
[ =k then (7(C))i. 4, = 6,72, so 7(C) is again an adjacent index co-slab, completing

the proof. O

We now introduce our family {C* : k > 3} of minimal non-periodic CC2 arrays of size
2 x ... x 2, where C* has dimension k. The array C* is defined by:

k—1
= (L) -t (10
1=1
Put more verbally, the value of Cfi 4, is the number ‘017 substrings in the binary string
111s . . . i, minus one if the first and last characters of the string are respectively a 0 and a 1.
The array C? is the one already shown in Fig. 4 (under the coordinatization of Proposition
2) whereas the array C* is the one shown in Fig. 10 and discussed in Proposition 5. It
follows directly from (10) that C* is a CC2 array and that C* is integer-valued. We prove

a few more easy things about the arrays C*:

THE ELECTRONIC JOURNAL OF COMBINATORICS 12 (2005), #R36 16



Proposition 7. The array C* is nonnegative for all k > 3.

Proof. This simply follows from the fact that any binary string which starts with a ‘0’
and ends with a ‘1’ must contain a substring ‘01’. O

Proposition 8. The array C* is non-periodic for all k > 3.

Proof. Let 1 < | < k. We need to find some #y,...,%_1,%41,-..,% € Zo such that
C’ﬁ~~~il710il+1~~~ik # C";'Icl---ilfllilJrl---ik‘ If 1 <l <k then we can take 41,...,%_1,%+1,...,% all
equal to 0 since 0 = C¥ | # CF 0 o = 1if the ‘1’ in the right-hand subscript appears
neither as the first or last character. If [ = 1 then we can take 15 = ... = i_1 = 0,
irx. = 1 since 0 = CF ,, # CF o, = 1. Similarly if [ = k then we can take i; = 1,

Proposition 9. Let 7 be the projection from k-dimensional arrays of size 2 X ... X 2 to
(k — 1)-dimensional arrays of size 2 x ... x 2 defined in Lemma 1. Then 7(C*) = C*1
for all k > 4.

Proof. This is simply because the number of ‘01’ substrings in a binary string 4; ...7;_1
minus 5@%;@_1 is equal to the number of ‘01’ substrings in the string 4, ...4,_1i;_1; minus
01

5i1’ik,1' D
We have left to show that C* is minimal for all £ > 3. Note that C* always contains

some entries equal to 1, since for example Ck, , = 1. It is therefore sufficient to show

that any nonnegative CC2 array whose support is contained in the support of C* is a

scalar multiple of C*. We will do this using an induction on k.

Theorem 2. The array CF is minimal for all k > 3.

Proof. We prove by induction on k that any nonnegative CC2 array whose support is
contained in the support of C* is a scalar multiple of k. Our basis is the case k = 3,
which was proved in Proposition 2 (the case k = 4 was proved in Proposition 5).

Therefore let k > 4 and let A > 0 be a k-dimensional 2 x ... x 2 CC2 array whose
support is contained in the support of C*. Since by Lemma 1 7(A) is a nonnegative (k—1)-
dimensional CC2 array whose support is contained in the support of 7(C*) = C*~1 it
follows from the induction hypothesis that 7(A) = A7(C*) for some A € R. Put another
way, Azj...ik_gOO = /\Cz‘kl...z‘k_goo and Ai1...ik_211 = /\Oikl...ik_gll for all (’L.l, .. .7ik_2) € (Zg)kiz
We have left to show that Ail...ik_QOI = )‘Cikl...ik_QOI and that Azj...ik_glo = )‘Ci]i...ik_glo
all (il, S ,ik_Q) S (Zg)kiQ.

Assume that Ajl---jk—z(n = )\Ck

for

for some (ji,...,Jk—2) € (Z)" 2. Let j| =

Ji.-Jr—201
1—yj for 1 <1< k—2 We first wish to prove that Aj;, _j, .o = AC} ;. o1 =
. k . . .
(Ajl~~~jl—1jlljl+1---jk—201 = AOjl~~~jl—1jlljl+1---jk—201 for all 1 <1 <k —2). We distinguish between

the cases 1 <1 <k —3and 2 <[ <k — 2 (the two cases overlap when k > 5, which does
not bother us).
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Assume first that 2 <[ < k — 2. Let B be any k-dimensional adjacent index co-slab
of size 2 x ... x 2. It is easy to check that

Bji k200 = Bii i vitiviade—200 = By 01 + Byt 001 = 0

so it follows that

Ajl---jk—QOO - Ajl---jz—1j{jz+1---jk—200 - Ajl---jk—201 + Ajl---j1—1j{j1+1---jk—201 =0 (11)
and that
k k k k _
ACT 000 = ACT it odeea00 — AT e o1 FACH g = 00 (12)
o - k . ) - k
But we know that A;, ;. .00 = ACT i 005 Ajiogi 1gliisrie 200 = )\le...jl,1j2j1+1...jk,200 and
' L — k i . . —
we are assuming Aj, ;01 = ACJ g SO (11), (12) imply that A]l~~~]l—1]{]l+1~~~Jk—201 =
NCF , , as desired. The case 1 <[ < k — 3 is treated similarly by observing
Jie-Ji—1JyJi+1---Jk—201
that
Bj o1t = Bj i vitiienin-ott = Biige 001 T Bji g 1jtiiee 001 = 0

for all 2 x ... x 2 k-dimensional adjacent index co-slabs B when 1 <[ < k — 3.
We have thus shown that if A; ;01 = AC¥ for some (i, ..., jr_2) € (Zy)k2

1201
then Ajl---jl—ljl/lerl---jk—201 = \C* forall 1 <[ <k — 2. To put things more

J1edi—19]J141-+-Jk—201
graphically, say that a coordinate (iy,...,ix_2) € (Z2)* =2 has smallpox if Ay, 4 .01 =
ACE i o1~ What we have just shown is that any coordinate in (Z3)*~? that differs in

010
a single position from a coordinate with smallpox also has smallpox. Thus if a single

coordinate in (Z,)*~2 has smallpox, then all coordinates have smallpox. However we do

know of one coordinate in (Z,)*~? with smallpox: namely the coordinate (0, ..., 0), since
AO...OI = /\OO...OI = 0. Thus Ail---ik_gol = /\Cikl...ik_QOI for all (’L.l, .. .7ik_2) S (Zg)kiz A
symmetric argument using the fact that A; 19 = ACy 19 = 0 shows that A, ,, ,10 =
ACE i o forall (i1, ... ix—2) € (Z3)" 2. Thus A = AC and we are done. O

Further remarks

If k is even then C¥ o, o = k/2 — 1 and if k is odd C¥y; ;; = (k—1)/2 — 1. Thus the
maximum entry of C* grows arbitrarily large with &, and it follows from our construction
that there exist indecomposable tilings in which individual tile translates appear with
arbitrarily high multiplicity (that is, for every m € N there is some tile A and some
indecomposable A-tiling 7" such that T'[i] > m for some i € Z). Even more, if we inflate
C* to an array of size p; X py X -+ X pg such that (p; — 1)(py — 1) -+ (pp — 1) entries of
the inflate are equal to the highest entry of C* (which is obviously possible to do) then
we obtain an indecomposable tiling which is “almost everywhere thick”. We summarize
this with a theorem:

Theorem 3. For everye > 0 and every m € N there some tile A and some indecomposable
A-tiling T' such that lim,_, %\{z 1<i<e,Ti]>m}| >1—e
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Figure 16: A Ps.77.33.55.20-tiling obtained from an inflate of C*. The tile has diameter 56
and the tiling has period 210.

| k |diam(P) | M |

3 28 30
4 56 210
5 116 2310

10 1022 > 10°
15 4202 > 1017
20 | 11502 | > 107
30 | 48142 | > 10%

Table 1

Some constructions of minimal cyclotomic arrays with arbitrarily large entries can be
found in [8].

The ratio M/ diam(P,, ,,) is slightly better maximized if we put n; = p1pg, ne =
PkP2,M3 = PaPr—1,M4 = Pr—1P3, .. (etc.) instead of ny = pipy,no = paps, n3 = papa, . ..
where pq,...,pr are the first k& primes (this small change does not significantly affect
the asymptotical computation). Fig. 16 shows, for the reader’s amusement and for the
satisfaction of our own curiosity, a Ps.77.3355.0-tiling of period 210 obtained from an
inflate of C*. Table 1 also compares the period M = p;---p, with the diameter of
By prpipaspi(anyj21p, 10T sOme larger values of k. Numerical experiments with & ~ 5000
suggest that the constant ¢ of Proposition 6 may be taken greater than 1, but we cannot

vouch for this value.

THE ELECTRONIC JOURNAL OF COMBINATORICS 12 (2005), #R36 19



References

[1] Andrds Bir6, Divisibility of integer polynomials and tilings of the integers, Acta
Arithmetica, 118 (2005) 117-127

[2] D. Coppersmith, J.P. Steinberger, On the entry sum of cyclotomic arrays, submitted

[3] Mihail N. Kolountzakis, Translational Tilings of the Integers with Long Periods,
FElectronic Journal of Combinatorics, 10 No. 1 (2003), R22.

[4] T.Y. Lam and K.H. Leung, On vanishing sums of roots of unity, J. Algebra, 224 no.
1 (2000), 91-109

[5] Henry B. Mann, On linear relations between roots of unity, Mathematika, 12 Part 2
no. 24 (1965), 107-117

[6] 1.Z. Ruzsa, Appendix in “R. Tijdeman, Periodicity and Almost-periodicity, preprint,
August 20027

[7] J.P. Steinberger, A class of prototiles with doubly generated level semigroups, Journal
of Combinatorial Theory, Series A 107 (2004) 325-337

[8] J.P. Steinberger, Minimal vanishing sums of roots of unity with large coefficients,
submitted

[9] J.P. Steinberger, Multiple tilings of Z with long periods and tiles with many-generated
level semigroups, submitted

THE ELECTRONIC JOURNAL OF COMBINATORICS 12 (2005), #R36 20



