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Abstract

We investigate the conditions under which a Steiner triple system can have a 2- or
3-existentially closed block intersection graph.

1 Introduction

A graph G = (V, E), where V is the set of vertices and E is the set of edges, is said to
be n-existentially closed, or n-e.c., if for every n-element subset S of V', and for every
subset T" of S, there exists a vertex ¢ S which is adjacent to every vertex in 7', and is
not adjacent to any vertex in S\ 7. These graphs were first studied by Caccetta, Erdds
and Vijayan, [6], although Erd6s and Rényi, [8], had previously proved the interesting
result that for any fixed value of n, almost all graphs are n-e.c. But relatively few specific
examples of n-e.c. graphs are known for n > 2.

A strongly regular graph SRG(v, k, A\, i) is a regular graph of degree k on v vertices
with the property that every pair of adjacent vertices has A common neighbours and
every pair of non-adjacent vertices have p common neighbours. An important class of
strongly regular graphs are the Paley graphs. The Paley graph of order ¢, where ¢ =
1 (mod 4) is a prime power, is the graph with vertex set GF(q), the Galois field of
order ¢, and the edge set is the set of pairs {x,y} where = — y is a square. It is an
SRG(q, (¢—1)/2,(¢—5)/4), (¢—1)/4). Ananchuen and Caccetta, [1], proved that all Paley
graphs with at least 29 vertices are 3-e.c.; see also [3] and [5]. In [2], Baker, Bonato and
Brown constructed 3-e.c. strongly regular graphs SRG(q?, (¢>—1)/2, (¢*—5)/4, (¢*—1)/4)
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using affine planes of order ¢ > 7. In [4], Bonato, Holzmann and Kharagani studied 3-e.c.
strongly regular graphs obtained from Hadamard matrices.

Another area of Design Theory where strongly regular graphs appear is as the block
intersection graphs of Steiner triple systems. In this paper we study the adjacency proper-
ties of these graphs. These naturally relate to questions concerning configurations. Using
this approach we are able to prove that the block intersection graph of every Steiner triple
system, with the exception of the unique systems on 7 and 9 points, is 2-e.c. Further-
more, we obtain a characterization of those Steiner triple systems whose block intersection
graphs are 3-e.c. This characterization implies that such graphs can exist only for a limited
range of orders of Steiner triple system, possibly even just one order; 19 points. However,
these graphs do exist and we are able to identify two 3-e.c. strongly regular graphs with
57 vertices, an order for which such a graph was previously unknown. The fact that
there are a finite number of these graphs raises the question of whether it is possible to
enumerate them. We discuss this in the conclusion but we think that it is likely to be
quite difficult. The evidence suggests that 3-e.c. strongly regular graphs which occur as
the block intersection graphs of Steiner triple systems are a rare and elusive species and
likely to remain so. But it is a tantalizing problem in Design Theory. In the next section
we review basic facts about Steiner triple systems and configurations.

2 Steiner triple systems

A Steiner triple system of order v, STS(v), is a pair (V, B) where V is a set of cardinality
v of elements, or points, and B is a collection of triples, also called blocks, which has the
property that every pair of distinct elements of V' occurs in precisely one triple. It is
well known that an STS(v) exists if and only if v = 1 or 3 (mod 6). Such values are
called admissible. An independent set in a Steiner triple system (V, B) is a subset of V' no
three elements of which form a block. Clearly, any subset of an independent set is also
an independent set and hence, for any given Steiner triple system D, interest focuses on
the size of an independent set of maximum cardinality in D. We denote this cardinality
by I(D). We put I(v) = max{I(D) : D is an STS(v)}. The block intersection graph of
a Steiner triple system is the graph whose vertices are the set of blocks of the STS(v)
with two vertices being joined by an edge if the blocks they represent have a non-empty
intersection. It is an SRG(v(v — 1)/6,3(v —3)/2, (v + 3)/2,9).

In the context of a Steiner triple system, a configuration is a collection of triples which
has the property that every pair of distinct elements occurs in at most one triple. If C is
a configuration, we denote the set of points by P(C), the number of points by p(C) and
the number of blocks by b(C). Two configurations C and D are said to be isomorphic,
in symbols C = D, if p(C) = p(D), b(C) = b(D) and there exists a one-to-one mapping
¢ : P(C) — P(D) such that for each triple T € C, ¢(T) is a triple in D. Two STS(v)s,
(V,B) and (V',B’) are isomorphic if B = B'. The degree of an element, either in a
configuration or a Steiner triple system, is the number of blocks which contain it.

General information on configurations and Steiner triple systems can be found in
the survey paper, [13]. We give here the definitions and results that are relevant for
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this investigation. The number of non-isomorphic n-block configurations for 1 < n <
10 is known, [10]. Specifically, there are two 2-block configurations and five 3-block
configurations. Below, we list these as well as some further specific configurations that we
refer to in the rest of the paper. We give them their standard names and their canonical
labellings in the point set {0,1,...}. A pair of triples which do not intersect are said
to be parallel. A set of n > 2 triples every pair of which are parallel is said to be an
n-parallel class or n-p.c. As a matter of notational convenience, set brackets and commas
are usually omitted from the description of the pairs and triples; thus, for example, the
block {z,y, z} is denoted simply by xyz.

Symbol | Name Blocks

Ay 2-p.c. {012, 345}

As {012,034}

B 3-p.c. {012, 345,678}

By hut {012,034, 567}

B3 3-star {012,034,056}

By 3-path | {012,034, 156}

Bs triangle | {012,034, 135}

Cly {012,034, 135, 246}
Cis Pasch {012,034, 135,245}
D, mitre {012,034, 135, 236,456}

Configurations may be either constant or variable. A constant configuration is one
which, for each admissible value of v, occurs the same number of times in every STS(v).
Thus, the formula for the number of occurrences of a constant configuration is a function
of v only. Both 2-block and all five 3-block configurations are constant. A wvariable
configuration means that for some values of v there are at least two (necessarily non-
isomorphic) STS(v)s containing different numbers of the configuration. Of the 16 4-block
configurations, five are constant and eleven are variable. The formulae for the number of
occurrences of all of the variable configurations can be expressed in terms of the order v and
the number of occurrences of any one of them. In practice it is natural to choose the Pasch
configuration if only because it is the ‘tightest’, being the unique 4-block configuration
containing the least number (six) of points.

The 4-block Pasch configuration and the 5-block mitre configuration play key roles in
the theory of configurations in Steiner triple systems. The construction of systems which
avoid either or both of them is of interest. The spectrum of values for which there exists
a so called anti-Pasch STS(v) is now known to be the set of all admissible v except v =7
and 13, [16] and [15]. Anti-mitre STS(v)s exist for all admissible v except v =9, [7], [11],
[12] and [22]. Systems which are both anti-Pasch and anti-mitre are called 5-sparse. No 5-
sparse STS(v) exist for v = 7,9, 13 or 15 but there does exist both a 5-sparse STS(19) and
a b-sparse STS(33). The cases v = 21,25,27 and 31 are undecided. Recently, Fujiwara,
[12], has proved that 5-sparse STS(v) exist for all v = 1 or 19 (mod 54) with the possible
exception of v = 109.
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3 Systems with 2-e.c. block intersection graphs

Theorem 3.1 The block intersection graph of a Steiner triple system of order v is 2-
existentially closed if and only if v > 13.

Proof. Consider an STS(v) with v > 13. There are two 2-block configurations that occur
in the STS(v); namely (i) a pair of intersecting blocks, {abc, ade}, or (ii) a pair of parallel
blocks, {abc,def}. For each of these configurations we need to show that there exists
(a) a block that intersects both blocks of the configuration, (b) a block that intersects
exactly one block of the configuration, and (c¢) a block that is parallel to both blocks of
the configuration. We consider each case in turn.

Case (i)(a). There are at least three blocks that contain the point a. Hence there
exists a suitable block, afg, say, that intersects both abc and ade.

Case (i)(b). There are at least four blocks that contain the point b, and therefore
at least one of them must avoid the points a, d and e. Hence there exists a block that
intersects abc but not ade.

Case (i)(c). Choose a point, h & {a,b,c,d,e}. There are at least six blocks that
contain h, and therefore at least one of them must avoid abc and ade.

Case (ii)(a). A block that intersects both abc and def is the block that contains the
pair ad.

Case (ii)(b). There are at least five blocks that contain the point a, and therefore at
least one of them must avoid block def.

Case (ii)(c). Choose a point, i & {a,b,c,d,e, f}. If v > 15, there are at least seven
blocks containing ¢, and hence there must be a block that avoids both abc and def. If
v = 13, we argue as follows. Partition the points of the STS(13) into two sets, A and B,
where A = {a,b,c,d, e, f}. Let v(a, #) denote the number of blocks that contain precisely
a points of A and [ points of B. Clearly v(3,0) = 2 and v(2,1) = 9. Hence to account
for the 42 AB pairs we must have v(1,2) = (6-7 —2-9)/2 = 12. There are 26 blocks in
an STS(13). Therefore v(0,3) =26 — 2 — 9 — 12 = 3 and each of these three blocks will
be disjoint from both abc and def.

The above proves the ‘if’ part of the theorem. To prove the ‘only if” part note first
that the block intersection graph of the unique STS(7) is the complete graph, K. In the
unique STS(9), case (ii)(c) fails. Any block which intersects abc also intersects def.

4 Systems with 3-e.c. block intersection graphs

We now turn our attention to the existence of Steiner triple systems having 3-existentially
closed block intersection graphs. First we state and prove two lemmas which will simplify
the proof of the main Theorem 4.1.

Lemma 4.1 Let v > 19 and suppose X is a three-block configuration in a Steiner triple

system of order v. Let x be a point in X. Then there exists a block that intersects each
of the blocks of X that contain x and none of the blocks of X that do not contain x.
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Proof. Since v > 19, there are at least nine blocks containing z. Also X has at most six
points not in any of the blocks of X that contain x. Hence there exists at least one block
which intersects all the blocks of X that contain x and is disjoint from all the blocks of
X that do not contain x. O

Lemma 4.2 Let v > 19 and suppose X is a three-block configuration in a Steiner triple
system of order v. Suppose also that X has at most eight points. Then there exists a block
that is disjoint from X.

Proof. Let y be a point in the STS(v) which is not in X'. Then, since v > 19, there exist
at least nine blocks containing y and, since X contains at most eight points, there is at
least one block (containing y) that is disjoint from X'. O

Theorem 4.1 The block intersection graph of a Steiner triple system of order v, STS(v),
s 3-existentially closed if and only if all of the following criteria are satisfied:

(i) the STS(v) contains no subsystem STS(7),

(ii) the STS(v) contains no subsystem STS(9),

(iii) for every set of three parallel blocks, there exists a block which intersects all three.

Proof. Since an n-existentially closed graph is (n — 1)-existentially closed, the theorem
is trivially true for v = 7 and 9. There are two non-isomorphic STS(13)s and 80 non-
isomorphic STS(15)s, [17], and a straightforward computation establishes that none of
these have 3-existentially closed block intersection graphs. Both of the STS(13)s and 76
of the 80 STS(15)s violate criterion (iii) and the four other STS(15)s, #1, #2, #3 and
#16 in the standard listing in [17] contain a subsystem STS(7).

So now assume that v > 19. First we deal with the ‘if’ part of the theorem. The proof
is similar to that of Theorem 3.1 but with a somewhat larger number of cases to check.

There are five 3-block configurations that occur in the STS(v); namely (i) three in-
tersecting blocks, a 3-star, {abc, ade, afg}; (ii) a triangle, {abe, ade, bdf}; (iii) a 3-path,
{abe, ade,bfg}; (iv) a 2-path and a disjoint block (also known as a ‘hut’), {abc, ade, fgh};
(v) a 3-p.c., {abe,def, ghi}. For each of these five configurations we need to show that
there exists (a) a block that intersects all three blocks of the configuration; (b) blocks that
intersect two given blocks of the configuration but not the third; (c¢) blocks that intersect
a given block of the configuration but not the other two; and (d) a block that is parallel
to all three blocks of the configuration. We consider each case separately.

Lemma 4.1 immediately deals with cases (i)(a), (i)(c), (ii)(b), (ii)(c), (iii)(c), (iv)(c)
and (v)(c), and Lemma 4.2 with (i)(d), (ii)(d), (iii)(d) and (iv)(d).

Case (i)(b). Without loss of generality, consider the two blocks abc and ade. The set
of pairs {bd, be, cd, ce} yields a set, F, of four blocks. If all four blocks of F intersect afg,
the third block of the Bs, then {abc, ade,afg} U F is an STS(7). Since this possibility is
ruled out by criterion (i), there exists a block in F that intersects abc and ade but avoids
afg.

Case (ii)(a). The block containing the pair af intersects all three blocks of the triangle.

Case (iii)(a). The block containing the pair af intersects all three blocks of the 3-path.
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Case (iii)(b). For pairs of blocks {abc,ade} and {abc,bfg}, Lemma 4.1 ensures that
there exist blocks A and B such that a € A, b€ B and ANbfg= BNade = (). The only
other case is the pair of blocks {ade,bfg}. Here we note that the blocks generated by the
pairs df and dg cannot both intersect block abc.

Case (iv)(a). The block containing the pair af intersects all three blocks of the hut
configuration.

Case (iv)(b). For the pair of blocks {abc, ade}, Lemma 4.1 ensures that there exists
a block which contains a and avoids fgh. For the pair {abc, fgh} we note that at least
one of the blocks generated by the pairs {bf, bg, bh} must be disjoint from block ade. The
pair {ade, fgh} is handled similarly.

Case (v)(a). This is criterion (iii) in the statement of the theorem.

Case (v)(b). Without loss of generality we may consider just the pair of blocks abc
and def. The set of pairs {ad, ae, af,bd,be,bf, cd, ce,cf} yields a set, G of nine blocks. If
all of these blocks intersect with ghi, the third block of the 3-p.c., then {abe, def, ghi} UG
is an STS(9), contrary to criterion (ii). Hence at least one block of G is disjoint from ghi.

Case (v)(d). If v > 21, an argument similar to that in the proof of Lemma 4.2 shows
that there exists a block which is disjoint from the 3-p.c. So let v = 19 and partition
the points of the ST'S(19) into two sets, A and B, where A = {a,b,c,d,e, f,g,h,i}. Let
v(a, 3) denote the number of blocks which contain « points of A and 3 points of B. Let
v(3,0) = n. Then by a simple computation we have v(2,1) = 36 — 3n, v(1,2) = 9+ 3n
and v(0,3) = 12 — n. Hence n < 12. However, n = 12 implies that A is the point set
of an STS(9), which is ruled out by criterion (ii). Therefore n < 11 and v(0,3) > 1, as
required.

That completes the ‘if” part of the proof. For the reverse implication, suppose that a
Steiner triple system S has a 3-existentially closed block intersection graph. Then observe
that criterion (iii) follows trivially, and the arguments given in cases (i)(b) and (v)(b),
above, are reversible, implying that S cannot have a sub-STS(7) nor a sub-STS(9).

We now determine an upper limit of v for which an STS(v) can have a 3-existentially
closed block intersection graph.

Theorem 4.2 [fv > 33, a Steiner triple system of order v cannot have a 3-existentially
closed block intersection graph.

Proof. The maximum cardinality of an independent set in a Steiner triple system of
order v is

1
U; if v=3or 7 (mod 12),
I(v) =
v—1
5 if v=1or9 (mod 12),[19].

Let abc, def be a pair of parallel blocks in an STS(v). Such a pair always exists if v > 9.
The set of pairs {ad, ae, af,bd, be,bf,cd, ce,cf} yields a set, F, of nine blocks. Now con-
sider the 11-block configuration, C, consisting of F together with the two original blocks
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abe, def. Then p(C) < 15. Hence if v—15 > I(v), there exists a block ghi which is parallel
to both abe, def, and such that criterion (iii) of Theorem 4.1 is violated. Performing the
calculation shows that v > 33. 0

The above theorem limits the range of orders for which an STS(v) can have a 3-e.c.
block intersection graph to v = 19,21,25,27 and 31. The next theorem eliminates the
last two values from this list.

Theorem 4.3 A Steiner triple system of order 27 or 31 cannot have a 3-existentially
closed block intersection graph.

Proof. Consider the two orders separately.
(a) v = 31. The maximum cardinality of an independent set is 16.
The number of Cy4 configurations in an STS(v) is given by

Cl4 = iv(v —1)(v —3) — 6p,
where p is the number of Pasch configurations, [14]. So c¢;4 = 0 if and only if p =
v(v—1)(v—3)/24, and this can only occur if v = 2" —1 and the STS(v) is the point-line
design of the projective geometry PG(n,2); in this case PG(4, 2); see [21]. But since this
contains STS(7) subsystems, criterion (i) of Theorem 4.1 is violated.

Otherwise c¢14 > 0 and the argument proceeds as in the proof of the previous theorem.
Let {abc,def,adj, cej} be a Cy4 configuration and define the configuration C precisely
as in the proof of Theorem 4.2. Then in this case, since both adj and cej are blocks,
p(C) < 14. The set of the remaining 17 or more points is not an independent set and
therefore contains a block ghi which is parallel to both abc, def, and such that criterion
(iii) of Theorem 4.1 is violated.

(b) v = 27. The maximum cardinality of an independent set is 14. We consider various
subcases for the size of a maximum independent set, (D).

(i) I(D) = 14. Partition the points of the STS(27) into two sets A and B where
B is a maximum independent set. Then, using the same notation as in the proofs of
Theorems 3.1 and 4.1, v(1,2) = 91 and v(3,0) = 26. It follows that the collection of 26
triples on the 13 points of the set A form a sub-STS(13) of the STS(27). As stated in the
proof of Theorem 4.1, both STS(13)s have a set of three parallel blocks for which there
does not exist a block intersecting all three.

(ii) I(D) < 12. The proof in this case is as in case (a). The number of Cy4 configura-
tions, ¢4 > 0. Let {abe, def, adj, cej} be a Cy4 configuration and define the configuration
C precisely as in the proof of Theorem 4.2. Then p(C) < 14 and the set of the remaining
13 or more points is not an independent set and therefore contains a block ght which is
parallel to abe, def, and such that criterion (iii) of Theorem 4.1 is violated.

(iii) I(D) = 13 and the STS(27) is not 5-sparse. Then the STS(27) contains either a
Pasch configuration or a mitre configuration.

In the former case, let the Pasch configuration be {adm,aen,bdn,bem}. The set of
pairs {ab, de, mn} yields a set of three blocks. If the third point of all of these blocks is the
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same, then the STS(27) contains a subsystem STS(7) and so cannot have a 3-existentially
closed block intersection graph. Otherwise, possibly by relabelling the points, consider
the pair of parallel blocks abc, de f, and define the configuration C precisely as in the proof
of Theorem 4.2. Then p(C) < 13.

In the latter case, let the mitre configuration be {abe, def, adj, bej,cfj}. Again, define
C precisely as in the proof of Theorem 4.2. Again, p(C) < 13.

In both cases the set of the remaining 14 or more points is not an independent set and
therefore contains a block ghi which is parallel to both abe, def, and such that criterion
(iii) of Theorem 4.1 is violated.

(iv) I(D) = 13 and the STS(27) is 5-sparse. We show with the help of a computer
that no such system exists.

Partition the points of the STS(27) into two sets A and B where B is a maximum
independent set. Then, using the same notation as in the proofs of Theorems 3.1 and 4.1,
v(1,2) = 78, v(2,1) = 13 and v(3,0) = 26. Now consider these 26 AAA triples on the
14 A points. Trivially, this is also 5-sparse. By an elementary counting argument, there
exists a point of degree at most five. Remove this point and all the blocks containing it.
What remains is a configuration containing 21 or more triples on 13 or fewer points. If
the configuration contains more than 21 triples, then remove triples arbitrarily so that
precisely 21 triples remain. Then, since a configuration on 12 or fewer points contains at
most 20 triples, we have a configuration with precisely 21 triples on 13 points. Again, it
is trivial that this is 5-sparse. We now repeat the above procedure of removing a point
and all the blocks containing it; in this case a point of degree at most 4. What remains
is a configuration containing 17 or more triples on 12 or fewer points, again 5-sparse.

At this stage the problem becomes computationally feasible. There are no 5-sparse
configurations containing 18 or more triples on 12 or fewer points but there are four such
configurations containing 17 triples on 12 or fewer points. We can then consider exten-
sions of these four configurations. On 13 points, the numbers of non-isomorphic 5-sparse
configurations containing 18, 19, 20 and 21 triples are respectively 39, 91, 34 and 0. This
completes the proof of the theorem. 0

In fact, using similar but more refined arguments to those employed in the above
theorem to deal with the case v = 27, we are able to settle the case for v = 25. But since
the proof is lengthy, and also requires a computer search, we omit the details here. They
will appear in the first author’s Ph.D. thesis [9]. But for completeness we state the result
as a theorem.

Theorem 4.4 A Steiner triple system of order 25 cannot have a 3-existentially closed
block intersection graph.

5 The cases v =19 and v =21

The results of the previous section imply that the block intersection graph of an STS(v)
can be 3-e.c. only if v = 19 or 21. The number of non-isomorphic STS(19)s is known, [18];
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there are 11,084,874,829 of them. We have systematically examined all 164,758 which
have a non-trivial automorphism group and found that precisely two of them have 3-e.c.
block intersection graphs. The first of these is a cyclic system, #A3 in the listing of [17],
given by the set of triples

{({i,1+i,8+i}:i=0,1,...,18}
U {{i,2+i,5+i}:i=0,1,...,18}
U {{i,4+i,104i}:i=0,1,...,18}},

addition being performed modulo 19. The system has full automorphism group of order
57 and is not the well-known Netto system on 19 points. The second system has auto-
morphism group of order 8 and consists of the set of 57 triples

{012,034, 135, 236, 146, 245, 057, 068, 569, 178, 279, 37a, 47b, 67¢, 28d,
38e¢,48a,58f,09f,19¢, 39¢, 49h, 891, Oae, 1ab, 2ah, bai, 6ag, 9ad, 0bg,
2bf, 3bi, 5bd, 6bh, 8bc, 9be, Och, 1cd, 2¢i, 4ce, beg, acf, 0di, 3dg, 4df,
6de, 7dh, lef,2eq, 5eh, Tei,3fh,6fi,7fg,4gi,8gh, 1hi}.

The block intersection graphs of non-isomorphic STS(v)s are themselves non-isomorphic
for v > 19 (see Corollary 2.3 of [18]). We have not systematically examined the STS(19)s
with trivial automorphism group but we have generated millions of STS(19)s by the
method of hill-climbing, [20], and analysed these. It would be expected that the vast
majority would have trivial automorphism group but we found none which have a 3-e.c.
block intersection graph. We also tried to construct STS(19)s with 3-e.c. block intersection
graphs with the help of a computer, and in fact this is how we initially discovered the
above system with automorphism group of order 8. But no others appeared. We have also
examined all 2591 anti-Pasch STS(19)s and, again, none has a 3-e.c. block intersection
graph.

The enumeration of non-isomorphic STS(19)s, [18], renders a complete analysis of the
case v = 19 feasible, although it would represent a very large computational task. No
enumeration of non-isomorphic ST'S(21)s exists, nor is one likely to appear in the near
future. Furthermore, the arguments used to dispose of the cases v = 27 above and v = 25
in [9], when applied to the case v = 21, result in subcases for which the analysis by
exhaustive techniques or by the techniques described in the present paper is currently
infeasible.

None of the seven cyclic STS(21)s have 3-e.c. block intersection graphs. Also the
computer methods which we applied to the STS(19)s failed to identify any STS(21) with
a 3-e.c. block intersection graph. In fact we have not been able to find an STS(21) whose
block intersection graph is in any way ‘close’ to being 3-e.c.
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Corrigendum — submitted November 27, 2006

It has come to our attention that the statement of Theorem 4.1 is not quite correct.
Criterion (iii) in that theorem should be amended to read as follows:

(iii) for every set of three parallel blocks, if v < 19 there exists a block which is parallel
to all three, and if v > 19 there exists a block which intersects all three.

There is no consequent change to the proof of the theorem nor to the remainder of
the paper. All results remain valid.
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