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Abstract

In this paper, by using the g-exponential operator technique on the g¢-integral
form of the Sears transformation formula and a Gasper ¢-integral formula, we obtain
their generalizations.

1 Notation

In this paper, we follow the notation and terminology in ([4]). For a real or complex
number ¢ (|¢| < 1). let

(Moo = (N0 = [J(1 = ag™™); (1.1)
and let (X : ¢), be defined by
_ (A @)
W= X0 = 50 )

for arbitrary parameters A and u, so that

1 n=0
(M= (A @Dn {(1 N (1=Ag)...(1=Agn—1), (neN=1,2,3,-)
The g-binomial coefficient is defined by

-
k ( )k(q n—k
Further, recall the definition of basic hypergeometric series,
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Here, we will frequently use the Cauchy identity and its special case ([4])

(07 Q)0 o= (3;@)n2"
G ; (@:9)n (13)
1 =
(@5 0)00 2= (GD)n (14)
() gn
_ =T
(7 q)oc = ; @ (1.5)
2 The exponential operator 7'(bD,)
The usual g-differential operator, or g-derivative, is defined by
DL fla)) = 100D o)

By convention, Dg is understood as the identity.
The Leibniz rule for D, is the following identity, which is a variation of the g-binomial
theorem ([1])

n . —-n n n—
Dy{f(@ga)} = > " | DE{F(a)} D3 {g(d"a)} (2:2)
k=0
In ([3]), Chen and Liu construct a g-exponential operator based on this, denoted T:
 (bD,)"
T(bD,) = 2.3
(P0) ; (4:9)n (23)
For T'(bd,), there hold the following operator identities.
T(bD )~} = (24)
Y Hat; @)oo (at, bt q)oo ‘
1 (abst; @)oo
T(bD = 2.
( q>{(a8,at;q)oo (as, at, bs, bt; ) (25)
3 A generalization of the g-integral form
of the sears transformation
In this section, we consider the following formula ( [3, Theorem 6.2])
/d (qt/c, qt/d, abedet; q)ood ‘o d(1 —q)(q,dq/c,c/d,abed, bede, acde; q) s (3.1)
. (at,bt, et; q) oo v (ac, ad, be, bd, ce, de; q) s ‘
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Chen and Liu showed it can be derived from the Andrews-Askey integral by the q-
exponential operator techniques. Here, again using the g-exponential operator technique
on it, we obtain a generalization of this identity. We have

Theorem 3.1. we have

d ( )
qt/c7 qt/d, abcdft, de@ft, q)oo bt7 ft, def .
/c (at, b, et, ft;q)oo 392 uhedft, bede ft ) g acde | dgt

~d(1—q)(q,dq/c,c/d,abed, bede, bedf , cde f, acdf; q) o
N (ac,ad,be,bd, ce,de, cf,df; q) oo

Proof: Dividing both sides of (3.1) by (abcd, acde; q) . We obtain

/d (gt/c,qt/d, abedet; q)ss . d(1 = q)(q,dg/c, c/d, bede; g)oo
. (at, bt et,abed, acde; q)s @ (ac,ad,be,bd, ce, de; q) o

(3.2)

Taking the action T'(fD,) on both sides of the above identity, we have
d ( . .
qt/c, qt/d; q)s (abedet; q)
T(fD dgt
/C (bt, et; q) oo (f q){(at, abed, acde; )Oo} !
d(1 —q)(q,dgq/c, c/d, bede; q) o 1
= T(fD{—__~
(bC, bd7 ce, dev Q)oo (f q){ (CLC, CLd, Q)oo
By the Leibniz formula, it follows that
(abedet; q) o
T(fD
(FDa)i (at, abed, acde; q) oo
(bt; q)n(cde)” i f* Dk @
« (G Dn “ () 7 (at, abed; q) o

}

n

}

NE

n

k

(bt; q)n(cde)” & k iG—k) 1 k—j (. d\n
(4:¢)n Z Zq [ } (at,abcd;Q)oo}Dq )

(bt; Q)N(Cde)n Z (fDq)j{ 1 } Z qj(n—m)an—m[ n }fm

(@ a)n = (@:9); (at,abed; q)o m

RS~ v 2 ]z,

m=
o0

(fede)™ (bt; @) kam wede )k (abedftqd®; q)oo

. (¢ 90)m kzo (q; q) (acd (at, abed, ftq*, bedf ¢F; q) oo }
_ (abedft; q)oo — (ft, bedf, bt; ) (¢"0t; O
~ (at,abed, ft,bedf; @)oo — (q, abedft; ) (acde)* Z (4 Qm

_ (abedft,bedeft; q)oo 5 bt,  ft, bedf ‘ - wede
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(3.3)
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and

T(FD,){ __ (acdf; 4)oo
Hac,adsq)oe”  (ac,ad,cf, df;q)o

Combining (3.3) and (3.4), we get Theorem 1.

4 A generalization of Gasper’s Formula
We observe the following integral formula which was discovered by Gasper ([5]), In ([3]),

Chen and Liu had proved it from the Asky-Roy intergral in one step of parameter aug-
mentation.

de

1 / ™ (pe/d,qde™ | p, pce™ qe'® |cp, abedf €7 q) o
2 (ae® bet | fei ce= de=; q)o

—Tr

_ (pc/d, dq/pc, p, q/p, abed, bedf, acdf; q) (4.1)
(¢, ac, ad, be,bd, cf, df; q)oc '

where max|al, |b], |c|, |d| < 1, edp # 0.
In this paper, we obtain the following Theorem by again using the g-exponential operator
technique on it.

Theorem 4.1. we have

1L [™ (pe”/d,qde " p, pce™™, qe” [cp, abedf g, bedf ge'; q) o

o . (ae® bei® | fei® geid ce= de=; q)o
X5 fe, ge, gedf
acdf ge? | bedf ge®

q; abcd} do

_ (pc/d,dq/pc, p,q/p, acdf,acdg, bedf, bedg, cdf g; q) o (4.2)
B (q,ac,ad,be,bd, cf,df, cqg,dg; q)s '

Proof: Dividing both sides of (4.1) by (abcd, acdf; q)~, and taking the action of T'(gD,)
on both sides of it, we obtain

L [7 (pe/d,qde ™ | p, pce™ qe” [cp; q) oo (abedfe; q) o
9 0 £.00 il J.—i0. T(9Dy{ i0 . }do
2 . (be?? | feif ce=0 de=; q)oo (ae®, abed, acdf; q) oo
(pc/d,dq/pc, p,q/p)s 1
= T(gD) 77—}

(q,bc, bd, cf,df; q)o (ac, ad; q) o
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By the Leibniz formula, it follows that

(abedfe; q)so
T(gD :
(9Dg){ (aei®, abed, acdf: Q)oo}

(fei;Q)n(bcd)”Z 9 pry an )

(s dn S (@Oe T (ae?, acdf;q)w

A iqm 8] Pi g D g

@G ) = (ae®, acdf; q)oo

q) 1 n—m) o m nl m
<gq,q> e acdf; ) }Zq L )9

NE
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(f€i6§ q)n(bed)” i

NE
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Il
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> (fe? ) (bed)” = [ n _ 1

oy ML M T
_ i (gbed)™ <~ (fe”s e (abed)s (2 9¢70" q)o

= (@Dn = (GO (ae', acdf, geq*, gedf ¢*; q) o

(abedf ge*’; q) oo — (g€, gedf, f; @) R U

— bed MIEDm (Ghed)™

(ae??, acdf, g, gedf'; q)o Z% (g, acdf ge™; ) ~(abed) mz::() (45 @)m (gbed)
_ (acdfge”, bedf ge; q)oo ge,  fe, gedf |
= (ac®, acdf, g _ghed, gedf: )" | acdfge®, bedfge | 7P (4:3)

and
T(gD,) ) = 2l D (1.4)

(ac,ad; )" (ac,ad, cg, dg: q)oc
Combining (4.3) and (4.4), we get Theorem 2.
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