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Abstract

In the game Gy two players alternate removing positive numbers of counters
from a single pile and the winner is the player who removes the last counter. On
the first move of the game, the player moving first can remove a maximum of k&
counters, k being specified in advance. On each subsequent move, a player can
remove a maximum of f(n,t) counters where ¢ was the number of counters removed
by his opponent on the preceding move and n is the preceding pile size, where
f: N x N — N is an arbitrary function satisfying the condition (1): 3t € N such
that for all n,z € N, f(n,z) = f(n +t,z). This note extends our paper [5] that
appeared in E-JC. We first solve the game for functions f : N x N — N that also
satisfy the condition (2): Vn,z € N, f(n,x 4+ 1) — f(n,z) > —1. Then we state the
solution when f : N x N — N is restricted only by condition (1) and point out that
the more general proof is almost the same as the simpler proof. The solutions when
t > 2 use multiple bases.

Introduction

Notation 1 N is the set of positive integers, and Ny = {0} UN. Let f : N X N — N be
a function satisfying the condition (1): 3t € N such that for alln,x € N, f(n,x) = f(n+
t,x). If x,y € Ny, then @ is defined by xdy = x+y (mod t) and zdy € {0,1,2,...,t—1}.
Thus x @y is uniquely specified. Note that ({0,1,2,...,t —1},®) is a cyclic group.
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The Games. Suppose game (G, with move function f is given. Then we define the
games G;, 1 =1,2,--- t — 1 where G, is the same as game G, except the move function
f(i ® n,x) is used in the place of f(n,z).

Example 1 In game Gy, suppose the moving player is facing a pile size of 10 counters
and the preceding pile size was 15 counters. This means his opponent removed 5 counters
on the preceding move. Also, suppose f(15,5) = 5. This means the moving player can
remove from the 10 counter pile 1,2,3,4 or 5 counters. If f(15,5) > 10, the moving
player can remove all 10 counters and immediately win.

Definition 1 In game G;,1=0,1,2,--- [ t—1,Vn € N, g;(n) is defined to be the smallest
winning move size for a pile of n counters. Also, g;(0) = oco. This means that the removal
of gi(n) counters from a pile of n counters is a winning move in G;, and ¥t € N, if

1 <t < gi(n) the removal of t counters from a pile of n is a losing move in G;. Of course,
Vn e N,1<g;(n) <n.

Algorithm 1 Since ¢;(0) = oo it is easy to see that ¥Yn € N, g;(n) is the smallest
t € {1,2,3,--- ,n} such that f(i ® n,t) < g;(n —t). This means g;(1),g:(2), -+ can
be computed recursively.

Definition 2. A strictly increasing sequence B = (by = 1,by, by, - -+ ) of positive integers
with by = 1 is called a base. B can be finite or infinite.

Bases for Games. Suppose we are given games G;, i« = 0,1,2,--- ,t — 1, with move
functions f(i ® n,x) where f : N x N — N satisfies (1) 3t € N such that Vn,z € N,
f(n,x) = f(n+t,z) and (2) Vn,x € N, f(n,z + 1) — f(n,z) > —1. For each G,
i=0,1,2,---,t—1, we assume that a base B; = (bjo = 1, b;1, bja, - - - ) has been generated
that satisfies the following conditions.

First, b = 1,by = 2, i = 0,1,2,--+,¢t — 1. Also, Vi € {0,1,2,---,¢t — 1},Vk >
1,0i k41 = bir + bigp,,,,; Where by, ; is the smallest member of Biqy,, such that

(%) f (1 B bite @ iy > biwbyy,j) = bik

if such a by, ; exists. Also, each base B; has been generated as far as possible. This means
that Vi € {0,1,2,--- ¢t — 1}, if {bio, bir,--- ,bik} C B; then {bio, bi1, -+, bir, big+1} C B;
when 3bjgy,, ; that satisfies (sx). Starting with b = 1,biy = 2,4 = 0,1,2,--- ,t — 1
we can generate By, By, By, - -+, B;_1 in some definite order. For example, we might add

’

one member to By, if possible, add one member to Bj, if possible, add one member to
By, if possible, ---, add one member to B;_q, if possible. Then we repeat this cycle
By, B1, By, - -+, B;_1. We leave it to the reader to show that no matter what order By, By,
Bsy, -+, By is generated, if we generate as far as possible then these bases will always

THE ELECTRONIC JOURNAL OF COMBINATORICS 13 (2006), #N7 2



be exactly the same. Also, we point out that for some i € {0,1,2,---,¢t — 1}, B; might
be infinite, and for other ¢ € {0,1,2,...,¢ — 1}, B; might be finite.

The following definition is very convenient in proving Theorems 1,2.

Definition 3. For each game G;, 1 = 0,1,2,--- ,t — 1, we define a function F; : Ny X
N — {0,1} as follows. First, Vo € N, F;(0,z) = 0. Also, Yn,x € N, F;(n,z) = 0 if
1<z <gi(n) and Fi(n,x) =1 if gi(n) < x.

This means that if n € N is fixed and x € N is a variable then the sequence Fj;(n,x),
x=1,2,3,--- always consists of a finite string (possibly empty) of consecutive 0’s followed
by an infinite string of consecutive 1’s. Of course, Fj(n,z) = 1 when > n. From the
definition of g; and F;, we note that for all n,x € N if x < n then F;(n,xz) = 1 when
the list F;(n — 1, f(i & n, 1)), F;(n — 2, f(i ®n,2)),---, Fi(n — z, f(i ®n,z)) contains at
least one 0. Also, Fj(n,z) = 0 when this list contains no 0’s. Furthermore, from the
definitions of F; and g;, we note that Vn € N, g;(n) is the position of the first 0 in the list
Fin =1, G ®n,1)), Fi(n — 2, f(i 1,2)), - Fi(n — gi(n), (i & n, gs(n)).

This means that F;(n — g;(n), f(i ® n,g:(n))) = 0, but all preceding members of this
sequence have a value of 1.

The Main Theorem

Theorem 1 Suppose f: N x N — N satisfies (1) 3t € N such thatVn,x € N, f(n,z) =
f(n+t,z) and (2)Vn,x € N, f(n,z+1)— f(n,x) > —1. Also, VG;, i =0,1,2,--- [ t—1,
a base B; has been generated. Then the following is true,

1. VZ = 07 1727 e 7t - 17Vbzk S Bz7gz(bzk) - biky
2.¥i=0,1,2,--- ,t—1,¥n € N\B;,1 < g;(n) < n,
3. Vi=0,1,2,--,t —1,Yn € N\B,

(a) if by, < n < b1 then n = by, + (n — by) and g;(n) = giap,, (N — bix), and
(b) if by < n and By is finite and by, is the largest member of B;, then n = by,
+ (n = bir) and gi(n) = Giap,, (1 — bir).

Proof. We prove conclusions 1, 2, and 3 by mathematical induction on the pile size n.
For each n € N, we go through the same proof for each game G;, 0,1,2,--- ;t —1. So we
can just focus our attention on any arbitrary ¢ = 0,1,2,---,¢t — 1. First, let n = 1. Now
bio = 1 € B;. Also, no matter what f: N x N — N is, g;(1) = 1. Therefore, conclusion
1 holds for n = 1. Conclusions 2, 3 do not apply to n = 1.

Next, let n = 2. Now b;; = 2 € B;. Also, no matter what f : N x N — N is,
gi(2) = 2. Therefore, conclusion 1 holds for n = 2. Conclusions 2, 3 do not apply to
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n = 2. So we can now use induction on n. In game G; let us suppose that conclusion

1 is true for all b;; € {b;,,b;,, -+, by} where k > 1 and conclusions 2, 3 are true for all
n € {1,2,3,4,5,- -+ bir}\B;. We show that conclusions 2, 3 are true for all n € {b;, +
1,bix+2,- -+ ,b;xr1—1} and conclusion 1 is true for b;; = b; ;1. In the following argument,

we omit the first part when b; 11 — by, = 1. So we can imagine that b; y41 — by > 2.

We will prove that conclusions 2, 3 are true for n € {by, +1,by, +2,- -+ , b 41 — 1} by
proving this sequentially with n starting at n = b;; + 1 and ending at n = b; 41 — 1.

Note that once we prove conclusion 3 for any n € {b;z +1,---,b; y+1 — 1}, conclusion
2 will follow for this n as well. This is because if n = by, + (n — by, ) where 1 < n — by, and
9i(n) = Gigp,, (n — bir.), then gi(n) = gigp, (1 — bix) < n — by < n.

Recall that g;(m) < m is always true.

So let us now prove conclusion 3-a is true for n as n varies sequentially over b;, +
1,0 +2,--- b1 — 1. The proof for conclusion 3-b is the same as 3-a. Now since we
are assuming that b; x1 — by, > 2, this means that f(i @ by, @ 1,1) < by, is assumed as
well.

This means that f(i @by ®1,1) = f(i® (bir+1),1) < gi((bix + 1) — 1) = ¢;(bir.) = by
By the definition of g;(by + 1), this implies g;(by, + 1) = 1. Of course, giap, (1) = 1.
Therefore, g;(biy, + 1) = giep,, (1). Therefore, suppose we have proved conclusion 3 for all
n e {bzk—Fl,bzk—f-Q, ,bik—f-t—l} where by, +t —1 < bi,k—f—l — 2.

We now prove conclusion 3 for n = by, + t. This means we know that ¢;(by + j) =
Gien,, (7),7 =1,2,3,--- ,t — 1 and we wish to prove g;(bix +t) = gigp,, (t)-

Recall that gep,, (t) is the smallest positive integer x such that the list

1. E@bik(t - 17 f(Z S bzk S ta 1))7E@bik(t - 2: f(Z @& bzk D t, 2))7 RN
Fi@bik(t -, f(l Dby B, JJ))

contains exactly one 0 (which comes at the end of the list). Also, g;(b;, +1t) is the smallest
positive integer x such that the list

2. Fi(by, +t =1, f(i @ (b, +1),1)), Fi(byr, +t =2, f(1 @ (bir, +1),2)), ...,
Fi(bip +t —, f(i ® (b, + 1), 7))

contains exactly one 0 (which comes at the end). Since we are assuming that g;(bix +
J) = Gien,,(J),J = 1,2,--- .t — 1, we know from the definition of F; and Fjg, that
Fi(bi+7,y) = Figp,,(J,y) forall j =1,2,--- [t—1and ally € N. Recall that Fy(n,z) =0
when 1 < x < gg(n) — 1 and Fp(n,x) = 1 when gy(n) < z.

Since i @ by, ®t =i @ (bix + t), this means that lists (1) and (2) must be identical as
long as 1 <o <t —1. Now if t ¢ Bjay,,, we know by induction from conclusion 2 with
game Gigp, that giep, (t) < t. This tells us that for list (1) the smallest x such that list
(1) contains exactly one 0 satisfies 1 < z <t — 1. Therefore, since the two lists (1), (2)
are identical when 1 <z <t — 1, this tells us that g;(bi + t) = giap,, (t)-
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Next, suppose t € By, . We know by induction from conclusion 1 with game Gap,,
that giep, (t) = t. Therefore, to prove g¢;(by, +t) = giap,, (t) we need to show that
gi(bix +1t) = t. Since gigp,, (t) = t, we know that the first ¢t — 1 members of the above list
(1) consists of all 1’s, and the ¢ member of list (1) is a 0. Since the above lists (1) and
(2) are identical when 1 < z <t — 1, we know that the first ¢ — 1 members of list (2)
consists of all 1’s. Therefore, to show that g;(by +t) = t, we need to show that the ¢
member of list (2) is a 0.

From the definition of b; 11, we know that b; 411 — bir = bigs,,,; Where bigy,, ; is the
smallest member of Bjgy,, such that f(i® by, @ biap,, j, bisb,,;) = bik. Since t € Biay,, and
t < bigp,,,; we know that f(i @ by, & t,t) < bip = gi(bix).

From this and i @ by, @t = i @ (by, + t) we know from the definition of F; that
Fi(big+t—1, f(i® (bir.+1),1)) = Fi(bix, f(i B by, B, t)) = 0, which means the ¢ member
of list (2) is a 0.

This finishes conclusion 3. We now prove conclusion 1 for b; y41. Therefore, we show
that g;(bix+1) = bigp1. Of course, byri1 = b + bigp,,; Where bigp,, ; € Bigp, and
(0 ® bi, @ bigsv,y, i, bicsvyy,;) = bik. By induction with game Giap,, , Giaby, (Dicby,;) = Disbyy,j-
We now know that g;(biy, +t) = giap,, (1), t =1,2,3,- -+, bigy1 — bix — 1 = bigp,,.; — 1.

Since Giop,y, (Disby, ;) = Dicby,;, we know that all terms in the following list (3) are 1’s,
except the final term which is 0.

3. Figby, (bigvy g — 1, f(i @ bix © bigpyy 5> 1))s Fiavy, (biwbyy; — 2, f(1 © bir, © big,, 4, 2)),
) Fi@bik(la f(Z ® bir, ® bi@bmj? bi@buc,j - 1))7 E@bik (07 f(Z © bix @ biGBbch? biGBbik,j)) =0.

Now ¢;(b;k+1) = 9i(bik + bigp,,,;) is the position of the first 0 in list (4), where we note
that the position of a term F;(bix + bigp,,.; — & (i B (bir, + bigp,y, j), 7)) 1S .

4. Fi(bi+bigy— 1, F 0 i+ bigys)s 1))s Filbin+bisvy.; — 2, f(10 (bik +bigyy,i): 2)),
: 7FZ( ik + 1? f(Z S (bik + bi@bmj): biGBbikJ - 1))7
[F5 (bir, f(i @ (bik + Digvyy,j), Digb,i))]
( —1 f( (bik + bi@bmj) i®big.j T ))7
( ( @(bik+bi@bzkj) ZEBbsz+2))7“'v
z( ; (Z ( ik 1 bz@bzk j) bz@bzk J + bzk ))7
E5(0, f(i @ (bik + bisbyy.j), bisby.j + bix)) = 0.

7

%

7

Since g;(bix + 1) = Giwpy, (1)t = 1,2,..., bigsp,,; — 1, and since ¢ & (big + bigp, ;) =
© D bir D bigsp,,,; as always we know from the definitions of F; and Fjg,, that the first
bieb,,; — 1 terms of list (4) are the same as the first b;ayp,, ; — 1 terms of list (3) which
means that the first by, ; — 1 terms of list (4) are 1’s.

Now [Fi(big, f(i & (bix + bigbi.j)s bisby j))] = 1 from the definition of F; since
F(0® (bik D bigvyy,j), biwvi.j) = 9i(bik) = k.

iksJ
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Note that the last term in list (4) is 0. As always, Vo € N if 1 < x < by, — 1 then
Gi(bix — x) < by, — .

Also, from condition (2) on f : N x N — N, f(i ® (b, + bisbyj)s bisbyj + ) >
F @ (bik + bigyy j)s bisby i) — T = bip — .

Therefore, Vo € N if 1 < x < b;;, — 1 then

Gi(bix — ) < b — < f(i @ bige © bigvyy > bien,y,j + 2)-

From the definition of F;, we now know that all terms in list (4) are 1’s except the
last term which is 0. Therefore, since list (4) has b, + bias,, ; = bi k11 terms, we see that
gi(bz’,kJrl) = bi,k+1- n
Bases for the G;, i =0,1,2,...,t — 1. Suppose f: N x N — N satisfies (1). It € N
such that Vn,z € N, f(n,x) = f(n+t,z). For each G;, i =0,1,2,...,t — 1, we assume
that a base B; = (bjy = 1,b;1,bi0,...) and a function ©; : B; — N has been generated
that satisfies the following conditions. First, b,y = 1,0;(1) = 1,b;; = 2,0,;(2) = 2. Also,
Vie{0,1,2,...,t—1},Vk > 1,b; k11 = big + biap,, ; where bigp,, ; is the smallest member
of Biay,, such that O;ep, (bisb,.;) = bieby,; and f(i B bix © bisby.j, Diaby,j) = Oilbix) if
such a bjgy,, ; exists. Also, once bigyp,, ; and b; ;41 are computed, we define ©;(b; j11) =
min {biep,, ; + T 1 < T < by, and f(i B b gy, biws,y,,j + ) < gi(bi, — T) }.

Of course, min S is the smallest member of S. Also, each base B; has been generated as
far as possible.

Theorem 2 Suppose f : N x N — N satisfies (1) 3t € N such that Vn,x € N, f(n,z) =
f(n+tz). Also, VG;, i =0,1,2,...,t —1, a base B; and a function ©; : B; — N have
been generated.

Then the following s true.

1. Vi=0,1,2,...,t —1,Vb;, € Bz,gl(bzk) = @z(bzk)
2.¥i=0,1,2,...,t—1,Vn € N\B;,1 < g;(n) < n.
3. ¥i=0,1,2,....t —1,¥n € N\B:

(a) if by <n < bixsr1 then
n = by + (n — bix) and g;(n) = Giap,, (n — bix) and
(b) if by, < n and B; is finite and by, is the largest member of B;, then n =
bir + (n — bi) and gi(n) = Giap,,, (N — bix.).
Proof. The proof of Theorem 2 is very similar to the proof of Theorem 1 and is left to

the reader. [5] gives a complete proof of Theorem 2 when t = 1. Also, [5] gives several
interesting applications of Theorem 2 fort =1. =
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Remark As Theorem 1 shows, sometimes the bases for G; can be generated very easily.
However, it is usually much harder to generate these bases. For these bases that are
hard to generate, the reader might wonder what the value of the theory is. It turns out
that quite often the members of B; grow exponentially. This means that even though the
bases may be hard to generate very often they will give extremely efficient storage of the
strategy of the game.

Example 2 Two alternating players play the game Gq that uses the move function f :
N x N — N defined by (1) f(n,3) = 4 if n is odd and (2) f(n,z) = 2z for all other
n,x € N. This means that f(n,x) satisfies the conditions of Theorem 1 where t = 2.
This means that we must deal with the two games Gy and G1 and generate the two bases
By and By. This is reasonably easy to do. So we will just state the result and leave the
details to the reader.

First, let (Fy, [y, Fy, F3,...) = (1,2,3,5,8,13,21,...) denote the Fibonacci sequence.
Then By and By are specified as follows where the pattern in braces | | repeats itself as
we have illustrated.

Fo, F1, F, F3, Fy, Fy,
By = [Fo+ Fi,Fr+ Fo+ 1, Fg+ Fs+ 1, Fy+ Fy, Fio+ F5 — 1, F1y + Fs — 1],
[Fio + F7, Fiz + Iy + 1, Fiy + Fo + 1, Fis + Fio, Fig + F1i1 — 1, Fig + Fia — 1] ...

Fo, F1, Fy, F3, Fy + Iy,
Bl = F5—|—F1,[F6+F1,F7+FQ—1,F8+F3—1,F9+F4,F10+F5+1,F11 +F6+1],
[Fio+ Fr, Fig+ Fg — 1, Fiy + Fy — 1, Fi5 + Fio, Fig + Fiu + 1, Fir + Fia + 1], . ..

The reader may note that if f(n,z) = 2z, thent = 1 and By = {1,2,3,5,8,13,21,...}.
This game is called Fibonacci Nim. In [3] we found all functions for which Theorem 1 is
effective for t = 1. Of course, t = 1 when f(n,z) = f(z).
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